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KAROUBI-VILLAMAYOR K-THEORY, WEAKLY STABLE
C*-CATEGOROIDS, AND KK-THEORY

T. KANDELAKI

Abstract. The aim of the paper is to give, according to Karoubi—Villamayor
K-groups, an interpretation of Kasparov K K-groups. It continues the study
of K K-theory by the methods of K-theory, focusing attention on the problem
posed and discussed in the author’s papers published in 2000 and 2001. But
the methods used in those papers are based on the excision property and
Morita invariance of algebraic and topological K-theories on the category
of C'*-algebras, which are not applicable to Karoubi—Villamayor K-theory,
since excision holds only for some sub class of short exact sequences of C*-
algebras. In this paper we introduce and study a weak stability property of
the C*-category Rep(A4, B), which is the key to our problem.
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INTRODUCTION

An interpretation of Kasparov K K-theory is an interesting and useful prob-
lem. There are various points of view and directions in the study of the theory.
Such interpretations open new application areas.

This article continues the study of K K-theory by the methods of K-theory,
focusing attention on the problem posed and studied in the author’s article [5].
The study of the additive C*-category Rep(A, B) by the methods of K-theory
and homological algebra seems to be a interesting problem. In particular, the
following result was announced in [5] (see also [8]):

(1) Quillen’s algebraic K-groups of Rep(A, B) are isomorphic, up to a shift
of dimension, to Kasparov K K,,(A, B)-groups;

The proof of this result is based on the excision property and Morita in-
variance of the algebraic K-theory. It is not applicable to Karoubi-Villamayor
K-theory, since excision holds only for some sub-class of short exact sequences.

In this article we prove the analogue of the main result of [5] for Karoubi-
Villamayor K-theory. (Note that the method of the present paper is applicable
to the case pointed out above. However, the proof of this interesting fact is
omitted here.)

In more detail the contents of this paper are the following.

In Section 1 we recall the definition and properties of C*-categoroids (see [7]).

In Section 2 we study the weak continuity property of Karoubi-Villamayor K-
groups of additive C*-categoroids. Let A be an additive C*-categoroid. There
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is an inductive system of abelian groups {KV,,(L(a))} where a € ObA and
L(a) = hom(a,a) and a natural isomorphism

lim KV,,(L(a)) = KV,(A).

In Section 3 we define Karoubi—Villamayor K-functors on the category of C*-
categoroids and *-functoroids. By the weak continuity property we prove that
the functors K'V,, and K'V,,(— ® K) are naturally isomorphic on the category of
weakly stable additive C*-categoroids and additive s-functoroids. In the con-
cluding section, we recall the definition of the additive C*-category Rep(A, B)
and show that Karoubi—Villamayor K-groups are naturally isomorphic to topo-
logical K-groups on the category of weakly stable additive C*-categoroids. Since
the additive C*-category Rep(A, B) is a weakly stable C*-category, one has a
natural isomorphism

KV, (Rep(A, B)) ~ K*(Rep(4, B)).
Now, according to the main result of [5], one has a natural isomorphism

KV, (Rep(A, B)) ~ KK, _1(A, B).

1. C*-CATEGORIES AND C*-CATEGOROIDS

In this section, we discuss some elementary properties of C*-categories and C*
-categoroids, and also a natural categorical generalization of unital C* -algebras
and C*-algebras. We give the basic definitions, constructions and properties
without proofs, but for details we refer the reader to [7] (cf. [1], [14]).

Recall that a diagram scheme D consists of a class of objects ObD and a set
hom(a, b) for any a,b € ObD. By a C-scheme we mean a diagram scheme D
such that hom(a,b) has the structure of a C-linear space, where C is the field
of complex numbers. D is called an involutive C-scheme if:

(a) an anti-linear map * : hom(a, b) — hom(b, a) is given for each a,b € ObD.

(b) the bilinear composition law

hom(a,b) x hom(b, a) — hom(a,a),
hom(a,b) x hom(b, b) — hom(a,b),
hom(a, a) x hom(a,b) — hom(a,b)

is defined and it is associative for any a,b € ObD.

(¢) (f)* = f, and (fg)* = g*f* if the composition fg exists.

By a C*-scheme is meant an involutive C-scheme D such that:

(1) hom(a, b) is a Banach space;

(2) involution is an isometry;

(3) IFI> = £ 1l for any f € hom(a, b);

(4) the morphism f*f is a positive element in the C*-algebra hom(a,a) for
any f € hom(a,b) and a,b € ObD.

A diagram scheme D is called a categoroid if it satisfies all the axioms of a
category except the existence of the identities of objects. Let a and b be objects
from D. Then hom(a, b) denotes a set of morphisms from a to b. The definition
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of morphisms between categoroids is analogous to that of a functor, and is called
a functoroid. If F : D — D' is a functoroid of categoroids and there exists the
composition of morphisms f, g in D, then F(fg) = F(f)F(g).

A categoroid A is called a C*-categoroid if it has the structure of a C*-scheme
such that

(1) the composition of morphisms is bilinear and || fg|| < || f]l - ll9]l;

(2) if Ais both a category and a C*-categoroid, then it is called a C*-category.

Remark. The underlying categoroid of a C*-categoroid” is assumed to be
small unless otherwise specified.

Examples.

(1) The category with Hilbert spaces as objects and all bounded linear maps
as morphisms is a large C*-category.

(2) Let A be a C*-algebra. The category H(A) with countably generated
right A-modules as objects and all bounded A-linear maps which have adjoints
as morphisms is a C*-category.

(3) A C*-algebra is a C*-categoroid with one object ¢ and elements of the
C*-algebra as morphisms.

(4) The category of countably generated Hilbert right B-modules as objects
and compact B-linear maps as morphisms has the structure of a C*-categoroid.

Let A and B be C*-categoroids. A x-functoroid F : A — B is given if F
maps the objects and morphisms of A into the objects and morphisms of B,
respectively, so that:

2) F(fg) = F(f)F(g):

b) F(f +g) = F(f) + Flo):

¢) F(A) = AF(f):

d) F(f*) = F(f)" when the left side is defined.

If A and B are categories and F(1,) = 1z, for any a € ObA, then F is
called a x-functor. We say that a x-functoroid between C*-categoroids is faithful
if canonical maps between objects and between morphisms are injections.

Any *-functoroid is norm-decreasing. Moreover, a faithful s-functoroid is
norm preserving.

Let A be a C*-categoroid and I C MorA. Let hom;(a,b) = hom(a,b) N 1.
Then [ is called a left ideal if hom;(a,b) is a linear subspace of hom(a, b) and
f € homy(a,b),g € hom(b, c) implies gf € hom;(a,c). A right ideal is defined
similarly. [ is a two-sided ideal if it is both a left and a right ideal. An ideal I is
closed if homy(a, b) is closed in hom(a, b) for each pair of objects. I determines
an equivalence relation on the morphisms of A: f ~g,if f—ge [. If I =1I*is
an ideal of A, the set of equivalence classes A/ can be made into a *-categoroid
in a unique way.

Arguing as for C*-algebras, one can show that if A is a C*-categoroid and [
a closed two-sided ideal of A, then I = I* and A/I is a C*-categoroid.

Let A be a C*-categoroid. A C*-category B is called a categorization of A if
A is contained in B as an ideal.
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There exists a smallest categorization AT of A. This C*-category has the same
objects as A, while hom 4+ (a,a) is homy(a,a)™ if the C*-algebra hom(a,a) is
non-unital and hom4(a, a) otherwise.

Any s-functoroid F from A into the large C*-category of Hilbert spaces and
bounded linear maps is said to be a representation. If F is faithful, then it is
called a faithful representation.

Let A be a C*-categoroid. Then there exists a faithful representation.

A C*-category M(A) is said to be the multiplier C*-category of A if A is a
closed two-sided ideal in M (A) and has the following universal property: let D
be a C*-categoroid containing A as a closed two-sided ideal; then there exists a
unique *-functoroid d : D — M (A) such that the diagram

A—-S5 D

Tt

A —— M(A)

is commutative. There exists the multiplier C*-category for any C*-categoroid.
This is the largest categorization of a C*-categoroid.

A C*-categoroid A is said to be an additive C*-categoroid if there exists an
additive C*-category containing A as a closed two-sided ideal. Of course, in this
situation the multiplier C*-category must be an additive C*-category. A func-
toroid f : A — A’ is said to be additive if it is the restriction of some additive
functor between additive C*- categories containing the relevant categoroids as
ideals.

Let A be a C*-categoroid. Then there exists a unique additive C*-categoroid
F(A) satistying the following conditions:

(1) A is a full sub-categoroid of F(A);

(2) any object in F(A) is a finite sequence of objects in A;

(3) any morphism from a = (aq,...,a,) tod =daj,...,d, is an n X m-matrix
of the form («ay;), where a;; : a; — a@’; is a morphism in A;

(4) a composition is the product of matrices.

The structure of a C*-category is defined as follows. Let ¢ : A — H(C) be a
faithful representation in the large additive C*-category of Hilbert spaces. Then
it has an extension to an additive faithful representation F(¢) : F(A) — H(C).
Thus one has an induced C*-norm on F(A).

Let A be a C*-category. The pseudo-abelian C*-category of the additive
C*-category F(A) is denoted by P(A).

In the sequel, we will need the notion of the C*-tensor product of a C*-
categoroid on a C*-algebra K of compact operators on a countably generated
Hilbert space:

e Let A be a C*-categoroid. Let A ® K be an involutive categoroid with
the set of objects that is equal to the set objects of A and

hom(a, a’) aox = hom(a,a") ® K,



KAROUBI-VILLAMAYOR K-THEORY AND KK-THEORY 287

where “®” is the algebraic tensor product over the given field. Since
there exists a faithful embedding of A in the category of Hilbert spaces,
there also exists the standard faithful embedding of A®K in the category
of Hilbert spaces. Consider the category A ® K with Ob(A ® K) =
Ob(A ® K), and hom(a, a’) agk is the completion of hom(a, a’) acxc with
respect to the induced C*-norm from the category of Hilbert spaces.
The constructed C*-category is said to be the C*-tensor product of A
and K.

Lemma 1.1. Let A be an additive C*-categoroid. Then A® K is an additive
C*-categoroid too.

Proof. Let A’ be an additive C*-category containing A as an ideal. Then it is
easy to check that A’ ® K is an additive C*-category, too. One has an exact
sequence of C*-algebras

0 — hom(a, a) agx ® KT — hom(a, a) yrgr+ @ K.

This implies, according to the definition of a C*-categoroid, that A ® K is an
ideal in the additive C*-category A’® K. This means that A® K is an additive
C*-categoroid. O

2. SOME PROPERTIES OF KAROUBI-VILLAMAYOR K-THEORY

In this section we want to establish a property of Karoubi—Villamayor K-
functors K'V,,, n > 1, which we call weak continuity. This property will play
one of the major role in the proof of our main result.

Remark. The groups K", n > 1, from [11] are denoted here by KV;,.

Let A be an additive C*-category. Then one has a sequence of additive
categories
(1) AW = 4;
(2) AW = Ay, ..., 2, 4], ifn > 1.
The objects of the category A[zy,...,x,] are the objects of A and a morphism
from a into b is a formal polynomial

. . Zl ... ,Ln
Z a'll»mﬂnml xn )
11enin

where a;, ;. € hom(a,b). A composition is like to the product of polynomials.
Any additive functor ¢ : A — B may be extended to a functor ¢ : A™ —
B™ which is given on morphisms by the map

. . 1:1 .« o o in . . il . . o i7L
E Qi y.yin L1 Ty = § (10(&117---77'n)x1 Ly -
i1y i1y

Let £™(¢) be a set of pairs (a, ), where a € ObA™ = ObA and « is an
automorphism of a in A™ such that o™ (a) = 14(a); moreover, if n > 1 and
one of x; is 0 or 1, then o = (1, ..., x;y ..., Xy 1) = 1.
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Let H™ () be a set of pairs of the form (a, k), where h = h[zy,. .., 2,_1,1]
such that

(1) hlzy, ... 25,0y, t] = 124, if 2; = 1 or 0.
(2) @™ (h[zy, ..., 24 Tp1,t]) = Lo(a);
Pairs (a, ap) and (a, ;) are homotopic if there exists a pair (a, h) € H™(p)
such that
o h(x1,...,0,-1,0) = o and h(z1,...,2m-1),1) = .
Pairs (a,a) and (b, 3) are said to be equivalent if there exist a pair (d,14)
such that
a @1, ® 1, is homotopicto 1, ® 5@ 1,.
By definition K'V,,(¢) is the set of classes of equivalent pairs in £"(p). The
latter is an abelian group with respect to the sum
(a,a) + (b,8) = (a® b,a® fF)
(cf. [11]).
Proposition 2.1. Let I be an ideal in the additive categories A and B.
Let T': A — B be an additive functor which is the identity on I. Let o :

A — A/I and oP : B — B/I be natural additive functors. Then T induces an
isomorphism K, (pf) ~ I,(P), n > 1.

Proof. Indeed, let (a,alz, ..., 2,_1]) € EM™(pf) and 12 be the identity mor-
phism of an object @ in A. Then 12 — afzy,..., 2, 1] € Ix1,...,2,1]. Let
15 be the identity morphism of a in B. It is clear that I'™(a) = 15 +
(14 — alry,...,2,1]). Conversely, if (a,B[r1,..., 2, 1]) € E™(pF), then
a = 124 (18 = Blay,...,20_1]) € EM(¢}) such that T™(a) = 3. Thus
'™ induces the bijection

EW (i) = €M (7).
Consider the induced map I'}, : H™ () — H™(¢?) defined by the equation
Th(a,h) = (a, T (R)).

Let us show that I}, is a bijection. Indeed,

P (p) = 120ttt (Bfzy, w8 — 1t

This equation shows that I'}, is an injection. I'}; is a surjection, too. Indeed, if
(a,1) € H™M(¢P), then
... Tnoy, t] — 1Bt e [l g ]

a

and

h[x17 et xn—la t] = 1(114[3;1 77777 xn717t] —I—(ll:'rl) et xn—h t] - 1f[$1 77777 xn717t]) GH(n) (80}4)'

One has I'},(h[xq, ..., xp_1,t]) = lz1,. .., Typ_1,t]. Now, according to the defi-
nition of the group K, (i), it is clear that K, (o7) ~ K, (¢?), n > 1. O
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Recall that a morphism s : @ — b in A is said to be an isometry if s*s = 1,.
It is clear that ps = ss* is a projection.

Let s : a — b be an isometry and a be an automorphism of a; then ad(a) =
sas* + (1, — p,) is an automorphism of b in A,

Lemma 2.2. Let s : a — b be an isometry. Then (a,«) and (b, ads(«)) are
equivalent pairs.

Proof. Remark that

(1) (a,0) ~(aBbBb,a® 1, B 1p).

(2) (a,ads(@)) ~ (a @b b, 1, ® ads(a) B 1p).
On the other hand, there exists an isomorphism of the pair (a®b&b, aB1,S 1)
to the pair (a ® b & b, 1, ® ads(a) @ 1) induced by a unitary isomorphism
u:adbdb—adbdb, where

0 0 s* 0 s* 0
u=1s (1b - ps) 0 ; u_l =10 (lb - ps) Ps
0 Ds (111 _ps) S 0 (16 _ps>
But, by Lemma 6.1 in [11], the latter pairs in (1) and (2) are equivalent. Thus

(a,a) and (b, ads(«v)) are equivalent pairs, too. O

Definition 2.3. Pairs (a,«) and (b, 3) are said to be t-equivalent if there
exist isometries s : @ — d and s’ : b — d such that the pairs (d, ads(a)) and
(d,ady()) are homotopic.

Proposition 2.4. Pairs (a,«) and (b, 3) are equivalent if and only if they
are L-equivalent.

Proof. Let (a,a) and (b, 3) be equivalent pairs. Consider the isometries s : a —
a®bddand s :b— a®b® d defined by matrices

1, 0
0 and 1, |,
0 0

respectively. Of course, ads(a) = a @ 1, & 1; and ady(8) = 1, & 5@ 14. One
has the pairs

(a@bdd,a®d1,d1y) and (a®bDd, 1, DD 1y).

By assumption, there exists d such that the latter pairs are homotopic. Thus
(a,a) and (b, 3) be t-equivalent pairs. Conversely, let (a,«) and (b, 3) are ¢~
equivalent. By assumption, there exist isometries s : ¢ — d and s’ : b — d such
that the pairs (d, ads(«)) and (d, ady(3)) are homotopic. But, by Lemma 2.2,
(a,a) ~ (d,ads(cv)) and (b,3) ~ (d,ady(/3)). Therefore (a,«) and (b, 3) are
equivalent pairs, too. 0]

Let A’ be a full additive subcategory of an additive category A. It is said to
be cofinal if for any object a in A there exists an isometry s : a — b, where b is
an object in A’
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Proposition 2.5. Let ¢ : A — B be an additive functor, A" be a cofinal
additive subcategory of A and ¢’ be the restriction of ¢ to A'. Then KV, (¢') =
KV, (p).

Proof. Consider the natural homomorphism KV, (¢') — KV, () induced by
the map (b,3) — (b,3). Sippose an element in KV, (¢) be represented by
the pair (a,«). Consider an isometry s : a — b, where b is an object in A’.
Then the pair (b, ads(«)) defines an element in K'V,,(¢'). But by Lemma 2.2
the pairs (a,a) and (b, adsa) are equivalent. Thus, we have shown that the
homomorphism is an epimorphism. Now, we have to show that the natural
homomorphism is a monomorphism. Let z = d(b, 3) be an element in K'V,,(¢’)
such that the corresponding element in K'V,,(¢) is zero. Then by Proposition
2.4 there exists an isometry s : b — a such that (a,ads(«)) is homotopic to
(a,1,). By the cofinality there exists an isometry s’ : @ — ¢ where ¢ is an object
in A’. Note that from the fullness of A" in A it follows that the composition s’s
is an isometry in A’. It is clear that the pair (¢, ady4(3)) is homotopic to the
pair (¢, 1.). This means that d(b,a) = 0 in KV, (¢'). O

Let ¢ : A — B be as above. Consider an object a in A. Let A, be a full
subcategory of A which consists of all finite sums of the form a” = a®- - -@a and
the zero object. Let ¢, : A, — B be the restriction of ¢ to A,. Let s:a — b be
an isometry. Then one has the isometries s : a™ — b" for any natural number
n, where s" = s @ --- @ s (n summands). There is a homomorphism

Tap * KVi(0a) = KV, (1)
induced by the map (a", &) — (b, adsn(«)). Then Lemma 2.2 implies that the
diagram

KVn(SOa) L’ Kvn(gob)

KVo(p) == KVi(p)

commutes, where the vertical arrows are induced by the natural functors A, C A
and A, C A.

Let t : a — b be another isometry. According to Lemma 2.2, one concludes
that 7, = 13, since

(b, ads(c)) ~ (by, ady()) (2.1)

in the category A,.
Consider the ordering “<” on the set of objects in A:

e o < b if and only if there exists an isometry s : a — b.
Thus one has a well-defined direct system of abelian groups { K'V;,(¢a), Tas} Over
the directed system (ObA; <) and a natural homomorphism

7 HmKV,(a) — KVa(p). (2.2)

a



KAROUBI-VILLAMAYOR K-THEORY AND KK-THEORY 291

Proposition 2.6 (Weak Continuity). Let A and B be additive categories
and ¢ : A — B be an additive functor. Then the natural homomorphism (2.2)
s an isomorphism.

Proof. 1. 7 is an epimorphism. Let (a,«) represent an element f in KV, (p).
This pair represents an element f” in KV, (¢,) too. It is clear that 7,(f") = f;

2. 7 is a monomorphism. Let (a, ) represent an element f in K'V,,(p,) such
that the corresponding element in KV, () is the zero element. By Proposition
2.4, there exists an isometry s : a — b such that (b, ad(«)) is homotopic to
(b,15). This implies that 7;,(f) = 0 in K'V,,(p), and also in ImKV,(p,). O

3. KAROUBI-VILLAMAYOR K-GROUPS AND WEAKLY STABLE
C*-CATEGOROIDS

In this section, we define Karoubi—Villamayor K-functors for a pair (A, 1),
where A is an additive C*-category and I is a closed ideal. We shall show that
this group is independent of the C*-category A. Thus there exists a natural
definition of the Karoubi—Villamayor K-groups on the category of additive C*-
categoroids and additive x-functoroids. Using this construction, we will extend
this definition to the category of (not necessarily additive) C*-categoroids. It
will be shown that Karoubi-Villamayor K-groups and topological K-groups on
the category of weak stable C*-categoroids are naturally isomorphic (cf. [11],

[4])-

Definition 3.1. Let A be an additive C*-category and let I be an C*-
ideal. Let m: A — A/I be the natural additive functor. We define Karoubi-
Villamayor K'V-functors, for n > 1, by

KV, (A, I) = KVy(n), n>1. (3.1)

Proposition 3.2. Let I be an additive C*-categoroid which is a C*-ideal in
an additive C*-category A. Then

KV (A, 1) = KV,(M(I),I), n> 1.

Proof. By the universality property of M(A), there exists a natural additive
functor w : A — M (I) which is the identity functor on /. Then Proposition 2.6
guaranties the assertion. 0]

From Proposition 3.2 it follows that if I is an additive C*-category, then
KV, (A, 1) is naturally isomorphic to K'V,,(A’,I), where A and A" are additive
C*-categories containing I as an ideal. Thus, if [ is an additive C*-categoroid,
we can define

KV,(I)=KV,(A, 1),
where A is an additive C*-category containing I as an ideal. This group is
independent of the choice of an additive C*-category containing I as a closed
ideal.

It is easy to check that if ¢ : I — I’ is an additive functoroid then there is
the induced homomorphism ¢, : KV,,(I) — KV, (I').
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Now, we are ready to extend the definition of Karoubi—Villamayor functors
to the category of C*-categories and *-functoroids.

Let A be a C*-categoroid. We need two C*-categories AT (see section one)
and C,, satisfying the following properties: Ob(A') = Ob(A) and Ob(C,) =
Ob(A); besides that

homy(a,a’) ifa#d,
hom 4+ (a,a’) = < homu(a,a)  if a = a’ and homy(a, a) is unital,

homa(a,a)t otherwise

and
0 ifa#d,
homc, (a,a’) = ¢ 0 if a = a’ and homu(a, a) is unital,
C otherwise.

Let x4 : AT — C4 be the natural *-functor which is the identity map on the
set of objects and the induced #-homomorphism Yy, : homa+(a,a) — C is the
natural projection, defined by the map (a,\) — A, A € C. The functor x4
induces the additive functor P(x4):P(AT) — P(Cy).

Definition 3.3. Let A be a C*-categoroid. By definition
KV, (A) = KV,.(P(xa)).

So extended Karoubi—Villamayor groups define functors from the category of
C*-categoroids and *-functoroids into the category abelian groups. Indeed, if
f A — B is a x-functoroid, then one has the naturally extended *-functoroid
ft: AT — BT and the additive *-functor P(f*): P(A") — P(B™T). Thus one
has the induced homomorphism

£ KV, (A) — KV,(B).

The following lemma shows that above functors are a natural extension of
Karoubi—Villamayor groups from the category of additive C*-categories and
additive x-functors to the category of C*-categoroids and *-functoroids.

Lemma 3.4. The functors KV,, and KV,, are isomorphic on the category of
additive C*-categories and additive *-functors.

Proof. Let A be an additive C*-category and 9 be the trivial additive category
containing only zero object. Let 7 : A — ¢ be the trivial additive functor.
By definition KV, (4) = KV,(¥). Since A is a C*-category, AT = A and
Cy ~ 9. Thus KV, (A) = KV,(P(A)). According to Proposition 2.5, it is
easy to check that KV, (A) = KV, (P(A)), where P(A) is the pseudo-abelian
C*-category of A. Since A is an additive C*-category, the natural imbedding
A — F(A) is an equivalence of additive categories. Thus it induces equiva-
lence of categories P(A) and P(A), and KV,,(P(A)) = KV,(P(A)). Therefore,
KV, (A) =KV,(A). O
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Definition 3.5. A C*-categoroid A is said to be directed if for any two
objects a and @' in A there exists an object b and isometries s : a — b and
s :ad"—bin an M(A).

For example, any additive C*-categoroid is a directed C*-categoroid.

Let A be a directed C*-categoroid. Then one can form, as in the case of
additive C*-categoroids, a direct system of abelian groups {KV,,(L(a)), 74} over
directed set (ObA; <). Proposition 2.6 implies that the natural homomorphism

71 ImKV,(£(a)) — KV, (A) (3.2)

is an isomorphism. The following property is said to be the weak continuity of
functors KV,,:

(1) Let A be a directed C*-categoroid. Let s, : a — a' be an isometry in

a C*-category A’ containing A as a closed ideal. Let ad(s) : L(a) —

L(a') be the x-homomorphism defined by the map f +— s,fs and let

i : L(a) — A be the natural *-functoroid defined by the maps a — a
and f+— f, f € L(a). Then the diagram

KV,(L(a)) X Ky, (£(a'))

(la)nl l(ia/)n
KV,(A) —— KV,(A)
commutes.

(2) Let A be a directed C*-category. For any element o € KV,,(A), there
exist an object a € A and an element o, € KV,(L(a)) such that

(ta)n(cta) = .
Definition 3.6. Let A be a C*-categoroid. A *-functoroid G : A — A is

said to be inner if for any object a € A there exists an isometry s, : a« — G(a)
in a C*-category A’, such that G(f) = s.fs:, Vf € L(a).

Proposition 3.7. Let A be a directed C*-categoroid and let G be an inner
additive x-functoroid. Then

G : KV, (A) - KV, (A)
15 the identity homomorphism.

Proof. According to the weak continuity properties (1) and (2), for any element
a € KV,,(A) there exist an object a € A and an element «, € KV,,(L(a)) such
that (i4)n(aq) = «, and for any isometry s, : @ — o’ one has a commutative
diagram

KV, (L(a)) L8 KV, (£(G(a)))

l(ia)n l(iG(a))”

KV,(4) ——  KV,(A).
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Consider the commutative diagram

L(a) —% L(G(a))

ia J/ liG(a)

A -4 A

where GG, is a *- homomorphism which is the restriction of G to the object a.
Thus the following diagram

KV, (L(a)) 2% KV, (£(G(a)))
(ia)nl J/(iG(a))’ﬂ
KV, (A) = KV, (A)

commutes. Since G is inner, there exists an isometry s, : @ — G(a) such that
Go(f) = ad(s,)(f), f € L(a) (definition 3.6) and the diagram

KV, (L(a)) 22D Ky, (£(G(a))

(ia)nl (iG(a))nl

KV,(4) -2  KV,(A)

commutes. Comparing the first and the last commutative diagrams one con-
cludes that G, is the identity homomorphism. O

Let K be the C*-algebra of compact linear maps in H. Consider K as a
categoroid with one object. Let A be a directed C* -categoroid. Then A ® K is
a directed C*-categoroid. Indeed, it is enough to remark that if s is an isometry
in the C*-category A’, containing A as a closed ideal, then s® 14 is an isometry
in A® L(H) containing A ® K as a closed ideal. Define a * -functoroid

es: A—ARK

to be the identity on objects and defined on the morphisms by a map f — f®p,
where f is a morphism in A and p is a rank one projection in .

Definition 3.8. A directed C*-categoroid A is said to be weak stable if there
exists a *-functoroid G4 : A ® K — A such that the composition G4 o ey is an
inner functoroid.

Consider a functor
KVA = KV, (- ® K)

on the category of C*-categoroids. A simple check shows that Proposition 2.6
holds for KV, too. The functor KV¥ is said to be the stabilization of KV,,.
The following theorem is one of the main result in this paper.

Theorem 3.9. The functor KV,, is isomorphic to KV;?, for anyn > 1, on
the full subcategory of weakly stable C*-categoroids.
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Proof. 1. Note that if A is a weakly stable C*-categoroid, then A ® K is a
weakly stable C*-categoroid, too. Indeed, consider the homomorphism
6A®)C:A®’C—>A®’C®IC

given by the map a ® k — a ® k ® p, where p is a fixed rank one projection.
Then the homomorphism

Gagk : AKQK - A K
is defined by the map a @ k @ | — G4(a ® 1) ® k. It is clear that
Gagk o eage = (Ga o ea) ®idy
and the isometry s, ® idy satisfies
ad(sq @ idk)(f @ k) = (Gagk © eack)(f @ k).

2. Let p: AQK®K — A®K®K be an isomorphism of C*-categoroids which
is the identity on the objects and defined on the morphisms by the twisting map
a®@k®l— a®l®k. Then the diagram

AKK —2— AKeK
G,m@id;cl lGA(X);C

AK — AQ®K
commutes.

3. The functoroid p is an inner #-functoroid. Let p' : L(H) ® L(H) —
L(H) ® L(H) be a x-isomorphism defined by a map f ® [ — [ ® f. Consider
a linear map u: H® H — H ® H defined by t ® y — y ® x. The map p is a
self-adjoint (bounded) unitary map. Indeed,

(nz@y)a’ @y) = (y;2') - (x19/) = (x @Yz’ ®Y)).
Let f®1:H®H — H®H be abounded linear map and z,y € H; then

Ad,(f@ )z @y) = p(f @ Dz @y) = u(f @ D)y ®@ x) = pu(f(y) @ ()
=)@ fly) = NHlzey) =rfehzey).
Now, we are ready to show that the functoroid p is inner. Indeed, consider a
unitary morphism idg ® pi : E — E in the C*-category M (A)® L(H))® L(H)).
Let f® (k®1) € L(E). Then
(idg @ p)(f @ (k@ D)) idp @ p) = f @ (LR k).

4. Let us return to the main aim. A simple check shows that the family of
homomorphisms {(e4),} , is a natural transformation from functor KV, to the
functor KV, Thus the diagram

KV, (A®K) 2% gyK4 g K)

(GA)nl l(GA)f

KV,(4) - KvE(4)
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commutes. Since p is an inner isomorphism, it follows that

(Ga)) - (easi)n = (Ga ®idk)n - (€asic)n
= (Gawi)n * (P)n - (eask)n = (Gagk)n - (€ask)n

is the identity. Thus (e4), is an epimorphism. According to the weakly stable
property, one has G, 0 (ea)n = idkv, (4). This implies that (e4), is a monomor-
phism. Thus (e4), is an isomorphism. U

It is a well-known fact that the stabilizations of Karoubi-Villamayor K-
functors are naturally isomorphic to the topological K-functors K on the cat-
egory of C*-algebras [3]. Similar to Karoubi—Villamayor K-groups, one can
establish the weak continuity for topological K-theory. Therefire topological
K-functors and stabilizations of Karoubi—Villamayor K-functors are naturally
isomorphic. So, in Theorem 3.9, the functors KVS may be replaced by the
functors of topological K-theory. Thus Theorem 3.9 may be formulated in the
following form.

Corollary 3.10. The functor KV, is isomorphic to K¢, for anyn > 1, on
the full subcategory of weakly stable C*-categoroids.

4. KAROUBI-VILLAMAYOR K-THEORY AND K K-THEORY

In this section, we recall the definition of the C*-category Rep(A, B), where
A is and involutive algebra and B is a o-unital C*-algebra (see also [15], where
it is denoted by D(A, B)). We will show that it is a weakly stable C*-category
and according to the results of Section 3 and the main result of [5], calculate
Kasparov K K-groups as the Karoubi—Villamayor K-groups of Rep(A, B) (up
to a shift of dimension).

Let H(B) be the C*-category of countably generated right Hilbert B-modules
and adjointable B-homomorphisms. The norm of a morphism is defined as the
norm of the bounded linear map (see [12]). H(B) is an additive C*-category
with respect to the sum of Hilbert modules.

The additive C*-category Rep(A, B) is defined as follows. Objects are all
pairs of the form (E;¢), where E is an object in H(B) and ¢ : A — L(FE) is a
s-homomorphism. A morphism [ : (E,¢) — (E’,¢') is a morphism f : EF — E’
in H(B) such that

féla) = ¢'(a)f € K(E, E')
for all a € A. The structure of a C*-category follows from H(B). It is easy
to show that Rep(A, B) is an additive C*-category (but it is not a pseudo-
abelian C*-category). The universal pseudo-abelian C*category associated to
Rep(A, B) is denoted by Rep(A, B).

Using the definition of a pseudo-abelian C*-category, we have the following
description of Rep(A, B). Its objects are triples (E, ¢, p), where (E,¢) is an
object of Rep(A, B) and p : (E,¢) — (F,¢) is a morphism in Rep(A, B) such
that p* = p and p? = p. A morphism f : (E,¢,p) — (E',¢,p’) is a morphism
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f:(E,¢) — (E,¢) of Rep(A, B) such that fp =p'f = f. More exactly, f has
the properties

fola) —d'(a)f e K(EF), fp=pf=Ff (4.1)
The structure of the C*-category for Rep(A, B) is obtained from the corre-
sponding structure of Rep(A, B) [5].

Proposition 4.1. Let A be an involutive algebra and B be a C*-algebra.
Then the category Rep(A; B) is a weakly stable C*-category.

Proof. Let E be a Hilbert B-module, and H be a separable countably generated
Hilbert space. According to [12], one can construct the Hilbert B-module E®H
in the following way. Consider the B-scalar product

(€0 © ho;er © hy) = (eo; 1)k - (hos ha)n

on the algebraic tensor product £ ® H, where (—; —)g is the B-scalar product
on E and (—;—)s is a usual scalar product on H. The completion of E ® H
with respect to the so defined B-scalar product is denoted by £ ® H. An object
of Rep(A, B) ® K is, by definition, an object £ = (E, ) in Rep(A, B), where
p: A— L(F) is a x-homomorphism. By definition,

hompep(a,pyex (€, €) = hompeya,p) (€ €) @ K.
Let f@k:(E,¢) — (E' ¢') be a morphism in Rep(A, B) ® K. Then

fer (E@H,¢)— (E®H, )

is an morphism in Rep(A, B), where

A= LE®H), a— pla)®1y, acA
Indeed,

(f@ k) (p@1y)(a) = (¢ @ 1x)(a) - (f @ k) = fola) ® k= ¢'(a) f @ K
= (fela) — ' (a)f) @k e K(E,E YK CK(E®QH,EQH).
Define a x-functoroid
G : Rep(A,B) ® K — Rep(A, B)
in the following way. Let £ = (E, ) be an object in Rep(A, B) ® K. Then
G(&) = (E@H,¢),
and G(f ® k) = f ® Kk where f ® k : £ — £ is a morphism in Rep(A, B) ® K.
It is easy to check that the x-functor
T = G o epepa,p) : Rep(A, B) — Rep(A, B)

sends an object (E, ¢) to (E®H,¢) and a morphism f to f ® p. We will show
below that Z = G o €gepa,p) is an inner functoroid.

Let p be a fixed rank one projection on H, and y be a fixed element in pH
such that ||y|| = 1. On the one hand side, there is a B-linear map

s F—-FEQH, r—1r®y, ek,
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and on the other hand, one has a B-linear map
sp EQH—-E, 2®@z— X, v€FE, z€H,

where A is a unique number such that pz = Ay, since pH is a one-dimensional
subspace of H.
Let us show that s* is an adjoint to s. Indeed, let z,2’ € E and z € H. Since
p* = p and
(y:2) = (py; 2) = (y; p2),
we have

(spzia’ @ 2) = (x @ y; 2’ @ 2) = (2;2) - (y; 2) = (z;2") - (Y p2)
= Mazi2') - (y;y) = May2') = (25 M) = (25552 ® 2)).
Let ¢ : A — L(F) be a x-homomorphism, where A is a separable C*-algebra.

Then one has the induced *-homomorphism ¢ : A — L(F ® H). Let us show
that

SESO(CL) = @(Q)SE) Va € A.

Indeed, let x € E and a € A, then sgp(a)(z) = p(a)(r) ® y and

pla)sp(z) = ola)(z @ y) = (pla) @ L) (z @ y) = p(a)(z) @ y.
Thus sg is a morphism from ¢ into ¢ in the category Rep(A; B). Moreover, sg
is an isometry. Indeed, shsg(z) = sk(x®y) = x since py = y. The *functoroid
7 is an inner functoroid. Indeed, for any object ¢ there is an isometry

sp 1 — L(p) = &,

and if f : ¢ — ¢ is a morphism, then s, fs}, = Z(f) since

Sof5,(x @ 2) = Aspf(z) = M[f(2) @y) = flz) @ Ay
f@)@pz=(fep)(z®z) =I(f)(z®2),
where x € F/, z € H and A\ is a scalar. O

Consider the natural transformation k4 : K'V,,(A) — K!(A) defined by the
map (E,a) — (E,a), where @ is a continuous map from "' into GL(A),
where I = [0,1] and @ is the continuous map associated to the polynomial «.
Then, according to Corollary 3.10, Lemma 3.4, Proposition 2.5 and the main
result of [5], one immediately gets the following result.

Theorem 4.2. Let A be a separable C*-algebra, and let B be a o-unital
C*-algebra. Then there exist natural isomorphisms
KV,(Rep(A, B)) ~ KV,(Rep(A,B)) ~ KK, _1(A,B), n>1,
where KV, stand for Karoubi-Villamayor K -groups from [11].
Remark 1. The main results of this paper also hold for the category of C*-
algebras, over either real or complex numbers, with a fixed action of a compact

group. One can also replace the Karoubi—Villamayor K-groups by Quillen’s
K-groups. In the latter case, see [6], [8].
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