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INVARIANT REGIONS AND GLOBAL EXISTENCE OF
SOLUTIONS FOR REACTION-DIFFUSION SYSTEMS WITH A
FULL MATRIX OF DIFFUSION COEFFICIENTS AND
NONHOMOGENEOUS BOUNDARY CONDITIONS

SAID KOUACHI

Abstract. The purpose of this paper is the construction of invariant regions
in which we establish the global existence of solutions for reaction-diffusion
systems with a general full matrix of diffusion coefficients without balance
law’condition (f + g = 0) and with nonhomogeneous boundary conditions.
Our techniques are based on invariant regions and Lyapunov functional meth-
ods. The nonlinear reaction term has been supposed to be of polynomial
growth.
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1. INTRODUCTION

We consider the reaction-diffusion system

0
(9_1: —apAu — apAv = f(u,v) in RT x Q, (1.1)
@U . +
E — a21Au — &QQAU = g(uw) in R" xQ (12)

with the boundary conditions

)\u+(1—/\)@:51 and /\U—F(l—)\)@:ﬂg on RT x 9Q (1.3)

on on

and the initial data
u(0, ) = up(x), v(0,z) =vo(xz) in €Q, (1.4)

where

i) 0<A<1 and B €eR, i=1,2
(Robin nonhomogeneous boundary conditions), or

(i) A\=p=0, 1=1,2
(homogeneous Neumann boundary conditions), or

(iii) 1-A=p0=0, i=1,2
(homogeneous Dirichlet boundary conditions).
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Q) is an open bounded domain of the class C' in RY, with boundary 052,

— denotes the outward normal derivative on 02, the constants a;; (i,j =
U]
1,2) are supposed to be positive and (a1s + as1)? < 4ay1az) which reflects the

parabolicity of the system and implies at the same time that the matrix of

diffusion
a11 A1z
A=
Q21 A22

is positive definite. The eingenvalues A\; and Ay (A < A\y) of A are positive. If
we put
a =min{aj1,axn} and a@=max{a,an},
then the positivity of diffusion coefficients implies that
)\1 <a<a< )\2.
The initial data are assumed to be in the region

{{(an vo) € R? such that povg < ug < pyvg}  if pafe < Bi < 1 fa,

{(uo,v0) € R? such that tuo <1y < iuo} if i& <fp < iﬁly

where \
= 4 L>0> Lo =
a2 az1
One will treat the first case, the second one will be discussed in the last section.
We suppose that the reaction terms f and g are continuously differentiable,
polynomially bounded on ¥, (f(r,s), g(r,s)) is in ¥ for all (r,s) in 03 (we say

that (f, g) points into ¥ on 9Y); i.e.,

CL—)\Q

p2g(p28, s) < f(pzs,s) and  f(us,s) < pig(ms,s), forall s >0, (1.5)
and for positive constants C' and o > — s sufficiently close to —py, we have
fu,v) + Cg(u,v) < Cy (u+av+1) forall wand vin X (1.6)

where (] is a positive constant.

In the trivial case where a195 = a1 = a11 — ase = 0; nonnegative solutions
exist globally in time. In diagonal case where a;s = ag; = 0, a1; # agy and
homogeneous Neumann boundary conditions, Alikakos [1] established the global
existence and L*°-bounds of solutions for positive initial data when

(N+2)

and 1 < # < *=5~. The reactions given by (x) satisfy in fact a condition
analogous to (1.5) and form a special case since (f,g) point into X on 0% by
taking ¥ = RT x RT. Masuda [21] showed that solutions to this system exist
globally for every 8 > 1 and converge to a constant vector as t — +oo. Haraux
and Youkana [6] generalized the method of Masuda [21] to handle nonlinearities
uF(v) that form a particular case since they also assumed that ¥ = RT x R™.
Recently Kouachi and Youkana [19] generalized the method of Haraux and
Youkana [6] to the triangular case (a;o = 0) by taking nonlinearities f(u,v) of
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a weak exponential growth. Kanel and Kirane [10] proved the global existence,
in the case where g(u,v) = — f(u,v) = —uv™ and n is an odd integer, under the
embarrassing condition

laia — ag1| < Cy,
where C), contains a constant from Solonnikov’s estimate. Later they improved
their results in [11] to obtain the global existence under the restrictions

Hy. agp < ay + as,

ajas(arr + ag — ass)
aj1ag + (11 + az — ags)

Hy. a9 <ep= ( ) if ap <agn < an+a,

1
Hg. a1z < min {5 (all + a21) ,50} R

and
|F(v)] < Cp(L+ o],

where € and Cr are positive constants with ¢ < 1 sufficiently small and g(u,v) =
—f(u,v) = uF(v). All the techniques used by the authors cited above showed
their limitations because some are based on the embedding theorem of Sobolev
(Alikakos [1], Hollis, Martin, and Pierre [8], Masuda [21]), while others (Kanel
and Kirane [11]) use the properties of the Neumann function for a heat equation,
for which one of its restriction is that the coefficient of —Auwu in equation (1.1)
must be larger than that of —Awv in equation (1.2), whereas it is not the case
with problem (1.1)—(1.4).

This article is the continuation of [16], where a1 = a9y and og + pf = 0
with ¢ and p being any positive constants and the function g(u,v) is positive
and polynomially bounded. In [16] we considered the homogeneous Neumann
boundary conditions and established the global existence of solutions with initial
data in an invariant region, which is a special case of the one considered here.
In [18] and in the case where a1; = ag, we eliminate the balance condition and
replace it by a condition analogous to (1.6).

The components u(t, x) and v(t, ) represent either chemical concentrations or
biological population densities and system (1.1)—(1.2) is a mathematical model
describing various chemical and biological phenomena (Cussler [2], Garcia-
Ybarra and Clavin [4], De Groot and Mazur [5], Jorne [9], Kirkaldy [14], Lee
and Hill [20] and Savchik, Changs, and Rabitz [23].

2. LocAL EXISTENCE AND INVARIANT REGIONS

In this section, we prove that if (f,¢) points into ¥ on 0%, then X is an
invariant region for problem (1.1)-(1.4), i.e., the solution remains in 3 for any
initial data in X. Once the invariant regions are constructed, both problems
of the local and global existence become easier to be established: for the first
problem we demonstrate that system (1.1)—(1.2) with the boundary conditions
(1.3) and the initial data in 3 is equivalent to a problem for which the local
existence throughout the time interval [0, Tinax| can be obtained by the known
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procedure and for the second one, since we use usual techniques based on Lya-
punov functionals which are not directly applicable to problem (1.1)-(1.4) and
need invariant regions (Kirane and Kouachi [12], [13], Kouachi [15], [16] and
Kouachi and Youkana [19]).

The main result of this subsection is

Proposition 2.1. Suppose that (f,g) points into X on 0%, then for any
(uo, vo) in X the solution (u(t,.),v(t,.)) of problem (1.1)~(1.4) remains in 3 for
all t in [0,T*[.

Proof. Let ( ?1 ) and ( im ) be the eigenvectors of the matrix A? associated
12 22

with its eigenvalues A; and Ag (A1 < Ay). For fixed i = 1,2, multiplying equation
(1.1) by x;; and equation (1.2) by z; and adding the resulting equations, we
get

0
% — /\1AU)1 = I‘llf —+ X129 = Fl(wl,wg) n ]O, T*[ X Q, (21)
8w2 . *
W — )\QAU)Q = [Eglf + To2g = FQ(wl,wQ) 1m ]O, T [ X Q, (22)
with the boundary conditions
Ow;
Aw; + (1= ) aw —pi, =12, on ]0,T%x 90, (2.3)
n
and the initial data
w;(0,7) =w(x), i=1,2, in Q, (2.4)
where
w; = (xpu + xv) (6,x), i=1,2, in ]0,T*[ x Q, 2.5)
pi = T+ 2B, 1 =1,2, '
and
Fi(wy,wy) = xp f + w09, 1 =1,2, forall uand vin X. (2.6)

First, as it has been mentioned above, note that the condition of the parabolicity
of system (1.1)—(1.2) implies of the one of system (2.1)—(2.2); since (aja+as)? <
dayraze = det A = ajjase — ajpas; > 0. Since A\; and Ay (A; < Ag) are the
eingenvalues of the matrix A’, problem (1.1)-(1.4) is equivalent to problem
(2.1)—(2.4) and to prove that X is an invariant region for system (1.1)—(1.2) it
suffices to prove that the region

{(w?,w)) € R* such that w) >0, i=1,2} =R" x RT, (2.7)
is invariant for system (2.1)—(2.2) and that
2 = {(uo,vo) € R? such that w) = (zjup + zppv0) >0, i=1,2}.  (2.8)

Since ( i“ ) is an eingenvector of A! associated to the eingenvalue \;, 1 = 1,2,
i2
then if we assume without loss of generality that a;; < ase we have (a1;—X;)zn+
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1 1
a91%;2 = 0,7 = 1,2. If we choose £19 = — and x99 = ——, then x;;ug+x;0v9 > 0,
. 1 1 1 1
1=12, —|—ug+v9)] >0and —— | ——ug+1vy| > 0. Then the
251 H1 25 2

first inequality is equivalent to uy < pyvy and since puy < 0, the second one is
equivalent to ug > povg. Then (2.8) is proved and (2.5) can be written

wy = —u+ pv and wy = u — pgv. (2.5)

Now, to prove that the region R x R¥ is invariant for system (2.1)—(2.2), it
suffices to show that Fj(wy,ws) > 0 for all (wy, ws) such that w; = 0 and wy > 0
and Fy(wy,wy) > 0 for all (wy,ws) such that wy > 0 and wy = 0 thanks to the
invariant region’s method (Smoller [24]). But using expressions (2.7), we get

Fi(wy,wy) = —f 4+ g and  Fy(wy,wy) = f — pag. (2.6)

Following the same reasoning as above and taking into account that vy > 0 in
Y., we come to condition (1.5). Then > is an invariant region for the system
(1.1)—(1.3). O

Then system (1.1)—(1.2) with the boundary conditions (1.3) and initial data
in ¥ is equivalent to system (2.1)—(2.2) with the boundary conditions (2.3) and
positive initial data (2.4). As it has been mentioned at the beginning of this
section and since p; and po given by

p1 = =01+ 1B and py = Bi — pefo

are positive, we have for any initial data in C (€2) or L?(Q), p € (1,+00), local
existence and uniqueness of solutions to the initial value problem (2.1)—(2.4)
and consequently those of problem (1.1)—(1.4) follow from the basic existence
theory for abstract semilinear differential equations (Friedman [3], Henry [7]
and Pazy [22]). The solutions are classical on |0,7*[, where 7% denotes the
eventual blow up time in L°°(€2). The local solution is continued globally by a
priori estimates.

Once invariant regions are constructed, one can apply the Lyapunov technique
and establish the global existence of unique solutions for (1.1)—(1.4).

3. GLOBAL EXISTENCE

As the determinant of the linear algebraic system (2.5), with respect to vari-
ables u and v, is different from zero, to prove global existence of solutions
of problem (1.1)—(1.4) one needs to prove it for problem (2.1)—(2.4). To this
end, it is well known that (Henry [7]) it suffices to derive a uniform estimate of
[ 1 (wr, wa) ||, and || Fy(wy, wy) ||, on [0, T*[ for some p > N/2, where ||.[|  denotes
the usual norms in spaces LP(§2) defined by

e

1
lull, = 9] / u(z)["dz, 1<p<oo, and |lull, = esssuplu(z)
Q
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Let us define, for any positive integer n, the finite sequence

0; =00 i=01,...,n, (3.1)
where 0 is a positive constant sufficiently large such that
TTA . (CLH + a22)

> = .
2vVdet A 2v/a11a22 — a12a9;

The main result of this subsection is

Theorem 3.1. Let (wy(t,.),ws(t,.)) be any positive solution of problem
(2.1)(2.4). Introduce the functional

t— L(t /H wy (t, x), we(t, x)) dx, (3.3)

where

(w1, we) ZCZQ wiwy ™" (3.4)

Then the functional L is uniformly bounded on the interval [0, T*], T* < Tyax-

Proof. The proof is similar to that in [15]. Differentiating L with respect to ¢
yields

8Hn 611]1 8Hn 8w2
/ _
L@_/[awl ot | ow, at]dx

H, H, H,
_/ )\1a Aw1 —|—)\28 Aw2 dSC"—/ F2 dx
owq Ows 8w1 Owy
Q Q
=1+ J
By simple use of Green’s formula we have
I — Il + IQ,
where OH, 0 OH, 0
Wy n OW2
I, = A A———— | d 3.5
' /(18101 8n+28w2 a77) ’ (35)

o0
(with ds as area element) and

IQZ—/< 2 H" |Vw1| + (A1 +Ag) 22 aw aw VIU1VIU2+/\28 H" |V, | )dm. (3.6)
Q

First, let us calculate the first and second partial derivatives of H,, with respect
to wy and ws. We have

8Hn - aHn — )
awl _ Z 1019 wl 1 g 7 and an — Z(n — Z)C;szl g i— 1'
i=1 =0

Using the formula
iCL =nC't forall i=1,...,n (3.7)

n
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and replacing the index ¢ by ¢ — 1, we get

8w1 =n Z Oiwtwy T (3.8)
0H,
For ——, using (3.7) and the fact that
8w2
Cl=C'" forall i=0,...,n, (3.9)
we get

—nz Bwiwp (3.10)

8w2 i—o

Using formulas (3.8) and (3.10), we deduce by analogy

0’H, 9
(9w1 n(n —1) E oBipwiwy T (3.11)
0*H, 9
Jwidw n(n—1) E ol wiwy (3.12)
and
aan — 1 n—2—1
2 n(n —1) ; 0 C! L Qwiwy= > (3.13)

Now we claim that there exists a positive constant Cy independent of ¢ €
[0, Thax| such that
Il < CQ forall te [O,Tmax[. (314)

To see this, we follow the same reasoning as in [18]:
(i) If 0 < A < 1, using the boundary conditions (2.3) we get

0H, 0H,
I, = / ()xl (m1 — owy) + Ao (72 — awg)) ds,

aw 8w2
0
where 0 = and y; = Pi_ =1, 2
1—A 1=\ ’
Since
0H,, 0H,,
[7[(“)17102):)\18 (’Yl—fﬂﬂl)‘f‘>\2a (72 — owy)
w1 ()

= n—1(w1,w2) - Qn(wlaw2)>

where P, ; and @), are polynomials with positive coefficients and respective
degrees n — 1 and n and since the solution is positive, we obtain

limsup H(wy,wy) = —o0, (xx)
(Jwi |[+|wz[)—+o0

which proves that H is uniformly bounded on R? and consequently (3.14).
(ii) If A =0, then I; =0 on [0, Tyax/ -
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(iii) The case of homogeneous Dirichlet conditions is trivial, since in this case

0 0
the positivity of the solution on [0, Tjax[x €2 implies % < 0 and % <0 on
n n
[0, Thax [ 02. Consequently one again gets (3.14) with Cy =0
n—2
IL=-nn-1)» C;_,
i=0

X /wiwg_Q_i (Mbiso Vw2 + (A1 + A2) 01 Vo Vg + Aab; \Vw2\2) dx.
0

Using (3.1) and (3.2) we deduce that the quadratic forms (with respect to Vuw,
and Vwsy) are positive since

(1 + X2) 0i41)% — 4N Xe0,0,10 = 02, (M1 + Aa)® — 4N a07) <0, (3.15)
i=01,....,n—2.

Then
L <0. (3.16)
(3.8) and (3.10) together imply

n—1
J = nz le—l/ [(91+1F1('U)1,U)2) + eiF2<UJ1,U)2)) wll'w’;*l*i} dz.
=0 Q

Using expressions (2.6)", we get

Os 1 1 (wr, wa) + 0 Fy(wy, wa) = (=041 + 0;) [+ (10ip1 — p26;) g

0;
- -
= (is1 — poty) | ——5———f +g
g T T
-1 x—1 1
Since the function x — T g increasing with lim —M = ——
— Mo + i T—+00 — 9T + i1 2

and since 9‘% is sufficiently large when 6 is chosen sufficiently large, by us-

ing condition (1.6) and relation (2.5)" successively we get, for an appropriate
constant Cj,

n—1

5 Li=0
Following the same reasoning as in [17], a straightforward calculation shows
that
J < C,L(t) on [0,T7].
Then we have

L(t) < C5L(t) + CsLP~V/P(t) on [0,T7].

Putting
7Z =L,
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one gets
pZ < CsZ + Cs.

The solution of this linear differential inequality gives the uniform boundedeness
of the functional L on the interval [0, 7%, which completes the proof of the
theorem. ([l

Corollary 3.1. Suppose that the functions f(r,s) and g(r, s) are continuously
differentiable on X, point into X on 0¥ and satisfy condition (1.6). Then all
solutions of (1.1)—~(1.4) with initial data in 3 and uniformly bounded on € are
in L>°(0, 7%, LP(2)) for allp > 1.

Proof. The proof is an immediate consequence of Theorem 3.1, the trivial in-
equality

/(wl(t,x) +wo(t,x))’ de < L(t) on [0,T%]

Q
and (2.5)". O

Proposition 3.1. Under the hypothesis of Corollary 3.1, if the reactions
f(rys) and g(r,s) are polynomially bounded, then all solutions of (1.1)—~(1.3)
with the initial data in X and uniformly bounded on ) are global in time.

Proof. As it has been mentioned above, it suffices to derive a uniform estimate
of ||[F1(w1,ws), and [[Fy(wy,wy)||, on [0,T*[ for some p > n/2. Since the
functions f(u,v) and g(u,v) are polynomially bounded on I, by using relations
(2.5) and (2.6) we get that so are Fj(wi,ws) and Fy(wq,wy) and the proof
becomes an immediate consequence of Corollary 3.1. 0J

4. FINAL REMARKS

1 1
If —3; < By < —f, then system (1.1)—(1.2) can be rewritten as
H2 H1

% — apAv — anAu= f(v,u) in RT xQ, (L.1)
8u ~ . + /
i a12Av — a1 Au = g(v,u) in R™ x Q (1.2)

with the same boundary conditions (1.3) and initial data (1.4) and where

f(v,u) = g(u,v) and g(v,u) = f(u,v) forall (u,v) in R

In this case, the diffusion matrix of the system becomes

Q22 A21
A=
Q12 A11

a— A\ - A
and the new constants p; and ps become 7y = = L and g = = 2 which
ai2 a2
1
are equal respectively to —— and ——. Then all the previous results remain

H2 H1
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valid in the region

1 1
Y= {(uo,vo) € R? such that —ug < vy < —uo} )
H2 451

(f,ﬁ) points into X on 90X if

1.1 ~ 1 ~ 1 1.1
—g(—S,S) < f(_sa S) and f(_87 S) < —g(—S, S) for all s > 0,
M2 2 K2 H1 LS 5]
which is equivalent to
1 1 1 1 1

1
—f(s,—s) < g(s,—s) and s,—s) < —f(s,—s) forall s>0, (1.5)
fl5oms) S glsoms) and g(soo8) € o f(s,o0) (15)

and condition (1.6) becomes, for an appropriate constant C,

f(v,u)+Cq(v,u) <Ci(v+au+1) forall wand vin X

for positive constants C' and « > p; sufficiently close to p, which can be
interpreted as

g(u,v) + Cf(u,v) <Cy(au+v+1) foralluand vin X (1.6)
1
for positive constants C' and o > —— sufficiently close to ——.
H2 H2
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