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INTERIOR AND EXTERIOR PROBLEMS OF
COUPLE-STRESS AND CLASSICAL ELASTOSTATICS WITH
GIVEN FRICTION

ROLAND GACHECHILADZE

Abstract. We consider an interior problem of statics of couple-stress elastic-
ity for anisotropic nonhomogeneous media with friction taken into account
and the corresponding exterior problem for homogeneous isotropic media.
The question of the existence and uniqueness of weak solutions of these prob-
lems is studied when friction forces occur along the boundary of an elastic
medium or on some part of this boundary.
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In the present paper we consider deformation of an elastic medium with fric-
tion conditions imposed all along its boundary or on some part of the boundary
described by Coulomb’s law. Problems of this kind for bounded domains are
studied mainly in [1]-[6], where these problems are reduced to a variational
inequality in the domain and, after that, the existence and uniqueness of a
solution of this inequality are investigated.

In our case, the considered problems are equivalently reduced to a varia-
tional inequality not in the domain, but on the boundary of an elastic medium.
Boundary variational inequalities make it possible to investigate exterior prob-
lems with friction and are convenient for obtaining approximate solutions. We
begin our consideration with interior problems.

INTERIOR PROBLEMS

Let QF C R? be the bounded domain with boundary I' (I'€ C®), Q- =R3\Q *,
v(z) be the exterior normal unit vector (with respect to Q%) at a point z €T’;

MW (z,0) : M@ (z,0)

6x6
be a matrix differential operator of statics of couple-stress elasticity, and

ND(z,0,v) } N (z,0,v)
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be a stress operator (the operators MU)(z,0) = HM}Q(x,@)HSX;{ and
NO(@,0,v) = [N (2,0,0)|,4 7 = 1,2,3,4, are defined in [4], [7]);
U = (u,w), u = (uj,us,u3) be a shifting vector, w = (wy,wq,ws) be a ro-

tation vector, o(U) = NW(z,d,v)u(z) + N®(z,0,v)w(r) be a force vector,
w(U) = NO (2,0, v)u(z) + ND(z,0,v)w(z) be a couple-stress vector; a, and
a, denote respectively tangential and normal components of a vector a € R?
(with respect to QT).

The real functions @jjer, bijek, Cijer, participating in the definition of the op-
erator M(z, d) (physical characteristics of an elastic body) satisfy the following
conditions:

(1) Gijek, bijek, Cijer € C(Q27T);

(ii) Gijer = ekijs Cijek = Cekij

(iii) 3 ap > 0 be such that V2 € QT and V &;,7,, € R:

Aijer (T) §ij Eek + 2bijer(T) M, Eij + Cijer(T) My 0., > 0(Eij S + 155 1,,)
(here and in what follows the repetition of the index means summation over
this index from 1 to 3).

We denote by H*(Q"), HE .(Q27) and H*(T") the Sobolev—Slobodetski space
for s € R ([8]) and assume that w € X™ if each component of the vector
w = (wy, ..., w,) belongs to some space X.

For each U = (u,w) € (Hl(Q+))6 and V = (v,w) € (H1(§2+))6 we define the
bilinear form B(U,V) as

B(U,V) Z/[az‘jek@)&j(U)ﬁek(V)+bijek(l‘)§z‘j(U) N (V)

O+
+ ewi () £ (V) 1, (U) + cijen() 0y (U) 1, (V)] da, (1)
where &;;(U) = gixi — gk Wi, 1, (U) = gixj, and ¢;;;, is the Levi-Civita symbol.

Definition. A vector function U € (H 1(Q+))6 is a weak solution of the
equation

M(z,0)U(z) + G(z) = 0 (g c (LQ(Q+))6>, 2)
if Ve e (Cr0h)°

B(U,®) = (G,2), ((so,i/f)o,m =Q[so@d:v>.

Note that if U € (Hl(Q+))6 and MU € (LZ(Q+))6, then N (z,0,v)U(z)|,

can be defined as a functional of the class (H~/ 2(1“))6 by means of the formula

(N (2,0,0)U ()], ®) = (MU, V), o, +BU,V), Y&e (H/}I))"

0,0+

and VV € (H1(§2+))6, V}F = @. Here the brackets (-,-) mean a relation of
duality between the dual pairs (H*1/2(I‘))6 and (Hl/Q(F))G.
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Let T =T, UTy, Ty NTy = @ and G € (L2(QN))°, x € (HY2(T))°, Fy €
L®(Ty), ¢ € (L®(Ty))°, F:Ty = R, F € L®(Ty), F >0, g = F|Fyl.

Problem (I)*. Find a vector function U € (Hl(Q+))6 which is a weak
solution of equation (2), tangential component of force on I's is a function of

the class (L>(T 2))3 and the following conditions are fulfilled:
U, =x, nUl, =v, o (U)|,, = Fv and if |0, (U)],, <y,
then u, =0, and if !aT(U)|F2 =g, then IX > 0:u, = —XAo,.(U).

Let Uy = (up,wp) € (HI(Q+))6 be a weak solution of equation (2) which
satisfies the conditions Ug‘Fl = x and NU ’FQ = 0 (as is known, this problem

has a unique solution). Then for the vector function V' = U — Uy (instead of
which we write U) we obtain

Problem (F)*. Find a vector function U € (Hl(Q+))6 which is a weak
solution of the equation

M(z,0) U(x) = 0 (3)
and satisfies the conditions
o 3 .
o, (U, € (L>(T2)", Ul =0, uU|, =4, oy,U)|, = Fy and if
}UT(U)}F2 < g, then u, = .., and if |0T(U)|F2 =g, then 3\ > 0:
Up = Pp — )\O’T(U),
where ¢, = —u,, | € (HI/Z(F)):S.
Let us reduce Problem (F)* to a boundary variational inequality.
Let G : (H1/2(F))6 — (Hl(Q+))6 be the Green operator of the Dirichlet
problem, i.e., Vh € (Hl/Q(F))G, Gthe (H1(§2+))6 is a weak solution of equation
(3) and G““h‘F =h (it is easy to prove the existence and uniqueness of such a

solution). By virtue of the trace operator and by applying the Banach theorem
we can prove that there exist constants ¢; >0, 1=1, 2, such that Vh e (H1/2 (F))G:

crl[hll o < NG A g < ealll o (4)
Define the operator LT : (Hl/z(l“))6 — (H‘l/Q(F))6 by the formula
Lt h={N(z,0,0)(G* h)(x)} 5, Yhe (HV2D)".

It should be noted that the definition of the operator L™ is correct since
Gthe (H'(QF)" and M(GTh) =0 € (L2(Q))",

The following properties are valid for the operator L*:

(1) (L*h,g) = (L* g.h), Yh,g e (H/2(Q1))"

(I1) LT : (Hl/Q(F))6 — (Hil/z(lj))6 is a continuous mapping;

(1) 3¢ > 0: (L h,h) > | PR}, Vh e (HYAI)"
(

V) 3e>0: (L h k) > o||h]f; 0 Yhe (HYD))®, bl =0,
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where I — P is the operator of orthogonal projection of the space (Hl/Z(F))G (in
a sense of the space H'/?) onto the set of solution of the equation (L* h, h) =0
(the space of solutions of this equation coincides with the set of traces on the
boundary T" of rigid displacement vectors).

Properties (I) and (IT) of the operator LT follow from the continuity of the
bilinear form (1) and inequality (4). We will prove (III). Applying Lemma 1
([4]), we have

(L* h,h) = B(G* h,G* h) > ¢||P.(G* h Vhe (H/(I)",

][

where I — P; is the operator of orthogonal projection of the space (H 1(9*))6
onto the set of rigid displacement vectors R (R = {U = (u,w) € (HI(Q+))6 :
u=laxzx]+b w=a, abe R3}), i.e., AU, € R such that
P (GTh)=G"h—U,.
In view of inequality (4) we obtain
UG W, = |6 = GOl = |6 (B — Ui

> c|[P Al Ve (HYPD))

Mo+ M o

2 Cth - Uh’FHUQ,F

Thus (III) is proved. Property (IV) is a simple corollary of (III).
Assume that K = {h = ({,n) € (1’-[1/2(1“))6 : h|Fl = 0} and consider, on the

space (H 1/ 2(1“))3, the continuous convex functional

i) = /g|fT — | ds

I

and the following variational inequality: find hg = (£, 70) € K such that Vh =
(&) € K

(L* hooh— ho) + 4(6) — (o) > / [Fa(ey — &ox) + 4 (7 —m)] ds. ()

Theorem 1. The boundary variational inequality (5) and problem (F)* are
equivalent.

Proof. 1t should be noted that the equivalence is understood in the following
sense: if U € (Hl(Q+))6 is a solution of Problem (F)*, then U|. = hq is a
solution of inequality (5) and, conversely, if hy € K is a solution of inequality
(5), then Gt h € (Hl(Q+))6 is a solution of Problem (F)*.

Let U € (Hl(Q+))6 be a solution of Problem (F)* and U‘r = hyg (clearly, by
virtue of the definition of the Green operator, U = G hy).

One can easily verify that if the conditions of Problem (F)* are fulfilled, then
the inequality

0, (GT ho) - (&0 — &or) + 9(|&r — 01| = [Sor — ©,]) > 0 (6)
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holds on T's. After integrating (6) on I'y, we obtain
[on(G o) - (er = Gortds + [ G h) - (0 = )i

+ / 0 (G o) (Ex — Eon)ds + J(E) — 3(&)
> / [0, (G ho)(E — Eon) + 1(GF ho) - (11— )] ds,

i.e., (b) is fulfilled.

Conversely, let hy € K be a solution of inequality (5). By virtue of the
definition of the Green operator, U = G hy is a weak solution of equation (3)
and U}Fl =Gt ho‘rl = h0|Fl = 0 since hg € K.

Let h € K be such that & = &g, 1 = 19, and &y = &y £ O, where
© € H'*(T'), supp© C I'y. Then j(£) = j(&) and from (5) it follows that

(o, (G hy),0) = /FNGds, VO e HYX(I), supp®© C I's.

T's
Therefore
7 (G o)., = Fi. (7)
Analogously, choosing h € K in an appropriate manner, we obtain
WG ho)lp, = . (8)

In view of (7) and (8), inequality (5) can be rewritten as

006 ho) o+ glallds = [ (oG o) xor + gl llds 0. (9

FQ 1—‘2
where Xr = §T - Pr and Xor = §0T L Let
v ={¢e (HD)": ¢|. =0}.

Replacing x.,. in (9) by X, = (., where ( € ¥, and taking into account that
|Cr| < [C], after some transformations we obtain

[or@t-cas| < [olclas, veew (10)
s I
and
[ 102G ) + lanlJds <0 (1)

1)
Let us consider the functional

d(() :/O'T(G+h0) -(ds, (€,

s
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on the set V.

By virtue of (10) the functional ® on the space ¥ C (LI(F))3 is linear and
continuous in the induced topology and its norm does not exceed one.

Since \I/’F2 is dense in (Ll(FQ))S, by virtue of the Hahn-Banach theorem

® e (I(Ty))" and [|@]| < 1, i,
7. (G* hg) € (L=(Ty))°.
Let us write the functional ® in a different form:
B(0) = [ 470,(G" ha)- g¢ds (12)
1)

(assuming that g > go > 0).
Applying our preceding arguments to functional (12), we obtain

0,(G* h) < 9. (13)
In view of (13), from (11) we have

UT(G+ ho) * Xor + g‘XOT‘ = 07
which in turn ensures the fulfilment of the friction condition of Problem
()" 0

Let us investigate the question of existence and uniqueness of a solution of
inequality (5).
Let mesI'; > 0. On the convex closed set K we consider the functional

1) = 5 (L7 by +3€) — [[Fye+ - alds, V= (€n) € K.

One can easily easily verify that by virtue of property (I) of the operator LT,
the solution of inequality (5) is equivalent to minimization of the functional
I(h) on the set K.

Taking into account property (IV) of the operator Lt and the fact that
j(&) > 0, we obtain

1(h) > cl[h])} o = erl|B]], o YR EK,

ie., I(h) — 400 as HhHl/ZF — 00. This means that the functional I(h) is

coercive and, on the basis of the known results (see [9], [10]), we conclude that
Problem (F)" has a unique solution. Thus we arrive at

Theorem 2. If G € (L2(Q1))°, Fy € L=(Ty) and ¢ € (L*(T'3))°, then
Problem (F)t has a unique solution of the class (HI(Q+))6.
Let now I'y = @. Then I'ys = I and instead of Problem (I)* we consider

Problem (II)*. Assume that G € (L2(21))°, Fy € L*(I), ¢ € (L*(I))’,
F e L>*I), F > 0and g = F|Fy|. Find a vector function U = (u,w) €
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(H 1(9*))6 which is a weak solution of equation (2) and satisfies the following
conditions:

o (U)]n € (L=(M))°, w(U)| = ¥, 0, (V)| = F, and if |0, (V)] < g,
then u, = 0, and if ‘O‘T(U)‘F =g, then IA>0:u, = —Xo.(U).

Let Q7 be not a body of rotation, and Uy = (ug,wp) € (Hl(Q+)6 be a weak
solution of equation (2) for which

=0, JT(Uo)lr—O and p(Up)

uON}F ‘F

(as is known, there exists a unique solution of this problem).
Then for the vector function V' = U — Uy (instead of which, like previously,
we again write U) we obtain

Problem (¥)*. Find a vector function U = (u,w) € (Hl(Q+))6 which is a
weak solution of equation (3) and satisfies, on the boundary T, the following
conditions:

o, (U) € (L=(T))°, (U) = Uy, p(U) = ¢ and if |0, (U)| < g, then
= ¢, and if |0, (U)| = g, then IX > 0 : u, = ¢, — Ao, (U), where
\I]N—FN_O— (UO) and SOT U -

As before, Problem (¥)* and the following variational inequality are equiva-

lent (the equivalence is understood as in Theorem 1):

Find ho = (£,70) € (HY2(T"))° such that Vh = (¢,7) € (HY*(T))°

(L* ho,h — ho) +j(&) — j(&) > / [Un(En — o) + ¢ - (n—mo)]ds,  (14)
where
5© = [ gler = oylds

Let hgy € (H1/2(F))6 be a solution of inequality (14). Substituting into (14) first
h = (¢,,1n,) and then h = (2§, — ¢,,n,) instead of h = (£,n), we obtain

(a(G" ho), & — ¢p) +3(&) = /‘I’N Son ds. (15)

Taking into account (15), from (14) we have
(0(G* ho), & —pr) + (WG ho),n — o) + j(€)
> / [(UnEn 4+ (n—mno)]ds. (16)

r
Again, substituting into (16) 2¢.. — £ instead of £ and 21y — 7 instead of 7, we
finally obtain

/[\I’N§N+¢ (n=m0)]ds—(o(G* ho), =0, )=(u(G" ko), n—no)| < j(€). (17)

r
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Let now £ — ¢, = c and n — 1y = a, where ¢ = [a X ] + b, a and b are arbitrary
constant vectors from R?. Since (N(G* hy),p). = 0 (p = (c;a)), from (17) it
follows that

< /g|cT\ds. (18)

T

‘/[\I/NCN+1/)~(1] ds
r

Thus if (14) has a solution, then (18) is fulfilled for each p which is a solution

of the equation (L h, h) = 0 in the class (Hl/Q(F))G (the space of solutions of
this equation is denoted by R™).
Let us show that if (18) is fulfilled strictly, i.e.,

gle,|ds — ‘ (U ey + 4 -alds
o]

r

>0, Vp=(c,a) €R", p#0, (19)

then (14) has a solution.
Since R is finite-dimensional, from (19) it follows that the following inequal-

ity

/9|0T|ds—‘/[\IchN+¢-a} ds

r r

> Mljpllyps VPERT, p#£0,  (20)

is fulfilled for some positive integer M.
On the space (H'/ 2(I‘))6 let us consider the functional

Iy =5 (L By (€) [ [t on] ds, = (&) € (YD), (21)

and assume that P is the orthogonal projection operator defined above.
Taking into account (20) and property (III) of the operator LT, after some
simple transformations we obtain the following estimate from (21):

‘](h) 2 ClHPhHi/ZF - CQHPhHUzF + MHPHO,F — G

where h = Ph+p, p € R* and ¢;, i = 1,2, 3, are some positive integers.

Hence, passing to the limit as Hh||1/2r — 00, we conclude that J(h) —
+00, which proves that the functional J(h) is coercive (it should be noted that
if HhHl/Z,F — 00, then for thHl/z,r — oo we clearly have J(h) — +o0,
while for H ,0||1 jor T it readily follows that ||pH0’F — o0 and therefore
J(h) — 400). We eventually obtain

Theorem 3. Let I'y = @ and (19) be fulfilled. Then under the conditions of
Theorem 2 there exists a solution of Problem (V). Two arbitrary solutions of
Problem (¥)*t differ in the rigid displacement vector.



INTERIOR AND EXTERIOR PROBLEMS OF ELASTOSTATICS 61

EXTERIOR PROBLEMS

As different from the interior problems, in this case we consider the homoge-
neous an isotropic exterior domain €2~ and, for the sake of simplicity, investigate
a problem with friction in the classical elasticity theory.

Let

82
= ijek 0x; 0%,

be a matrix differential operator of elastostatics, and

A0) = ||Ajx(0)]| 5,0 Ask(D)

0
Tj1(0,v) = aijer Vi o
be a stress operator ([7]), u = (u1, u2,us) be a displacement vector, and a;je
be elastic constants which satisfy the conditions

T0,v) = HTgk(aa V)H3><3’

Qjjek = Qekij = Qjiek
and J o > 0 such that Ve;; € R (e;; = ;) we obtain
Qijek Eij Eek = O Eij Eij-

If @ijer, = AOij0ek + 11(8ie0k + 0i0je ), where X and 1 are the Lameé constants,
then we have an isotropic medium.
The bilinear form corresponding to this case has the form

a(u,v) = aijer /%’(U) ger(v) dz (5“(“) - %(gg; * ZZZD

1OC(Q_))?’ which in the neighborhood of infinity satisfy the

conditions u,v = O(|z|™!) and 2%, 2% = O(|z|72).
J J

A nonhomogeneous problem with friction, analogous to Problem (I)", can
be reduced, as we have done above, to

for every u,v € (Hj

Problem (F)~. Find a vector function u € (H| (Q_))3 which is a weak

loc
solution of the equation
A(Q)u(z) =0, ze€Q, (22)
1

in the neighborhood of infinity u = O(—) and satisfies the conditions’

|z

o, ()], € (L2(T2))", ul. =0,0,(u)|, =Fy,andif |0, (u)| < g, then
u, = ¢, on I'y, and if ‘JT(u)|F2 =g, then AN > 0:u, = ¢, — Ao, (u),
where o(u) = T(9,v)u(zx), ¢ € (Hl/Q(FQ))?’, Fy € L>*(Ty) and g =

F|EN].
To investigate this problem, let us construct an operator L~ analogous to the
operator L*. To this end, we are to find a vector function u € (HIIOC(Q*))3
vanishing at infinity and satisfying the condition u|F =h, he€ (H 1/ 2(F))s. As

! The condition du;/dz; = O(|z|~2) is fulfilled automatically (see [11]).
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is known, this problem has a unique solution which is given in the form of a
simple-layer potential

_ / T(e—y) (K (W) () d,S, = (23)

where 7 is a fundamental solution of the differential operator A(9) ([7]), while
the operator ‘H is a value of the single-layer potential on the boundary I':

H(h)(z) = lim /’T z— y) d,S.

Q= 35z—axel

Note that ([12])
H: (H (D))" — (H(T))?,
H': (B() — (BY(D))°, seR

It is clear that for the first exterior problem the Green operator G~ is defined
by formula (23), i

Vhe(Hl/Q(F)) CAO) G h)(x) =0, z€Q,

(24)

G hl.=h, G h= o(m)

The operator L~ is defined by the formula
L h={o(G )}, Yhe (HD)"

Taking into account the properties of the operator G~, from the Green for-
mula we obtain

Vh,g e (HT): (L~ hg)=a(G h, G~ g) = ayer / e (G )ew(G g)da
o

The operator L~ is a strongly elliptic self-conjugate invertible pseudodiffer-
ential operator of first order on the closed manifold I', having the following
properties:

1) (L™ h,g)=(L" 9 h),¥h,ge (H/X(D))%

(I1) L~ (Hl/Z(F)) — (H~ 1/2(11))‘3 is a continuous mapping;

(1) 3e>0: (L™ h,h) > c||b]} 0 Vh e (HVHI)).

Properties (I) and (II) are trivial to prove. As to property (III) of operator L,
it immediately follows from a more general result presented in the monograph
by Mclean (see [13], Ch. II).

Analogously to the preceding case, Problem (F')~ is equivalently reduced to

the variational inequality:
Find hg € K such that Vh € K

<L_ ho, h — h0> —f-j(h) — j(ho) 2 /FN(hN — hON) dS, (25)

I
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where K = {h € (Hl/Q(F))3 : h‘rl =0} and j(h) = [ glhr — ¢,]ds.
1)

The investigation of the existence and uniqueness of the solution (25) is
mainly based on the properties of the operator L™ and it turns out that the
corresponding functional

T(h) = 5 (L g, +(h) ~ [ by ds

s

is coercive on the space (H'/ 2(F))3 regardless whether I'; has a positive measure
or is empty. We eventually arrive at

Theorem 4. If Fy € L>®(I'3) and ¢ € (H1/2(F))3, then Problem (F)~ has
a unique solution.
The obtained theorem also remains valid in the case where I'y = @ (I'y =T).
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