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WEIGHTED INEQUALITIES FOR INTEGRAL OPERATORS
WITH ALMOST HOMOGENEOUS KERNELS

MARTA URCIUOLO

Abstract. Let m ∈ N and a1, . . . , am be real numbers such that for each i,
ai 6= 0 and ai 6= aj if i 6= j. In this paper we study integral operators of the
form

Tf (x) =
∫

k1 (x− a1y) · · · km (x− amy) f (y) dy,

with f, ϕi,j : Rn → R, ki (y) =
∑
j∈Z

2
jn
qi ϕi,j

(
2jy

)
, 1 ≤ qi < ∞, i = 1, . . . ,m,

1
q1

+ · · ·+ 1
qm

= 1.
If ϕi,j satisfy certain uniform regularity conditions out of the origin, we

obtain the boundedness of T : Lp (w) → Lp (w) for all power weights w in
adequate Muckenhoupt classes.
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1. Introduction

In [7] the authors obtain the Lp boundedness, p > 1, for a class of maxi-
mal operators on the three-dimensional Heisenberg group. The operators they
consider have relevance in the analysis on Sl(R3). Some of them actually arise
in the study of the boundary behavior of Poisson integrals on the symmetric
space Sl(R3)/SO(3). To obtain the principal results, they analyze the L2 (R)
boundedness of singular integral operators of the form

Tf(x) =

∫
|x− y|−α |x + y|α−1 f(y)dy,

0 < α < 1.
A natural question was if these operators were also bounded on Lp(R) for

p > 1, p 6= 2 and if this result still holds for larger dimensions or for more
general kernels. In [4] we study integral operators of the form

Tf(x) =

∫

Rn

|x− y|−α |x + y|−n+α f(y)dy,

0 < α < n. We obtain the Lp(Rn, dx) boundedness, 1 < p < ∞, and the weak
type (1, 1) of them. We observe that the kernel is homogeneous of degree −n.

We take the Hardy–Littlewood maximal function as

Mf(x) = sup
Q

1

|Q|
∫

Q

|f(x)| dx
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where the supremum is taken along all the cubes Q such that x belongs to Q.
We recall that a weight w is a measurable, nonnegative and locally integrable
function. It is well known that, for p > 1, M is bounded on Lp (w) if and only
if there exists c > 0 such that

sup
Q

(
1

|Q|
∫

Q

w

)(
1

|Q|
∫

Q

w− 1
p−1

)p−1

≤ c.

The class of functions that satisfy this inequality is called Ap. For p = 1, the
class A1 is defined by

Mw(x) ≤ cw(x)

a.e. x ∈ Rn and for some positive constant c > 0. The weak type 1 − 1 of a
maximal function is equivalent to w ∈ A1. These classes Ap have been defined
by Muckenhoupt (see [6]) in the one-dimensional case and for larger dimensions
by Coifmann and Fefferman (see [1]).

In [9] the author proves very general weighted norm inequalities for maximal
operators of the form

Mµf(x) = sup
j
|f ∗ µj (x)| ,

where {µj}j∈Z is a family of finite Borel measures on Rn, each one supported in

‖x‖ ≤ 2j, satisfying a certain decay of its Fourier transform. He also considers

the singular integral operator Tσf =
∞∑

j=−∞
σj ∗ f, for a sequence {σj}j∈Z of

signed measures on Rn with
∫

dσj = 0 that fall under the general theorems of
J. Duoandikoetxea and J. L. Rubio de Francia stated in [3], which is an excellent
reference for the unweighted theory. In particular the author studies the weight
theory for

TΩf(x) = p.v

∫
f(x− y)

Ω (y)

|y|n dy,

where Ω is homogeneous of degree 0 and has mean value zero on Sn−1.
Let m ∈ N, let a1, . . . , am be real numbers such that for each i, ai 6= 0 and

ai 6= aj if i 6= j. Let q1, . . . , qm be real numbers, 1 ≤ qi < ∞, such that

1

q1

+ · · ·+ 1

qm

= 1.

For each 1 ≤ i ≤ m let {ϕi,j}j∈Z be a family of nonnegative real functions
defined on Rn, satisfying

H1) supp ϕi,j ⊂ {y ∈ Rn : 2−1 ≤ |y| ≤ 2} .
H2) For each 1 ≤ i ≤ m there exists pi > qi such that ‖ϕi,j‖pi

≤ c, with c
independent of j.

Let ki(x) =
∑
j∈Z

2
jn
qi ϕi,j (2jx) and let T be the integral operator with kernel

k(x, y) = k1 (x− a1y) · · · km (x− amy)
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so that for a measurable and nonnegative f ,

Tf (x) =

∫
k (x, y) f (y) dy. (1)

In [5] we prove that T extends to a bounded operator on Lp(Rn). We observe

that if ϕi,j ≡ ϕi,j′ for all j, then j′ ∈ Z, ki

(
2lx

)
= 2

−l n
qi ki (x) for l ∈ Z, so it

is “homogeneous” of degree − n
qi

and then k is “homogeneous” of degree −n.

Many authors have studied singular integral operators with kernels of the form
∞∑

j=−∞
2−jnk (2−jx), where k ∈ L1 (Rn), having with some cancellation property

and whose Fourier transform has a reasonable decay at infinity (see Theorem
8.23 in [2]). Such kernels have just one singularity at the origin. Now, our
kernels have m different singularities.

In [8] we study the case ki(x) = |x|−αi , α1+· · ·+αm = n and obtain weighted
inequalities for a wide class of weights w in Ap.

We recall that a power weight of the form |x|a belongs to Ap if and only if
−n < a < n (p− 1) (see [2]). In this paper we prove

Theorem. Let the operator T be defined by (1). Let pm+1 be defined by
1
p1

+ · · · + 1
pm

+ 1
pm+1

= 1 and let w (x) = |x|a with −n < a < n
(

p
pm+1

− 1
)
. If

max
1≤i≤m

{
pi

pi−qi

}
< p < ∞, then T is a bounded operator on Lp (w) .

We also give some example of kernels of the above described type, for which

the condition −n < a < n
(

p
pm+1

− 1
)

becomes necessary for the boundedness,

on Lp (|x|a dx) , of the corresponding operator.
Throughout this paper, c will denote a positive constant not necessarily the

same at each occurrence.

2. Proof of the Theorem

We will prove that for all max
1≤i≤m

{
pi

pi−qi

}
< p < ∞, we obtain the weak type

condition

w {x : |Tf(x)| > λ} ≤ c

λp
‖f‖p

p,w

and the theorem will follow from the Marcinkiewicz interpolation theorem.
For x ∈ Rn − {0} we define l = l (x) ∈ Z such that 2l < |x| ≤ 2l+1. We take

positive numbers d < 1, D > 1 such that

d < min

(
min

1≤i≤m

{ |ai|
2

,

}
, min

i6=s

{ |ai − as|
2

,

})

and D > 2 max
1≤i≤n

{|ai|} . We define r < 0 and R > 0 such that 2r < d ≤ 2r+1

and 2R < D ≤ 2R+1, and we set

Ai = Ai (x) =
{
y ∈ Rn : |y − aix| ≤ 2ld

}
, 1 ≤ i ≤ m,
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Am+1 =
{
y ∈ Rn : |y| ≤ 2lD

} ⋂ ( ⋃
1≤i≤m

Ai

)c

,

and

Am+2 =
{
y ∈ Rn : |y| > 2lD

}⋂ ( ⋃
1≤i≤m+1

Ai

)c

.

We also define, for 1 ≤ i ≤ m + 2, operators Ti by

Tif (x) =

∫

Ai(x)

k (x, y) |f (y)| dy.

In order to obtain (1), we decompose

{x : |Tf(x)| > λ} =
m+2⋃
i=1

{x : Tif (x) > λ/ (m + 2)} ,

and measure each one of these sets separately.
If 2l ≤ |x| < 2l+1, y ∈ Ai(x) and 2j (y − aix) ∈ supp ϕi,j, then

2−1 ≤ 2j |y − aix| < 2j+l+r+1

and so j ≥ −l − r − 2. Also, for s 6= i,

|y − asx| ≤ |y − aix|+ |(ai − as) x| ≤ (d + D) 2l

and
|y − asx| ≥ |(ai − as) x| − |y − aix| ≥ d2l,

and so, if 2k |y − asx| ∈ supp ϕs,k, then 2−1 ≤ 2k |y − asx| ≤ (d + D) 2k+l and
2 ≥ 2k |y − asx| ≥ d2k+l, then −l −R− 3 ≤ k ≤ −l − r + 1. So∫

Ai(x)

|k (x, y) f(y)| dy ≤ c

∫

Ai(x)

∑

j≥−l−r−2

2
nj
qi

∣∣ϕi,j

(
2j (y − aix)

)∣∣

×
∏

s 6=i

2
−nl
qs

∣∣ϕs,−l

(
2−l (y − asx)

)
f(y)

∣∣ dy

≤ c
∑

h≥0,
j≥−l−r−2

∫

d2l−h−1≤|y−aix|≤d2l−h

2
nj
qi

∣∣ϕi,j

(
2j (y − aix)

)∣∣

×
∏

s 6=i

2
−nl
qs

∣∣ϕs,−l

(
2−l (y − asx)

)
f(y)

∣∣ dy,

but if 2j (y − aix) ∈ supp ϕi,j and 2l−h−1 ≤ |y − aix| ≤ 2l−h, then 2−1 ≤
2j |y − aix| ≤ 2l−h+j and 2l−h−1+j ≤ 2j |y − aix| ≤ 2, so h− l−1 ≤ j ≤ h− l+2.
Again, for the sake of simplicity, we study only the case j = h − l, since the
other cases are similar.

Then∫

Ai(x)

|k (x, y) f(y)| dy
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≤ c
∑

h≥0

∫

2l−h−1≤|y−aix|≤2l−h

2
n
�

h
qi
−l
� ∣∣ϕi,h−l

(
2h−l (y − aix)

)∣∣

×
∏

s6=i

∣∣ϕs,−l

(
2−l (y − asx)

)
f(y)

∣∣ dy

≤ c
∑

h≥0

2
n

 
h
qi
−l+ l−h

pi
+
P
s6=i

l
ps

!

‖ϕi,h−l‖pi

×
∏

s6=i

‖ϕs,−l‖ps

∥∥fχ2l−h−1≤|y−aix|≤2l−h

∥∥
pm+1

≤ c
∑

h≥0

2
n

 
h
qi
−l+ l−h

pi
+
P
s6=i

l
ps

+ l−h
pm+1

!
 1

2(l−h)n

∫

|y−aix|≤2l−h

|f(y)|pm+1 dy




1
pm+1

≤ c
∑
i≥1

2
nh
�

1
qi
− 1

pi
− 1

pm+1

�

 1

2(l−h)n

∫

|y−aix|≤2l−h

|f(y)|pm+1 dy




1
pm+1

≤ c (M (fpm+1 (aix)))
1

pm+1 .

The second inequality follows by Hölder’s inequality and the last one follows
since ps > qs, 1 ≤ s ≤ m and so 1

qi
− 1

pi
− 1

pm+1
= 1

qi
−1+

∑
s6=i

1
ps

< 1
qi
−1+

∑
s6=i

1
qs

< 0.

Thus

w

{
x :

∫

A1(x)

|k (x, y) f(y)| dy > λ

}
≤ w {x : M (fpm+1 (aix)) > cλpm+1}

≤ c
1

(λpm+1)
p

pm+1

‖fpm+1‖
p

pm+1
p

pm+1
,w

=
c

λp
‖f‖p

p,w .

Now, it is easy to check that p > max
1≤i≤m

{
pi

pi−qi

}
implies p > pm+1. Indeed,

1

pm+1

= 1−
(

1

p1

+ · · ·+ 1

pm

)
=

(
1

q1

+ · · ·+ 1

qm

)
−

(
1

p1

+ · · ·+ 1

pm

)

=
p1 − q1

q1p1

+ · · ·+ pm − qm

qmpm

=
1

q1

(
p1 − q1

p1

)
+ · · ·+ 1

qm

(
pm − qm

pm

)

≥ min
1≤i≤m

{
pi − qi

pi

}
>

1

p
,

then the last inequality follows since w ∈ A p
pm+1

and so M is of weak type
p

pm+1
with respect to the weight w.
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Now, for y ∈
( ⋃

1≤i≤m

Ai

)c

,

|y − aix| ≤ |y − asx|+ |(as − ai) x| ≤
(

1 +
D

d

)
|y − asx| .

If 2j (y − aix) ∈ supp ϕi,j and 2k (y − asx) ∈ supp ϕs,k, we obtain as before that
j, k ≤ −l − r + 1. We also have

1

2
≤ 2j |y − aix| ≤ 2j

(
1 +

D

d

)
|y − asx| ≤ 2j−k2

(
1 +

D

d

)
≤ 2j−k+R−r+2,

so j > k −R + r − 3 and, analogously,

2j−k 1

2
(
1 + D

d

) ≤ 2j−k 1(
1 + D

d

)2k |y − asx| ≤ 2j |y − aix| ≤ 2,

so j < k + R− r + 3. Again we estimate only the case j = k.

For y ∈ Am+1, we also have |y − aix| ≤ 2l−1 D
3

and so if 2j |y − aix| ∈
supp ϕi,j, then −l −R− 1 ≤ j ≤ −l − r + 1. Thus we obtain

∫

Am+1

|k (x, y) f(y)| dy ≤ c

∫

{y:|y|≤2lD}
2−nl

m∏
i=1

∣∣ϕi,−l

(
2−l (y − aix)

)∣∣ |f (y)| dy

≤ c2
−nl+

mP
i=1

2
nl
pi

( ∫

{y:|y|≤D|x|}

|f(y)|pm+1

) 1
pm+1

=

(
2−nl

∫

{y:|y|≤D|x|}

|f(y)|pm+1

) 1
pm+1

≤ c (Mf pm+1 (x))
1

pm+1 ,

and proceed as in the first case to obtain the desired result.
Finally, by Hölder’s inequality∫

Am+2

|k (x, y) f(y)| dy ≤
∥∥∥k (x, .) χAm+2w

− 1
p

∥∥∥
p

∥∥∥fχAm+2w
1
p

∥∥∥
p
,

now, Minkowsky’s integral inequality implies that

∥∥∥k (x, .) χAm+2w
− 1

p

∥∥∥
p
≤ c

∑

j≤−l−r−1

2jn




∫

Am+2

m∏
i=1

ϕṕ
i,j

(
2j (y − aix)

) |y|−aṕ
p dy




1
p′

≤ c
∑

j≤−l

2
jn+j a

p
−

mP
i=1

jn
ṕqi

m∏
i=1

‖ϕi,j‖ṕqi
≤ c |x|−a

p
+ n

r2 .

The second inequality follows since the hypothesis p > max
1≤i≤m

{
pi

pi−qi

}
implies

ṕqi < pi, 1 ≤ i ≤ m, and since, for the involved i, j́s, |y| ≤ |y − aix| + |aix| ≤
2−j+1 + D2l+1 ≤ c2−j.
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From this last inequality we obtain∫

Am+2

|k (x, y) f(y)| dy ≤ c |x|−a
p
−n

p ‖f‖p,w ,

and so

w

{
x :

∫

Am+2

|k (x, y) f(y)| dy > λ

}
≤ w

{
x : c |x|−a

p
−n

p ‖f‖p,w > λ
}

≤ w

{
x : |x| <

(‖f‖p,w

cλ

) p
n+a

}
=

∫

|x|<
�
‖f‖p,w

cλ

� p
n+a

|y|a dy = c

(‖f‖p,w

λ

)p

.

3. Necessary Conditions

Next, we give some examples of operators T defined by (1) for which the

condition −n < a < n
(

p
pm+1

− 1
)

becomes necessary for the boundedness of T

on Lp (|x|a dx) , 1 ≤ p < ∞.

Example 1. ki(x) = |x|−αi , α1+ · · ·+αm = n. It can be seen as
∑
j∈Z

2jαi
χB1(x)

|x|αi

with B1 =
{
x ∈ Rn : 1

2
< |x| ≤ 1

}
. So ϕi,j(x) = ϕi(x) =

χB1
(x)

|x|αi , qi = n
αi

, 1 ≤ i ≤
m. Since any ϕi belongs to L∞ (B1) , it belongs to Lpi for all 1 ≤ pi ≤ ∞, too.
So we will show that if the operator T defined by (1) is bounded on Lp (|x|a dx)
then −n < a < n (p− 1) . It is a reciprocal result of the theorem proved in [8],
at least for power weights in Ap.

Let us prove this assertion. a > −n is necessary for the local integrability of
|x|a . To check the other inequality, we take Bl =

{
x ∈ Rn : 2−l < |x| ≤ 2−l+1

}
,

f = χB1 and l À 1.

‖Tf‖p
Lp(|x|adx) ≥

∫ ∣∣∣∣∣∣

∫

B1

∏
1≤i≤m

|y − aix|−αi dy

∣∣∣∣∣∣

p

|x|a dx

≥
∫

Bl

∣∣∣∣∣∣

∫

B1

|y − aix|−αi dy

∣∣∣∣∣∣

p

|x|a dx ≥
∫

Bl

|x|−n p+adx ≥ 2l(a+n(1−p)).

Since 2l(a+n(1−p)) must be bounded for l À 1, we obtain a + n (1− p) < 0.

Example 2. We take n = 1, a1 = 1, a2 = −1, q1 = q > q́ = q2. ϕ1(x) =
χ[1/2,1](x)

|x−1/2|1/2q , ϕ2(x) =
χ[1/2,1](x)

|x|1/q́ and ϕ1,j(x) = ϕ1(x), ϕ2,j(x) = ϕ2(x), j ∈ Z. We

observe that k2 (x) = 1

|x|1/q́ a.e. It is easy o check that ϕi,j, i = 1, 2, satisfy

the hypotheses H1) and H2) stated in the introduction for any p1 and p2 such
that q ≤ p1 < 2q, q́ ≤ p2 < ∞. Let p3 be defined by 1

p3
+ 1

2q
= 1. We suppose
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that the operator T defined by (1) is bounded on Lp (|x|a dx) , for some p with
1 ≤ p < ∞. We will show that −1 < a < p

p3
− 1.

Indeed, a > −1 is necessary for the local integrability of |x|a . To obtain the
other inequality, we take j ¿ 0 and set Ij = (2j−1,2j] and f = χI1 .

Tf(x) ≥
∫

I1

2j/qϕ1(2
j (y − x))k2((y + x))dy,

‖Tf‖p
Lp(|x|adx) ≥

∫

I−j−2

2jp/q

∣∣∣∣∣
∫

I1

ϕ1(2
j (y − x)) (y + x)−1/q́ dy

∣∣∣∣∣

p

|x|a dx

≥ c

∫

I−j−2

2
jp
q

+ jp
q́
−a

∣∣∣∣∣
∫

I1

ϕ1(2
j (y − x))dy

∣∣∣∣∣

p

dx

≥ c

∫

I−j−2

2
jp
q

+ jp
q́
−a

∣∣∣∣∣
∫

{y:0<2j(x−y)− 1
2
2j}

ϕ1(2
j (y − x))dy

∣∣∣∣∣

p

dx

≥ c

∫

I−j−2

2
jp
q

+ jp
q́
−a− jp

2q dx = c2j(p−a− p
2q
−1) = c2

j
�

p
p3
−a−1

�
.

The fourth inequality follows since it is easy to check that, for x ∈ I−j−2,{
y : 0 < 2j (x− y)− 1

2
< 2j

} ⊂ I1. Now, for 2
j
�

p
p3
−a−1

�
to be bounded on j < 0,

it must happen that p
p3
− a− 1 > 0.
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