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Abstract. On the basis of a higher order integral representation formula
related to the polyharmonic differential operator and obtained through a
certain polyharmonic Green function, a Dirichlet problem is explicitly solved
in the upper half plane.
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1. INTRODUCTION

There are many Dirichlet problems for the polyharmonic operator. For the
biharmonic equation w,s,; = f there are four, namely on the boundary either

Low =, w.z =1,

2. w=rp, ws =71 Or W=", W, =",

3. w =", W, + Wz = V1,

4w =, dw =",
are prescribed where 9, denotes the outward normal derivative. When higher
order powers of the Laplace operator are considered many combinations of these
four kinds are possible. But the boundary data have to satisfy different kinds
of smoothness properties. For type 1, the continuity is sufficient. For the other
three types certain differentiability conditions have to be satisfied in order that
the problem be unconditionally solvable. This is demonstrated in [8] where the
problem of type 2 is treated in the unit disc. As technical details are somehow
more involved in the case of a disc, the same problem is here investigated for
the upper half plane. The problem was first studied in the Ph.D. thesis [10]
of the second author. As the boundary data were assumed there just to be
continuous, solvability conditions became involved. Under proper smoothness
assumptions, these conditions are avoided so that the problem is well posed.

A proper polyharmonic Green function for the upper half plane H = {z €

C:0 < Imz} is given by
-z

(n = 1)PCu(2,¢) = ¢ — 2" Vlog

n—1 1 B
DI e
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34 H. BEGEHR AND E. GAERTNER

G2(z,() is the proper biharmonic Green function in H for Dirichlet problems
2, 3, 4 but not for 1 where a different Green function is needed, see [4], [5], [6]
for the disc.

The Green function can be used to create a proper Cauchy—Pompeiu repre-
sentation, see [2], [8], [10]. The usual way of iterating representation formulas
[1] to get higher order Cauchy—Pompeiu formulas is in the case of unbounded
domains not appropriate as the convolution of the respective integrals may not
exist,.

Theorem 1. Any w € C*"(H;C) N C*Y(H;C) for which |z|**°(.0:)"w
for 0 < v < n, 2|00 w, |20V O w for 0 < v < n— 1 are
bounded in H can be represented as

[n 1] 00

w(z) Z o / OE 02 G(2,1)(0c0g) "w(t)dt

[3]-1

_ Z 2m/ (000" G2, )20 (bt
1 / Go(2, C)(9c0)"w(C)dedn. (1.1)

Proof. For formula (1.1) observe

! / G2, €) (002" w(C)dedy = - / [0c[Gl2, O 00w(C)]

T
H H

= 0[0cGn(2,€)(0c00)" w(C)] + 0c0c G, ) (9c0e)" w(C) fd€dn

—2

-1 { 0,[(000e) G2, IO~ (()] — D080
H v=0

< Gul, (@00l + (003" Gz, )02 (C) .
where the last term is

» @00 160z Qa0 s

H

= %/{5<[(3<3§)"_1Gn(2,C)ﬁgw(g“)] RO Go(2, )0zw(C) e

H

o0

/(9"8" 'Gi(z,Q)0zw(Q)dédn = w(z) + 271rz /(8 8"71Gn(2,t)w(t)dt,

—00
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as we have

A" 1 -z\" 1
agaglGn@,C):(—l)”(;_Z) e (2—2) 2=

Thus

1

— n an—1 L -1 .
Z B 27TZ /a a G (t)dt 271 /(8C0C) Gn(zat)acw(t)dt

-5 (ot [ etz

—00

/8"+16”G (2,8)(0c07)" ™ w(t)dt

=2 [ Gl 0@ w(0) b
H
-1

VZ% / 0c0¢)" G2, )OF 12 w(t)dt
Rk 78”“8“(1 (2, )(0c0e)™™ V(1) dt
— 271

1

;/Gn 2,0)(0c0¢)" w(¢)dEdn

T

(254] o
1 —van—v— v
- Z 2i / ¢ 'G(2,1)(0:0z) w(t)dt

e
v=0

[2]_1
_221 /a< nulG Zt)az/au+1 ()d

-+ [ Gute. @2, wlc .

H

This is representation (1.1).
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2. SOME PROPERTIES OF THE GREEN FUNCTION

For expressing the kernels in the Cauchy-Pompeiu representation explicitly
the Green function [9] has to be investigated. This is done by using the following
rule.

Lemma 1. For f,g € C*(D;C), 1 < p, D C C open and g harmonic, i.e.
0.0-g =0 in D, we have

(0.0.°(fg) = (002" f + Z ( ){8T8”f8” g+ 001 f0 g}
The proof follows by induction.
The proof of the next lemma follows by direct calculations, see [10].
Lemma 2. For1<p<n, z,( € H, 2 # (,
s (2 — z)nn-t

(0c0)" Gin(2,C) = Gnpl2:)+ Y (n—p—2)(n—p—1)

pu=0

(0:02)" ™+ Gy (2,€)

with B

0:0:G7(2,¢) = (¢ — )" *q1(2.C)
for2 <71 and

1 1
gl(’Z?C)_E_Z_C_E‘
Lemma 3. Fort e R, z€ H and 0 <2v <n—2
n—2v—2
n—p—v—2)!
(aca )n v— 1G n n—v
= viln —p—1)!
X (Z - Z)n . 1gn—#—21’—1(27t)7 (21)
where for 1 < a,
1 —1)«
9a(z,C) = 4 1

Proof. For 1 < k,

ot

(—1)7 Gt (C— OF ", pt7 <k,
0, kE<p+rT.

Moreover, for 0 < o

o!

o P — (_ o+1

aggl( 7C> ( 1) (C_Z)U_H?
o!

9 g1(z,¢) = (1) T

Thus applying Lemma 1,
(0c0)" ™ Cp(2,€) = g1(2, Q@)™+ = QP
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min{v,n—u—v—3} n—p—v— 9
1)k
oy ()

=0
(—p—2n—p—v—r=2
X (V _ 7_)' (C - C) gn—,u,—l/—’r—l(za <)
For ¢ = ( this is
(_1>n—1/—u (n*#*2)!("'*l‘*2*’/)!
(aCaf)n_V_M_lén(Z7 C) - Xgn7u72ufl(zv C)a v+ % +2 g n,
0, n<2v+p+2,
so that for ¢ = (,
n—2v—2
oy —p—2)
\n—v—1 — _1 n—v—up (n v 1%
(8C8C> Gn(27C) ; ( ) I/!(Tl—,u— 1)|
X (Z - z)n_'u_lgn—,u—%/—l(zv C) U

Lemma 4. Fort e R, z€ H and 2 <2v <n—2,
8?_”82—‘_”_1Gn(z, t)

n—2v—1 (n —v— - 2)'
= L U T e T 50
u:
n—2v—2 (TL V- 2)‘
bY e R g0 (22)
#=0 ' '
and
A z—z\" 1
Proof. For proper p and v,
(sl
n—v—p—1 an—v—p—2 A\n—p—2 __ *(Syiuill_n)!
o O (=0 =4 X(C=QFHHT . n <KW p 1,
0, 2v4+p+1<n.

Lemma 1 applied shows
I G (2,0)
= 91(2.¢)0c(0:0:)" 72 + 0cqn (2, ) (0 0p)" " 2(C — Q)2
min{u,n—u—u—?)}(_l)n“l (n o el 2> (n - — 2)'(7} - U=V —-T7T— 2)'

i Z T (v—r1)!

7=0

< L =)= " nppmv—r-1(2,6) + (€ = )"0 Gn-p—v-r-1(2,0) }.

Arguing as in the preceding proof, this is, for ¢ = ¢ and 1 < v,
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OO T G (2, 0)

(=)™ (n = p = 2)lg1(z, ¢), n=2w+pu+1,

(—1)n—k—v (n—u—Q)!(Z—u—V—Q)! {Vgn_u_%(z’ 0)
+8an—ﬂ—2V—1(Z7C>}a 2V+LL+2 < n,

0, n<2w4pu+1,

and for v =0

OO G (2,0

(_1)n7u(n_u_2)'gl(za€)a n:/l‘f’l,
= (_1)n—ﬂ(n L 2)!28an—/1—1(27 C)u Mot 2<n,
0, n<p+ 1
Hence for 1 <vand ( =
n—v qn—v—1 o v—1 (Z B 2>2V
O O Gl Q) = (1) g (= 0)
n—2uv—2 (’I’L Ch—v— 2)'
t ; (_1)117#7” l/'(’n — 1 — 1)[ {Vg"—ﬂ—QV(za C) + ann—,u—Ql/—1<Z7 C)}

Observing for ¢ = ¢

(9<G1(2,C) - _gl<Z7C)>
34Gu+1(27 ()=0
for 1 < v, then for ( = ¢

11 +”‘2 (z — z)nk-1
(=2 (-2 Z o

=0
z—z\" 1
__(<—2> - -

3. DIRICHLET PROBLEM

PO Glo(2,€) =

N
=

Basic for Dirichlet problems is the existence of a Poisson kernel [4], [7]. For
the upper half plane it is [10]
1 z—2
2 |t — z|?’

where z € H, t € R.
Lemma 5. Let v € C(R;C) be bounded. Then
1 [ (2= 20t
u(z) = /Mdt (3.1)

T 2mi It — 22

—0o0
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1s harmonic in H satisfying for 7 € R

lim u(z) = v(7).

Z—T

Remark 1. The substitution t = = + ytan7, where z = x + iy, 0 < y,
transforms (3.1) into

Jus

u(z) = % / v(x + ytanT)dr.

The Poisson kernel is the imaginary part of the Cauchy kernel
1 z—2Z

21 = .
Y |t — z|?

If 7 is real-valued and c a real constant then, see [10],

w(z):i/ﬁdt—kic

g t— =z

solves the Schwarz problem for analytic functions in the upper half plane: w is
analytic and satisfies

R e Y
Rew(z) = — / Mdt
|t —2[?
so that lim, ., Rew(z) = v(7) for 7 € R. The constant c is related to Imw(7)
by

o0

Imw(i) = % / inz +c.

—0o0

Dirichlet Problem. For given f satisfying |z|>™ Y f(z) € Li(H;C), v, €
C"2[R;C) for 0 < 2v < n—1,%, € C"1"2(R;C) for 0 < 2v < n — 2 with
the respective derivatives bounded, find a solution to

(azag)nw = f n H,
(0,0:)"w =", for 0<2v<n—1, (3.2)
v w =4, for 0<2r<n—-2 on R.

Theorem 2. The Dirichlet Problem (3.2) is uniquely solvable in a weak sense

n

wiz) = - 7 { (Z‘Z)n%“) " :<—1>“Mgu<z,tm<t>

t—2z) t—=z 7

=, =1 (22
P S e S
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n—1

+ Z (_1)1/71 </~L - V)' (Z — Z)M }%/(t)

plvl (t — z)p—2v+l

p=2v

[% -1 n-1 o
+D > Fl)wu(z — 2)'gu—a (2, tm(t)}dt

!
v=1 p=2v+1 p-v:

-~ [ Gz 0sdean. (33

Remark 2. The smoothness conditions on the boundary data cannot be weak-
ened as then the problem will need solvability conditions to be satisfied.

Proof. If the solution exists it can be represented according to Theorem 1.
Modifying the kernel functions via Lemmas 3 and 4 proves (3.3). From this
representation formula the homogeneous problem is also seen to be only trivially
solvable. Thus the problem is uniquely solvable.

To prove existence, (3.3) is shown to be a solution. From the fact that
gv(z,¢) are harmonic functions it is seen that the above boundary integral
is a polyharmonic function, a solution to the related homogeneous equation
(0,0:)"w = 0 in H. By the properties of the Green function G, (z, () the above
area integral satisfies the related homogeneous boundary conditions. Moreover,
its lower order derivatives turn out to be continuous functions in H. Finally,

oo (=1 [ G sain) ==+ [ (2) L aeay

(—z) (—=

as a Pompeiu type integral has a weak z derivative being f(z). Hence the area
integral is a weak solution to the equation (0,0;)"w = f.

The boundary integral in (3.3) remains to be shown to satisfy the boundary
conditions.

For checking the boundary behavior of the function given in (3.3) besides
the kernel functions (2.1), (2.2), (2.3), also their proper derivatives have to be
calculated. On the basis of Lemmas 3 and 4 denote for 1 <n,t € R, z € H,

_ anane1 _ (2= "
A= 00n Gz, 1) <t_2> — (3.4)
n—1
B = (9:0:)" " G(2,1) = Z(—l)““%(z 2gu(ant), (3.5)
pn=1

n—1

_ an—vAan—v—1 _ —v—1 (/‘L — V= 1)' (’Z B E)H
Cy = aﬁ 65 Gn(zat) - Z (_1)N M'(V _ 1)' (t _ Z)'u,QVJrl

n=2v

+ Z (_1)u(:u — V>! (Z — 2)” (3.6)

plvl (6 — z)p—2vtl
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for2<2r<n—1,
D, = (0:0¢)" ™" Gu(z,1)

n—1

_ Z (_1>;H/71M(Z_z)“gu,g,,(z,t)

11
Pt wlv!
for2 <2r<n-2.

Lemma 6. For1<n,teR andz€e H

] L (Z _ 2)71 1

0:A = n(t—z)”ﬂ’
L B (Z _ 2)7),72
0,0:A = (n—1) S

1/1/+1A T+1 (n+V—T)! (2_2 o
9:0 Z ( )(n—y—T—l)! (t — z)ntv—r+l
for2 <2v <n—2,

_ o | _ Z\n—v—7-1
oA = Z T+1(V 1)(n+1/ =1 (2 —2)

(n—v—7—-1! (t—z)rtv—r

for2<2v <n— 1
Proof. Rewrite (3.4) as

n—1
z—Z (z —2)
A= - —_—
|t — z|? ; (t —z)v+!
Differentiating shows the first two formulas.
Applying (0,0;)" to the first formula and applying Lemma 1 show

o -3 (V) e vy

— n—1—v—7)(t—z)nt+v-r n!

Similarly, from the second formula

41

(3.7)

T

v—1 . 1(_1\T _ s\n—1-v—7 o |
aZaZA:_ZC/ 1> n!(—1) (2 —2) (n+v—71-1)!

— m—1—v—1) (t—z)ntv—r n!
follows.
Lemma 7. For1 <n,teR and z€ H

9:B = —gi(z,1) — % - Z(—l)“%

(et z—z\"" 1
T (t—2)n +(t—z) t—z
0.0:B = —(n —1)(z — 2)" 2gu(2, 1),
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61/81/+IB Z Vl(y_1)<n+y_7—_2)' (Z_Z)HVTQ

(n—v—7—2) (t—z)tv—-1

n+17— m+v—7-—1! (z =z 1

+Z ()(n—V—T—l), (t — z)ntv—r
for2<2v<n-—2,

v—1
0B = Z(—l)“(”‘ R T L PR )

g T J(n—v—1—1)!

for2<2v <n-—1.

Proof. Differentiating (1.5) gives

@Bzij{hwﬂz—@WWMaﬂ—é%i%%}
= —gi(z,1) +Z{ Zt__zj; : + <Z(t__2;:1} -y %

n=2
which is the first expression. Differentiating again shows
(2 — z)" 2 z-2\""7? 1
0,0:B=—(n—1)———— -1
O oy T U ) B v
—(n—1)(z — 2)" 2gn(z,1).

Proceeding as in the preceding proof leads to

I o ¥ 7 A e G N et Ll (et e e .
02323——2( - )(n—l—T—l/)! (t_z>n+uflf7— (n_l)l
(v (= D=D)T (2= ) T (v — 7 = 2)!
;( T )(n—l—T—V)! (t — z)ntv=1-7 (n—1)!
e () R G T ()
and
R e (R e T L )
! o fv=N\n+v—7-1! (z—z)" v
+TZ:0(_1) ( T )(n—V—T—l)! (t — z)ntv—r

_ Z<_1>V+1 (1/— 1) n+v—71-1) (2 — )= 1(5—_1;’;:;:

(n—v—71-1)!
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v—1
- N\n+v—-—7-1) NS O §
-1 v+l [V _ z\n—v—7—1
+§( ) ( T )(n—V—T—l)!(Z ?) (t — z)nv—r
v—1 n—v—71—
+Z( 1)V+1(1/—1)(n+y—7—2)‘( z—Z) 12
— T J(n—v—1-=2) (t —2)ntv"
These are the formulas in the lemma. O

Lemma 8. For2<2r<n—-1,teR,ze H

p+,u1/1 (p—v—=1Npu—2v+p—71)!
000 =33 (><u—w<u o~ — )]

p=2v =0

(z — Z)p=P T
(t _ Z),u—QV—‘rp—T-‘rl

- V+T vip—2v+p—1) (z—2)F P77
+ Z Z (7') l/'(,u p— 7‘) (/L — 21/) (t _ Z)M—2V+p—7+1

(0.0:)°C, = nzl VO {(—1)*‘1 (i) (” o 1) (f_‘jﬁfﬁ;
e
:_Z”:< > 2= 2)""gyry1(2,1)

C S e (T

' :_2;;:/_0”1 (M ; V) (iz—_z)zu)::; }
_ Z {(_1);” (u ;i I 1) (2 _(tzzu;)?:g; 2y

(L))

p e+l p+,ul/ (/L—I/—l)(,u—2y—|—p—7'>‘
worco= 53 () g e

p=2v 7=0

+

(2 — z)upr-1

(t _ Z)u—2V+p—T+1
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— e p+1\(p—v)(p—2v+p—T+41)
+ZZ < > v —p =) —2v)!

% (t <—ZZ_>MZ_)2V+9—T+2
for0 < p<v,
vav+loy n—1 (n—v—1)! (z — 2)"~ 2v— 1(25 _ 2)1/71
9:0:7C, = (=1 (v —1Dl(n—2v—1)! (t — z)nv
(n—v)! (=) (t-2)"
+ vi(p—2v—1)! (t — z)n—v+l ]
v+1 _ n—1 (n -V = 1) (z — Z)” 2v— 2(t _ 5)11—1
(0.0;)"C, = (1) o Din 2 —2)] o
n—1 (n—v)! (z — 221t — z)v 1
+(—1) (v—1!(n—-2v—-1)! (t — z)n—v+1
(n—v)! (2 — 22 2(t — 2)¥
* viin —2v —2)! (t — z)n—vtl
_ (n—v)! (2 — 2)P=2=1(t — z)v-1
G- Din—2r =1 (=gt

min{p,n—2v—1} min{p—1,n—2v—1—7}

(0.0:C, = Y >y <i) (p; 1)

7=0 oc=max{0,p—v}
y (n—v+p—17—-1) (z — z)n 7oLt — Z)vFor
m—2v—7—0—-1)(rv—p+o0)! (t — z)n—vte—7

min{p—1,n—2v—1} min{p,n—2v—1—7} 1
DY > o (")
=0 o=max{0,p-v}
(n—v+p—7-1)! (z — Z)n 2o — p)rtoe

X(n—QV—T—U—l)(V—p—i—U) (t — z)n—vto—r

for2(v+p) <n-—1,

grtegrtetie min{pi%_l} min{p,nff_l_ﬂ( 1yn-1-p (P) (P)
’ ’ =0 oc=max{0,p—v+1} T g
(n—v+p—1—1) (z—z)n2rm ot — z)vrtot
m—2v—7—0c—-Dl(v—p+o—-1)! (t — z)n—vtr—7
min{p,n—2rv—1} min{p,n—2v—1—7}

SEE )

7=0 o=max{0,p—v}

X
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(n—v+p—) O i U ot
m—2v—7—0c—-—Dl(v—p+o0)! (t — z)n—vto—7+l
for2(v+p) <n-—1.
Lemma 9. For0<2v<n—2,teRand z€ H

0000, = 3 S apeie(4)

p=2v+1 7=0

X

(w—v—D(p—2v+p—17—-1)!
vip—1—p)l(p—2v—1)!

(2 = 2" gyt pr(2, 1)

for0< p<v,

900 D, = an zp:(—1)u—v+p(/;)

p=2v+1 7=0
(p—v-—Dip—2v+p—7 1! (z— 277"}
W —7—p— D) (p—2v— 1) (t — 2)p=24r7

n—1 +1
i Z pz<_1)7+y_1<p+1) (p—v—pu—=2v+p—1)!
y=2041 =0 T ) v p—1—pl(p—2v-1)

(z — Z)H=PT
(t — E)M*2V+pf7'+l

X

for0< p <,

oD, — ;Z:H { T:[)(—l)“(i) (“ v 1) (Z( t__i);;: 1
+ Sy (” ! 1) (“ e 1) é:fﬁf:;}

DS

S S ()

+ :/—Zt(—l)’r-i-l/—l (V ;L 1) (M — Z — 1) (gz_—z)zgl‘;”zl }

G Gl =

pn=2v+1
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WO e FOA

(t _ g)u—u—&-l

(0:0)""'D, = ni gi(—l)“ (V + 1) (u —v— 1>

pn=2v+1 7=0 T v
X (=1 —v)(z =2 g ria(2,1)

= (=" (n—v=1! =2t =2)"

viin —2v —2)! (t —z)v
e N 2yl — )
viin —2v —2)! (t — z)n—v+1 '
vrlavi2 w (n—v =1 (22"t - 2)
;0 Dy = (1) v!(n —2v — 3)! (t —z)nv
e N e e
AR oy o o Ry v e
n—1-v)!(n—-2v—-1) (z — 2)"22(t — 2)”
viin —2v —2)! (t — z)n—v+l
(= 1=-v)ln—v+1) (=)t - 2)”
viin —2v —2)! (t — z)n—v+2 ’

min{p—1,n—2v—2} min{p—1,n—2v—2—7}

@:07D = ) > (" ()

=0 o=max{0,p—v—1} ?
" n—v+p—7-2) (z — Z)V 2" TO2( — Z)rptotd
m—2v—7—0-2)l(v—p+o+1)! (t — z)n—vtr—7-1
min{p—l,zn—QV—Q} min{p—1,n—2v—2—7} . oI\ (p1\ 1
+ _p)ptre
=0 Jmax%—y—l} - ( T ) ( g ) n=v
" n—v+p—7-—1)! (2 — Z)" 2V T2 (f — z)voptotd
m—2v—17—0-2)(v—p+o+1)! (t — z)n—vtp=7-2

for2(v+p) <n—2,

grtegrtetlp min{p_i_%_ﬂ mm{p’niy_%ﬂ( s (P - 1) <p>
c =0 o=max{0,0—v—1} T “
(n — v+ p—T— 2)! (z o z)n—QV—T—G—Q(t o Z)V—p-&-o‘
n—2v—7—0-2)(v—p+o0)! (t — z)n—vtp—r—1
min{p,n—2v—1} min{p—1,n—2v—1—7}

DY S (e (p) (” - 1)

T g
7=0 o=max{0,p—v—1}

X




INHOMOGENEOUS POLYHARMONIC EQUATION. DIRICHLET PROBLEM 47

Xn—?z/—l n—v+4+p—r1)!
n—v m—-2v—7—0c—-Dl(v—p+o+1)!
(Z o Z)n—QV—T—U—1<t . Z)u—p-i-a—i-l
(t _ Z)nflﬁi’P*T‘i’l

for2(v+p) <n-—2.

The proof of the last two lemmas follow step by step as indicated in their
formulations by direct differentiation using Lemma 1 in the same way as for
Lemmas 6 and 7.

The boundary behavior of the function in (3.3) is checked via the property
of the Poisson integral (3.1).

Lemma 10. Let v € C(R;C) be bounded and k,n € N with k < n. Then

o

lim L / v(t)ﬂdt = 0.

2—Z 271
—0o0

Proof. Rewriting
(z—2)" (z-2"'t-z z2-2
(t—2)F  (t—2)F2t—z[t— 22
e [t—Z Rz -z
~e- ()
where the first factor on the right-hand side tends to zero with z tending to z
while the two middle terms are bounded and the last is the Poisson kernel. [

t—=z

Lemma 11. Let v € C™(R;C) be bounded together with all its derivatives,
m € N. Then for anyn € N, z € H

o1 [ (22
lim — t)————dt = 0.
202 o /7( )G =2y

Proof. Integrating by parts m times shows

—00 —00

Thus via the preceding lemma the result follows. 0

According to Lemma 11, the following limits vanish:

0 n—1
1 (z —2)
ll_{g% / Z (t — z)v+ Yo(t) = 0, (3.8)
o v=1
1 [ (=2
l{g ori | =z Yo(t)dt =0, (3.9)
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for 2 < n,

lim L /i(_l)‘r (p - 1) (n +p—T7— 1)' (Z - 2)”_0—7—170(]5)6#:0 (310)

2=z 20 T J(n—p—1—=1 (t—z)"tr T

for2<2p<n—1,

nmi/i(—l)T(’))( (ntp=—mt (=2 ha—0 (3.11)

2—Z 271'2 n—p—T— 1)[ (t - 2)n+p—7'+1 Yo

for 2<2p < n—2,

R N O C ) AT it Gl DU
lim 27”4 {;( 1) P + o }VO(t)dt =0, (3.12)
.1 = P\ (ntp—7-2)
lLH;ZWié 7:0( 2 ( T )(n—p—T—l)!
X (2 — E)n_p_T_lgn—l—p—T—l(zv t)o(t)dt = 0 (3.13)

o0 -1
hmi/ . (1) p—1\(n+p—7-2)!
2=z 211 — T J(n—p—1—2)!
% (Z - 2)77,—;)—7’—2 + zp:(_l)n—r p (n +tp—T— 1>‘
(t =2yt o~ 7)(n—p—1—1)!
2 —z n—p—7—1 .
X <<Zf — ;)n+p7 }"yo(t)dt =0 (314)
for 2<2p < n—2,
1 %0 min{p—v,n—2v—1} min{p—v—1,n—2v—1-7} p—v
li - _1\n—ptv
o 4 > e ()
S 7=0 o=max{0,p—2v}

X(p—u—l) n—2v+4+p—7-—1)!
o m—2v—7—0—-1)!2v—p+o0)!
(Z _ 2)n—2l/—7'—a—1<t _ 2)2y+o‘—p
(t _ Z)n72u+pf‘r
min{p—v—1,n—2v—1} min{p—v,n—2v—1—r}

R SRS G

7=0 o=max{0,p—2v}

. (p—u)( (n—2w+p—71—1)

o n—2v—717—o0—12v—p+o0)!
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(Z _ 2)n72uf7—7(771(t _ Z>2y+crfp

(t _ 2)71—21/—1—/)—7

X

}%(t)dt =0 (3.15)

for2<2p<n—1,

1 %0 min{p—v,n—2v—1} min{p—v,n—2v—1—7} p—v
lim =— —p)rer
g / > ()
SN 7=0 o=max{0,0—2v+1}

L (PY n—2v+p—71-—1)!
o Jn—2v—1T—0-D!2v—p+0o—-1)!
(Z _ z)n—QV—T—U—l(t _ 2)2V—p+0—1

(t _ Z)nf2u+p77'

min{p—v,n—2v—1} min{p—v,n—2v—1—7} o—v
-1 p—v—o+7—1
Cr Y e ()

7=0 o=max{0,p—2v}

(P (n—2v+p—r1)!
o Jn=2v—17—0—-1!2v—p+0)!

(Z o E)H—QV—T—O'—l(t _ Z)Qu—p—‘ra B
x = Yo (B)dt = 0 (3.17)
for 1<v<p 2<2p<n—2,
1 %0 min{p—v—1,n—2v—2} min{p—v—1,n—2v—2—7}
lim ~— 1y
mas {2 >

=0 o=max{0,0—2v—1}

" p—v—1\[(p—v—1 (n—204p—1—2)!
T o m—2v—7T—-0-2)!2u—p+o+1)!

(Z _ Z)n—21/—7'—0—2(t _ 2)2V—p+0’+1

(t _ Z)n721/+p77'71

min{p—v—1,n—2v—2} min{p—v—1,n—2v—2—7}

R S e

=0 o=max{0,p—2v—1}

" p—v—1\ 1 (mn—2v+p—7—1)!
o n—vn—-2v—-—71—0-2)(2v—p+o+1)!
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(Z _ Z)n 2v—T—0— 2(t _ z)2ufp+a+1

X == }%@Mhzo (3.18)

for1<v<p—1,2<2p<n—1,

p—p—1\ (z =2
i Fe e SRU RN
for 2<2p < n—2,
1 0 min{p—v—1,n—2v—2} min{p—v,n—2v—2—7}
lim — —1)e
mas [{ %X
7=0 o=max{0,0—2v—1}
y p—v—1\[(p—v n—2v+p—7-2)!
T o Jn=2v—-1T—0-2)(2v—p+0)!
(Z _ Z)n U—T—0— 2<t _ 2)2V—p+0’
(t _ Z)n72y+p7771

min{p—v,n—2v—1} min{p—v—1,n—2v—1-7} p—v
—1)r—o-1
D> > e (7)

—00

X

7=0 o=max{0,0—2v—1}
" p—v—1\n—2v—-1 n—=2v+p—r1)!
o n—v (n-2-1-0-1!2v-p+o+1)
(Z _ z)n 2U—T—0— 1(t _ Z)Qy—p+o'+]_ R
: (t — z)n—2vtp—T+1 To(t)dt =0 (3.20)

forI<v<p—1,2<2p<n—2.
Thus rewriting (3.3) as

o0 [3)-1
1 .
w(z) = —5— {A%( + By(t) Z Cov(t) + ) D,/y,,(t)}dt
S v=1
1

__/aﬂiﬁwﬁm

H
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and using (3.8)—(3.20) and, finally, applying Lemma 10 for ¢, € R, we obtain

oo

1
I =~ lim — [ Ay(t)dt.
li wte) = = iy 5 [ o
Rewriting A as
n—1
z—Z (z —2)
A= —— 7
it 2P Z; (t — 2

and using (3.10), we have
lim w(z) = 70(t)

t—to

because of (3.8).
Similarly,

z—to z—to 27T'L

lim w;(z) = — lim = / {A:70(t) + B:Ao(t) }dt = Fo(to)

as (3.9) and (3.12) are satisfied.
Moreover, for 2 < 2p<n —1,

o0

1
p p—1
+37(0.0°Coy(t) + 3 (0.0:)" DA, (2) }dt = 7, (to)
v=1 v=1
by (3.10), (3.13), (3.15), (3.16) and (3.18).
Also for 2 < 2p < n — 2,
1 [o.¢]
lim D w(z) = — lim - — / {8§8§+1A70(t) + 02027 By (1)
z—to z2—lo LTT
p . P
+ > 00Oy () + Y 0P DA, (1) }dt = 4, (to)
v=1 v=1
as (3.11), (3.14), (3.17), (3.19) and (3.20) hold. [

Remark 3. Only in the case n = 1 the continuity of the boundary data is
necessary and sufficient for the solvability of the above Dirichlet problem [3].
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