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1. Introduction

There are many Dirichlet problems for the polyharmonic operator. For the
biharmonic equation wzz̄zz̄ = f there are four, namely on the boundary either

1. w = γ0, wzz̄ = γ1,
2. w = γ0, wz̄ = γ1 or w = γ0, wz = γ1,
3. w = γ0, wz + wz̄ = γ1,
4. w = γ0, ∂νw = γ,

are prescribed where ∂ν denotes the outward normal derivative. When higher
order powers of the Laplace operator are considered many combinations of these
four kinds are possible. But the boundary data have to satisfy different kinds
of smoothness properties. For type 1, the continuity is sufficient. For the other
three types certain differentiability conditions have to be satisfied in order that
the problem be unconditionally solvable. This is demonstrated in [8] where the
problem of type 2 is treated in the unit disc. As technical details are somehow
more involved in the case of a disc, the same problem is here investigated for
the upper half plane. The problem was first studied in the Ph.D. thesis [10]
of the second author. As the boundary data were assumed there just to be
continuous, solvability conditions became involved. Under proper smoothness
assumptions, these conditions are avoided so that the problem is well posed.

A proper polyharmonic Green function for the upper half plane H = {z ∈
C : 0 < Im z} is given by

(n− 1)!2Gn(z, ζ) = |ζ − z|2(n−1) log

∣∣∣∣
ζ̄ − z

ζ − z

∣∣∣∣
2

+
n−1∑
ν=1

1

ν
|ζ − z|2(n−1−ν)(ζ − ζ̄)ν(z − z̄)ν .
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G2(z, ζ) is the proper biharmonic Green function in H for Dirichlet problems
2, 3, 4 but not for 1 where a different Green function is needed, see [4], [5], [6]
for the disc.

The Green function can be used to create a proper Cauchy–Pompeiu repre-
sentation, see [2], [8], [10]. The usual way of iterating representation formulas
[1] to get higher order Cauchy–Pompeiu formulas is in the case of unbounded
domains not appropriate as the convolution of the respective integrals may not
exist.

Theorem 1. Any w ∈ C2n(H;C) ∩ C2n−1(H;C) for which |z|2ν+δ(∂z∂z̄)
νw

for 0 6 ν 6 n, |z|2ν+1+δ∂ν
z ∂ν+1

z̄ w, |z|2ν+1+δ∂ν+1
z ∂ν

z̄ w for 0 6 ν 6 n − 1 are
bounded in H can be represented as

w(z) = −
[n−1

2
]∑

ν=0

1

2πi

∞∫

−∞

∂n−ν
ζ ∂n−ν−1

ζ̄
Gn(z, t)(∂ζ∂ζ̄)

νw(t)dt

−
[n
2
]−1∑

ν=0

1

2πi

∞∫

−∞

(∂ζ∂ζ̄)
n−ν−1Gn(z, t)∂ν

ζ ∂ν+1
ζ̄

w(t)dt

− 1

π

∫

H

Gn(z, ζ)(∂ζ∂ζ̄)
nw(ζ)dξdη. (1.1)

Proof. For formula (1.1) observe

1

π

∫

H

Gn(z, ζ)(∂ζ∂ζ̄)
nw(ζ)dξdη =

1

π

∫

H

{
∂ζ [Gn(z, ζ)∂n−1

ζ ∂n
ζ̄ w(ζ)]

− ∂ζ̄ [∂ζGn(z, ζ)(∂ζ∂ζ̄)
n−1w(ζ)] + ∂ζ∂ζ̄Gn(z, ζ)(∂ζ∂ζ̄)

n−1w(ζ)
}
dξdη

=
1

π

∫

H

{ n−2∑
ν=0

[∂ζ [(∂ζ∂ζ̄)
νGn(z, ζ)∂n−ν−1

ζ ∂n−ν
ζ̄

w(ζ)]− ∂ζ̄ [∂
ν+1
ζ ∂ν

ζ̄

×Gn(z, ζ)(∂ζ∂ζ̄)
n−ν−1w(ζ)]] + (∂ζ∂ζ̄)

n−1Gn(z, ζ)∂ζ∂ζ̄w(ζ)

}
dξdη,

where the last term is

1

π

∫

H

(∂ζ∂ζ̄)
n−1Gn(z, ζ)∂ζ∂ζ̄w(ζ)dξdη

=
1

π

∫

H

{
∂ζ [(∂ζ∂ζ̄)

n−1Gn(z, ζ)∂ζ̄w(ζ)]− ∂n
ζ ∂n−1

ζ̄
Gn(z, ζ)∂ζ̄w(ζ)

}
dξdη

and

1

π

∫

H

∂n
ζ ∂n−1

ζ̄
Gn(z, ζ)∂ζ̄w(ζ)dξdη = w(z) +

1

2πi

∞∫

−∞

(∂n
ζ ∂n−1

ζ̄
Gn(z, t)w(t)dt,
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as we have

∂n
ζ ∂n−1

ζ̄
Gn(z, ζ) = (−1)n

(
z − z̄

z̄ − ζ

)n
1

z − ζ
=

(
z − z̄

ζ − z̄

)n
1

z − ζ

= −
(

z − z̄

ζ − z̄

)n
1

ζ − z
.

Thus

w(z) = − 1

2πi

∞∫

−∞

∂n
ζ ∂n−1

ζ̄
Gn(z, t)w(t)dt− 1

2πi

∞∫

−∞

(∂ζ∂ζ̄)
n−1Gn(z, t)∂ζ̄w(t)dt

−
n−2∑
ν=0

{
1

2πi

∞∫

−∞

(∂ζ∂ζ̄)
νGn(z, t)∂n−ν−1

ζ ∂n−ν
ζ̄

w(t)dt

+
1

2πi

∞∫

−∞

∂ν+1
ζ ∂ν

ζ̄ Gn(z, t)(∂ζ∂ζ̄)
n−ν−1w(t)dt

− 1

π

∫

H

Gn(z, ζ)(∂ζ∂ζ̄)
nw(ζ)

}
dξdη

= −
n−1∑
ν=0

1

2πi

∞∫

−∞

(∂ζ∂ζ̄)
νGn(z, t)∂n−ν−1

ζ ∂n−ν
ζ̄

w(t)dt

−
n−1∑
ν=0

1

2πi

∞∫

−∞

∂ν+1
ζ ∂ν

ζ̄ Gn(z, t)(∂ζ∂ζ̄)
n−ν−1w(t)dt

− 1

π

∫

H

Gn(z, ζ)(∂ζ∂ζ̄)
nw(ζ)dξdη

= −
[n−1

2
]∑

ν=0

1

2πi

∞∫

−∞

∂n−ν
ζ ∂n−ν−1

ζ̄
Gn(z, t)(∂ζ∂ζ̄)

νw(t)dt

−
[n
2
]−1∑

ν=0

1

2πi

∞∫

−∞

(∂ζ∂ζ̄)
n−ν−1Gn(z, t)∂ν

ζ ∂ν+1
ζ̄

w(t)dt

− 1

π

∫

H

Gn(z, ζ)(∂ζ∂ζ̄)
nw(ζ)dξdη.

This is representation (1.1). ¤



36 H. BEGEHR AND E. GAERTNER

2. Some Properties of the Green Function

For expressing the kernels in the Cauchy–Pompeiu representation explicitly
the Green function [9] has to be investigated. This is done by using the following
rule.

Lemma 1. For f, g ∈ C2ρ(D;C), 1 6 ρ, D ⊂ C open and g harmonic, i.e.
∂z∂z̄g = 0 in D, we have

(∂z∂z̄)
ρ(fg) = g(∂z∂z̄)

ρf +

ρ−1∑
τ=0

(
ρ

τ

){
∂τ

z ∂ρ
z̄f∂ρ−τ

z g + ∂ρ
z∂

τ
z̄ f∂ρ−τ

z̄ g
}
.

The proof follows by induction.
The proof of the next lemma follows by direct calculations, see [10].

Lemma 2. For 1 6 ρ < n, z, ζ ∈ H, z 6= ζ,

(∂ζ∂ζ̄)
ρGn(z, ζ) = Gn−ρ(z, ζ)+

ρ−1∑
µ=0

(z − z̄)n−µ−1

(n− µ− 2)!(n− µ− 1)!
(∂ζ∂ζ̄)

ρ−µĞn−µ(z, ζ)

with
∂ζ∂ζ̄Ğτ (z, ζ) = (ζ − ζ̄)τ−2g1(z, ζ)

for 2 6 τ and

g1(z, ζ) =
1

ζ̄ − z
− 1

ζ − z̄
.

Lemma 3. For t ∈ R, z ∈ H and 0 6 2ν 6 n− 2

(∂ζ∂ζ̄)
n−ν−1Gn(z, t) =

n−2ν−2∑
µ=0

(−1)n−µ−ν (n− µ− ν − 2)!

ν!(n− µ− 1)!

× (z − z̄)n−µ−1gn−µ−2ν−1(z, t), (2.1)

where for 1 6 α,

gα(z, ζ) =
1

(ζ̄ − z)α
+

(−1)α

(ζ − z̄)α
.

Proof. For 1 6 k,

∂ρ
ζ ∂

τ
ζ̄ (ζ − ζ̄)k =

{
(−1)τ k!

(k−ρ−τ)!
(ζ − ζ̄)k−ρ−τ , ρ + τ 6 k,

0, k < ρ + τ.

Moreover, for 0 < σ

∂σ
ζ g1(z, ζ) = (−1)σ+1 σ!

(ζ − z̄)σ+1
,

∂σ
ζ̄ g1(z, ζ) = (−1)σ σ!

(ζ̄ − z)σ+1
.

Thus applying Lemma 1,

(∂ζ∂ζ̄)
n−ν−µ−1Ğn−µ(z, ζ) = g1(z, ζ)(∂ζ∂ζ̄)

n−ν−µ−2(ζ − ζ̄)n−µ−2
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+

min{ν,n−µ−ν−3}∑
τ=0

(−1)n−ν−µ

(
n− µ− ν − 2

τ

)

× (n− µ− 2)!(n− µ− ν − τ − 2)!

(ν − τ)!
(ζ − ζ̄)ν−τgn−µ−ν−τ−1(z, ζ).

For ζ = ζ̄ this is

(∂ζ∂ζ̄)
n−ν−µ−1Ğn(z, ζ) =





(−1)n−ν−µ (n−µ−2)!(n−µ−2−ν)!
ν!

×gn−µ−2ν−1(z, ζ), 2ν + µ + 2 6 n,

0, n < 2ν + µ + 2,

so that for ζ = ζ̄,

(∂ζ∂ζ̄)
n−ν−1Gn(z, ζ) =

n−2ν−2∑
µ=0

(−1)n−ν−µ (n− ν − µ− 2)!

ν!(n− µ− 1)!

× (z − z̄)n−µ−1gn−µ−2ν−1(z, ζ). ¤
Lemma 4. For t ∈ R, z ∈ H and 2 6 2ν 6 n− 2,

∂n−ν
ζ ∂n−ν−1

ζ̄
Gn(z, t)

=
n−2ν−1∑

µ=0

(−1)n−ν−µ (n− ν − µ− 2)!

(ν − 1)!(n− µ− 1)!
(z − z̄)n−µ−1gn−µ−2ν(z, t)

+
n−2ν−2∑

µ=0

(−1)n−ν−µ (n− ν − µ− 2)!

ν!(n− µ− 1)!
(z − z̄)n−µ−1∂ζgn−µ−2ν−1(z, t) (2.2)

and

∂n
ζ ∂n−1

ζ̄
Gn(z, t) = −

(
z − z̄

t− z̄

)n
1

t− z
. (2.3)

Proof. For proper µ and ν,

∂n−ν−µ−1
ζ ∂n−ν−µ−2

ζ̄
(ζ − ζ̄)n−µ−2 =





(−1)n−ν−µ (n−µ−2)!
(2ν+µ+1−n)!

×(ζ − ζ̄)2ν+µ+1−n, n 6 2ν + µ + 1,

0, 2ν + µ + 1 < n.

Lemma 1 applied shows

∂n−ν−µ
ζ ∂n−ν−µ−1

ζ̄
Ğn−µ(z, ζ)

= g1(z, ζ)∂ζ(∂ζ∂ζ̄)
n−ν−µ−2 + ∂ζg1(z, ζ)(∂ζ∂ζ̄)

n−ν−µ−2(ζ − ζ̄)n−µ−2

+

min{ν,n−ν−µ−3}∑
τ=0

(−1)n−µ−1

(
n− µ− ν − 2

τ

)
(n− µ− 2)!(n− µ− ν − τ − 2)!

(ν − τ)!

× {
(ν − τ)(ζ − ζ̄)ν−τ−1gn−µ−ν−τ−1(z, ζ) + (ζ − ζ̄)ν−τ∂ζgn−µ−ν−τ−1(z, ζ)

}
.

Arguing as in the preceding proof, this is, for ζ = ζ̄ and 1 6 ν,
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∂n−ν−µ
ζ ∂n−ν−µ−1

ζ̄
Ğn−µ(z, ζ)

=





(−1)n−µ−ν(n− µ− 2)!g1(z, ζ), n = 2ν + µ + 1,

(−1)n−µ−ν (n−µ−2)!(n−µ−ν−2)!
ν!

{νgn−µ−2ν(z, ζ)

+ ∂ζgn−µ−2ν−1(z, ζ)}, 2ν + µ + 2 6 n,

0, n < 2ν + µ + 1,

and for ν = 0

∂n−µ
ζ ∂n−µ−1

ζ̄
Ğn−µ(z, ζ)

=





(−1)n−µ(n− µ− 2)!g1(z, ζ), n = µ + 1,

(−1)n−µ(n− µ− 2)!2∂ζgn−µ−1(z, ζ), µ + 2 6 n,

0, n < µ + 1.

Hence for 1 6 ν and ζ = ζ̄

∂n−ν
ζ ∂n−ν−1

ζ̄
Gn(z, ζ) = (−1)ν−1 (z − z̄)2ν

(2ν)!
g1(z, ζ)

+
n−2ν−2∑

µ=0

(−1)n−µ−ν (n− µ− ν − 2)!

ν!(n− µ− 1)!

{
νgn−µ−2ν(z, ζ) + ∂ζgn−µ−2ν−1(z, ζ)

}
.

Observing for ζ = ζ̄

∂ζG1(z, ζ) = −g1(z, ζ),

∂ζGν+1(z, ζ) = 0

for 1 6 ν, then for ζ = ζ̄

∂n
ζ ∂n−1

ζ̄
Gn(z, ζ) =

1

ζ − z̄
− 1

ζ − z
+

n−2∑
µ=0

(z − z̄)n−µ−1

(ζ − z̄)n−µ

= −
(

z − z̄

ζ − z̄

)n
1

ζ − z
. ¤

3. Dirichlet Problem

Basic for Dirichlet problems is the existence of a Poisson kernel [4], [7]. For
the upper half plane it is [10]

1

2i

z − z̄

|t− z|2 ,

where z ∈ H, t ∈ R.

Lemma 5. Let γ ∈ C(R;C) be bounded. Then

u(z) =
1

2πi

∞∫

−∞

(z − z̄)γ(t)

|t− z|2 dt (3.1)
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is harmonic in H satisfying for τ ∈ R
lim
z→τ

u(z) = γ(τ).

Remark 1. The substitution t = x + y tan τ , where z = x + iy, 0 < y,
transforms (3.1) into

u(z) =
1

π

π
2∫

−π
2

γ(x + y tan τ)dτ.

The Poisson kernel is the imaginary part of the Cauchy kernel

2i Im
1

t− z
=

z − z̄

|t− z|2 .

If γ is real-valued and c a real constant then, see [10],

w(z) =
1

πi

∞∫

−∞

γ(t)

t− z
dt + ic

solves the Schwarz problem for analytic functions in the upper half plane: w is
analytic and satisfies

Re w(z) =
1

2πi

∞∫

−∞

(z − z̄)γ(t)

|t− z|2 dt

so that limz→τ Re w(z) = γ(τ) for τ ∈ R. The constant c is related to Im w(i)
by

Im w(i) =
1

π

∞∫

−∞

γ(t)

1 + t2
+ c.

Dirichlet Problem. For given f satisfying |z|2(n−1)f(z) ∈ L1(H;C), γν ∈
Cn−2ν(R;C) for 0 6 2ν 6 n − 1, γ̂ν ∈ Cn−1−2ν(R;C) for 0 6 2ν 6 n − 2 with
the respective derivatives bounded, find a solution to

(∂z∂z̄)
nw = f in H,

(∂z∂z̄)
νw = γν for 0 6 2ν 6 n− 1,

∂ν
z ∂ν+1

z̄ w = γ̂ν for 0 6 2ν 6 n− 2 on R.

(3.2)

Theorem 2. The Dirichlet Problem (3.2) is uniquely solvable in a weak sense
by

w(z) =
1

2πi

∞∫

−∞

{(
z − z̄

t− z̄

)n
γ0(t)

t− z
+

n−1∑
µ=1

(−1)µ (z − z̄)µ

µ
gµ(z, t)γ̂0(t)

+

[n−1
2

]∑
ν=1

{ n−1∑
µ=2ν

(−1)µ−ν (µ− ν − 1)!

µ!(ν − 1)!

(z − z̄)µ

(t− z)µ−2ν+1
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+
n−1∑
µ=2ν

(−1)ν−1 (µ− ν)!

µ!ν!

(z − z̄)µ

(t− z̄)µ−2ν+1

}
γν(t)

+

[n
2
]−1∑

ν=1

n−1∑
µ=2ν+1

(−1)µ−ν (µ− ν − 1)!

µ!ν!
(z − z̄)µgµ−2ν(z, t)γ̂ν(t)

}
dt

− 1

π

∫

H

Gn(z, ζ)f(ζ)dξdη. (3.3)

Remark 2. The smoothness conditions on the boundary data cannot be weak-
ened as then the problem will need solvability conditions to be satisfied.

Proof. If the solution exists it can be represented according to Theorem 1.
Modifying the kernel functions via Lemmas 3 and 4 proves (3.3). From this
representation formula the homogeneous problem is also seen to be only trivially
solvable. Thus the problem is uniquely solvable.

To prove existence, (3.3) is shown to be a solution. From the fact that
gν(z, ζ) are harmonic functions it is seen that the above boundary integral
is a polyharmonic function, a solution to the related homogeneous equation
(∂z∂z̄)

nw = 0 in H. By the properties of the Green function Gn(z, ζ) the above
area integral satisfies the related homogeneous boundary conditions. Moreover,
its lower order derivatives turn out to be continuous functions in H. Finally,

∂n
z ∂n−1

z̄

(
− 1

π

∫

H

Gn(z, ζ)f(ζ)dξdη

)
= − 1

π

∫

H

(
ζ̄ − ζ

ζ̄ − z

)n
f(ζ)

ζ − z
dξ dη

as a Pompeiu type integral has a weak z̄ derivative being f(z). Hence the area
integral is a weak solution to the equation (∂z∂z̄)

nw = f .
The boundary integral in (3.3) remains to be shown to satisfy the boundary

conditions.
For checking the boundary behavior of the function given in (3.3) besides

the kernel functions (2.1), (2.2), (2.3), also their proper derivatives have to be
calculated. On the basis of Lemmas 3 and 4 denote for 1 6 n, t ∈ R, z ∈ H,

A = ∂n
ζ ∂n−1

ζ̄
Gn(z, t) = −

(
z − z̄

t− z̄

)n
1

t− z
, (3.4)

B = (∂ζ∂ζ̄)
n−1Gn(z, t) =

n−1∑
µ=1

(−1)µ+1 1

µ
(z − z̄)µgµ(z, t), (3.5)

Cν = ∂n−ν
ζ ∂n−ν−1

ζ̄
Gn(z, t) =

n−1∑
µ=2ν

(−1)µ−ν−1 (µ− ν − 1)!

µ!(ν − 1)!

(z − z̄)µ

(t− z)µ−2ν+1

+
n−1∑
µ=2ν

(−1)ν (µ− ν)!

µ!ν!

(z − z̄)µ

(t− z̄)µ−2ν+1
(3.6)
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for 2 6 2ν 6 n− 1,

Dν = (∂ζ∂ζ̄)
n−ν−1Gn(z, t)

=
n−1∑

µ=2ν+1

(−1)µ−ν−1 (µ− ν − 1)!

µ!ν!
(z − z̄)µgµ−2ν(z, t) (3.7)

for 2 6 2ν 6 n− 2.

Lemma 6. For 1 6 n, t ∈ R and z ∈ H

∂z̄A = −n
(z − z̄)n−1

(t− z̄)n+1
,

∂z∂z̄A = −n(n− 1)
(z − z̄)n−2

(t− z̄)n+1
,

∂ν
z ∂ν+1

z̄ A =
ν∑

τ=0

(−1)τ+1

(
ν

τ

)
(n + ν − τ)!

(n− ν − τ − 1)!

(z − z̄)n−ν−τ−1

(t− z̄)n+ν−τ+1

for 2 6 2ν 6 n− 2,

∂ν
z ∂ν

z̄ A =
ν−1∑
τ=0

(−1)τ+1

(
ν − 1

τ

)
(n + ν − τ − 1)!

(n− ν − τ − 1)!

(z − z̄)n−ν−τ−1

(t− z̄)n+ν−τ

for 2 6 2ν 6 n− 1.

Proof. Rewrite (3.4) as

A =
z − z̄

|t− z|2 −
n−1∑
ν=1

(z − z̄)ν

(t− z̄)ν+1
.

Differentiating shows the first two formulas.
Applying (∂z∂z̄)

ν to the first formula and applying Lemma 1 show

∂ν
z ∂ν+1

z̄ A = −
ν∑

τ=0

(
ν

τ

)
n!(−1)τ

(n− 1− ν − τ)!

(z − z̄)n−1−ν−τ

(t− z̄)n+1+ν−τ

(n + ν − τ)!

n!
.

Similarly, from the second formula

∂ν
z ∂ν

z̄ A = −
ν−1∑
τ=0

(
ν − 1

τ

)
n!(−1)τ

(n− 1− ν − τ)!

(z − z̄)n−1−ν−τ

(t− z̄)n+ν−τ

(n + ν − τ − 1)!

n!

follows. ¤
Lemma 7. For 1 6 n, t ∈ R and z ∈ H

∂z̄B = −g1(z, t)− (z − z̄)n−1

(t− z̄)n
−

n−2∑
µ=1

(−1)µ (z − z̄)µ

(t− z)µ+1

= −(z − z̄)n−1

(t− z̄)n
+

(
z̄ − z

t− z

)n−1
1

t− z̄
,

∂z∂z̄B = −(n− 1)(z − z̄)n−2gn(z, t),
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∂ν
z ∂ν+1

z̄ B =
ν−1∑
τ=0

(−1)ν−1

(
ν − 1

τ

)
(n + ν − τ − 2)!

(n− ν − τ − 2)!

(z − z̄)n−ν−τ−2

(t− z)n+ν−τ−1

+
ν∑

τ=0

(−1)n+1−τ

(
ν

τ

)
(n + ν − τ − 1)!

(n− ν − τ − 1)!

(z − z̄)n−ν−τ−1

(t− z̄)n+ν−τ

for 2 6 2ν 6 n− 2,

∂ν
z ∂ν

z̄ B =
ν−1∑
τ=0

(−1)ν

(
ν − 1

τ

)
(n + ν − τ − 2)!

(n− ν − τ − 1)!
(z − z̄)n−ν−τ−1gn+ν−τ−1(z, t)

for 2 6 2ν 6 n− 1.

Proof. Differentiating (1.5) gives

∂z̄B =
n−1∑
µ=1

{
(−1)µ(z − z̄)µ−1gµ(z, t)− (z − z̄)µ

(t− z̄)µ+1

}

= −g1(z, t) +
n−1∑
µ=2

{
(−1)µ (z − z̄)µ−1

(t− z)µ
+

(z − z̄)µ−1

(t− z̄)µ

}
−

n∑
µ=2

(z − z̄)µ−1

(t− z̄)µ

which is the first expression. Differentiating again shows

∂z∂z̄B = −(n− 1)
(z − z̄)n−2

(t− z̄)n
− (n− 1)

(
z̄ − z

t− z

)n−2
1

(t− z)2

= −(n− 1)(z − z̄)n−2gn(z, t).

Proceeding as in the preceding proof leads to

∂ν
z ∂ν

z̄ B = −
ν−1∑
τ=0

(
ν − 1

τ

)
(n− 1)!(−1)ν

(n− 1− τ − ν)!

(z − z̄)n−1−τ−ν

(t− z)n+ν−1−τ

(n− 1 + ν − 1− τ)!

(n− 1)!

−
ν−1∑
τ=0

(
ν − 1

τ

)
(n− 1)!(−1)τ+n

(n− 1− τ − ν)!

(z − z̄)n−1−τ−ν

(t− z̄)n+ν−1−τ

(n + ν − τ − 2)!

(n− 1)!

=
ν−1∑
τ=0

(−1)ν

(
ν − 1

τ

)
(n + ν − τ − 2)!

(n− ν − τ − 1)!
(z − z̄)n−ν−τ−1gn+ν−τ−1(z, t)

and

∂ν
z ∂ν+1

z̄ B =
ν−1∑
τ=0

(−1)ν+1

(
ν − 1

τ

)
(n + ν − τ − 2)!

(n− ν − τ − 2)!
(z − z̄)n−ν−τ−2gn+ν−τ−1(z, t)

+
ν−1∑
τ=0

(−1)n−τ−1

(
ν − 1

τ

)
(n + ν − τ − 1)!

(n− ν − τ − 1)!

(z − z̄)n−ν−τ−1

(t− z̄)n+ν−τ

=
ν∑

τ=1

(−1)ν+1

(
ν − 1

τ − 1

)
(n + ν − τ − 1)!

(n− ν − τ − 1)!
(z − z̄)n−ν−τ−1 (−1)n+ν−τ

(t− z̄)n+ν−τ
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+
ν−1∑
τ=0

(−1)ν+1

(
ν − 1

τ

)
(n + ν − τ − 1)!

(n− ν − τ − 1)!
(z − z̄)n−ν−τ−1 (−1)n+ν−τ

(t− z̄)n+ν−τ

+
ν−1∑
τ=0

(−1)ν+1

(
ν − 1

τ

)
(n + ν − τ − 2)!

(n− ν − τ − 2)!

(z − z̄)n−ν−τ−2

(t− z)n+ν−τ−1
.

These are the formulas in the lemma. ¤

Lemma 8. For 2 6 2ν 6 n− 1, t ∈ R, z ∈ H

(∂z∂z̄)
ρCν =

n−1∑
µ=2ν

ρ∑
τ=0

(−1)ρ+µ−ν−1

(
ρ

τ

)
(µ− ν − 1)!(µ− 2ν + ρ− τ)!

(ν − 1)!(µ− ρ− τ)!(µ− 2ν)!

× (z − z̄)µ−ρ−τ

(t− z)µ−2ν+ρ−τ+1

+
n−1∑
µ=2ν

ρ∑
τ=0

(−1)ν+τ

(
ρ

τ

)
(µ− ν)!(µ− 2ν + ρ− τ)!

ν!(µ− ρ− τ)!(µ− 2ν)!

(z − z̄)µ−ρ−τ

(t− z̄)µ−2ν+ρ−τ+1

for 0 6 ρ 6 ν,

(∂z∂z̄)
νCν =

n−1∑
µ=2ν

ν∑
τ=0

{
(−1)µ−1

(
ν

τ

)(
µ− ν − 1

ν − 1

)
(z − z̄)µ−ν−τ

(t− z)µ−ν−τ+1

+ (−1)ν+τ

(
ν

τ

)(
µ− ν

ν

)
(z − z̄)µ−ν−τ

(t− z̄)µ−ν−τ+1

}

= −
ν∑

τ=0

(
ν

τ

)
(z − z̄)ν−τgν−τ+1(z, t)

+
n−1∑

µ=2ν+1

ν∑
τ=0

(−1)µ−1

(
ν

τ

){(
µ− ν − 1

ν − 1

)
(z − z̄)µ−ν−τ

(t− z)µ−ν−τ+1

+ (−1)µ−ν−τ+1

(
µ− ν

ν

)
(z − z̄)µ−ν−τ

(t− z̄)µ−ν−τ+1

}

=
n−1∑
µ=2ν

{
(−1)µ−1

(
µ− ν − 1

ν − 1

)
(z − z̄)µ−2ν(t− z̄)ν

(t− z)µ−ν+1

+

(
µ− ν

ν

)
(z − z̄)µ−2ν(t− z)ν

(t− z̄)µ−ν+1

}
,

∂ρ
z∂

ρ+1
z̄ Cν =

n−1∑
µ=2ν

ρ∑
τ=0

(−1)ρ+µ−ν

(
ρ

τ

)
(µ− ν − 1)!(µ− 2ν + ρ− τ)!

(ν − 1)!(µ− ρ− τ − 1)!(µ− 2ν)!

× (z − z̄)µ−ρ−τ−1

(t− z)µ−2ν+ρ−τ+1
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+
n−1∑
µ=2ν

ρ+1∑
τ=0

(−1)τ+ν

(
ρ + 1

τ

)
(µ− ν)!(µ− 2ν + ρ− τ + 1)!

ν!(µ− ρ− τ)!(µ− 2ν)!

× (z − z̄)µ−ρ−τ

(t− z̄)µ−2ν+ρ−τ+2

for 0 6 ρ < ν,

∂ν
z ∂ν+1

z̄ Cν = (−1)n−1 (n− ν − 1)!

(ν − 1)!(n− 2ν − 1)!

(z − z̄)n−2ν−1(t− z̄)ν−1

(t− z)n−ν

+
(µ− ν)!

ν!(µ− 2ν − 1)!

(z − z̄)n−2ν−1(t− z)ν

(t− z̄)n−ν+1
,

(∂z∂z̄)
ν+1Cν = (−1)n−1 (n− ν − 1)!

(ν − 1)!(n− 2ν − 2)!

(z − z̄)n−2ν−2(t− z̄)ν−1

(t− z)n−ν

+ (−1)n−1 (n− ν)!

(ν − 1)!(n− 2ν − 1)!

(z − z̄)n−2ν−1(t− z̄)ν−1

(t− z)n−ν+1

+
(n− ν)!

ν!(n− 2ν − 2)!

(z − z̄)n−2ν−2(t− z)ν

(t− z̄)n−ν+1

− (n− ν)!

(ν − 1)!(n− 2ν − 1)!

(z − z̄)n−2ν−1(t− z)ν−1

(t− z̄)n−ν+1
,

(∂z∂z̄)
ν+ρCν =

min{ρ,n−2ν−1}∑
τ=0

min{ρ−1,n−2ν−1−τ}∑

σ=max{0,ρ−ν}
(−1)n−ρ

(
ρ

τ

)(
ρ− 1

σ

)

× (n− ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 1)!(ν − ρ + σ)!

(z − z̄)n−2ν−τ−σ−1(t− z̄)ν+σ−ρ

(t− z)n−ν+ρ−τ

+

min{ρ−1,n−2ν−1}∑
τ=0

min{ρ,n−2ν−1−τ}∑

σ=max{0,ρ−ν}
(−1)ρ−σ+τ

(
ρ− 1

τ

)(
ρ

σ

)

× (n− ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 1)!(ν − ρ + σ)!

(z − z̄)n−2ν−τ−σ−1(t− z)ν+σ−ρ

(t− z̄)n−ν+ρ−τ

for 2(ν + ρ) 6 n− 1,

∂ν+ρ
z ∂ν+ρ+1

z̄ Cν =

min{ρ,n−2ν−1}∑
τ=0

min{ρ,n−2ν−1−τ}∑

σ=max{0,ρ−ν+1}
(−1)n−1−ρ

(
ρ

τ

)(
ρ

σ

)

× (n− ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 1)!(ν − ρ + σ − 1)!

(z − z̄)n−2ν−τ−σ−1(t− z̄)ν−ρ+σ−1

(t− z)n−ν+ρ−τ

+

min{ρ,n−2ν−1}∑
τ=0

min{ρ,n−2ν−1−τ}∑

σ=max{0,ρ−ν}
(−1)ρ−σ+τ

(
ρ

τ

)(
ρ

σ

)
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× (n− ν + ρ− τ)!

(n− 2ν − τ − σ − 1)!(ν − ρ + σ)!

(z − z̄)n−2ν−τ−σ−1(t− z)ν−ρ+σ

(t− z̄)n−ν+ρ−τ+1

for 2(ν + ρ) 6 n− 1.

Lemma 9. For 0 6 2ν 6 n− 2, t ∈ R and z ∈ H

(∂z∂z̄)
ρDν =

n−1∑
µ=2ν+1

ρ∑
τ=0

(−1)µ−ν−1+ρ

(
ρ

τ

)

× (µ− ν − 1)!(µ− 2ν + ρ− τ − 1)!

ν!(µ− τ − ρ)!(µ− 2ν − 1)!
(z − z̄)µ−τ−ρgµ−2ν+ρ−τ (z, t)

for 0 6 ρ 6 ν,

∂ρ
z∂

ρ+1
z̄ Dν =

n−1∑
µ=2ν+1

ρ∑
τ=0

(−1)µ−ν+ρ

(
ρ

τ

)

× (µ− ν − 1)!(µ− 2ν + ρ− τ − 1)!

ν!(µ− τ − ρ− 1)!(µ− 2ν − 1)!

(z − z̄)µ−ρ−τ−1

(t− z)µ−2ν+ρ−τ

+
n−1∑

µ=2ν+1

ρ+1∑
τ=0

(−1)τ+ν−1

(
ρ + 1

τ

)
(µ− ν − 1)!(µ− 2ν + ρ− τ)!

ν!(µ− τ − ρ)!(µ− 2ν − 1)!

× (z − z̄)µ−ρ−τ

(t− z̄)µ−2ν+ρ−τ+1

for 0 6 ρ 6 ν,

∂ν
z ∂ν+1

z̄ Dν =
n−1∑

µ=2ν+1

{ ν∑
τ=0

(−1)µ

(
ν

τ

)(
µ− ν − 1

ν

)
(z − z̄)µ−τ−ν−1

(t− z)µ−ν−τ

+
ν+1∑
τ=0

(−1)τ+ν−1

(
ν + 1

τ

)(
µ− ν − 1

ν

)
(z − z̄)µ−ν−τ

(t− z̄)µ−ν−τ+1

}

= −g1(z, t)−
ν−1∑
τ=0

(
ν

τ

)
(z − z̄)ν−τ

(t− z)ν−τ+1

+
ν∑

τ=0

(−1)ν−τ−1

(
ν + 1

τ

)
(z − z̄)ν−τ+1

(t− z̄)ν−τ+2

+
n−1∑

µ=2ν+2

{ ν∑
τ=0

(−1)µ

(
ν

τ

)(
µ− ν − 1

ν

)
(z − z̄)µ−τ−ν−1

(t− z)µ−ν−τ

+
ν+1∑
τ=0

(−1)τ+ν−1

(
ν + 1

τ

)(
µ− ν − 1

ν

)
(z − z̄)µ−ν−τ

(t− z̄)µ−ν−τ+1

}

=
n−1∑

µ=2ν+1

(
µ− ν − 1

ν

){
(−1)µ (z − z̄)µ−2ν−1(t− z̄)ν

(t− z)µ−ν
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+
(z − z̄)µ−2ν−1(t− z)ν+1

(t− z̄)µ−ν+1

}
,

(∂z∂z̄)
ν+1Dν =

n−1∑
µ=2ν+1

ν+1∑
τ=0

(−1)µ

(
ν + 1

τ

)(
µ− ν − 1

ν

)

× (µ− τ − ν)(z − z̄)µ−τ−ν−1gµ−ν−τ+1(z, t)

= (−1)n−1 (n− ν − 1)!

ν!(n− 2ν − 2)!

(z − z̄)n−2ν−2(t− z̄)ν

(t− z)n−ν

− (n− ν − 1)!

ν!(n− 2ν − 2)!

(z − z̄)n−2ν−1(t− z)ν

(t− z̄)n−ν+1
,

∂ν+1
z ∂ν+2

z̄ Dν = (−1)n (n− ν − 1)!

ν!(n− 2ν − 3)!

(z − z̄)n−2ν−3(t− z̄)ν

(t− z)n−ν

+ (−1)n (n− ν − 1)!

(ν − 1)!(n− 2ν − 2)!

(z − z̄)n−2ν−2(t− z̄)ν−1

(t− z)n−ν

+
(n− 1− ν)!(n− 2ν − 1)

ν!(n− 2ν − 2)!

(z − z̄)n−2ν−2(t− z)ν

(t− z̄)n−ν+1

− (n− 1− ν)!(n− ν + 1)

ν!(n− 2ν − 2)!

(z − z̄)n−2ν−1(t− z)ν

(t− z̄)n−ν+2
,

(∂z∂z̄)
ν+ρDν =

min{ρ−1,n−2ν−2}∑
τ=0

min{ρ−1,n−2ν−2−τ}∑

σ=max{0,ρ−ν−1}
(−1)n+ρ

(
ρ− 1

τ

)(
ρ− 1

σ

)

× (n− ν + ρ− τ − 2)!

(n− 2ν − τ − σ − 2)!(ν − ρ + σ + 1)!

(z − z̄)n−2ν−τ−σ−2(t− z̄)ν−ρ+σ+1

(t− z)n−ν+ρ−τ−1

+

min{ρ−1,n−2ν−2}∑
τ=0

min{ρ−1,n−2ν−2−τ}∑

σ=max{0,ρ−ν−1}
(−1)ρ+τ−σ

(
ρ− 1

τ

)(
ρ− 1

σ

)
1

n− ν

× (n− ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 2)!(ν − ρ + σ + 1)!

(z − z̄)n−2ν−τ−σ−2(t− z)ν−ρ+σ+1

(t− z̄)n−ν+ρ−τ−2

for 2(ν + ρ) 6 n− 2,

∂ν+ρ
z ∂ν+ρ+1

z̄ Dν =

min{ρ−1,n−2ν−2}∑
τ=0

min{ρ,n−2ν−2−τ}∑

σ=max{0,ρ−ν−1}
(−1)n−ρ+1

(
ρ− 1

τ

)(
ρ

σ

)

× (n− ν + ρ− τ − 2)!

(n− 2ν − τ − σ − 2)!(ν − ρ + σ)!

(z − z̄)n−2ν−τ−σ−2(t− z̄)ν−ρ+σ

(t− z)n−ν+ρ−τ−1

+

min{ρ,n−2ν−1}∑
τ=0

min{ρ−1,n−2ν−1−τ}∑

σ=max{0,ρ−ν−1}
(−1)ν+ρ−σ

(
ρ

τ

)(
ρ− 1

σ

)
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× n− 2ν − 1

n− ν

(n− ν + ρ− τ)!

(n− 2ν − τ − σ − 1)!(ν − ρ + σ + 1)!

× (z − z̄)n−2ν−τ−σ−1(t− z)ν−ρ+σ+1

(t− z̄)n−ν+ρ−τ+1

for 2(ν + ρ) 6 n− 2.

The proof of the last two lemmas follow step by step as indicated in their
formulations by direct differentiation using Lemma 1 in the same way as for
Lemmas 6 and 7.

The boundary behavior of the function in (3.3) is checked via the property
of the Poisson integral (3.1).

Lemma 10. Let γ ∈ C(R;C) be bounded and k, n ∈ N with k 6 n. Then

lim
z→z̄

1

2πi

∞∫

−∞

γ(t)
(z − z̄)n

(t− z)k
dt = 0.

Proof. Rewriting

(z − z̄)n

(t− z)k
=

(z − z̄)n−1

(t− z)k−2

t− z̄

t− z

z − z̄

|t− z|2

= (z − z̄)n+1−k

(
t− z̄

t− z
− 1

)k−2
t− z̄

t− z

z − z̄

|t− z|2 ,

where the first factor on the right-hand side tends to zero with z tending to z̄
while the two middle terms are bounded and the last is the Poisson kernel. ¤

Lemma 11. Let γ ∈ Cm(R;C) be bounded together with all its derivatives,
m ∈ N. Then for any n ∈ N, z ∈ H

lim
z→z̄

1

2πi

∞∫

−∞

γ(t)
(z − z̄)n

(t− z)m+n
dt = 0.

Proof. Integrating by parts m times shows
∞∫

−∞

γ(t)
(z − z̄)n

(t− z)m+n
dt = (−1)m (n− 1)!

(m + n− 1)!

∞∫

−∞

γ(m)(t)

(
z − z̄

t− z

)n

dt.

Thus via the preceding lemma the result follows. ¤
According to Lemma 11, the following limits vanish:

lim
z→z̄

1

2πi

∞∫

−∞

n−1∑
ν=1

(z − z̄)ν

(t− z̄)ν+1
γ0(t) = 0, (3.8)

lim
z→z̄

1

2πi

∞∫

−∞

(z − z̄)n−1

(t− z̄)n+1
γ0(t)dt = 0, (3.9)
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for 2 6 n,

lim
z→z̄

1

2πi

∞∫

−∞

ρ−1∑
τ=0

(−1)τ

(
ρ− 1

τ

)
(n + ρ− τ − 1)!

(n− ρ− τ − 1)!

(z − z̄)n−ρ−τ−1

(t− z̄)n+ρ−τ
γ0(t)dt=0 (3.10)

for 2 6 2ρ 6 n− 1,

lim
z→z̄

1

2πi

∞∫

−∞

ρ∑
τ=0

(−1)τ

(
ρ

τ

)
(n + ρ− τ)!

(n− ρ− τ − 1)!

(z − z̄)n−ρ−τ−1

(t− z̄)n+ρ−τ+1
γ0(t)dt = 0 (3.11)

for 2 6 2ρ 6 n− 2,

lim
z→z̄

1

2πi

∞∫

−∞

{ n−2∑
µ=1

(−1)µ (z − z̄)µ

(t− z)µ+1
+

(z − z̄)n−1

(t− z̄)n

}
γ̂0(t)dt = 0, (3.12)

lim
z→z̄

1

2πi

∞∫

−∞

ρ−1∑
τ=0

(−1)ρ

(
ρ− 1

τ

)
(n + ρ− τ − 2)!

(n− ρ− τ − 1)!

× (z − z̄)n−ρ−τ−1gn+ρ−τ−1(z, t)γ̂0(t)dt = 0 (3.13)

for 2 6 2ρ 6 n− 1,

lim
z→z̄

1

2πi

∞∫

−∞

{ ρ−1∑
τ=0

(−1)ρ

(
ρ− 1

τ

)
(n + ρ− τ − 2)!

(n− ρ− τ − 2)!

× (z − z̄)n−ρ−τ−2

(t− z)n+ρ−τ−1
+

ρ∑
τ=0

(−1)n−τ

(
ρ

τ

)
(n + ρ− τ − 1)!

(n− ρ− τ − 1)!

× (z − z̄)n−ρ−τ−1

(t− z̄)n+ρ−τ

}
γ̂0(t)dt = 0 (3.14)

for 2 6 2ρ 6 n− 2,

lim
z→z0

1

2πi

∞∫

−∞

{ min{ρ−ν,n−2ν−1}∑
τ=0

min{ρ−ν−1,n−2ν−1−τ}∑

σ=max{0,ρ−2ν}
(−1)n−ρ+ν

(
ρ− ν

τ

)

×
(

ρ− ν − 1

σ

)
(n− 2ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 1)!(2ν − ρ + σ)!

× (z − z̄)n−2ν−τ−σ−1(t− z̄)2ν+σ−ρ

(t− z)n−2ν+ρ−τ

+

min{ρ−ν−1,n−2ν−1}∑
τ=0

min{ρ−ν,n−2ν−1−τ}∑

σ=max{0,ρ−2ν}
(−1)ρ−ν−σ+τ

(
ρ− ν − 1

τ

)

×
(

ρ− ν

σ

)
(n− 2ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 1)!(2ν − ρ + σ)!
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× (z − z̄)n−2ν−τ−σ−1(t− z)2ν+σ−ρ

(t− z̄)n−2ν+ρ−τ

}
γν(t)dt = 0 (3.15)

for 1 6 ν 6 ρ− 1, 2 6 2ρ 6 n− 1,

lim
z→z̄

1

2πi

∞∫

−∞

{
ρ−1∑
τ=0

(
ρ

τ

)
(z − z̄)ρ−τgρ−τ+1(z, t) +

n−1∑
µ=2ρ+1

ρ∑
τ=0

(−1)µ

×
(

ρ

τ

){(
µ− ρ− 1

ρ− 1

)
(z − z̄)µ−ρ−τ

(t− z)µ−ρ−τ+1
+ (−1)µ−ρ−τ

(
µ− ρ

ρ

)

× (z − z̄)µ−ρ−τ

(t− z̄)µ−ρ−τ+1

}}
γρ(t)dt = 0 (3.16)

for 2 6 2ρ 6 n− 1,

lim
z→z̄

1

2πi

∞∫

−∞

{ min{ρ−ν,n−2ν−1}∑
τ=0

min{ρ−ν,n−2ν−1−τ}∑

σ=max{0,ρ−2ν+1}
(−1)n−ρ+ν

(
ρ− ν

τ

)

×
(

ρ− ν

σ

)
(n− 2ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 1)!(2ν − ρ + σ − 1)!

× (z − z̄)n−2ν−τ−σ−1(t− z̄)2ν−ρ+σ−1

(t− z)n−2ν+ρ−τ

+

min{ρ−ν,n−2ν−1}∑
τ=0

min{ρ−ν,n−2ν−1−τ}∑

σ=max{0,ρ−2ν}
(−1)ρ−ν−σ+τ−1

(
ρ− ν

τ

)

×
(

ρ− ν

σ

)
(n− 2ν + ρ− τ)!

(n− 2ν − τ − σ − 1)!(2ν − ρ + σ)!

× (z − z̄)n−2ν−τ−σ−1(t− z)2ν−ρ+σ

(t− z̄)n−2ν+ρ−τ+1

}
γν(t)dt = 0 (3.17)

for 1 6 ν 6 ρ, 2 6 2ρ 6 n− 2,

lim
z→z̄

1

2πi

∞∫

−∞

{ min{ρ−ν−1,n−2ν−2}∑
τ=0

min{ρ−ν−1,n−2ν−2−τ}∑

σ=max{0,ρ−2ν−1}
(−1)n+ρ−ν

×
(

ρ− ν − 1

τ

)(
ρ− ν − 1

σ

)
(n− 2σ + ρ− τ − 2)!

(n− 2ν − τ − σ − 2)!(2ν − ρ + σ + 1)!

× (z − z̄)n−2ν−τ−σ−2(t− z̄)2ν−ρ+σ+1

(t− z)n−2ν+ρ−τ−1

+

min{ρ−ν−1,n−2ν−2}∑
τ=0

min{ρ−ν−1,n−2ν−2−τ}∑

σ=max{0,ρ−2ν−1}
(−1)ρ−ν+τ−σ

(
ρ− ν − 1

τ

)

×
(

ρ− ν − 1

σ

)
1

n− ν

(n− 2ν + ρ− τ − 1)!

(n− 2ν − τ − σ − 2)!(2ν − ρ + σ + 1)!
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× (z − z̄)n−2ν−τ−σ−2(t− z)2ν−ρ+σ+1

(t− z̄)n−2ν+ρ−τ−2

}
γ̂ν(t)dt = 0 (3.18)

for 1 6 ν 6 ρ− 1, 2 6 2ρ 6 n− 1,

lim
z→z̄

1

2πi

∞∫

−∞

{
ρ−1∑
τ=0

(
ρ

τ

)
(z − z̄)ρ−τ

(t− z)ρ−τ+1

+

ρ∑
τ=0

(−1)ρ−τ

(
ρ + 1

τ

)
(z − z̄)ρ−τ+1

(t− z̄)ρ−τ+2

+
n−1∑

µ=2ρ+2

{ ρ∑
τ=0

(−1)µ+1

(
ρ

τ

)(
µ− ρ− 1

ρ

)
(z − z̄)µ−τ−ρ−1

(t− z)µ−ρ−τ

+

ρ+1∑
τ=0

(−1)τ+ρ

(
ρ + 1

τ

)(
µ− ρ− 1

ρ

)
(z − z̄)µ−ρ−τ

(t− z̄)µ−ρ−τ+1

}}
γ̂ρ(t) = 0 (3.19)

for 2 6 2ρ 6 n− 2,

lim
z→z̄

1

2πi

∞∫

−∞

{ min{ρ−ν−1,n−2ν−2}∑
τ=0

min{ρ−ν,n−2ν−2−τ}∑

σ=max{0,ρ−2ν−1}
(−1)n−ρ

×
(

ρ− ν − 1

τ

)(
ρ− ν

σ

)
(n− 2ν + ρ− τ − 2)!

(n− 2ν − τ − σ − 2)!(2ν − ρ + σ)!

× (z − z̄)n−2ν−τ−σ−2(t− z̄)2ν−ρ+σ

(t− z)n−2ν+ρ−τ−1

+

min{ρ−ν,n−2ν−1}∑
τ=0

min{ρ−ν−1,n−2ν−1−τ}∑

σ=max{0,ρ−2ν−1}
(−1)ρ−σ−1

(
ρ− ν

τ

)

×
(

ρ− ν − 1

σ

)
n− 2ν − 1

n− ν

(n− 2ν + ρ− τ)!

(n− 2ν − τ − σ − 1)!(2ν − ρ + σ + 1)!

× (z − z̄)n−2ν−τ−σ−1(t− z)2ν−ρ+σ+1

(t− z̄)n−2ν+ρ−τ+1

}
γ̂ν(t)dt = 0 (3.20)

for 1 6 ν 6 ρ− 1, 2 6 2ρ 6 n− 2.
Thus rewriting (3.3) as

w(z) = − 1

2πi

∞∫

−∞

{
Aγ0(t) + Bγ̂0(t) +

[n−1
2

]∑
ν=1

Cνγν(t) +

[n
2
]−1∑

ν=1

Dν γ̂ν(t)

}
dt

− 1

π

∫

H

Gn(z, ζ)f(ζ)dξdη
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and using (3.8)–(3.20) and, finally, applying Lemma 10 for t0 ∈ R, we obtain

lim
z→t0

w(z) = − lim
z→t0

1

2πi

∞∫

−∞

Aγ0(t)dt.

Rewriting A as

A = − z − z̄

|t− z|2 +
n−1∑
ν=1

(z − z̄)ν

(t− z̄)ν+1

and using (3.10), we have
lim
t→t0

w(z) = γ0(t)

because of (3.8).
Similarly,

lim
z→t0

wz̄(z) = − lim
z→t0

1

2πi

∞∫

−∞

{
Az̄γ0(t) + Bz̄γ̂0(t)

}
dt = γ̂0(t0)

as (3.9) and (3.12) are satisfied.
Moreover, for 2 6 2ρ 6 n− 1,

lim
z→t0

(∂z∂z̄)
ρw(z) = − lim

z→t0

1

2πi

∞∫

−∞

{
(∂z∂z̄)

ρAγ0(t) + (∂z∂z̄)
ρBγ̂0(t)

+

ρ∑
ν=1

(∂z∂z̄)
ρCνγν(t) +

ρ−1∑
ν=1

(∂z∂z̄)
ρDν γ̂ν(t)

}
dt = γρ(t0)

by (3.10), (3.13), (3.15), (3.16) and (3.18).
Also for 2 6 2ρ 6 n− 2,

lim
z→t0

∂ρ
z∂

ρ+1
z̄ w(z) = − lim

z→t0

1

2πi

∞∫

−∞

{
∂ρ

z∂
ρ+1
z̄ Aγ0(t) + ∂ρ

z∂
ρ+1
z̄ Bγ̂0(t)

+

ρ∑
ν=1

∂ρ
z∂

ρ+1
z̄ Cνγν(t) +

ρ∑
ν=1

∂ρ
z∂

ρ+1
z̄ Dν γ̂ν(t)

}
dt = γ̂ρ(t0)

as (3.11), (3.14), (3.17), (3.19) and (3.20) hold. ¤
Remark 3. Only in the case n = 1 the continuity of the boundary data is

necessary and sufficient for the solvability of the above Dirichlet problem [3].
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