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THE MONOMIALITY APPROACH TO MULTI-INDEX
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Abstract. The monomiality principle was introduced (see [1] and the ref-
erences therein) in order to derive the properties of special or generalized
polynomials starting from the corresponding ones of monomials. We show
a general technique of extending the monomiality approach to multi-index
polynomials in several variables. Application of this technique to the case of
Hermite, Laguerre-type and mixed-type (i.e., between Laguerre and Hermite)
polynomials is given.
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1. INTRODUCTION

In the preceding articles [2], [3], the monomiality technique (see [1] and the
references therein) was used to introduce general polynomial sets in several vari-
ables, including the Hermite-Kampé de Fériet or Gould—Hopper polynomials
[4], 5], [6], and new sets of Laguerre-type polynomials.

Although in the early 40s of the last century J. F. Steffensen [7] suggested
the concept of poweroid, it is only recently that the concept of monomiality has
shown all its importance and flexibility (see [1]).

Y. Ben Cheikh proved in refs. [8], [9] that all polynomial families can be
viewed as quasi-monomials with respect to a suitably defined derivative and
multiplication operators, but in general such operators are expressed by formal
series of the derivative so that it is impossible to obtain formulas sufficiently
simple to handle. However, for particular polynomials sets related to suitable
generating functions the above-mentioned formal series reduce to finite sums,
so that the relevant properties can be easily derived (see, e.g., [10], [11], [12],
13)).

In this paper, by employing the two-variable monomiality technique, we de-
rive some two-index polynomial sets, and we extend the results obtained in
2], [3], introducing the many-variable two-index Hermite, Laguerre-type and
mixed-type (i.e., composed by both Hermite and Laguerre) polynomials.

The results are easily extended to the case of many-variable many-index poly-
nomials. A brief survey in this direction is presented in the last Section.
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2. THE TwWO-VARIABLE MONOMIALITY PRINCIPLE
The two-variable monomiality principle is defined as follows.

Definition 2.1. Let {pnm(%,9)}, myengxn, (No := NUO0) be a two-variable
two-index polynomial set with deg p,, (-, y) = n and deg p, m(x,-) = m.
{rnm (@, 9)} = {Pam(®,9)} ) myeng xiy, 18 said to be quasi-monomial if four

operators, not depending on n and m, denoted by Px, Py, Mx, My, exist in such
a way that

A (2.1)

{ pxPn,m(-rvy) = npnfl,mcn;y) s
Py pn,m<xa y) - mpn,m—l('ru Z/) )

. (2.2)

{ Mx pn,m(xa y) = pn—i-l,m(xa y) ;
My Ppm(T,Y) = Ppmr1(T,Y) -

Note that the commutation properties
[ﬁm,Mm} _ 1, [ﬁy,My} —1 (2.3)

follow from equations (2.1), (2.2), so that the above operators display Weyl
group structures.

Under the above hypotheses, the main properties of the polynomial set under
consideration can be easily derived, since

e If the operators P, Py, M,, My have a differential realization, then we
find

MyPy prn(2,9) = 0 Ppm(2,Y),  MyPyprm(2,9) = mpum(z,y), (2.4)

i.e., two (independent) differential equations satisfied by the polynomial

set.
e Assuming poo(z,y) = 1, the explicit expression of {p,m(z,y)} is
given by
Paan(,y) = MM (1). (25)
e The exponential generating function of {pn.m(z,y)} (poo(z,y) =1) is
given by
t Mo+7M, _ — o (tMm)n (TMy)m
€ (1) = Z Z n!m)!
n=0 m=0

0

3
I
=
3
I

3. A QUASI-MONOMIALITY CRITERION

In this section, we extend a result given in [2] to two-variable two-index
polynomial sets.
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We start from a quasi-monomial set {p,..(z,y)}, and suppose to know the

relevant derivative operators P,, P,. Then we derive a monomiality criterion
for a four-variable two-index polynomial set.

A A

Therrem 3.1A. Consider two operators ®, and ¥, commuting respectively
with P, and P, and such that
ezéxﬂ\ify(l) —1.
Put
Quan(@,y; 2,1) = & ¥+ ¥vp, 1 (2,) (3.1)

and suppose that there exist two operators M 4(z,t) My, (z,t) such that

m

Qum(,y; 2,8) = (Ml,x(z,t))n (Ml,y(z,t)) (1) (3.2)
and, furthermore, YV z,t
[E,MLI(zj)} - [Py,Ml,y(z,t)} —1.

Then the polynomial set Qpnm(z,y;2,t) is quasi-monomial with respect to the
operators Py, Py, My ,(z,t), My ,(2,1).

Proof. Indeed, since P, is commuting with d,, and \i/y it is also commuting
23,

with e*®++*¥v_ we have

Po@uan (2,55 2, 0)] = ¥ Py py (2, y)] = n e vp, (. y)
=n Qn—l,m(:ﬂ? Y5z, t) .
Analogously, we find

py[Qn,m(xay; Zat)] = m@n,mq(%% th> .

Furthermore we obviously have

m

W (2, 8)[Quan (33 2,8)] = Mia(2,) (W1a(2,0) " (W (0) " (1)

= (]\Zl,x(z,t))mrl (Ml,y(z,t))m (1) = Quy1m(z,y;2,1)

and

Wy (2 ) Qun (@, 2,6)] = Ny (2,) (Nia(2,0)) (Wi (2,0)) " (1)

m—+1

= (Ma(z) " (My(2:0)" (1) = Quan(@p:2,1). O

The construction of the operators M, ,(z,t) and M ,(z,), starting from

the multiplication operators M,, M, of the basic set {pnm(z,y)}, can be
performed by using the two-variable Hausdorff identity presented in Section 4.
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4. A TwO-VARIABLE HAUSDORFF IDENTITY
A two-variable Hausdorff identity can be derived as follows

Theorem 4.1. Let A and B, be two commuting operators (i.e..[A, B] = 0)
independent of the parameters z and t. Then the Hausdorff identity holds:

62A+tBée—zA—tB — CY + (Z[A, é] —+ t[B7C’]>

+ 21' ( 2[A,[A, O] +22t[A, [B,C]] + £*[B, B, C”H)
n ; (1A, 14, 14, €1)] + 3:2[A, [4, [, €]
+ 3284, [B,[B,C)]) + 1B, [B,[B,C]]]) + -+ . (41)

Proof. We proceed in a similar way with respect to the classical case [14]. The
above identity can be derived by using the Taylor expansion with respect to the
parameters z and t:

oo
ezA—i—tBCe—zA—tB § k| dk < zA-l—tBCe—zA—tB)

z=t=0

From the commuting property of A and B, it follows that they commute even
with A8 and e=*A~B_ Furthermore, the identity [A, [B, C]] + [C, [A, B]] +
[B,[C, A]] = 0 implies [4, [B,C]] = [B, [A,C]] so that the coeficients of all
mixed derivatives with respect to z and ¢ must coincide. 0

4.1. A special case of Equation (4.1). Consider first the identity
et(Dg+D§)xpyq _ 6t(D3+D§)xpyq67t(Dg+D§) (1).

Iterating the above equation p times with respect to  and ¢ times with respect
to y, and denoting by H,(z,y) the Hermite-Kampé de Fériet polynomials, we
obtain

et(D§+D§)

% 6t(D§+Dg)y€—t(D§+Dg) N _et(D§+D§)y6—t(Dg+D§) (1)

= (z+2tD, )p (y +2tD,)? (1)
— (z+2tD,)" H,(y, 1) Z (1) (2tD,)* Hy(y, 1)

_Hp( T, )HQ(y>t)a

since in the last summation the only nonvanishing term corresponds to the index
k=0.

More generally, by introducing the Gould-Hopper polynomials H,(Lm)(x,y),
for any integer numbers m,n we can write

et(D;m“Dg)xpyq = (x + mtDZ‘_l)p (y + nth_l)q (1) = Hzgm) (x, t)Hén)(y, t).
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5. CONSTRUCTION OF MULTIPLICATION OPERATORS

Recalling the method developed in [3], and using the two-variable Hausdorff
identity of the preceding section, we can construct the multiplication operators
M, ,(z,t) My, (2,t), starting from the same operators M,, M, of the basic set

{Prm(2,9)}-
Theorem 5.1. Consider the polynomial set {p,m(z,y)} with poo(z,y) =
1 and suppose that it is quasi-monomial with respect to the operators Py, P,

Mx, My. Let &, and \ily, be two operators, independent of the parameters z and
t, such that

[6,,0] = [, 8] =0, et = 1. 5.1)
For the polynomial set defined as
Qun(,y; 2,t) = &P ¥p, 1 (2,y)

the derivative operators are given by pl,a: =P, Pl,y = f’y (Theorem 3.1).
Furthermore, the multiplication operators are given by the Hausdorff expan-
S10ns

~ A ~ A

- N 1 M A ~
Ml,x:Mx+{Z cI)maMJ: +1 \I/yaMz }+§{22 (I)xa CI)$,MJ;}:|

s et [0, [0, 08| + 2 [0, [0, 0] |+ (52)
A A _ A_ A‘__ A_A‘_ 1_ M A M ~
N, = M, + {z o, M, | +t ¥, N1, }+ - {22 b, @x,MyH

+ et o, [0, 08 | 2 [0, 0,008, |} oo (53

Some examples easy to handle, since the above expansions reduce to finite
sums, will be shown in the next section.

Proof. From equation (2.5) we have p, ,,(z,y) = MgM;”(l) and, consequently,
recalling (3.1), we can write

Qum (T, y;2,t) = ez‘i)”t‘i’yj\}[;M;”(l) . (5.4)
Applying the Hausdorff identity of Theorem 4.1 and using (5.1), we find
o <I>x+t\I:yMw — ? <i>$+t\ifyMwe—z o (1)
= M+ {2 |00, L] 48 [0y, M| | = Wa(2,8), (55)
since

Quolz,y; 2, 1) = >+ (1)

— ? byt Mze_z b, —t0, o b+t Mwe_z b, —t,

Ko gy I ety (1) (Ml,x(z,t)>n(1). (5.6)
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Analogously,
o2 Pattly My — et <i>1-+t\ifyMye—z<i>1.—t\ily(1>
= Nty + {2 [0, ML) 42 [0y, 01| b+ = My (28 (57)
so that
Quanlw, 3 2,8) = (Mra(z8)) " (Vy(2,8)) " (1), (5.8)

Therefore, recalling the monomiality criterion of Theorem 3.1, the multiplica-
tion operators of the polynomial set Q. (z,y; z,t) are given by M, ,(z,t) and
Ml,y(Z7 t) . U

Remark 5.2. By applying inductively r-times the above technique, quasi-
monomial sets in 2(r + 1) variables can be derived. Of course, even quasi-
monomial sets with an odd number of independent variables are included, since
for example in equation (3.1) we could assume t = 0 or z = 0. Note that,
assuming ¢t = z = 1, a new set of quasi-monomial polynomials is defined
without increasing the number of independent variables.

6. EXAMPLES

In this section, writing the basic polynomial set as

Prm(T,y) = 2" y™, or
@y =1L
n.m\ZL, TR or
oam &Y =00 Tl (6.1)
_ a2y
Tnm(T,y) = @ poor

P, =D,, P,=D,,
R R (6.2)
Mx =x, My =Y
or as R R
P, = D,zD,, P, = D,yD,,
T T (6.3)
M;B = ) My =
0 0
or as ~ R
P,=D,, P,=DyuyD,,
. T (6.4)

we find two-variable two-index polynomials of Hermite, Laguerre and mixed-
type polynomials by considering suitable operators ®, and W,.
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It is worth to note that Laguerre and mixed-type polynomials can be derived
by the Hermite ones by applying the differential isomorphism 7 described in
[15], with respect to the variables x or y. This isomorphism is denoted con-
sequently by 7, or 7,. Generalization to the case of two-variable, two-index
polynomials of Gould-Hopper-type and their Laguerre counterpart, introduced
in [15], can be constructed in a similar way.

6.1. The Hermite case. Let us fix the integers ji, ja, assume p, n,(x,y) =
x™y™ and, moreover,

. . P .
P.,=P =—=D,, My, = z-
) ax )
. . P .
0y = y:a_y_ Y Moy =y
~ o R HI2
d, = Dt U, = By
Applying Theorem 5.1, we find
~ . on
Ml,x = x—i_.]l’z@x]l Y
~ ‘ 2

Therefore, since

on N ) . o1 \"
exp (z ) T Hr(zjl)(x’z) = <£L‘ + 1z al’jl_l) (1) s

Oxh
ajz .
()
we have

Qn,m(x7 Y; z, t) = €Xp {Z

(j2) PRGN
1.0 = (v it s ) ().

on 572
oxit +1 8yj2

} (1) = HO (2, 2) HE (3, 1)

6.2. The Laguerre case. Considering again the integers ji, jo, assume
Pnm(2,y) := (2"/n!) (y"™/m!) and, moreover,

P[m = Px = (D), = DyzD,, MOJ = 15;1,
Py, = P,:= (D), = D,yD,, My, =D,
&, := (D)2 = Di'a" DI | U, = (Dp)P? = Dy D7 .

Applying Theorem 5.1, we find
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Therefore, since
exp (2 (DLI) = 10w, 2) = (D +us (D))" (1),
exp (t (Dp)}?) % = LU (y,t) = (ﬁf + Jat (DL)irl)m (1),
we have

Qum(,y; 2,1) = exp {2(Dp)J + (D)} } (1) = L (x, 2) LG (y, 1)

6.3. The mixed case. Let us fix the integers ji, ja, assume p,n,(x,y) :=

™ (y™/m!) and, moreover,
0,z = L2 = Dac ) MO,m =,
» D . _ Y . Pp-1
Foy y = (Dr)y = DyyD,, Mo,y = Dy 3

d, =D, W, :=(Dy)? = DPy?D".

Applying Theorem 5.1, we find

Ml,x =X —|—j12D;’1_1 y
My =D, + jat(Dy) 2"

Therefore, since

n

exp (1 (D) 5 = L (0.0) = (D + ot (00 )" (1),

exp (2 DIt) 2" = HD(x,2) = (z + jrz DY) (1),

we have

Qunn (T, Y5 2,t) = exp {2D3' + t(Dy )2} (1) = HYV (2, 2) LY (y, 1) .

7. THE r-VARIABLE MONOMIALITY PRINCIPLE

In this section we give the main results of this paper, omitting the proofs,
since the technique is always the same.
We consider the r-variable r-index polynomial sets

{Pns,ne (@1, 20) Y = APy (215 vzr)}(nl,...,nr)eNox...XNO )

ng denoting the degree of the polynomial with respect to the variable x; (k =
1,2,...,r).
The r-variable monomiality principle is defined as follows.

Definition 7.1. An r-variable r-index polynomial set {pn, . (z1,...,2,)}
is said to be quasi-monomial if 2r operators, independent of nqy,ns,...,n,,
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denoted by Pm, e ,er, Mm, e Mxr, exist in such a way that

pan Pny,.ny (xh ,Ir) = N1 Pni—1na,...,nr (xh 71;7“) )
................................................... (7.1)
Pa:T Pni,...ne (xla 7137") =Ny pm,...,nr,l,nrfl<x17 ,IT) 5
Mm Pni,...n, (:Cla ) xr) = Pni+1,n9,...,nr (3717 7xr) 5
................................................. (7.2)
Mxr Pni,...n. (-1717 ) xr) = Pny,...np_1,nr+1 (.231, ) xr)
From the above formulas it follows that
[ﬁxl,Mm] 1, ..., [PxMx] —1. (7.3)

Under the above hypotheses, the main properties of the polynomial set under
consideration can be easily derived, since

o If the derivative and multiplication operators have a differential real-
ization, then

..... (7.4)

i.e., we find r (independent) differential equations satisfied by a polyno-
mial set.
e Assuming pgy . o(z1,...,2,) = 1, an explicit expression of

{pnl,...,nr<$1, e 7,1,’7,)}

is given by
Doy (T15 -y ) = Mo M (1)) (7.5)
e The exponential generating function of {p,, . n.(z1,...,2,)}, assuming

again po_ o(x1,...,z,) =1, is given by

' i t?l (thxl)nl (trMmr)nr

etl le +”'+t’l‘MIr (1)

mg

n1=0 n,=0 nl! nl! o nr!
00 00
t?l tnr
= Z Z m #pnl,..l,nr(xla"'axr)' (76)
n1=0 ne=0 1’ "

Theorem 7.1. Let Ay,..., A,, be commuting operators (i.e.,[fli,flj] =0,
Vi, j) independent of the parameters ty,...,t.. Then the Hausdorff identity
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holds:

€t1A1+"‘+trAr CA’ e_tlAAl_"'_t'r‘Ar

=C+ <i t:[A,, é]) - % (i tit;[Ai, [A;, C] ])

1,j=0

1 ! o
" \i,j,k=0

Theorem 7.2. Consider r operators @)xl, ooy @y, commuting respectively
with Py, ..., P, and such that

etl(i)zl+"'+trézr(1> — 1 .

Put

) =t et Ry, (2, xy), (7.8)

-----

in ..... nr(xla'“uxr;tlu'”

and suppose that there exist r operators M1,x1 (t1, ... tp),... ,Ml o (1, t)
such that

Quivene 1wt t) = (M, (b 1) e (Vi (1)) (1)

and, furthermore, ¥V tq,...,t,
p&val,fm(tl?' . ,tT)i| — = [pr7M1,xr(tl7~ - 7t7“):| = 1 .

Then the polynomial set Qn, . n, (T1, ..., 25 t1, ..., t,) is quasi-monomial with
respect to the operators Py, ... Py My . (t1,. .. ), ..., Myg (1, ..., t).
Theorem 7.3. Consider the polynomial set {pn, .. n.(T1,...,2,)} putting
again po. o(z1,...,2,) = 1, and suppose that it is quasi-monomial with re-
spect to the operators Py, ..., Py, My, ..., M, . Let ®,, ..., &, be operators
independent of the parameters ty,...,t. and such that
[&)xl, ]_ﬁ,xl} L [(i)xﬂpzr] —0, etlci)zl+-..+tr‘i>zr<1) -1 (7.9)

Define again the polynomial set

) 1= et Bt

Qnipeen (15 Ty b, 5 Py (1, )

Then the multiplication operators are given by the Hausdorff expansions:

Ml,z1 - le + {tl |:(i)x17Mx1:| +---+ tr |:(i)xra Mx1:|}

1 [ < . .
5 ( tit; [CDM, [@zj,Mxl] ]) b
0

i’j:

Ml Ty er + {tl |:(i)z17Ma:T:| + - +t7" |:€[)zr7Ma:T:| }
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