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Abstract. We consider a multidimensional analogue of the Darboux prob-
lem for wave equations with power nonlinearity. Depending on the spatial
dimension of an equation, a power nonlinearity exponent and the sign in
front of a nonlinear term, it is proved that the Darboux problem is globally
solvable in some cases, but has no global solution in other cases though the
local solvability of this problem remains in force.
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1. STATEMENT OF THE PROBLEM

Let us consider a nonlinear wave equation of the form

9%
Lu::ﬁ—Au—l—mU—f(u)—i—F, (1)

where f and F' are given real functions, f being nonlinear, f(0) =0, and w is

an unknown real function, m = const > 0, A = Z 8 preall > 2.

Denote by D : t > |z|, x, > 0, the half of the hght cone of the future which
is bounded by the part S° = D N {z, = 0} of the hyperplane x, = 0 and
by the half S : t = |z|, 2, > 0, of the characteristic conoid C : t = |z| of
equation (1). Assume Dy = {(x,t) € D : t < T}, S% = {(x,t) € S : t < T},
Sr={(z,t) € S: ¢t <T}, T >0. When T = o0, it is obvious that D, = D,
SV =S%and S, = S.

We will consider the problem on defining, in the domain Dy, a solution u(z, t)
of equation (1) by the boundary conditions

ulgo =0, ulg =g (2)

where ¢ is a given real function on Sr.
Problem (1),(2) is a multidimensional variant of the first Darboux problem
for the nonlinear equation (1) when one part of the problem data support is a

characteristic manifold, while the remaining part is a manifold of time type [1,
Ch. III, §1.19].

ISSN 1072-947X / $8.00 / © Heldermann Verlag www.heldermann.de



66 G. BOGVERADZE AND S. KHARIBEGASHVILI

Problems pertaining to the existence or nonexistence of a global solution of
the Cauchy problem for nonlinear equations of form (1) with the boundary
conditions u|i—g = ug, 3| o = w1 are considered in [2]-[17]. As for multidi-
mensional variants of the first Darboux problem for linear hyperbolic equations
of second order, they are well posed and their global solvability is proved in the
corresponding function spaces [18]—[20].

In this paper, we discuss the concrete cases for the nonlinear function f =
f(u), where problem (1),(2) is globally solvable in some cases, but has no global
solution in other cases though the local solvability of this problem remain in
force.

2. GLOBAL SOLVABILITY OF PROBLEM (1),(2) IN THE CASE OF LINEARITY

OF THE FORM f(u) = —A|ulPu
For f(u) = —AJu|Pu, where A # 0 and p > 0 are given real numbers, equation
(1) takes the form
0*u
Lu ::w—Au+mu:—)\|u|pu+F. (3)

Note that equation (3) arises in relativistic quantum mechanics [21]-[24].
In this section, our consideration is limited to the case where the boundary
conditions (2) are assumed homogeneous, i.e.

u‘S% =0, u‘ST = 0. (4)

We assume that Wi(Dz, S% U Sy) = {u e WH(Dr) : u|S°uST = 0}, where
T

W} (Dr) is the known Sobolev space with the norm

ou\ > LNV
B = [ |2+ (5) +3 (5 ) |aoe
5 (Dr) J ot 1 8x,

and the boundary condition u| sousy = 0 should be understood in terms of trace
theory [25, Ch. I, §§5,6].

Remark 1. The embedding operator I : V(f/é(DT,S% USr) — Ly(Dr) is a
linear continuous compact operator for 1 < ¢ < 2(::1), where n > 1 [25,
Ch.I, §7]. Simultaneously, the Nemitski operator K : L,(Dr) — Lo(Dr) acting
by the formula Ku := —AJu|Pu is continuous and bounded if ¢ > 2(p + 1) |26,

Ch. V, §17.5], [27, Ch. I1I, §§12.10; 12.11]. Therefore if p < 27, i.e. 2(p+1) <

1

2(7?:1), then there exists a number ¢ such that 1 < 2(p+1) < ¢ < 2(::1) and
hence the operator
KO =KI: W%(DT, S% U ST) — LQ(DT) (5)

is continuous and compact. Moreover, from u € W3(Drp, S% U Sr) it follows
that w € L,11(Dr). As has been mentioned above, it is assumed that here and
everywhere p > 0.
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If u € C%(Dy) is a classical solution of problem (3),(4), then, after multiplying
both parts of equation (3) by an arbitrary function ¢ € C*(Dy) that satisfies
the condition ¢|;—r = 0 and applying integration by parts, we obtain

0
8]1\L[ pds — /utgotdmdt—i— /V uVypdrdt+ /mugpdwdt
S%UST Dt
= —)\/ |ulPup dx dt+/F<pda:dt (6)
Dt
where aiN = 12 5 Z Voo a is a derivative with respect to the conormal, v =
(V1. y Uny Vo) 1S the umt outward normal to 0Dp, V, = (a% N ) Since
the hypersurface St is the characteristic rnamfold on which the operator i is

an internal differential operator, by (4) we have -%| . = 0. Therefore, assumlng

N }ST
additionally that the function ¢[g = 0, from equality (6) we obtain

/utgotdxdt—l—/v qugodxdt—l—/mucpdzdt

Dy Dr

= —)\/]u|pu<,0dxdt~l—/ngdxdt (7)

Dr

Since, by virtue of Remark 1, from u € Wi(Dr, S% U Sr) it follows that |ulPu €
Ly(Dr), equality (7) can underlie the definition of a weak generalized solution

of problem (3),(4) of the class V?/%(DT, S% U Sr).

Definition 1. Let F € Ly(Dr) and 0 < p < -2;. A function u €

VT@(DT, S%U Sr) is called a weak generalized solution of the nonlinear problem
(3),(4) in the domain Dy if the integral equality (7) is fulfilled for any function
¢ € W3 (Dr) such that ¢|—r =0, ¢lsg = 0.

Assume that
5%5@S%U&0={u60%5ﬂ:MwaZQ}

Definition 2. Let F € Ly(Dr) and 0 < p < -2;. A function u €

Wi(Dr, S%USr) is called a strong generalized solution of the nonlinear problem
(3),(4) in the domain Dy if there exists a sequence of functions u, € C?(Drp, S3U

St) such that uj, — w in the space Wi(Dp, S3UST) and [Luy+ A|ug|[Puy] — F in
the space Lo(Dr). Moreover, from Remark 1 it follows the sequence {A|ug|Puy}
converges to the function A|u|Pu in the space Lo(D7r) as up — wu in the space

W(Dr, S%U Sp).
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Remark 2. One can easily verify that if u € W3(Dr, S USr) is a strong gen-
eralized solution of problem (3),(4), then it is automatically a weak generalized
solution of this problem.

Definition 3. Let 0 < p < -2, F € Lg;.(D) and F € Ly(Dr) for any

n—1"
T > 0. We say that problem (3),(4) is globally solvable if for any 7' > 0 this
problem has a strong generalized solution in the domain D7 from the space

WL(Dr, 9 U Sp).

Lemma 1. Let A > 0,0 < p < % and F € Ly(Dr). Then for any strong

generalized solution u € I/?/%(DT, S%US7) of problem (3),(4) in the domain Dr
the following a priori estimate is valid:

i spsey < 5 I ®)

Proof. Let uw € W3(Dr,S% U St) be a strong generalized solution of problem
(3),(4). By virtue of Definition 2 there exists a sequence of functions wuy €

éz(ET, S% U S7) such that

hm Huk—uH 0, ’}LIEOHLU]C—F)JUHPU—FI{?—F||L2(DT) =0. (9)

I/V1 (DT SO USr )

Let us consider the function uy, € C?(Dy, S2UST) as a solution of the problem

Luk + )\|uk|puk = Fk, (10)
uk’s% =0, u|ST = 0. (11)

Here
Fy. = Luy + Mug|Pug (12)

Multiplying both parts of equation (10) by % 8“’“ and integrating over the do-
main D,, 0 <7 < T, we obtain

1 8 Guk 2
5/5(5) d:pdt—/Auk—dxdt /8 uy da di

T T

42 / % g P2 d it — /Fk % do dt. (13)
T D~

Assume that Q. :== DrN{t =7}, 0 < 7 < T. It is obvious that 0D, =
SYU S, UQ,. Using (11), the equality %|s% = 0 and also the equalities v|qo, =
0,...,0,1), Vgy = (0,...,0,—1,0) and performing the integration by parts, we
obtain

0 (ou\? B ou\> 0w\’ Oy, \ 2
[ (G ) eas [ ) e [G) e [ (i) v
D~ oD Q S

T T T



ON THE GLOBAL AND LOCAL SOLUTION 69

/%uzdmdt: /uil/ods:/uidx,
Dr

oD Q-
/%\uﬂpw dx dt = / lug|P 21 dSZ/\uk|p+2 du,
D, oD Q,
&y, duy, uy, Ay 1[0 (0w’
—dx dt = —v;ds — = | = dx dt
9x2 ot or, ot T2 / ot \ oz, ) "
D, 8D D,
B Ouy, Ouy, 1 dup \ >
n 8@ 0t Vi ds = 2/(8371) VOdS
oD, D,

T T T

B 1 [ [ Ou Ouy, ? Oy, \ ey
_/2—%{;(6% VO_EVZ') +<E> (VO—ZV]- ds

Jj=1

i Ou \* dx + A / lup|PT* dw.  (14)
— \ 0z; p+2 ’ '
- g

Since S, is a characteristic manifold, we have

S,

+1/ > (O 2+
2 ) | ot
Q

-

(I/g — Z 1/]2) =0. (15)
=1 St
Taking into account that the operator ( Y 88 —V; 8t> 1 <17 < n,is an internal
differential operator on S;, by virtue of (11) we have
8uk 8uk
— V- — V; =0, +=1,...,n. 16
(axi ot ) s (16)

With regard for (15), (16), from (14) we have

ouy, N 1o Ouy,
k+( ) -I—E ( )}d—l—/|uk|p dr= 2/Fk—dxdt
Q/{ ot — ox; 0

T T

which, by virtue of A > 0, implies in turn that

2 Ouy, ? = ouy, Oug
muy, + o +Z B dr <2 Fka—da;dt (17)
Q D

T T




70 G. BOGVERADZE AND S. KHARIBEGASHVILI

Using the notation

o e (5) -5 (32) o

8

and taking into account that the inequality 2F}, % auk < e(auk) + 2 L F2 holds for
any € = const > 0, from (17) we obtain

§
1
w(8) < 6/w(0) Ao+ 2Rl 0<6<T (18)
0

If we take into account that the value || Fy[|7, (D) @ a function of ¢ is nonde-

creasing, then, by virtue Gronwall’s lemma [28, Ch. I, §2], from (18) it follows
that

1
[w(0)|| < EHFkIILQ (Ds) XD 0.
Hence, since in(f) @ =ed for e = % we obtain
e>
w(6) < ed||Fylli,ipy, 0<6<T, (19)

which implies in turn that
0uk 2 “ 8uk 2
2 2
— dz dt
Huk”wl(DT S0.UST) / {muk * ( ot ) * Zzl (&ri v

€
w(6)d5 < ST Bl 0y, (20)

I
-}
O\)ﬂ S

Here we have used the fact that in the space Wi(Dp, S% U Sr) one of the
equivalent norms is given by the expression

[/t () 55 ) o

Dr

independently of the assumption whether m = 0 or m > 0. Indeed, by a

t
standard reasoning, the equalities u|g, = 0 and u(z,t) = (f % dr, (z,t) €
)
Dy, where t — 9(z) = 0 is an equation of the conical manifold Sz, imply the
6]

inequality [25, Ch. I, §

2
/uQ(x,t)dxdtSTQ/ (%) dzx dt.

DT DT

Now, passing to the limit in inequality (20) as kK — oo, we obtain (8), which
proves the lemma. O
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Theorem 1. Let A > 0,0 < p < %, F € Lyjo(D) and F € Ly(Dr) for any

T > 0. Then problem (3), (4) is globally solvable, i.e. for any T > 0 this problem
has a strong generalized solution uw € Wi(Dy, S% U St) in the domain Dr.

Proof. Before proceeding to the discussion whether the nonlinear problem (3),

(4) is solvable, we will consider the solvability for the linear case where it is
assumed that in equation (3) the parameter A = 0, i.e. for the problem

{ Lu(x,t) = F(z,t), (x,t) € Dr,

u|5% =0, u}ST =0.

(21)

In that case, analogously to the above, we introduce, for F' € Lo(Dr), the
notion of a strong generalized solution u € Wi(Dp, S% U S7) of problem (21)

for which there exists a sequence of functions u;, € C?(Dr, S$ U Sr) such that

k11_>rr010 llup — UHV(E/%(DT,S%UST) =0, kh_)rgo | Lup — F||o(pyy = 0. It should be noted

here that by virtue of Lemma 1 for A = 0 the a priori estimate (8) holds for a
strong generalized solution of problem (21), too.

Since the space C§°(Dr) of finite, infinitely differentiable in Dr, functions
is dense in Ly(Dr), for given F' € Ly(Dy) there exists a sequence of functions
Fy € C3°(Dr) such that khrgo | Fi = F||Lo(ppy = 0. If we continue the function

F} in an odd manner with respect to the variable z,, into the domain D, :=
{(x,t) € R" 1z, <0, |z|] <t < T} and after that continue the resulting
function by zero beyond the domain Dy U D7 and denote it by the previous
symbol, then for fixed k we obtain F} € C’OO(RZH) for which the support is
supp F, C Do U D3, where R = R"*1 N {t > 0}. Denote by uy a solution

of the Cauchy problem

)
Lug = Fy,  w,_, =0, % — 0, (22)
t=0

which, as is known, exists, is unique and belongs to the space COO(RTI) 29,
Ch. V, §6]. Moreover, since supp Fj, C Do, U Dy, C {(z,t) € R"™ . ¢t > |z|}
and uy|i—o = 0, aait’“ ’ —o = 0, by taking into account the geometry of the solution
dependence domain of the linear wave equation Lu = F we have suppu C
{(xz,t) € R™' : ¢t > |z|} and in particular u|s, = 0. On the other hand,
the function uy(xy,...,x,,t) = —ug(z1,...,—,,t) is also a solution of the
Cauchy problem (22), since the function Fj, is odd with respect to the variable
Zn. Hence by virtue of the uniqueness of a solution of the Cauchy problem
we have up = ug, i.e. ug(zy,...,—x,,t) = —ug(r1,...,2,,t) and thereby the
function wuy is also even with respect to the variable x,,. This in turn implies
that g, —o = 0, which together with the condition ux|s, = 0 implies that by
preserving the previous notation for the restriction of the function wu; to the

domain Dy we obtain uy € 8’2(ET, S%USt). Furthermore, by virtue of (8) and
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(22) the inequality

e
—ry <[5~ Fllon )

W% (DT,S%UST) -

is valid because the a priori estimate (8) holds for a strong generalized solution
of the linear problem (21), too.
Since the sequence {F} is fundamental in Lo(Dr), by virtue of (23) the se-

quence {uy }, too, is fundamental in the total space W3(Dr, S%UST). Thus there

exists a function u € W3(Dy, S9.U St) such that Jim l|lux — u”I/(I)/%(DT,S%UST) =0
and since Luy = F, — F' in the space Ls(Dr), this function is, by definition,

a strong generalized solution of problem (21). The uniqueness of this solu-
tion from the space Wi(Dr, S% U St) follows from the a priori estimate (8).
Therefore for this solution u of problem (21) we can write u = L™!F, where

LY : Ly(Dr) — Wi(Dp, S% U Sr) is a linear continuous operator whose norm
admits, by virtue of (8), an estimate

‘. (24)

[l o <
La(Dr)—W3(Dr,53UST) 2

Note that, by virtue of (24) and Remark 1, Definition 2 and Remark 2,
for I € Ly(D7), 0 < p < -2 a function v € Wi(Dr, S¥ U Sy) is a strong

n—17
generalized solution of problem (3),(4) if and only if u is a solution of the
functional equation

w= L (=\|u|Pu+ F) (25)

in the space Wi(Dp, S% U St).
Rewrite equation (25) as follows:

u= Au:= L' (Kou+ F), (26)

where the operator Ky : W(Dr, S2US7) — Lo(Dr) from (5) is continuous and
compact according to Remark 1. Therefore the operator A : W3 (D, S$UST) —

Wi(Dr,S% U S7) is also continuous and compact by virtue of (24). At the
same time, according to Lemma 1, for any parameter p € [0,1] and for any
solution of an equation with parameter © = pAu we have the a priori estimate

||u||v?/%(DT s < ¢||F||z(py), Where the positive constant ¢ does not depend

on u, p and F. Thus, by the Lere-Shauder theorem [30, Ch. VIII, §35.5],
equation (26) and therefore problem (3),(4), too, have at least one solution

u € W3(Dr,S2 U Sr). Theorem 1 is proved. O
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3. NONEXISTENCE OF GLOBAL SOLVABILITY OF PROBLEM (1),(2) IN THE
CASE OF NONLINEARITY OF THE FORM f(u) = AJu|P™

Below we will consider the case where the coefficients in problem (1),(2) are
m =0 and f(u) = A|lu[P** with A and p being given positive numbers, i.e. the
problem

O*u 1
Oui= 5 — Au =A™ + F, (27)
u|5% =0, u}ST =g (28)

in the domain Dy, T' > 0, where g is a given real function on St that by virtue
of (28) satisfies the compatibility condition g|ss, = 0.

Remark 3. Assuming that F € Ly(Dr), g € W} (S7) and 0 < p < %,
analogously to Definitions 1 and 2 with regard to a weak and a strong generalized
solution of problem (3),(4) in the domain Sr and taking into account Remark 1,
we introduce the notions of a weak and a strong generalized solution of problem
(27),(28):

(i) a function u € W3 (Dr) is called a weak generalized solution of the nonlin-
ear problem (27),(28) in the domain Dy if for any function ¢ € W, (Dr) such
that ¢l = 0, ¢| so. = 0 the following integral equality is valid:

—/utcptdazdt—l—/vxuvxcpdmdt

Dr Dr

:/\/|u]p+1<pdxdt+/Fgodxdt—/g—]%gods, (29)
Dr ST

Dt

9

n
. 8 9 . . . . ~
where 55 = 10 5 — > Vi 35, 1s an internal derivative with respect to the conor

i=1
mal which is an internal differential operator on St , since the conical manifold
St is characteristic, v = (v1,...,V,, %) is the outward unit normal to 0Dr,
_ (.0 a_\.
Vx— (TM""’%)’
(ii) a function u € Wy (D7) is called a strong generalized solution of the
nonlinear problem (27),(28) in the domain Dy if there exists a sequence of

functions uy € C*(Dyr, S%) = {u € C*(Dr) : ulgo = 0} such that uy — u in the

space W3 (D7), [Ouy, — Aug[PT] — F in the space Ly(Dr) and ui|s, — ¢ in
the space W3 (St).

Remark 4. In a standard manner [25, Ch. II, § 5] one can prove that a weak
generalized solution u € W.}(Dr) of problem (27),(28) satisfies the homogeneous
boundary conditions (28) in the sense of trace theory.

It is obvious that a strong generalized solution u € Wy (Dr) of problem
(27),(28) is also a weak generalized solution of this problem.
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Let us introduce into consideration a function ¢° = ©°(z,t) such that

0 2/ 0 0 0
¢’ e C*(Dr), ¢, >0, &, =0, ¢, =0 (30)
and
00|’ 1
ny = / ’0¢,|1dxdt<+oo, o =1+-. (31)
[ p
Dr=1

It can be easily verified that for sufficiently large k& and m we can take the
function

E(1— )™, (2,t) € Dye
0 £ = I‘n< ) ) =1,
PE = 9] > 1,

as a function ¢° satisfying conditions (30) and (31).
If it is assumed @7 (z,t) = ¢°(%, L), T > 0, then by virtue of (30) we readily
see that

or € C*(Dy), SOT‘DT >0, SOT‘xn:O =0, or|,_, =0 (32)

Assuming that the functions F, g and ¢° are fixed, we introduce into consid-
eration the function of one variable T’

_ der Jg
v(T)—/Fapdedt—k ga—Nds—/nga—Nds, T > 0. (33)

Dr St St

We have the following theorem on the nonexistence of global solvability of
problem (27),(28).

Theorem 2. Let F € Lyyoe(D), g € W3, (S) and F € Ly(Dr), g € W5 (Sr)
forany T >0. If0<p< % and
lim ~(T) > 0, (34)
T—o0
then there ezists a positive number Ty = Ty(F, g) such that, for T > Ty, problem
(27), (28) cannot have a weak generalized solution u € W} (Dr) in the domain
Dr.

Proof. Let u € W} (Dr) be a weak generalized solution of problem (27), (28)
in the domain Dr, i.e. the integral equality (29) be fulfilled. By virtue of (32)
we can take, in equality (29), the function ¢ in the role of the test function @7
Integrating by parts the left-hand side of equality (29), we obtain

/uDngdxdt:)\/|u|p+1<pTdmdt
Dr

Dt
der dg

Dr St St
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With (33) taken into account, equality (35) can be rewritten as
)\/ |ulPop do dt = /uD@T dx dt —y(T). (36)

Dr Dt

If in the Young inequality with parameter ¢ > 0 fora =p+1

/ 1
abgiao‘+—,ba, a,b>0, o= @ 4=
o a’e’—1 a—1 P
1
we take a = |u|ps, b = 7l then keeping in mind that < O —g—1= %, we
P
obtain ! /
L Oer| _ e 1 [Oerl®
[ubepr| = |ulpz - —F— < = |ul®0r + ——= —o—- (37)
o a ale
er T

By virtue of (37), from (36) we have

1 Cor|®
()\ — E) / [u|*or drv dt < ——— / | w,T|1 dx dt —~(T),
a a'e’= o

Dt

whence for € < Aa we obtain

a o ||:|90T|a/ o
/\u| erdrdt < D= DJarea T / e dx dt — pY— ~(T).  (38)

by T
. . /I .  « _ |
Taking into account that o’ = —%5, a = 7~ and ogelg,l\aW = 1o
for e = A, from (38) it follows that

|:| o /
/|u| | W' dzdt — & ~(T). (39)

/\ 03 A

DT DT

Since pr(z,t) = ¢°(%, L), by virtue of (30), (31) it easy to verify after the
substitution of the variables ¢t = T't', x = Tz’ that

/' W' dz dt = T2 / &;' dr' dt' = T"2 30 < 400, (40)
DT:l

By (32) and (40), from inequality (39) we obtain

1 /
og/\uya rdrdt < < -2 %0—%7(T). (41)
Dr
If p < %, ie. If n+1—2d < 0, where o/ = 1+ %, then by virtue of

(31) we have Tlirn ﬁ TnH1720" 54 = 0. Hence by virtue of (34) there exists a

positive number Ty = To(F, g) such that, for T > Tp, the right-hand part of
(41) is negative, while the left-hand part of this inequality is nonnegative. Thus
if there exists a weak generalized solution u € W3 (Dr) of problem (27),(28) in
the domain Dr, then necessarily T' < T, which proves Theorem 2. 0J
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Remark 5. We give some sufficient conditions imposed on the functions F
and g, which guarantee the fulfilment of condition (34):
(i) F = const >0, g = const;
(i) F' € Lowe(D), g € W3y, (S) and F € Ly(Dr), g € W5 (Sr) for any
T > 0, and also diamsupp g < +oo and F > 0, F(x,t) > ct~* for t > 1,
where ¢ = const > 0, 0 < k = const <n + 1.

4. LOCAL SOLVABILITY OF PROBLEM (1), (2) IN THE CASE OF
NONLINEARITY OF THE FORM f(u) = Au[P™?

Remark 6. In proving Theorem 1, it was shown that the linear problem (21),
which, for m = 0, coincides with the corresponding linear problem (27), (28),
has, for A = 0 and g = 0, a unique solution v = L™'F, where L™ : Ly(Dr) —

Wi(Dr,S% U S7) is a linear continuous operator whose norm admits estimate
(24). It should also be noted that, analogously to Remark 1, for 0 < p < %
the operator

Ky : WM(Dy, 8% U Sp) — Lo(Dr)  (Kiu = Auf?*1) (42)

is continuous and compact. Thus for g = 0 the nonlinear problem (27), (28) is
equivalent to the functional equation

u = Au + ug (43)

in the space W1(Dr, S% U St), where with (42) taken into account
A=L"'K,, wuy=L"'FeWiDr S%USr). (44)
Remark 7. Let B(0,d) := {u € Wi(Dz,S% U St) : ”uHI/?/%(DT,S%UST) < d}
be a closed (convex) ball in the Hilbert space Wi(Dz, S U Sy) with radius
d > 0 and center at a zero element. Since by virtue of Remark 6 the operator
A WY Dp,S3UST) — Wi(Dr, S3UST) is continuous and compact for 0 < p <
%, by the Shauder principle in order to prove the solvability of equation (43)
it is sufficient to show that the operator A; acting by the formula A;u = Au+ug

transverse the ball B(0, d) into itself for some d > 0 [30, Ch. VIII, § 35.3]. To this

end, below we will derive the needed estimate for the value HAU”V?/ \(Dr.S0US)’
2 Ty2T T

We further use the reasoning from [31]. If w € Wi(Dz, S% U S7), then we
denote by w the function which continues in an even manner the function u

across the plane ¢t = T. Tt is obvious that u € W(D%), where Di : |z] < t <
2T — |z|, x, > 0.
Using the inequality [32, Ch. X, §1]

[ 10149 = (mes @) olla a1
Q
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and taking into account the equalities

12, sy = 2llul?

Lq(Dr)? Hﬂ”20 = 2[full%

wi Wi(Dr,S%UST)

from the well known multiplicative inequality [25, Ch. I, §7]

lvllae < BIVYIG allvllig® Vo e Wy(Q), QcR™,

_ (1 1)(1 1>1 _ (n+Dm
o = - — - - — = s m = ———-
r o q rom n+l—m

forQ:D:*pCR"“,v:ﬂ,r:1,m:2and1<q§%,Where
(8 = const > 0 does not depend on v and 7', we obtain the inequality

M Vu € Wi(Dr, S2USy), (45)

lullz,pr) < colmes Dr)a w1 ]

Wl(DT S9.UST)

where ¢y = const > 0 does not depend on u.
Since mes Dy = T+ where w, is the volume of the unit ball in R,

2(n+1)
for ¢ = 2(p + 1) inequality (45) implies

1 _1
||u||L2(p+1>(DT) < Cofp A (n+ )(2(p+1)+ 2) Hu“Wl(DT S9.UST)

Yu € W2<DT7 S% U ST), (46)

~ ( 1 _;,_L_l)
_ wWn 2(pF1) "+l 2
where £, , = (2(n+1)) P .

For the value || K u| ,(py), where u € W3(Dy, S5 U Sr) and the operator K
is given by equality (42), by virtue of (46) we obtain the estimate

1
2

< Ay TV syt =) o (47)
- ' Wi (Dr,S9 uSr)

where £,,, = [colpn]P .
Now, for Au = L™ Kju, from (24) and (47) follows the estimate

< ||L7t o
HAU”WI D SOUS HL HLQ(DT)—>W1(DT,SOUST)HKlu”LQ(DT)
< \/> Ay, T1+<P+1><"+1>(z<p+1>+n+1 1) |55
- 2 WI(DT,SO UST)
Yu € W%(DT, S% U ST) (48)
Note that 2(+1)—|—n—+1——>0forp<—

Consider the equation
az’tt 4 b=z (49)
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with respect to the unknown z, where

a0 — \/g Mp7nT1+(p+1)(n+1)(ﬁmil—%)’ b= \/gTHFHLz(DT)- (50)

For T > 0 it is obvious that a > 0 and b > 0. A simple analysis analogous to
that carried out for p = 2 in [30, Ch. VIII, §35.4] shows that (i) in the case
b = 0 equation (49) has, along with the zero root z; = 0, the unique positive

root zo = a*%; (ii) if b > 0, then for 0 < b < by, where

bo=[p+1)7—(p+1)"7]a7, (51)

equation (49) has two positive roots z; and 2z, 0 < 21 < z3. For b = by these

roots coincide and we have one positive root z; = 2z = 29 = [(p + 1)@]’%;
(iii) for b > by equation (49) has no nonnegative roots.

Note that for 0 < b < by we have the inequalities z; < zg = [(p+ l)a]_% < z9.
By virtue of (50) and (51) the condition b < by is equivalent to the condition

e
5 1Pl

S |:\/7>\£p nT1+(p+1)(n+1)(2(p+1)+n+1 é):| B [(p + 1) p — (p —+ 1) 1]

or to
1 F | 2opr) < YT ™" am >0, (52)

where

Yarp = [(P+1)~ p—(p+ 1) }(M );em{—%<1+%)y

1 1 1 1
an:1+]—) I1+(p+1)(n+1) (2(p+1)+n+1_§)]'

By the absolute continuity of the Lebesgue integral we have %ir% | FllLo(Dr) =
0. Since at the same time time %ir% T~ = 400, there exists a number T} =
T1(F), 0 < T1 < 400, such that inequality (52) is fulfilled for

0<T <Ty(F). (53)
Now we will show that if condition (53) is fulfilled, then the operator A; :

Wi(Dr,S% U Sr) — W(Dr,S% U S7) acting by the formula Aju = Au + g
transfers the ball B(0, z5) from Remark 7 into itself, where z, is the largest
positive root of equation (49). Indeed, if u € B(0, 22), then by virtue of (48)—
(50) we have

[ Arul| o alull%! +b<at +b= 2.

Wl Drp SO uST ) - WI(DT S9 UST)

Therefore the following theorem is valid according to Remarks 6 and 7.
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Theorem 3. Let F' € Lyjo(D), g =0, 0 < p < % and condition (53)

fulfilled for the value T'. Then problem (27), (28) has at least one strong

generalized solution w € Wi(Dr, S% U St) in the domain Dr.
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