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0. Introduction. We prove the existence of slowly varying (in the sense of
Karamata) solutions, implying their nonoscillation, of the following functional
differential equations with both retarded and advanced arguments:

2"(t) = p(t)z(g(t)) — q(t)z(h(t)) = 0, (A)

2" (t) + p(t)x(g(t)) + q(t)z(h(t)) = 0. (B)
In addition, the precise asymptotic behavior of such solutions of equation (A)
is obtained.
It is assumed here that on [a, 00), for some a > 0, functions p, ¢, g and h are
continuous and p, ¢ are integrable.
For readers’ convenience we recall that a measurable function f : [0,00) —
(0, 00) is said to be regularly varying and having an index p € R if it satisfies

f(A)

tlircr}om =) forany \>0.

The totality of regularly varying functions of index p is denoted by RV (p). The
symbol SV is used to denote RV(0) and a member of SV = RV(0) is referred
to as a slowly varying function. If f(t) € RV(p), then f(t) = t*L(t) for some
L(t) € SV, and so of fundamental importance in regular variation is the class of
slowly varying functions. In this paper, among many basic properties of slowly
varying functions, we emphasize the representation theorem which asserts that
L(t) € SV if and only if it is expressed in the form

f(t) = c(t)exp { /ﬁds}, t > to, (0.1)

S
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for some tg > 0 and some measurable functions ¢(t) and £(t) such that
1tlim c(t) = ¢y € (0,00) and tlim e(t) =0.

The most comprehensive text on the theory and numerous applications of
these function can be found [1].

The first result asserting the existence of SV solutions of a functional differ-
ential equation is proved in [5] via the Schauder—Tychonoff fixed point theorem
and the same approach is used here.

Nonoscillation and oscillation of solutions of such equations of higher even
order are studied in [4].

1. Results. These are concerned with the existence of SV solutions for both
equations (A) and (B) and the asymptotic behaviour of such solutions of equa-

tion (A).
1.1. Existence. There holds
Theorem 1.1. Suppose that fort > a
(i)  p(t) >0 andq(t) > 0;
(i

) g(t) is increasing, g(t) <t and tlim g(t) = oo;
(iii) h(t) is increasing and h(t) > t;
)

(1.1)
h(t)

< o0, limsup =~ < oo.

_t

lim sup )

t—o0

(iv

t—o0

Then both equations (A) and (B) possess a slowly varying solution if and only
of

o0 o0

lim t/p(s)ds - t%t/q(s)ds ~ 0. (1.2)

t—o0
t t

1.2. Asymptotic behaviour. There hold

Theorem 1.2. Put
r(t) = p(t) + q(t);
then, equation (A) possesses slowly varying solutions z(t) such that for t — oo

x(t) = c>0
iof and only iof

/tr(t)dt < 00. (1.3)
Theorem 1.3. If

/s%«(s)ds 7r(u)du < 0, (1.4)
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then for each slowly varying solution x(t) of equation (A) there holds fort — oo,
t

x(t) ~ Aexp{ — /sr(s)ds}, A>0. (1.5)

a

2. Preliminaries. The following result [2], [3] is needed for the proofs.

Lemma 2.1. Let f(t) be continuous integrable and one-signed on some half-
axis [a,00), a > 0. Then the linear ordinary (without a functional argument)
equation

2" (t) + f(t)x(t) =0 ()
has a slowly varying solution if and only if
tlim t/f(s)ds = 0. (2.1)
t

We present here an outline of the proof of Lemma 2.1.

Let x(t) be an SV solution. Since the derivative z'(¢) is monotone, f(t) being
one-signed, by [6, Proposition 9,c)] one has tz'(t)/z(t) — 0 as t — oo and the
“only if” part is straightforward (cf. [6, Theorem 1.10]).

The proof of the “if” part follows that in [3]: Put

Ft) =t / £(5)ds. (2.2)

Choose tg > a and m > 0 so that for ¢t > t,

)l <m <y, 2.3

which is possible because of (2.1).

Observe at this point that throughout the text, if not stated otherwise, all
relations (e.g., inequalities) hold for ¢ > ty, which is therefore occasionally
omitted.

Consider the set

V ={v e Cyltg,00) : 0 <v(t) <m, t>1ty} (2.4)
and the integral operator

Fuft = [ (LLEEOD) 29

S

where Cy[tg, 00) denotes the set of all continuous functions on [tg, 00) that tend

to 0 as t — oo; Cyltg, 00) is a Banach space with the norm ||v|jo = sup |v(t)].
t>to
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F is shown to be a contraction mapping on V', which is a closed subset of
Co[tg, 00), and so there exists vy € V' such that vy = Fuy. i.e.,

[e.9]

wo(t) =t / (M)2d& (2.6)

S
t

Using this vy(t), we define the function z4(¢) by

xo(t) = exp { / Mds}, (2.7)

which satisfies equation (C) and is SV due to (0.1) with ¢(¢) = 1 and since vy(s)
and F'(s) tend to zero in view of (2.4) and (1.2).

Remark 2.1. If in equation (C) instead of f(t) one has —f(t) with f(t) > 0,
then in (2.6) and (2.7) one has the minus sign in front of F'(s). Then, any SV
solution of (C) is decreasing ([6, §1.2]) and (2.7) implies

w(t) < F(b). (2.8)

If, on the other hand, f(¢) is positive, then SV solutions are increasing, which
follows directly from (2.6) and (2.7).
Also, by (2.4) there holds

0 < wo(t) < m. (2.9)

Remark 2.2. If x(t) is an SV function, then the representation theorem (0.1)
implies that
o) _ ()

= — 1.
it () s 2(t)

For example,

h(t)

w(h(®) _chlt) | [es)
OO p{/ s d}'

t
Due to the properties of (¢) and h(t) one has for t — oo

h(t)
/ Mds < supe(s) log@ — 0
t

S s>t

and the statement follows for h(t) and likewise for g(t).
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3. Proofs.
3.1. Proof of Theorem 1.1.
a)  Fquation (A).

The proof of the “only if” part is a direct consequence of Lemma 2.1 and the
representation theorem for SV functions as envisaged in Remark 2.2.
Rewrite equation (A) as

C(]N(t) = fm(t>x(t)7 (31)
where
z(g(1)) z(h(t))
0 T (3.2)
In view of (1.1)(i) and Remark 2.2 the function f, is integrable over some

positive half-axis and the “only if” part follows by the application of Lemma
2.1 to (3.1) giving

fo(t) = p(t)

t—o0

lim t/fx(s)ds =0,
t

which implies (1.2).
The “if” part:
Assume that (1.2) holds. To apply Lemma 2.1, we introduce the notation:

f)(=r(t) = p(t) +q(t),

r 3.3
F(t) = —t/f(s)ds. (3:3)
t
Choose m > 0 and ¢y > a so large that g(tg) > a and such that for ¢ > ¢,
1
[FM)] <m <, (3.4)
and
t
2mlog — < log?2 (3.5)

g(t)

which is possible because of (1.1)(iv) and (1.2).
Let us now define = to be the set of all positive continuous nonincreasing
functions £(t) on |g(ty), 00) with the properties

E(t)y=1 for g(ty) <t <ty <2 for t>t. (3.6)

—_

It is easy to see that = is a nonempty closed, convex subset of C[g(ty), 0)
equipped with the usual metric topology of uniform convergence on compact
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subintervals of [g(t),00) (cf. [5]). For any £ € = define

fe(t) = p(t)% n q<t)§(%§f§)) |

Fe(t) = —t/fs(S)dS-

We consider a family of linear (ordinary) differential equations

2(t) = feOalt), € €= (33)
By (3.6), (3.7), the decreasing nature of £(¢) and due to (3.4) one has

Fe(t) < 2|F(1)] < 2m < 411 (3.9)

We conclude by using Lemma 2.1 that for each £ € = equation (3.8) has an SV
solution X¢(t) having the representation

t
Xe(t) =exp {/LSF&(S)}, (3.10)

to

where vg(t) is a solution of the integral equation
ve(t) = t/ (M)Q ds. (3.11)
t
In virtue of (2.4) and (3.9) one has

0 < we(t) < 2m. (3.12)

Further, let ® denote the mapping which to each ¢ € = assigns the function
®¢ defined by

QE(t) =1 for g(ty) <t <ty, DE(t)=X(t) for t>t. (3.13)

We will show that ® is a continuous self-map on = which sends = to a relatively
compact subset of = in the topology of C[g(to), 00).
(i) (2) C =: If € € =, then ®E(t) = X¢(¢) is clearly decreasing for t > t.
Furthermore, since by (1.1)(ii), g(¢) is increasing and g(t) < ¢, there might
exist an interval ¢ty < ¢t < t; where g(t) < ty and g¢(¢t;) = to, and by (3.13),
®&(g(t)) = 1. Hence because of (3.10), (3.9), (3.4) and (3.5) one has for t; <
<1,

(o) [ [uls) -R)
oe(ty / s

to

t
< exp {Qm log g(;) } < exp{log2} = 2.
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Similarly, for ¢ > ¢; one has

t

2690) _ o) [ ZFels) Ui
() p{ é ’ d}g p{2 1g9<t>}§2'

Thus (3.6) holds, which ensures that ®¢ € =.

(ii) ®(2) is relatively compact in C[g(tg), 00): The inclusion $(Z) C = implies
that ®(Z) is locally uniformly bounded on [g(ty),00). The inequality

d d ve(t) — Fe(t 2F(t
0> Sag) = 9 xi(n) = xg(pn T 5 2P0

holding for t > tq and all £ € Z, shows that ®(Z) is locally equicontinuous
on [g(ty),o0). The desired relative compactness of ®(Z) then follows from the
Arzela—Ascoli lemma.

(iii) ® is a continuous mapping: Let {&,} be a sequence in = converging to
n € =, which means that {,(¢)} converges to 7(t) uniformly on any compact
subinterval of [¢g(ty),00). The continuity of ® is assured if it is shown that
the sequence {®&,(t)} converges to ®,(¢) uniformly on compact subintervals
of [g(ty),00). If suffices to restrict our attention to the interval [ty, 00). Using
(3.10) and the mean value theorem, we obtain

B (E) — P(t)] = [Xe, (1) — X, (1)]

t

mp{/wxﬁ—&AQ@}wp{/w@www@%}

to to

S]WMQ;Mﬂiwuﬁ—&@w&

to
Our task is accomplished if it is verified that the two sequences

e (8) — O], F1Fe (1)~ Fy0) (314)

converge to 0 uniformly on compact subintervals of [ty,00). As a matter of fact,
it can be shown more strongly that the convergence to 0 of the sequences in
(3.14) is uniform on [ty, 00). The uniform convergence of the second sequence
in (3.14) is an immediate consequence of the Lebesgue dominated convergence
theorem applied to the inequality

LR (6) — Fy(r)

< 7 {p(S)

&alg(s))  m(g(s))
&n(s) n(s)

6 k)]
6(5) n@‘}“(mm

‘ +q(s)
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Turning to the first sequence in (3.4), we obtain from (3.11)

%mwywwﬂg?K%ﬁth$y_(Mﬂ;ﬂ@y

< [l = n Rl “ Bl 4y (g

52

ds

t
where
wn(t) = vgn(t) + vy (t) + Fe, (t) + F(t).
Since by (3.4)
wy(t) < 8m < 1,
we have the following inequality from (3.16)

! [ e, () = va()| o [ Fuls)
;\vgn(t) — ()] < 9/ = T ds +9/ =2 ds, (3.17)
t t
where § = 8m < 1 and
R(t) = |Fe, (t) — Fy(2)].
Putting
t
we rewrite (3.17) as
, 0 OOR,L s
(t%2, (1)) > ~7 ( )ds. (3.19)

82
t

Since t?2,(t) — 0 as t — oo and since the right-hand side of (3.19) is integrable
over [tg,00), integrating from ¢ to oo yields

2l(t) < l/R”@ ds. (3.20)

— t@ 82—0

t
By combining (3.17) with (3.20) we find that

/|an — 56,

for ¢ > ¢y, from which the uniform convergence |v, (t) — v, (t)|/t — 0 immedi-
ately follows. This establishes the continuity of the mapping ®.

Thus all the hypotheses of the Schauder-Tychonoff fixed point theorem have
been fulfilled, and so ® has a fixed point §, € = : §, = DPE. This means in

Q%w—MMS%/QG

t
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particular that &(t) = Xgo(t) for ¢ > ¢;, which implies that &(¢) is a slowly
varying function and satisfies the differential equation

0 (1) = (peo (t) + qeo (£))€0(1),
or equivalently
0 (t) = p(1)€o(g(t)) + q(t)So(h(t)).

The existence of an SV-solution for equation (A) has thus been established.
b)  Equation (B).

The proof of “only if” part is analogous to the previous case because of
(1.1),(i) and Remark 2.2.

The “if 7 part also follows strictly the idea of the proof of the previous case.
Hence we restrict ourselves to emphasizing the necessary complementary rea-
soning.

Suppose that (1.2) is satisfied. This time choose ¢y > a so that g(tg) > a and
such that, for ¢ > t,, (3.4) and

4mlog@ <log?2 (3.21)
hold.

We denote by H the set of all continuous nondecreasing functions 7(t) on

[g(to), 00) such that

n(t) =1 for g(ty) <t < to, <2 for t>t,.

This time we form a family of linear ordinary differential equations of the
form

2"(t) + f,(t)x(t) =0, neH, (3.22)
where
~anlg(t) n(h(t))

As before, we use the notation
Fy(t) = t/fn(s)ds.
t

It is obvious that F,(t) < 2F(t) for all n € H. Therefore we have
1
F,(t) <2F(t) < 1 (3.23)

so that for each n € H equation (3.22) possesses an SV-solution having the form

X,(t) = exp { /Mds},

S
to
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where v, (t) is a solution of the integral equation

o= [ (BB

S
t

satisfying
0 <w,(t) < 2m. (3.24)
Let us now define ¥ to be the mapping which to each n € H assigns the
function Un(t) given by

Un(t) =1 for g(to) <t <ty, Un(t)=X,(t) for t>t.

(i) W(H)C H:Ifne H, then ¥n(t) = X, (t) is continuous and increasing.
Furthermore, we have
h(t)

Wn(h(t)) vn(s) + Fy(s) h(t)
W = exp{ t/ fds} < exp {4mlog7} <2,

where we have made use of inequalities (3.23), (3.24) and (3.21). This shows
that Un € H, implying that VU is a self-map on H.

(ii) W(H) is relatively compact in C[g(ty), 00): This is again a consequence
of the local boundedness of W(H) on [g(tg), o0) following from W(H) C H com-
bined with the local equicontinuity of W(H) which is assured by the following
inequality holding for all n € H and t > t,

0< L) = X, (1) = exp { / o)+ als) "(%s} D 2 Bll)

to
< Mt*, where M >0, a>0.

(ili)) W is a continuous mapping. The proof proceeds exactly as in the
corresponding part of Theorem A. Let {n,(t)} be a sequence of functions in H
converging to () uniformly on compact subintervals of [g(to),00). We need to
prove that {¥n,(t)} converges to W((¢) uniformly on compact subintervals of
[g(to), 00). Since we have

[Wna(t) — V()| = [ X, (1) — Xc(D)]

t t

exp{ /vnn<s>4s—an<s>d8}_exp { /UC(S)tFC(S)dSH

to to

o / P (2) = () + 0= Folll,

it is sufficient to demonstrate that the two sequences

% v, () — ve(t)], % | F,, (1) — Fe(t)]
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converge to 0 uniformly on any compact subinterval of [¢y,00). But this can be
done in exactly the same way as the sequences in (3.14) were dealt with at the
end of the proof for equation (B). The convergence of the second sequence is
almost trivial. As regards the first sequence, we have

o0

|vnn( — U |<9/|Un" _ )’ds—k@/R n(5) ds,

where § = 4m < 1 and

Ry (t) = [F, (1) — Fe(2)],

and then derive the inequality

Ll (6) — 0] < / bl

t

from which the uniform convergence of |uv,, () —v¢(t )] /t — 0 on compact subin-
tervals of [tg, 00) readily follows. This sketches the proof of the continuity of W.

Therefore, the Schauder—Tychonoff fixed point theorem ensures the existence
of g € H such that ny = Wny. Since no(t) = Xno(t), t > to, no(t) satisfies the
differential equation

16 (8) + (o (8) + @ (1))0() = 0,
which is nothing else but

o (t) + p()no(g(2)) + q(#)no(h(t)) = 0.
We conclude therefore that ny(¢) provides an SV-solution of equation (B) on
[to, 00), and the proof is completed.

3.2. Proof of Theorem 1.2. Let z(t) be an SV solution of (A) such that
x(t) — ¢ >0, as t — oo. Since z(t) is decreasing and convex, it is such that
2'(t) — 0, as t — oo. Integrating both sides of (A) over (t,00), one obtains

o0

2(0) = [ ((s)o(9(5)) + as)oh(s)ds
t
and, after another integration over (¢,00) and integrating by parts,

2(t) = ¢ — /(s —1) {p<s)“’(9(s>> + q(s)M} 2(s)ds. (3.25)

x(s) z(s)

Now, due to (1.2) and Remark 2.2, condition (1.3) follows.
Conversely, let (1.3) hold. This implies (1.2) so that z(¢) is SV. Then, with
the obvious notation (3.25) is written as

[e o]

z(t) =c— /(s —t) fu(s)z(s)ds

t
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or by the mean value theorem, since x(s) is decreasing, we have
£
l=——— /(S —t) fo(s)ds.
t

If t — oo, then the integral tends to zero due to (1.2), (1.3) and Remark 2.2,
whence ¢ > 0. (For ¢ = 0 this reasoning would imply 1 = 0.)

Remark 3.1. Theorem 1.2 also holds for equation (B). The proof of the “only
if” part is analogous to the previous case. But the proof of the “if” part requires
again the use of a fixed point argument as in Theorem 1.1 and is omitted here
and the result is framed as a remark only.

3.3. Proof of Theorem 1.3. By [6, Theorem 2.2] with n = 1 for each SV
solution z(t) of equation (A) written as

20 = £l (3.26)
with GO )
z(g x
fz(t) = p(t) o(0) +q(t) ey (3.27)
and

Fot) =t / fu(s)ds (3.28)

one has for t — o0,
t

F,
x(t) ~ Aexp —/T<S)ds , A>0, (3.29)

a

77 (FxSfS))zds dt < . (3.30)

By substituting F,, from (3.28) into (3.29), integrating by parts and using
(2.1) with f, replacing f, one obtains for ¢t — oo,

provided that

t

x(t) ~ Aexp —/sfx(s)ds : (3.31)

a

By the same argument, this time integrating by parts twice, condition (3.30)

becomes
o0

/SQfx(t) ]Ofx(s)dsdt < 0. (3.32)

Notice that due to Remark 2.2 one has
f(t) = O(r(2)). (3.33)
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Since also ¢g(t) < t, condition (1.3) implies (3.32) so that the asymptotic
formula (3.21) holds.

On the other hand, from (2.7), Remark 2.2 and (1.4) and due to the positivity
of v(t) one has

#(o(t) [T s
ﬂﬂ1+o{£zﬁ<md}. 31
Similarly, from (2.7), Remark 2.2 and due to v(t) < F(t) one obtains
h(t) oo
H(h(t) .
() 1+O{ / / fu(u)dud } (3.35)

Since the inner integral in (3.34) and (3.35) is decreasing, in view of (1.1)(iv)
and (3.33) inequalities (3.34) and (3.35) are respectively reduced to

o o

x(g(t) _ o) @) s
i 1+OG£‘Ud), e 1+o@/<>d)

Whence, due to g(t) <t and (3.27)

fe(s)=r(s)+ O <ST(8) / r(u)du).
g(s)

Consequently, in view of condition (1.4), the asymptotic formula (3.31) gives
(1.5) — the desired one.

4. Examples and remarks.

Remark 4.1. It should be noted that an SV solution of (A) (respectively (B))
satisfies as t — oo either z(t) — ¢ > 0 or

x(t) — 0 (respectively z(t) — 00). (4.1)

It follows therefore that in case (1.3) is violated the SV-solution z(t) guaran-
teed by Theorem 1.1 necessarily satisfies (4.1).

Example 4.1. Consider the differential equation

(t) = plt)e (t) T qt)alet), (42)

(&

where p(t) and ¢(t) are defined by

A 1\ A+1
t) = 1— 1
p(t) 2t2logt < logt) ( * logt ) ’

A 1" A1
t) = 1 14+
a(t) 2t log t < * logt> ( i log ¢ ) ’

A being a positive constant.
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Since p(t) and ¢(t) satisfy condition (1.2), equation (4.2) has an SV-solution
x(t) by Theorem 1.1. Condition (1.3) is not fulfilled, and so by Remark 4.1 the
solution z(t) must tend to 0 as t — oo. In fact, 2(t) = (logt)~* is one of such
solutions.

Example 4.2. Consider the equation

(8) + plt)a (t) T qt)a(et) = 0, (43

where p(t) and ¢(t) are given by

1 1L\ p—1
t) = 1— 1—
p(t) 2t2logt( logt) ( 1ogt)’
f 1\ p—1
t) = 1 1—
1) = Stogt ( - logt) ( log ¢ ) ’

i being a positive constant. Clearly, condition (1.2) is satisfied, and so there
exists an SV-solution x(t) of equation (4.3) by Theorem 1.1. This solution ()
grows to infinity as t — oo, since p(t) and ¢(t) do not satisfy (1.3). One of such
solutions is z(t) = (logt)".
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