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RATE OF CONVERGENCE FOR THE BEZIER VARIANT OF
THE MKZD OPERATORS
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Abstract. We estimate the rate of convergence of the Bézier variant of Dur-
rmeyer type Meyer—Konig and Zeller operators for functions with derivatives
of bounded variation defined on [0, 1].
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1. INTRODUCTION

For a function f defined on the interval [0,1], the Meyer—Konig and Zeller
(MKZ) operators M, (f,z) [13] are defined as

=Y m) 1 () 0

where my,  (z) = (”*’]j_l) zk(1 —x) . To approximate Lebesgue integrable func-
tions on the interval [0, 1], Guo [6] introduced the integrated MKZ operators

M (fi2) = S g (2) / £(t)dt (2)
k=0

where I, = [Z22 2] and 1y, (2) = (n+1) (”“““) z¥(1—z)™. For the rate
of convergence of some integral modifications of the MKZ operator we refer the
reader to [5], [7] and [11]. In [15], Zeng defined, for each a > 1, Bézier variants

of the MKZ operators (1) and (2) by

Wyl 2) = ZQ o (55) )

) = ( IC ) / (o) ()

=0

and

where Q;a,z () = (Jog ()" = (Jngs1 (2) and Jpp (z) = i myj (z) be the
=k

Bézier basis functions, which were introduced by P. Bézier [1]. In particular
when a = 1, the operators (3) and (4) reduce to the operators (1) and (2),
respectively.
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Very recently for f € L;[0,1] and @ > 1, Gupta [8] introduced a Bézier
variant of the different Durrmeyer type MKZ operators (MKZD) by

1

Mya(fr) = ZQ 0) [ bualt) 100t < .1, (5)

0

n+k

k
convergence of the operators (5), for functions of bounded variation on [0, 1]
(see also [9]).

The aim of this paper is to extend the study on the operators (5) for functions
having derivatives of bounded variation on [0, 1]. Here we establish the rate of
convergence of operators M, , for functions with derivatives of bounded varia-
tion defined on [0, 1]. Several researchers have studied on MKZ operators and
its different variants. We also mention the work on similar type of operators due
to Bojanic and Cheng (see [2], [3]) who estimated the rate of convergence with
derivatives of bounded variation for Bernstein and Hermite—Fejer polynomials
by using different methods. Some of the important papers on this topic are due
to Bojanic and Khan [4], Pych-Taberska [14], and Gupta et al. [10], [12].

Let DBV[0, 1] denotes the class of real valued differentiable functions defined

n [0,1], whose derivatives are of bounded variation on [0,1], which can be
written as

where b, (t) = n tf(1 — t)»1. Gupta [8] investigated the rate of

f(x) = £(0) + / U(t)dt, e [0.1],

where W € BV[0,1]. In this sense it is justified to call this class of functions
with derivatives of bounded variation and will be denoted as equivalently

DBV[0,1] ={f: f € BV[0,1]}.
The main result of this paper is the following assertion.

Theorem. Let a > 1 and f be a function with derivatives of bounded vari-
ation on [0,1]. If f' has a discontinuity of the first kind in x € (0,1), then for
each A > 2 and ¢ > 0, there is an integer N(z,\) such that for all n > N(z,\)
we have

|Myo(f52) — <)|<—|f(x+ |\/an+6 (1—x)2

a/\(:ers)(l )
_|_
n—1 oz—f—l

x+5 f
=\ (TS Z (6)

' (24) + af'(a—)|
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where
f@) = fla+), z<t<1,
fz(t) =10, t=ux, (7)
ft) = flz=), 0<t<uz

b
and \/(f1) is the total variation of f. onla,b].

2. AUXILIARY RESULTS

In this section we give certain results, which are necessary to prove our main
theorem.

Lemma 1 ([9]). For s € N° (the set of nonnegative integers), if we define

1

M, ((t — z)*; Zmnk / k(1) (t — x)*dt,

then
z(l —x
| M1 (8 — 2);2)| = %
and
dx 2(1 — z)?

Mal(t=2)50) < 03+ -y =2y

In particular, given A > 2 and € > 0, there is an integer N(x, \) such that for
alln > N(z,\) and z € [0, 1],

Mz +e)(1—x)

n—1

[ M1 (= 2);2)] <

(8)

and
Mz +e)(1— az)Q.

9)
Remark 1 ([15]). For all n,k € N, there holds Q5 ,(z) < amy (), x € [0,1].
Define

Mya((t—2)% @) <

o0

Knalz,t) =) Q;

k=0
and

t
Aoz, t) = /K,W(x u)du.
0

Note that
1

Aa(z,1) = /Kn,a(:v,u)du =1. (10)

0
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Lemma 2 ([9]). For each A > 2 and € > 0, there is an integer N(z,\) such
that, for alln > N(xz,\) and z € (0,1),

Mz +e)(1 —x)?

Anal(®,y) < , 0< : 11
olr,y) <a CETE O<y<uz (11)
1 — 2
RPN A L [l Y (12)

’ n(z — x)?

Remark 2. From Cauchy—Schwarz—Bunyakowsky inequality, we get from (9)

- \/OZA(He)u—x){ (13)

n

[N

Myo(jt — 2| ;2) < (ana((t — )% x))

3. PROOF OF THE MAIN RESULT

Now, we can prove the theorem.

Proof of Theorem. According to (5) and equation (10), we can write the differ-
ence between M, ,(f;z) and f(z) as follows:

1

A%Aﬂ@—f@%—zkﬁﬂw/ﬁm@f@ﬁ—f@)

Z/U@—f@W%d%UM (14)

Since f(t) € DBV]0,1], we can rewrite equation (14) as

1

U@—f@W&A%ﬂﬁ+/U@—f@Wﬂdﬁﬂﬁ

T

My o(f;2) — f(2) =

8 O\a

1

] { / fw) dU} Ky oz, t)dt + / [ /t F'(u) du] Ky oz, t)dt

t T

= —L(x) + Ir(x),
where o
Ii(x) ::/{/f'(u)du}l(ma(x,t)dt (15)

t

and
t

D(z) = /1 [ / F(u) du} Ko o(a, £)dt. (16)
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From (7), for any f(t) € DBV0, 1], we decompose f'(t) into four parts as

f'a+) - f’(:v—))

) = 1 (et +af @)+ 1100) + (

Ca+1 2
X (sgn(t—x) + Z:) +6,(t) (f’@) _ f/(“);f/(x_>> Coan
where
1, z=t,
0 (t) = {07 et (18)

If we use (17) in (15) and (16), we have the following expressions.

h) = | [ / {# (o) + af' (=) + fo(u)

t a+1
(LI (g 22
+8.(t) ( ) — L&) : fla= ) }du] Ky, 1) dt

Firstly, we evaluate I1(z).

t
By (18), it is obvious that [ d,(u)du = 0. We have

T

h() = 5 @) +af @) [(@ = 0 Koalo,0)

0

_%f@+y—f@_%i[_y+a_l}@_ﬂkhaaﬂﬁ

2 a+1

n / [ / i (u) du] Ko o2, 1) dt. (19)
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Using similar method, for evaluating I5(x), we find that
1

B(e) = 7 £+ af (@) [ (= 0)oale )i

T
1

LB / [1 2z ﬂ (t— @) Ky, )l

n /1 { /t Fi(w) du}Kma(:z:,t) dt. (20)

Since o > 1, from equations (19) and (20), we obtain an estimate for the
difference between M, .(f;x) and f(z) as follows;

1

Mualfia) = F0] < o) +af ol | [ = Koot

0

1
« !/ !
b 1w = £l [ =l Kooty
0

T

. / l / £ () du}Kma(x,t) dt‘

0

1t
+ / [/f;(u) du] Koz, t) dt‘. (21)
On the other hand, since
1
/|t—x|Kn,a($,t) dt = My, (|t — 2| ;) (22)
0
and
1
/(t_$>Kn,a($at) dt = Mn,a(t_x;x)v (23)

0
then using (22) and (23) in (21), we obtain

Ml i) = )] £ — 17@) + 0f (o) Mt = 253)

b P04 = o) Mot = 52

+‘_/x {/xf;(u)du}l(n,a(x,t)dt'
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+‘ /1 [ /t 1 () du} Kyl 1) dt‘. (24)

From the definition of A, ,(z,t), we write

/[/f d“] Kooz, t)dt = /{/f dulgt Analw, t)dt.  (25)

Using integration by parts in the right-hand side of (25), we obtain

/x[/xf;(u)du]g Mool ) dt — /f Mol t) d
0 t

Thus

“/x [/ P 6t ] < / F20)] M, 1)

and

‘/[/f du} naxtdt‘ x_/|f (O] Aoz, t) dt

N Ty

7
%\H

Since f;(x) =0and A\, q(2,t) <1,

Besides from (11), we have

=
/ PO Al ) dt < &
n
0
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Make the change of variables t = x — £, then

T dt Vi (&)du 1 ik 1 ] =
/ _ AN _ Ndu = = /
O/ Vg 1/ Vit - / V=3 Vi
and . .
[ Vuaes [ a=22 0
z—ﬁ ¢ =7 x—% =
Consequently
I/ aX(x —xQ[\/ﬁ] ’
A L e e SAVIT
0t k=1 z—%
tm x_\/z(fx)- (26)
n
By the same way, from (12) we obtain
Lo INGEE
| [ @] ate o) < AEEIZD ST (g
T T k=1 x
a:—i—l\;g

Combining (8), (13), (26) and (27) in (24), we get (6).
Thus the proof is completed. O

REFERENCES

. P. BEzIER, Numerical control. Mathematics and applications. (Translated from the
French) Wiley Series in Computing. John Wiley & Sons, London, etc., 1972.

. R. BoJaNi¢ and F. H. CHENG, Rate of convergence of Bernstein polynomials for func-
tions with derivatives of bounded variation. J. Math. Anal. Appl. 141(1989), No. 1,
136-151.

. R. BoJani¢ and F. H. CHENG, Rate of convergence of Hermite-Fejér polynomials for
functions with derivatives of bounded variation. Acta Math. Hungar. 59(1992), No. 1-2,
91-102.

. R. Bojanic and M. K. KHAN, Rate of convergence of some operators of functions with
derivatives of bounded variation. Atti Sem. Mat. Fis. Univ. Modena 39(1991), No. 2,
495-512.

. 5. S. Guo, Degree of approximation to functions of bounded variation by certain oper-
ators. Approx. Theory Appl. 4(1988), No. 2, 9-18.

. S. S. Guo, On the rate of convergence of the integrated Meyer—Koénig and Zeller operators
for functions of bounded variation. J. Approx. Theory 56(1989), No. 3, 245-255.



10.

11.

12.

13.

14.

15.

RATE OF CONVERGENCE FOR MKZD OPERATORS 659

. V. GuPTA, A sharp estimate on the degree of approximation to functions of bounded
variation by certain operators. Approz. Theory Appl. (N.S.) 11(1995), No. 3, 106-107.

V. GuprTA, On a new type of Meyer-Konig and Zeller operators. J. Inequal. Pure Appl.
Math. 3(2002), No. 4, Article 57, 10 pp. (electronic).

V. GupTA, On bounded variation functions by general MKZD operators. Acta Math.
Sin. (Engl. Ser.) 23(2007), No. 8, 1457-1462.

V. Gupta, U. ABEL, and M. IvAN, Rate of convergence of beta operators of second
kind for functions with derivatives of bounded variation. Int. J. Math. Math. Sci. 2005,
No. 23, 3827-3833.

V. GuprTA and A. AHMAD, An improved estimate on the degree of approximation to
functions of bounded variation by certain operators. Rev. Colombiana Mat. 29(1995),
No. 2, 119-126.

V. GupTa, V. VASISHTHA, and M. K. GupTA, Rate of convergence of summation-

integral type operators with derivatives of bounded variation. J. Imequal. Pure Appl.
Math. 4(2003), No. 2, Article 34, 8 pp. (electronic).

W. MEYER-KONIG and K. ZELLER, Bernsteinsche Potenzreihen. Studia Math. 19(1960),
89-94.

P. PycH-TABERSKA, Pointwise approximation of absolutely continuous functions by cer-
tain linear operators. Dedicated to Roman Taberski on the occasion of his 70th birthday.
Funct. Approz. Comment. Math. 25(1997), 67-76.

X. M. ZENG, Rates of approximation of bounded variation functions by two generalized
Meyer-Koénig and Zeller type operators. Comput. Math. Appl. 39(2000), No. 9-10, 1-13.

(Received 30.04.2006)

Authors’ addresses:

V. Gupta

School of Applied Sciences

Netaji Subhas Institute of Technology
Sector 3 Dwarka, New Delhi-110075
India

E-mail: vijaygupta2001@hotmail.com

H. Karsli

Ankara University

Faculty of Sciences

Department of Mathematics

06100 Tandogan-Ankara

Turkey

E-mail: karsli@science.ankara.edu.tr



