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Abstract. This paper is concerned with the existence of global limit
solutions for the quasi–nonlinear functional evolution problem

x′ ∈ A(t, xt)x+G(t, xt, Ltx), t ∈ [0, T ],
(FDE,φ)

x0 = φ,

where A(t, ψ1) and G(t, ψ1, Ltψ2) are defined, with respect to ψ1, on a
subspace of the space PC([−r, 0], X) of all piecewise continuous func-
tions f : [−r, 0]→ X. An appropriate subspace of PC([−r, t], X) is the
domain of definition of the nonlinear operators Lt, t ∈ [0, T ]. The op-
erators A(t, ψ)x are w-dissipative and Lipschitz — like in (t, ψ) which
are more general conditions than those of Karsatos–Liu. The opera-
tors G and Lt are Lipschitzian mappings on their respective domains.
Moreover, we investigate the uniqueness and strong solution for such
problem.
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1. Introduction and preliminaries

Dyson–Bressan [1] have established the existence and uniqueness of inte-
gral solution for the problem (FDE,φ) with A ≡ A(t, xt), G ≡ G(t, xt).

The method of lines for the problem (FDE,φ) with A ≡ −At and G ≡
G(t, xt) was developed for space X with X∗ uniformly convex by Kartsatos–
Parrott [5, 6].

Recently, Kartsatos–Liu [4] have developed method of line for (FDE,φ)
with m-accretive operators −A(t, ψ)x.

Our object is construct an approximate solution for the problem

x′ ∈ A(t, xt)x+G(t, xt, Ltx), t ∈ [0, T ],
(FDE,φ)

x0 = φ,

where A(t, ψ1) and G(t, ψ1, Ltψ2) are defined, with respect to ψ1, on a
subspace of the space PC([−r, 0], X) of all piecewise continuous functions
f : [−r, 0] → X. An appropriate subspace of PC([−r, t], X) is the do-
main of definition of the nonlinear operators Lt, t ∈ [0, T ]. The operators
(A(t, ψ)x − wI) are m-dissipative in x and Lipschitz like in (t, ψ). The
operators G and Lt are Lipschitzian mappings on their respective domains.

In this paper, we constitutes a approximation scheme for (FDE,φ) with-
out fixed the functional term of A(t, xt) by assumption of A(t, ψ) which is
more general than the condition of Kartsatos–Liu [4].

In what follows, X stands for a real Banach space with dual space X∗

and normalized duality mapping J.
We recall that for x, y ∈ X,

〈y, x〉+ = lim
h→0+

‖x+ hy‖ − ‖x‖
h

, 〈y, x〉− = lim
h→0−

‖x+ hy‖ − ‖x‖
h

.

For some properties of 〈·, ·〉±, we refer the reader to Kobayashi [7] and Pavel
[8].

An operator A : D(A) ⊂ A → 2X is called “dissipative” if for every
x, y ∈ D(A), there exists j ∈ J(x−y) such that 〈u−v, j〉 ≤ 0 for all u ∈ Ax,
v ∈ Ay. A dissipative operator A is “m-dissipative” if R(I − λA) = X for
all λ ∈ (0,∞). Also, A is said to be accretive if −A is dissipative.

We denote by PC the space of all piecewise continuous functions f :
[−r, 0] → Br(0) associated with the supremum norm, where Br(0) is the
ball of X with radius r and center 0.

We consider the following assumptions:

(A1) There exists w ∈ R such that for each (t, ψ) ∈ [0, T ]×PC, A(t, ψ)−wI
is m-dissipative for 0 ≤ λ ≤ λ0 = 1/max(0, w).
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(A2) There exists a continuous increasing function r0 : R+×R+×R+ → R+

such that

〈y1 − y2, x1 − x2〉− ≤w‖x1 − x2‖+ r0(‖ψ1‖PC , ‖ψ2‖PC , ‖x2‖)
· [|t1 − t2|(1 + ‖y2‖) + |ψ1 − ψ2‖PC ]

for all yi ∈ A(ti, ψi)xi, i = 1, 2, (ti, ψi) ∈ [0, T ]× PC.
(L1) Lt : PC([−r, t], X)→ X for every t ∈ [0, T ]. Moreover,

‖Ltψ1 − Ltψ2‖ ≤ a1(t)‖ψ1 − ψ2‖t (L1,1)

and

‖Ltψ − Lsψ‖ ≤ r1(‖ψ‖T )|t− s|, (L1,2)

for every t, s ∈ [0, T ] and every ψ,ψ1, ψ2 ∈ PC([−r, T ], X), where
a1 : [0, T ] → R+ is continuous, r1 : R+ → R+ is a nondecreasing
function and ‖ψ‖t = supθ∈[−r,t] ‖ψ(θ)‖.

(G1)

‖G(t, ψ1, y1)−G(t, ψ2, y2)‖ ≤ a2(t)[‖ψ1−ψ2‖PC +‖y1−y2‖] (G1,1)

and

‖G(t, ψ, y)−G(s, ψ, y)‖ ≤ r2(‖ψ‖PC , ‖y‖)|t− s|, (G1,2)

for every t, s ∈ [0, T ], every ψ,ψ1, ψ2 ∈ PC and every y, y1, y2 ∈ Br(0),
where a2 : [0, T ] → R+ is continuous and r2 : R+ × R+ → R+ is
nondecreasing in both variables.

(φ1) φ ∈ PC is a given Lipschitz continuous function with Lipschitz con-
stant Cφ and φ(0) ∈ D(A(0, φ)).

From (A1), the resolvents Jλ and Yosida approximants Aλ of A are de-
fined by Jλy = (I − λA)−1y and Aλy = λ−1(Jλ − I)y, respectively. It is
readily verified that

1. Aλy ∈ AJλy for all y ∈ X,
2. ‖Jλx− Jλy‖ ≤ (1− λw)−1‖x− y‖ for all x, y ∈ X,
3. ‖Aλu‖ ≤ (1− λw)−1 inf{‖y‖ | y ∈ Au} for all u ∈ D(A),

and so

lim
λ→0+

‖Aλu‖ ≤ inf{‖y‖ | y ∈ Au} ≡ |Au|.

Further properties of Jλ and Aλ can be found in Pavel [8]. We set C1 ≡
maxt∈[0,T ] a1(t) and C2 ≡ maxt∈[0,T ] a2(t) in (L1) and (G1).

From the Proposition 2.2 in [8], it can be seen that (A2) is equivalent to
the condition
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(A3) For all yi ∈ A(ti, ψi)xi, i = 1, 2, (ti, ψi) ∈ [0, T ] × PC, there is a
function r0 as in (A2) such that for λ > 0

(1− λw)‖x1 − x2‖ ≤‖x1 − x2 − λ(y1 − y2)‖
+ λr0(‖ψ1‖PC , ‖ψ2‖PC , ‖x2‖)
· [|t1 − t2|(1 + ‖y2‖) + ‖ψ1 − ψ2‖PC ],

which implies
(A4)

(1− λw)‖x− u‖ ≤‖x− λy − u‖+ λ|A(s, ψ2)u|
+ λr0(‖ψ1‖PC , ‖ψ2‖PC , ‖u‖)
· [|t− s|(1 + |A(s, ψ2)u|) + ‖ψ1 − ψ2‖PC ]

for all λ > 0, u ∈ D(A(s, ψ2)).

Also, from [1], it will be seen that (A3) is equivalent to the condition (A5)
which for x1 = x2 is condition (A2) in [3] and [4].

(A5) There exists a function r0 : R+ × R+ × R+ → R+ which is increasing
and continuous such that for all x1, x2 ∈ X and 0 < λ < λ0,

‖Jλ(t1, ψ1)x1−Jλ(t2, ψ2)x2‖

≤ 1
1− λw

‖x1 − x2‖+ λr0(‖ψ1‖PC , ‖ψ2‖PC , ‖x2‖)

· [|t1 − t2|(1 + ‖Aλ(t2, ψ2)x2‖) + ‖ψ1 − ψ2‖PC ].

Therefore our condition (A1) and (A2) are more general than conditions
(A1) and (A2) of Kartsatos–Liu [4].

2. Existence and convergence of the method of lines

In this section, we show the existence of a method of lines for the problem
(FDE), Theorem 1, and then we show that this method converges uniformly
to a “limit solution” of the problem (FDE,φ), Theorem 2. As the similar
process of Kartsatos–Liu [4], we have the following theorem.

Theorem 1. Assume that conditions (A1), (G1) and (L1) hold and that
φ ∈ PC. Assume that for every pair of piecewise continuous functions ψ ∈
PC, w : [−r, T ] → Br̄(0), every x ∈ D(A(t, ψ)), with ‖x‖ > r̄, t ∈ [0, T ],
and every u ∈ A(t, ψ)x there exists a functional g ∈ Jx such that

〈u+G(t, wt, Lt(w)), g〉 ≤ 0. (∗)
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Then there exists a method of lines {z̄nn(t)} on Br̄(0) for the problem
(FDE,φ) such that

z̄nj (t) =



φ(t), t ∈ [−r, 0]
zn1 , t ∈ (0, tn1 ]
...
znj−1, t ∈ (tnj−2, tj − 1n]
znj , t ∈ (tnj−1, T ], n = 1, 2, . . . , j = 1, 2, . . . , n,

and

znj − znj−1

hn
∈ A(tnj , (z̄

n
j−1)tnj−1

)znj +G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj )),

tnj = j
T

n
= jhn on [0, T ], where z̄n0 =

{
φ(t), t ∈ [−r, 0]
φ(0), t ∈ (0, T ].

Proof. We know that the function Fj(tnj )x is Lipschitz continuous with
Lipschitz constants C2(1 +C1) on Br̄(0). We also observe that the mapping

x→ [(
1
hn

)I −A(tnj , (z̄
n
j−1)tnj−1

)]−1x

is Lipschitz continuous with constant hn(1− hnw)−1. Thus, S : Br̄(0)→ X
is Lipschitz continuous with constant C2(1 +C1)(1−hnw)−1hn. We choose
n so large that C2(1 + C1)(1 − hnw)−1hn < 1, say n ≥ n0, and we show
that S maps the ball Br̄(0) into itself. In fact, given x ∈ Br̄(0), let u = Sx.
Then, for some v ∈ A(tnj , (z̄

n
j−1)tnj−1

)u, we have(
1
hn

)
u− v − Fj(tnj )x−

znj−1

hn
= 0.

We proceed by induction. We assume that the vector znj−1 has already been
obtained and that it belongs to the ball Br̄(0). We already know that this
is true for the point zn0 . Assuming that ‖u‖ > r̄ and picking an appropriate
g ∈ Ju, we apply (∗) to obtain

0 = −〈v + Fj(tnj )x, g〉+ (
1
hn

)〈u− znj−1, g〉

≥ (
1
hn

)(‖u‖2 − ‖znj−1‖‖u‖) (∗∗)

≥ (
1
hn

)(‖u‖ − r̄)‖u‖ > 0.



110 B.J. Jin and J.K. Kim

This is a contradiction. Here we have used the fact that ‖(fj(x))tnj ‖∞ ≤ r̄.

By Banach contraction principle, S has a unique fixed point in Br̄(0). This
fixed point is the next point znj in the constraction of the method of lines.

Boundary conditions like (∗∗) have already been applied to ellipic–
type problems, involving maximal monotone and m−accretive in [2] and
[3]. From the proof of Theorem 1, we deduce that znj ∈ Br̄(0) ∩
D(A(tnj , (z̄

n
j−1)tnj−1

)) for every n = 1, 2, . . . , j = 1, 2, . . . , n.

Lemma 1. The double sequence {
znj − znj−1

hn
}, n = 1, 2, . . . , j = 1, 2, . . . , n,

is bounded.

Proof. From (φ1) and (A4),

(1− whn)‖zn1 − zn0 ‖

≤‖zn1 − zn0 − hn(
zn1 − zn0
hn

−G(tn1 , (z̄
n
1 )tn1 , Ltn1 (z̄n1 )))− zn0 ‖

+ hn|A(0, φ)φ(0)|+ hnr0(‖(z̄n0 )tn0 ‖PC , ‖φ‖PC , ‖z
n
0 ‖)

· [|tn1 − 0|(1 + |A(0, φ)φ(0)|) + ‖(z̄n0 )tn0 − φ‖PC ]

=hn‖G(tn1 , (z̄
n
1 )tn1 , Ltn1 (z̄n1 ))‖+ hn|A(0, φ)φ(0)|

+ hnr0(‖φ‖PC , ‖φ‖PC , ‖φ(0)‖) · [hn(1 + |A(0, φ)φ(0)|)]
≤hn‖G(tn1 , (z̄

n
1 )tn1 , Ltn1 (z̄n1 ))−G(tn1 , 0̄, 0)‖

+ hn‖G(tn1 , 0̄, 0)‖+ hnTr0(r̄, r̄, r̄)(1 + |A(0, φ)φ(0)|)
≤C2hn[‖(z̄n1 )tn1 ‖PC + ‖Ltn1 (z̄n1 )‖]

+ hnC3 + hnTr0(r̄, r̄, r̄)(1 + |A(0, φ)φ(0)|),

where C3 = maxt∈[0,T ] ‖G(t, 0̄, 0)‖ and 0̄ denotes the zero function in
PC([−r, 0], X). Thus, we have

(1− whn)‖zn1 − zn0 ‖
≤ hn[C2(r̄ + C4) + C3 + Tr0(r̄, r̄, r̄)(1 + |A(0, φ)φ(0)|)]
≡ [C5 + Tr0(r̄, r̄, r̄)(1 + |A(0, φ)φ(0)|)]hn ≡ C6hn,

where
‖Lt(ψ)‖ ≤ ‖Lt(ψ)− Lt(0)‖+ ‖Lt(0)‖

≤ C1‖ψ‖T + ‖Lt(0)− L0(0)‖+ ‖L0(0)‖
≤ C1r̄ + r1(0)|t− 0|+ ‖L0(0)‖ ≡ C4,

and C5 ≡ C2(r̄ + C4) + C3. For j = 2, 3, . . . , n, we get from (A3) that

(1− whn)‖znj − znj−1‖
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≤ ‖znj−1 − znj−2‖+hn‖G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj ))−G(tnj−1, (z̄

n
j−1)tnj−1

, Ltnj−1
(z̄nj−1))‖

+ hnr0(r̄, r̄, r̄)[hn(1 +
‖znj−1 − znj−2‖

hn
+ ‖G(tnj−1, (z̄

n
j−1)tnj−1

, Ltnj−1
(z̄nj−1))‖)

+ ‖(z̄nj−1)tnj−1
− (z̄nj−2)tnj−2

‖PC ].

We observe that from (G1)

‖G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj ))−G(tnj−1, (z̄

n
j−1)tnj−1

, Ltnj−1
(z̄nj−1))‖

≤ r2(r̄, C4)hn + C2[ max
1≤k≤j

‖znk − znk−1‖+ Cφhn + C1‖znj − znj−1‖+ r1(r̄)hn].

Here we used the fact that
‖(z̄nj )tnj − (z̄nj−1)tnj−1

‖PC ≤ max
1≤k≤j

‖znk − znk−1‖+ Cφhn,

‖Ltnj (z̄nj )− Ltnj−1
(z̄nj−1)‖ ≤ C1‖z̄nj − z̄nj−1‖tnj−1

+ r1(r̄)hn
≤ C1‖znj − znj−1‖+ r1(r̄)hn.

Therefore, we have

(1− whn)
‖znj − znj−1‖

hn
≤
‖znj−1 − znj−2‖

hn
+ hn[r2(r̄, C4) + C2Cφ + C2r1(r̄)

+ Tr0(r̄, r̄, r̄)(1 + C5 + Cφ)]

+ hn max
1≤k≤j

‖znk − znk−1‖
hn

(C2 + C1C2 + 2r0(r̄, r̄, r̄)).

Letting C7 ≡ r2(r̄, C4) + C2(Cφ + r1(r̄)) + r0(r̄, r̄, r̄)(1 + C5 + Cφ) and
p = 1 − hn(w + C2 + C1C2 + 2r0(r̄, r̄, r̄)) and assuming that n is large
enough, we have p ∈ (0, 1) and

p

hn
max

1≤k≤j
‖znk − znk−1‖ ≤

1
hn

max
1≤k≤j−1

‖znk − znk−1‖+ C7hn.

This implies

p

hn
max

1≤k≤j
‖znk − znk−1‖ ≤ C7hn

j−2∑
s=0

1
ps

+
1

p(j−2)hn
‖zn1 − zn0 ‖

≤ C7hn

j−1∑
s=0

1
ps

+
C6

pj−1

which yields, for j = 2, 3, . . . , n

1
hn

max
1≤k≤j

‖znk − znk−1‖ ≤ C7hn

j∑
s=1

1
ps

+
1
pj
C6

≤ C7hn

n∑
s=1

1
pn

+
1
pj
C6 ≤

C7T + C6

pn
.
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Since

pn =
[
1− T (w + C2 + C1C2 + 2r0(r̄, r̄, r̄))

n

]n
→ e−[w+C2+C1C2+2(r̄,r̄,r̄)]T ,

as n→∞, we have the desired conclusion.

The reader should keep in mind that the approximation index n is large
enough so that the proof of the Lemma 1 can go through. We set

C8 ≡ sup
1≤n≤∞

max
1≤k≤n

‖znk − znk−1‖
hn

.

The next lemma establishes a Lipschitz–like condition for the functions
z̄nn(t).

Lemma 2. Let un(t) ≡ z̄nn(t), t ∈ [−r, T ], n = 1, 2, . . . . Then there exists
a constant C10 such that

‖un(t)− un(s)‖ ≤ C10(|t− s|+ hn), for all t, s ∈ [−r, T ], n = 1, 2, . . . .

Proof. We define the “Rothe functions” zn(t) as follows:

zn(t) ≡

φ(t), t ∈ [−r, 0],

znj−1 + (t− tnj−1)
(znj − znj−1)

hn
, t ∈ [tnj−1, t

n
j ],

for n = 1, 2, . . . , j = 1, 2, . . . , n. It is easy to see that the sequence {zn(t)} is
Lipschitz continuous on [−r, T ] with Lipschitz constant C9 ≡ max{C8, Cφ}
and we have ‖un(t) − zn(t)‖ ≤ C9hn for all t ∈ [0, T ]. By the Lipschitz
continuity of zn(t), we have

‖un(t)− un(s)‖ ≤ ‖un(t)− zn(t)‖+ ‖zn(t)− zn(s)‖+ ‖zn(s)− un(s)‖
≤ 2C9(|t− s|+ hn) = C10(|t− s|+ hn),

for t, s ∈ [−r, T ], where C10 ≡ 2C9. This completes the proof.

Lemma 3. Let {xnj }nj=0 and {ymk }mk=0 be as in Theorem 1. We have

xnj − xnj−1

hn
∈ A(snj , (x̄

n
j )snj−1)x

n
j +G(snj , (x̄

n
j )snj , Lsnj (x̄nj )),

where hn = snj − snj−1 = T/n and xn0 = φ(0). Also

ymk − ymk−1

hm
∈ A(tmk , (ȳ

m
k )tmk−1

)ymk +G(tmk , (ȳ
m
k )tmk , Ltmk (ȳmk )),
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where hm = tmk − tmk−1 = T/m and ym0 = φ̂(0). Then

γ̂j,k‖xnj − ymk ‖ ≤
hn

hn + hm
γ̂j,k−1‖xnj − ymk−1‖+

hm
hn + hm

γ̂j−1,k‖xnj−1 − ymk ‖

+
hnhm
hn + hm

{C11|tnj − tmk |+ r0(r̄, r̄, r̄)‖(x̄nj−1)snj−1
− (ȳmk−1)tmk−1

‖pc

+ 〈xnj − ymk , G(snj , (x̄
n
j )tnj , Lsnj (x̄nj ))−G(tmk , (ȳ

m
k )tmk , Ltmk (ȳmk ))〉+}

for 0 ≤ p ≤ j ≤ n, 0 ≤ q ≤ k ≤ m, where C11 = (1 +C8 +C5)r0(r̄, r̄, r̄) and
γ̂j,k = (1− whn)j−p(1− whm)k−q.

Proof. We choose λ ∈ (0, 1) and let σ = hnhm/(hn + hm). Then

xnj − ymk − σλ[(
xnj − xnj−1

hn
−G(tnj , (x̄

n
j )snj , Lsnj (x̄nj ))

− (
ymk − ymk−1

hm
−G(tmk , (ȳ

m
k )tmk , Ltmk (ȳmk )))]

=(1− λ)(xnj − ymk ) +
hnλ

hn + hm
(xnj − ymk−1) +

hmλ

hn + hm
(xnj−1 − ymk )

+ σλ[G(snj , (x̄
n
j )snj , Lsnj (x̄nj ))−G(tmk , (ȳ

m
k )tmk , Ltmk (ȳmk ))]

which implies, by (A3)

(1− wσλ)(1− λ)‖xnj − ymk ‖+ (1− wσλ)λ‖xnj − ymk ‖
= (1− wσλ)‖xnj − ymk ‖
≤ ‖(1− λ)(xnj − ymk ) + σλ[G(snj , (x̄

n
j )snj , Lsnj (x̄nj ))−G(tmk , (ȳ

m
k )tmk , Ltmk (ȳmk ))]‖

+
hmλ

hn + hm
‖xnj−1 − ymk ‖+

hnλ

hn + hm
‖xnj − ymk−1‖+ σλr0(‖(x̄nj )snj−1

‖PC ,

‖(ȳmk )tmk−1
‖PC , ‖ymk ‖) · [|snj − tmk |(1 + C8 + C5) + ‖(x̄nj−1)snj−1

− (ȳmk−1)tmk−1
‖PC ].

Multiplying (1 − whn)j−p(1 − whm)k−q ≡ γ̂j,k in the above inequality and
letting ξ = λ/(1− λ). Then we have

(1− wσλ)γ̂j,k{
1− λ
λ
‖xnj − ymk ‖+

λ

λ
‖xnj − ymk ‖}

≤ hn
hn + hm

‖xnj − ymk−1‖γ̂j,k−1 +
hm

hn + hm
‖xnj−1 − ymk ‖γ̂j−1,k

+ γ̂j,kC11σ|snj − tmk |+ γ̂j,kσr0(r̄, r̄, r̄)‖(x̄nj−1)snj−1
− (ȳmk−1)tmk−1

‖pc

+ γ̂j,k
1
ξ
‖(xnj − ymk ) + ξσ[G(snj , (x̄

n
j )snj , Lsnj (x̄nj ))−G(tmk , (ȳ

m
k )tmk , Ltmk (ȳmk ))]‖.
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Rearranging the above inequality,

γ̂j,k‖xnj − ymk ‖ ≤
hn

hn + hm
‖xnj − ymk−1‖γ̂j,k−1 +

hm
hn + hm

‖xnj−1 − ymk ‖γ̂j−1,k

+ γ̂j,kC11σ|snj − tmk |+ γ̂j,kσr0(r̄, r̄, r̄)‖(x̄nj )snj−1
− (ȳmk )tmk−1

‖pc

+ γ̂j,k{
1
ξ
‖(xnj − ymk ) + ξσ[G(snj , (x̄

n
j )snj , Lsnj (x̄nj ))

−G(tmk , (ȳ
m
k )tmk , Ltmk (ȳmk ))]‖}+ γ̂j,k(wσλ− 1)

1
ξ
‖xnj − ymk ‖.

Therefore

γ̂j,k‖xnj − ymk ‖(1− wσ)

≤ hn
hn + hm

‖xnj − ymk−1‖γ̂j,k−1 +
hm

hn + hm
‖xnj−1 − ymk ‖γ̂j−1,k

+ C11σ|snj − tmk |γ̂j,k + σr0(r̄, r̄, r̄)γ̂j,k‖(x̄nj )snj−1
− (ȳmk )tmk−1

‖pc
+ γ̂j,k〈xnj − ymk , σ(G(snj , (x̄

n
j )snj , Lsnj (x̄nj ))−G(tmk , (ȳ

m
k )tmk , Ltmk (ȳmk )))〉ξ.

We note that (1−wσ)−1γ̂j,k < 1 since 0 < γ̂j,k < max{1−whn, 1−whm} ≤
1 − wσ < 1. Dividing (1 − wσ) and letting λ → 0+ in the above inequlity,
then we obtain the desired result.

Lemma 4. Let m and n be positive integers and let {znj }nj=0, {zmk }mk=0 be
constructed as in Theorem 1, for (FDE,φ), which described in Lemma 3.
Let un(t) ≡ z̄nn(t) and um(t) = z̄mm(t). Then there exist constants C12, C15
and a positive sequence {εn,m} with limm,n→∞ εn,m = 0 such that

(1− whn)j(1− whm)k‖znj − zmk ‖
≤ C15Dj,k + Ej + jhn(C15Dj,k + εn,m)), (1)

for j = 0, 1, . . . , n and k = 0, 1, . . . ,m, where the sequences {Dj,k} and
{Ej} are defined by

Dj,k = {(tnj − tmk )2 + hnt
n
j + hmt

m
k }1/2

and

Ej = C12

j∑
i=1

[ sup
t∈[−r,tni ]

‖un(t)− um(t)‖ · hn],

respectively.
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Proof. By Lemma 3, we have

(1− whn)j(1− whm)k‖znj − zmk ‖

≤ hn
hn + hm

(1− whn)j(1− whm)k−1‖znj − zmk−1‖

+
hm

hn + hm
(1− whn)j−1(1− whm)k‖znj−1 − zmk ‖

+
hnhm
hn + hm

{C11|tnj − tmk |+ r0(r̄, r̄, r̄)‖(z̄nj−1)tnj−1
− (z̄mk−1)tmk−1

‖PC

+ 〈znj − zmk , G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj ))−G(tmk , (z̄

m
k )tmk , Ltmk (z̄mk ))〉+},

for 1 ≤ j ≤ n, 1 ≤ k ≤ m. By (G1,1), (G1,2) and Lemma 2, we have

‖G(tnj ,(z̄
n
j )tnj , Ltnj (z̄nj ))−G(tmk , (z̄

m
k )tmk , Ltmk (z̄mk ))‖

≤ ‖G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj ))−G(tnj , (z̄

m
k )tmk , Ltmk (z̄mk )‖

+ ‖G(tnj , (z̄
m
k )tmk , Ltmk (z̄mk )−G(tmk , (z̄

m
k )tmk , Ltmk (z̄mk )‖

≤ C2[‖(z̄nj )tnj − (z̄mk )tmk ‖pc + ‖Ltnj (z̄nj )− Ltmk (z̄mk )‖+ r2(r̄, C4)|tnj − tmk |
≤ C2[ sup

t∈[−r,tnj ]
‖un(t)− um(t)‖+ C10(|tnj − tmk |+ hm)

+ ‖Ltnj (z̄nj )− Ltmk (z̄mk )‖] + r2(r̄, C4)|tnj − tmk |,

where

‖(z̄nj )tnj − (z̄mk )tmk ‖PC ≤ ‖(un)tnj − (um)tnj ‖PC + ‖(um)tnj − (um)tmk ‖PC
≤ sup

t∈[−r,tnj ]
‖un(t)− um(t)‖+ C10(|tnj − tmk |+ hm).

We observe that for 0 ≤ tmk ≤ tnj ,

‖Ltnj (z̄nj )− Ltmk (z̄mk )‖ ≤ ‖Ltnj (z̄nj )− Ltmk (z̄nj )‖+ ‖Ltmk (z̄nj )− Ltmk (z̄mk )‖
≤ r1(r̄)|tnj − tmk |+ C1 sup

t∈[−r,tnj ]
‖un(t)− um(t)‖.

Similarly, for 0 ≤ tnj ≤ tmk , we obtain

‖Ltnj (z̄nj )− Ltmk (z̄mk )‖ ≤ r1(r̄)|tnj − tmk |+ C1 sup
t∈[−r,tnj ]

‖un(t)− um(t)‖.

Therefore
‖G(tnj , (z̄

n
j )tnj , Ltnj (z̄nj ))−G(tmk , (z̄

m
k )tmk , Ltmk (z̄mk ))‖

≤C2[ sup
t∈[−r,tnj ]

‖un(t)− um(t)‖+ C10(|tnj − tmk |+ hm) + r1(r̄)(|tnj − tmk |)

+ C1 sup
t∈[−r,tnj ]

‖un(t)− um(t)‖] + r2(r̄, C4)|tnj − tmk |.
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Also, we arrive at

‖(z̄nj−1)tnj−1
− (z̄mk−1)tmk−1

‖PC
≤ sup

t∈[−r,tnj ]
‖un(t)− um(t)‖+ C10(|tnj − tmk |+ hn + 2hm).

Put (1− whn)j(1− whn)k = γj,k and aj,k = ‖znj − zmk ‖. Then, we have

(1− whn)j(1− whm)k‖znj − zmk ‖ = γj,kaj,k (2)

≤ hn
hn + hm

γj,k−1aj,k−1 +
hm

hn + hm
γj−1,kaj−1,k +

hnhm
hn + hm

{
C11|tnj − tmk |

+ r0(r̄, r̄, r̄)[ sup
t∈[−r,tnj ]

‖un(t)− um(t)‖+ C10(|tnj − tmk |+ hn + 2hm)]

+ {C2[ sup
t∈[−r,tnj ]

‖un(t)− um(t)‖+ C10(|tnj − tmk |+ hm) + r1(r̄)|tnj − tmk |

+ C1 sup
t∈[−r,tnj ]

‖un(t)− um(t)‖] + r2(r̄, C4)|tnj − tmk |
}

≤ hn
hn + hm

γj,k−1aj,k−1 +
hm

hn + hm
γj−1,kaj−1,k

+
hnhm
hn + hm

{C13Dj−1,k + C12 sup
t∈[−r,tnj ]

‖un(t)− um(t)‖+ εn,m},

where

C13 = C11 + r0(r̄, r̄, r̄)C10 + C2(C10 + r1(r̄)) + r2(r̄, C4)

C12 = r0(r̄, r̄, r̄) + C2(1 + C1),

εn,m = C13hn + C10[r(r̄0, r̄, r̄)(hn + 2hm) + C2hm].

Here we use the fact that

‖tnj − tmk | ≤ |(tnj − tmk )− hn|+ hn = |tnj−1 − tmk |+ hn ≤ Dj−1,k + hn.

On the other hands, from (A4)

(1− whn)‖zni − φ(0)‖ ≤ ‖zni − hn(
zni − zni−1

hn
−G(tni , (z̄

n
i )tni , Ltni (z̄ni ))− φ(0)‖

+ hn|A(0, φ)φ(0)|+ hnr0(‖(z̄ni−1)tni−1‖PC , ‖φ‖PC , ‖φ(0)‖)
· [|tni − 0|(1 + |A(0, φ)φ(0)|) + ‖(z̄ni−1)tni−1

− φ‖PC ]

≤‖zni−1 − φ(0)‖+ hn‖G(tni , (z̄
n
i )tni , Ltni (z̄ni ))‖+ hn|A(0, φ)φ(0)|

+ hnr0(r̄, r̄, r̄)[T (1 + |A(0, φ)φ(0)|) + 2r̄]

≤‖zni−1 − φ(0)‖
+ hn[C5 + |A(0, φ)φ(0)|+ r0(r̄, r̄, r̄)(T (1 + |A(0, φ)φ(0)|) + 2r̄)]

≡‖zni−1 − φ(0)‖+ C14hn,
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where C14 = C5 + |A(0, φ)φ(0)|r0(r̄, r̄, r̄)[T (1+ |A(0, φ)φ(0)|)+2r̄]. Applying
this inequality for i = 1, 2, . . . , j, we have

‖znj − φ(0)‖ ≤ C14hn

j∑
i=1

(1− whn)−i

≤ C14(jhn)(1− whn)−j ≤ C14Dj,0(1− whn)−j .

Thus aj,0 ≡ (1−whn)j‖znj −φ(0)‖ ≤ C14Dj,0 ≤ C15Dj,0, for j = 0, 1, . . . , n,
where C15 = max{C14, C13}. In the same way, we see that a0,k ≤ C15D0,k,
for k = 0, 1, . . . ,m. This means that (1) holds for the pairs (j, 0) and (0, k).
Assume that (1) holds for the pairs (j − 1, k) and (j, k − 1). We want to
show that (1) holds for the pairs (j, k) as well. By (2),

γj,kaj,k ≤
hn

hn + hm
[C15Dj,k−1 +Ej + jhn(C15Dj,k−1 + εn,m)]

+
hm

hn + hm
[C15Dj−1,k + Ej−1 + (j − 1)hn(C15Dj−1,k + εn,m)]

+
hnhm
hn + hm

[C12 sup
t∈[−r,tnj ]

‖un(t)− um(t)‖+ C15Dj−1,k + εn,m]

≤C15Dj,k + Ej + jhn(C15Dj,k + εn,m).

Here, we used

hn
hn + hm

Dj,k−1 +
hm

hn + hm
Dj−1,k ≤ Dj,k.

Consequently, we show that (1) is true for all (j, k) with 0 ≤ j ≤ n and
0 ≤ k ≤ m.

We are now ready for the proof of the existence of a limit solution of
(FDE,φ).

By the simlar method for the proof of Theorem 2 in Kartsatos–Liu [4],
we have the following theorem.

Theorem 2. The limit u(t) = limn→∞ un(t) exists uniformly on [−r, T ]
and u(t) is a Lipschitz continuous function on [−r, T ] with Lipschitz constant
C10. This function u(t) is called a “limit solution” of (FDE,φ).

Proof. Let {tnj }, {tmk } be two partitions of [0, T ], where tnj = jhn = j(T/n),
j = 0, 1, . . . , n and tmk = khm = k(T/m), k = 0, 1, . . . ,m. Let t ∈
(tnj−1, t

n
j ] ∩ (tmk−1, t

m
k ]. Then

|tnj − tmk | ≤ |tnj − t|+ |t− tmk | ≤ hn + hm.
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By Lemma 4, we have

(1− whn)j(1− whkm‖un(t)− um(t)‖ = (1− whn)j(1− whm)k‖znj − zkm‖

≤ C15{(hn + hm)2 + (hn + hm)T}1/2 + C12

j∑
i=1

sup
t∈[−r,tni ]

‖un(t)− um(t)‖hn

+ T{C15[(hn + hm)2 + (hn + hm)T ]1/2 + εn,m}.

We define the function Fn,m as follows:

Fn,m(t) =


0, for t = 0,

sup
s∈[−r,tnl ]

‖un(s)− um(s)‖, for t ∈ (tnl−1, t
n
l ],

for some l = 1, 2, . . . , n.

Fix t ∈ (0, T ]. Then t ∈ (tnl−1, t
n
l ], for some l = 1, 2, . . . , n. Thus

Fn,m(t) = max{ sup
s∈[−r,t]

‖un(s)− um(s)‖, sup
s∈[t,tnl ]

‖un(s)− um(s)‖}.

If s ∈ [t, tnl ], then by Lemma 2, we get

‖un(s)− um(s)‖ ≤ ‖un(t)− um(t)‖+ ‖un(s)− un(t)‖+ ‖um(s)− um(t)‖
≤ sup

s∈[−r,t]
‖un(s)− um(s)‖+ 2C10hn + C10(hn + hm),

which yields

sup
s∈[t,tnj ]

‖un(s)− um(s)‖ ≤ sup
s∈[−r,t]

‖un(s)− um(s)‖+ 3C10hn + C10hm.

Therefore, we see that

Fn,m(t) ≤ sup
s∈[−r,t]

‖un(s)− um(s)‖+ 3C10hn + C10hm,

for every t ∈ [0, T ]. Hence, for t ∈ (tnj−1, t
n
j ],

C12

j∑
l=1

sup
s∈[−r,tnj ]

‖un(s)−um(s)‖hn=C12

j∑
l=1

∫ tnl

tl−1

Fn,m(τ)dτ

=C12

∫ t

0
Fn,m(τ)dτ + C12

∫ tnj

t
Fn,m(τ)dτ

≤C12

∫ t

0
sup

s∈[−r,r]
‖un(s)− um(s)‖dτ

+ 3C10C12Thn + C10C12Thm + 2r̄C12hn.
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Here, we have used the fact that∫ tnj

t
Fn,m(τ)dτ =

∫ tnj

t
sup

s∈[−r,tnj ]
‖un(s)− um(s)‖dτ

≤
∫ tnj

t
2r̄dz ≤ 2r̄hn.

It follows that

(1− whn)j(1− whm)k‖un(t)− um(t)‖

≤ δn,m + C12

∫ t

0
sup

s∈[−r,τ ]
‖un(s)− um(s)‖dτ,

for every t ∈ (tnj−1, t
n
j ] ∩ (tmk−1.t

m
k ], where

δn,m =C15{(hn + hm)2 + (hn + hm)T}1/2

+ T{C15[(hn + hm)2 + (hn + hm)T ]1/2 + εn,m}
+ 3C10C12Thn + C10C12Thn + 2r̄C12hn.

Thus, for every t ∈ [0, T ],

γj,k‖un(t)− um(t)‖ ≤ δn,m + C12

∫ t

0
sup

s∈[−r,τ ]
‖un(s)− um(s)‖dτ.

Taking n,m→∞ in the above inequality,

e−2wT lim
n,m→∞

‖un(t)− um(t)‖≤C12

∫ t

0
lim

n,m→∞
sup

s∈[−r,τ ]
‖un(s)− um(s)‖dτ.

By Grownwall’s inequality, we have

lim
n,m→∞

sup
s∈[−r,t]

‖un(s)− um(s)‖ = 0.

This implies that un(t) converges to a function u(t), t ∈ [−r, T ], uniformly
on [−r, T ]. Also,

‖u(t)− u(s)‖ ≤ C10|t− s|, for t, s ∈ [−r, T ],

which proves the Lipschitz continuity of the function u(t) on [−r, T ] with
Lipschitz constant C10.
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3. The uniqueness of limit solutions and the existence of strong
solutions

In this section, from estimating the difference u(t) − û(t), where u and
û are limite soluions of (FDE,φ) and (FDE,φ̂), respectively, we study the
uniqueness of limit solution and the existence of strong solution in a reflexive
Banach space X.

Theorem 3. Let φ, φ̂ satisfy (φ1). If u, û are limit solutions of (FDE,φ)
and (FDE,φ̂), respectively, then, for 0 ≤ s ≤ t ≤ T, we have

‖u(t)− û(t)‖ ≤ e2wT {‖u(s)− û(s)‖+ r0(r̄, r̄, r̄)
∫ t

s
‖uz − ûz‖PCdz

(3)

+
∫ t

s
〈u(z)− û(z), G(z, uz, Lz(u))−G(z, ûz, Lz(û))〉+dz}.

Proof. By the definition of the limit solution, there exists an hn–
approximate solution un(t) such that, for j = 1, 2, . . . , n

xnj − xnj−1

hn
∈ A(tnj , (x̄

n
j−1)snj−1

)xnj +G(snj , (x̄
n
j )snj , Lsnj (x̄nj )),

xn0 = φ(0) and limn→∞ un(t) = u(t), where hn = snj−snj−1 and un(t) ≡ x̄nn(t).
Similarly, there exists an hm–approximate solution ûm(t) such that

ymk − ymk−1

hm
∈ A(tmk , (ȳ

m
k−1)tmk−1

)ymk +G(tmk , (ȳ
m
k )tmk , Ltmk (ȳmk )),

ym0 = φ̂(0) and limm→∞ ûm(t) = û(t), where hm = tmk − tmk−1 and ûm(t) ≡
ȳmm(t). Notice that

〈y, z〉+ ≤ 〈y, z〉λ ≡
‖y + λz‖ − ‖y‖

λ

≤ 〈u, v〉λ + ‖z − v‖+
2‖y − u‖

λ
,

and

‖(x̄nj )snj−1
−(ȳmk )tmk−1

‖PC
= ‖(un)snj−1

− (ûm)tmk−1
‖PC

≤ ‖(un)snj−1
− (ûm)snj−1

‖PC + ‖(ûm)snj−1
− (ûm)tmk−1

‖PC
≤ ‖(un)snj−1

− (ûm)snj−1
‖PC + C10(|snj − tmk |+ hn + 2hm),
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From Lemma 3, we have

γ̂j,kaj,k ≤
hn

hn + hm
aj,k−1γ̂j,k−1 +

hm
hn + hm

aj−1,kγ̂j−1,k

+
hnhm
hn + hm

{r0(r̄, r̄, r̄)‖(un)snj−1
− (ûm)snj−1

‖PC

+ C16|snj − tmk |+ δnj + δ̂mk + ρ(|snj − tmk |)
+ C10r0(r̄, r̄, r̄)(hn + 2hm)},

where C16 = C11 + C10r0(r̄, r̄, r̄), γ̂j,k = (1− whn)j−p(1− whm)k−q,

δnj ≡ 〈xnj − û(snj ), G(snj , (x̄
n
j )snj , Lsnj (x̄nj ))−G(snj , ûsnj , Lsnj (û))〉λ

= 〈un(snj )− û(snj ), G(snj , (un)snj , Lsnj (un))−G(snj , ûsnj , Lsnj (û))〉λ,

δ̂mk ≡ ‖G(tmk , (ȳ
m
k )tmk , Ltmk (ȳmk ))−G(tmk , ûtmk , Ltmk (û))‖+

2
λ
‖ymk − û(tmk )‖

= ‖G(tmk , (ûm)tmk , Ltmk (ûm))−G(tmk , ûtmk , Ltmk (û))‖+
2
λ
‖ymk − û(tmk )‖

and

ρ(t) ≡ sup
|s−r|≤t

[
2
λ
‖û(s)− û(r)‖+ ‖G(s, ûs, Ls(û))−G(r, ûr, Lr(û))‖],

t ∈ [0, T ].

Notice that ρ(t) is a nondecreasing function on [0, T ]. For p ∈ {0, 1, . . . , n},
q ∈ {0, 1, . . . ,m}, let j = p, . . . , n, k = q, . . . ,m. Then

|snj − tmk | ≤ |(snj − snp )− (tmk − tmq )− hn|+ |snp − tmq |+ hn

≤ Cj−1,k + |snp − tmq |+ hn,

where D̂j,k ≡ {[(snj − snp )− (tmk − tmq )]2 + (snj − snp )hn + (tmk − tmq )hm}1/2 and
Cj,k ≡ D̂j,k + D̂2

j,k.

Let δ ∈ (0, T/2) and assume that n and m as sufficiently large so that we
have max{hn, hm} < δ. Then, by the proof of Lemma 2.4 of Kobayashi [7],

ρ(|snj − tmk |) ≤
ρ(T )
δ
| |snj − tmk | − hn|+ ρ(2δ)

≤ ρ(T )
δ

(Cj−1,k + |snp − tmq |) + ρ(2δ).

Thus

γ̂j,kaj,k ≤
hn

hn + hm
aj,k−1γ̂j,k−1 +

hm
hn + hm

aj−1,kγ̂j−1,k (4)

+
hnhm
hn + hm

{r0(r̄, r̄, r̄)‖(un)snj−1
− (um)snj−1

‖PC
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+ (C16 +
ρ(T )
δ

)(Cj−1,k + |snp − tmq |)

+ ρ(2δ) + δnj + δ̂mk + 2C16(hn + hm)}.
From (A4), we obtain,
(1− whn)‖xnj − xnp‖ ≤‖xnj−1 − xnp‖+ hn‖G(tnj , (x̄

n
j )tnj , Ltnj (x̄nj ))‖

+ hn|A(tnp , (x̄
n
p−1)snp−1

)xnp |
+ hnr0(r̄, r̄, r̄)[|snj − snp |(1 + C8 + C5) + C10 + C10hn]

≤‖xnj−1 − xnp‖+ hn|A(snp , (x̄
n
p−1)snp−1

)xnp |
+ C16|snj − snp |hn + hnC17,

where C17 = C5 + C10Tr0(r̄, r̄, r̄). Hence, we have

(1− whn)j−p‖xnj − xnp‖

≤ hn{(|A(snp , (x̄
n
p−1)snp−1

)xnp |+ C17)(j − p) + C17

j−p−1∑
i=0

|snj−i − snp |}

≤ |snj − snp |(|A(snp , (x̄
n
p )snp )xnp |+ C17) + C18|snj − tnp |2

≤ Cj,qC18,

where C18 = |A(snp , (x̄
n
p )snp )xnp |+C16+C17+|A(smq , (x̄

m
q )smq )xmq |, which yields

(1− whn)j−p‖xnj − ymq ‖ ≤ (1− whn)j−p‖xnj − xnp‖
+ (1− whn)j−p‖xnp − ymq ‖ ≤ C18 · Cj,q + ‖xnp − ymq ‖,

and similarly,

(1− whm)k−q‖xnp − ymk ‖ ≤ C18Cp,k + ‖xnp − ymq ‖.
We claim that for p ∈ {0, 1, . . . , n} and q ∈ {0, 1, . . . ,m}, we have the
estimate

(1− whn)j−p(1− whm)k−q‖xnj − ymk ‖ ≤ ‖xnp − ymq ‖+ C19Cj,k (5)

+
j∑
i=p

δni hn +
k∑
i=q

δ̂mi hm + r0(r̄, r̄, r̄)
j∑
i=p

‖(un)sni−1
− (um)sni−1

‖PChn

+ jhn[(δ−1ρ(T ) + C19)(Cj,k + |snp − tmq |) + ρ(2δ) + C19(hn + hm)],

provided that j = p, . . . , n, k = q, . . . ,m, where C19 = max{2C16, C18}.
We know that (5) is true for p ≤ j ≤ n and k = q. By the same proof,
(5) holds also for j = p and q ≤ k ≤ m. To apply induction, let us assume
that (5) holds for the pairs (j − 1, k), (j, k − 1), where p + 1 ≤ j ≤ n and
q + 1 ≤ k ≤ m. Applying (4) and using

hn
hn + hm

Cj,k−1 +
hm

hn + hm
Cj−1,k ≤ Cj,k,
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we have (5). By (4),

(1− whn)j−p(1− whm)k−q‖xnj − ymk ‖ = aj,kγ̂j,k

≤ hn
hn + hm

aj,k−1γ̂j,k−1 +
hm

hn + hm
aj−1,kγ̂j−1,k

+
hnhm
hn + hm

{r0(r̄, r̄, r̄)‖(un)snj−1
− (um)snj−1

‖PC

+ (C16 +
ρ(T )
δ

)(Cj−1,k + |snp − tmq |) + ρ(2δ) + δnj + δ̂mk + 2C16(hn + hm)}

≤ hn
hn + hm

{‖xnp − ymq ‖+ C19Cj,k−1 +
j∑
i=p

δni hn +
k−1∑
i=q

δ̂mi hm

+ r0(r̄, r̄, r̄)
j∑
i=p

‖(un)sni−1
− (um)sni−1

‖PChn

+ jhn[(
ρ(T )
δ

+ C19)(Cj,k−1 + |snp − tmq |) + ρ(2δ) + C19(hn + hm)]}

+
hm

hn + hm
{‖xnp − ymq ‖+ C19Cj−1,k +

j−1∑
i=p

δni hm +
k∑
i=q

δ̂mi hm

+ r0(r̄, r̄, r̄)
j−1∑
i=p

‖(un)sni−1
− (um)sni−1

‖PChn

+ (j − 1)hn[(
ρ(T )
δ

+ C19)(Cj−1,k + |snp − tmq |) + ρ(2δ) + C19(hn + hm)]}

+
hnhm
hn + hm

{r0(r̄, r̄, r̄)‖(un)snj−1
− (um)snj−1

‖PC

+ (C16 +
ρ(T )
δ

)(Cj−1,k + |snp − tmq |) + ρ(2δ) + δnj + δ̂mk + 2C16(hn + hm)}

≤‖xnp − ymq ‖+ C19{
hn

hn + hm
Cj,k−1 +

hm
hn + hm

Cj−1,k}

+
j∑
i=p

δni hn +
k∑
i=q

δ̂mi hm + r0(r̄, r̄, r̄)‖(un)snj−1
− (um)snj−1

‖PC

+ jhn[(
ρ(T )
δ

+ C19)(Cj,k + |snp − tmq |) + ρ(2δ) + C19(hn + hm)].

We have shown that (5) holds for the pair (j, k). Therefore, (5) holds for
p ≤ j ≤ n and q ≤ k ≤ m with p ∈ {0, 1, . . . , n} and q = {0, 1, . . . ,m}.
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Now, we prove (3). We consider points s ∈ (snp−1, s
n
p ] ∩ (tmq−1, t

m
q ] and

t ∈ (snj−1, s
n
j ] ∩ (tmk−1, t

m
k ]. Letting m→∞ and n→∞ in (5), we get

‖u(t)− û(t)‖ ≤ lim
m,n→∞

[(1− whn)j−p(1− whm)k−q]−1 (6)

· {‖u(s)− û(s)‖+ lim
n→∞

j∑
i=p

δni hn + lim
m→∞

k∑
i=q

δ̂mi hm

+ r0(r̄, r̄, r̄) lim
m,n→∞

j∑
i=p

‖(un)sni−1
− (um)sni−1

‖PChn + Tρ(2δ)},

for every δ ∈ (0, T/2). Since

lim
n→∞

j∑
i=p

δni hn = lim
n→∞

j∑
i=p

hn〈un(sni )− û(sni ), G(sni , (un)sni , Lsni (un))

−G(sin, ûsni , Lsni (û)〉λ

=
∫ t

s
[u(τ)− û(τ), G(τ, uτ , Lτ (u))−G(τ, ûτ , Lτ (û))]λdτ,

lim
m→∞

k∑
i=q

δ̂mi hm = lim
m→∞

k∑
i=q

hm[‖G(tmi , (ûm)tmi , Ltmi (ûm))

−G(tmi , ûtmi , Ltmi (û))‖+
2
λ
‖ûm(tmi )− û(tmi )‖] = 0,

and

lim
m→∞

j∑
i=p

‖(un)sni−1
− (um)sni−1

‖PChn =
∫ t

s
‖uτ − ûτ‖PCdτ,

letting δ ↓ 0 and then, as λ ↓ 0 in (6), we obtain the desired result.

Theorem 4. There exists a unique limit solution of (FDE,φ).

Proof. Let u, û are two limit solutions of (FDE,φ). From Theorem 3,

‖u(t)− û(t)‖ ≤e2wT {r0(r̄, r̄, r̄)
∫ t

0
‖uτ − ûτ‖PCdτ

+
∫ t

0
‖G(τ, uτ , Lτ (u))−G(τ, ûτ , Lτ (û))‖dτ},

which yields

‖u(t)− û(t)‖ ≤ e2wT (r0(r̄, r̄, r̄) +C2 +C1C2)
∫ t

0
(1 +C2 +C1C2)‖u− û‖τdτ.
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Moreover, for each t ∈ [0, T ], the above inequality holds and so

‖u− û‖t ≤ e2wT (r0(r̄, r̄, r̄) + C2 + C1C2)
∫ t

0
‖u− û‖τdτ.

Applying the Graonwall’s inequality, u ≡ û on [−r, T ]. This proves the
uniqueness of the limit solution for (FDE,φ).

Lemma 5. Let u(t) be a limit solution. Then, we have the following in-
equality

‖u(t)− x‖ − ‖u(s)− x‖ ≤
∫ t

s
{〈u(τ)− x,G(τ, uτ , Lτ (u)) + y〉+ (7)

+ w‖u(s)− x‖+ θ(τ, β)}dτ

for 0 ≤ s ≤ t ≤ T , y ∈ A(β, uβ)x, β ∈ [0, T ], where

θ(τ, β) ≡ r0(r̄, r̄, ‖x‖) · (1 + ‖y‖+ C10)|τ − β|.

Proof. Let un(t) be an hn−approximate solution with limn→∞ un(t) =
u(t). Then there exists vnj ∈ A(tnj , (z̄

n
j )tnj−1

)znj such that

(znj − x)− (znj−1 − x) = hn(G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj )) + vnj ).

Then

‖znj − x‖ − ‖znj−1 − x‖ ≤〈znj − x, znj − x〉− − 〈znj − x, znj−1 − x〉+ (8)

≤〈znj − x, znj − znj−1〉−
=hn〈znj − x,G(tnj , (z̄

n
j )tnj , Ltnj (z̄nj )) + vnj 〉−

≤hn〈znj − x, vnj − y〉−
+ hn〈znj − x, y +G(tnj , (z̄

n
j )tnj , Ltnj (z̄nj ))〉+,

for any y ∈ A(β, uβ)x, β ∈ [0, T ]. By (A2), we arrive at

〈znj − x, vnj − y〉− ≤w‖znj − x‖+ r0(‖(z̄nj−1)tnj−1
‖PC , ‖uβ‖PC , ‖x‖)

· [|tnj − β|(1 + ‖y‖) + ‖(z̄nj−1)tnj−1
− uβ‖PC ]

and
‖(z̄nj )tnj−1

− uβ‖PC =‖(un)tnj−1
− uβ‖PC

≤ sup
θ∈[−r,0]

‖un(tnj−1 + θ)− un(β + θ)‖

+ sup
θ∈[−r,0)

‖un(β + θ)− u(β + θ)‖

≤C10|tnj − β|+ 2C10hn + ‖un − u‖T .
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Combining this with (8), we have
‖znj − x‖ − ‖znj−1 − x‖ ≤hnw‖znj − x‖+ hnr0(r̄, r̄, ‖x‖)

· [|tnj − β|(1 + ‖y‖+ C10) + 2C10hn + ‖un − u‖T ]

+ hn〈znj − x,G(tnj , (z̄
n
j )tnj , Ltnj (z̄nj )) + y〉+.

Then, we obtain

‖znj − x‖ − ‖znk − x‖ ≤
j∑

i=k+1

hn{〈zni − x,G(tni , (z̄
n
i )tni , Ltni (z̄ni )) + y〉+

+ w‖zni − x‖+ θ(tni , β) + 2r0(r̄, r̄, ‖x‖)C10hn

+ r0(r̄, r̄, ‖x‖)‖un − u‖T },
where θ(tni , β) = r0(r̄, r̄, ‖x‖)(1 + ‖y‖+ C10)|tni − β|. Now, let s ∈ (tnk−1, t

n
k ]

and t ∈ (tnj−1, t
n
j ] and let n→∞ to obtain the desired result.

Theorem 5. Let X be reflexive. Then (FDE,φ) has a strong solution.

Proof. By Theorem 2, there exists a limit solution u(t) of (FDE,φ) which
is Lipschitz continuous with Lipschitz constant C10 on [−r, T ]. Thus, u(t) is
absolutely continuous on [−r, T ]. Since X is reflexive, u(t) is differentiable
almost everywhere on [0, T ]. Now, let u(t) be differentiable at t = t0 and
h > 0. Letting s = β = t0 and t = t0 + h in (7), we have
‖u(t0 + h)− x‖ − ‖u(t0)− x‖

≤
∫ t0+h

t0

{〈u(τ)− x,G(τ, uτ , Lτ (u)) + y+ + w‖u(τ)− x‖+ θ(τ, t0)}dτ,

for y ∈ A(t0, ut0)x, where θ(τ, t0) = r0(r̄, r̄, ‖x‖)(1 + ‖y‖+ C10)|τ − t0|.
Dividing by h and then letting h ↓ 0, we know that

〈u(t0)− x, u′(t0)〉+ ≤ w‖u(t0)− x‖+ 〈u(t0)− x,G(t0, ut0 , Lt0(u)) + y〉+.
Thus

〈u(t0)− x, (u′(t0)−G(t0, ut0 , Lt0(u))− wu(t0))− (y − wx)〉− ≤ 0.

By the maximality of A(t0, ut0), we have

u′(t0) ∈ A(t0, ut0)u(t0) +G(t0, ut0 , Lt0(u)).

This means that our limit solution is actually a strong solution.

Remark 1. Under the condition (A2) with |t − τ | = |h(t) − h(τ)|, where
h : [0, T ] → X is continuous, we have the unique uniform continuous limit
solution for (FDE,φ) eventhough the estimate is complexive.
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