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ON LINEAR DEPENDENCE OF ITERATES
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Abstract. A functional equation related to a problem of linear depen-
dence of iterates is considered.

1. Introduction

The polynomial-like iterative functional equation
NfO(@) + ML (@) + o+ A f"(2) = F(2), 7€ X,

where X stands for a real or complex linear space and f* denotes the k-th
iterate of the unknown function f : X — X, i.e., fO(z) = x for z € X and
fE1 = fo f* (here "o” denotes the composition of functions) is discussed
extensively, cf. [1]—[11]. An important special case of this equation is

FUx) = an_1f" @) + an_of" 3 (x) + ... +aoz, =X, (1)

where ag,...a,—1 are real or complex numbers. This functional equation
can be interpreted as linear dependence of iterates of f. In 1974 Nabeya
[8] discussed (1) for n = 2 and X = R in detail by considering its charac-
teristic equation. However Nabeya’s idea appears to be difficult to apply in
solving equation (1) for n > 3. During the 26th International Symposium
on Functional Equations held in Spain in 1988 the first author presented
the result [6] that the solutions of (1) for n = k are solutions of (1) for
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n=m, m >k, if the characteristic polynomial of the lower order equa-
tion exactly divides that of the higher order one. This statement establishes
a useful relation in the class of iterative equations of type (1), but until now
the proof was not published. In this paper an elementary proof is presented.
Furthermore, based on this result some conclusions how the solutions to be
ruled by the roots of the relevant characteristic polynomials are given.

2. Characteristic equations

Following Euler’s idea for differential equations, we formally consider a
linear solution

flz)=rz, zeX,
of the equation (1) where r € C is indeterminate. From (1) we have

= ap_qr" !

—...—ar —ag =0. (2)
Here (2) is called the characteristic equation of equation (1), its roots are
called the characteristic roots, and the left-hand side of (2), denoted by
P, (1), is called the characteristic polynomial of equation (1). By the well
known relations between roots and coefficients of polynomials equation (1)
is equivalent to

() — (Z r) N (2) + (Z rir) f2 (@) e+ (1) g = (23)
=1 1<J

for x € X, where rq, 79, ..., 7, are n complex roots of the polynomial F,,. Let
F,(r1,72,...,ry) f denote the function of the left-hand side of (3) and call it
n-form of (3). The n-form is uniquely determined by given r1,rs, ..., 7, € C.

Lemma 1. For fixed 71,79, ...,7n41 € C, if F,(r1,72,...,7)f = 0 then

Froi1(riy ey mnyrns1) f = 0.

Proof. Since F,,(r1,72,....,m)f =0, i.e., f satisfies equation (3), we have

n

F @) = (@) = O r)fM @) — O rar) f* @) + ..

i=1 1<J
(=) ey f(2), zeX
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Thus, for all z € X, the (n + 1)-form satisfies

Fn-l—l(rh ceey Ty T’Vl-’-l)f(x)

n+1 n+1
= () — (Z ri) ™ (x an] Y + (=) g
=1 1<J
n n+1 n+1
SOV SATEER) SO wTEE
i=1 i=1 1<J 1<j
+ ...+ (—1)”+1r1r2...rn+1x
n n
= 1 @) + (3 ) @) — (3 i) )
=1 1<J
F o+ ()" ey 12 = =11 Fu(r1, 7o, o ) f () = 0.

Now we can prove the result presented in [6].

Theorem 1. Suppose that
Q(r) = R — b — = by — by,
P(r)=1r"—ap,_1r" ' — ... —ayr — ag,

are polynomials, where r € C, k < n, and that Q|P, i.e., P is exactly
divided by Q. If a function f : X — X satisfies the functional equation

fF@) = b1 @) + bpa f* 2 (@) + o+ bow, 7 E X, (4)
then f satisfies functional equation (1), i.e.,

Y (z) = an_lf"_l(:c) + an_gf”_Q(:r) +...+apx, zeX.

Proof. Let ri,79,...,m, be complex roots of P. Since Q|P we may assume
without any loss of generality that r,...,7., k <mn, are roots of Q). From
the definition of Fj, and (4) we have

Fy(ri,ray.yri)f = 0.
By Lemma 1, the function f also satisfies
Fri1(riy ey riyre+1) f = 0.
Thus, by induction, we can prove easily that
Ey(r1,72,..cyrn) f =0,
that is, f satisfies equation (1). O
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Remark 1. Equation (1) of order n has a solution which does not satisfy
the equation (4) of order k if Q|P but Q # P.

In fact, if all roots r1, 79, ..., 7, of P are real and only r1,79,...,7%, k <mn,
are roots of @, then f(z) =rz, ze€X, i=k+1,..,n,satisfies (1) but
is not a solution of (4).

Remark 2. Let X = R and suppose that the coefficients in equation (1)
are real. If rg is a complex root of the characteristic polynomial P, with
imaginary part Srg # 0, then all solutions of the real 2-order iterative
equation

FA(x) = 2Rro f (x) — |ro|?a,
where Rry denotes the real part of g and |rg| denotes the modulus of 7,
satisfy equation (1).

This assertion is a consequence of Theorem 1 and the fact that the con-
jugacy 7o of rg is also a root of P,.

3. Iterations of solutions

For convenience, let F},_1(r1,...,7%, ..., ) f represent the (n — 1)-form of
(3) determined by n — 1 characteristic roots 71, ..., "k—1, Tkt1, -y Tn-

Theorem 2. Suppose that the characteristic polynomial P, in (2) has n
pairwise different roots ry,...,r, and that f : X — X is a solution of fuc-
tional equation (1). Then for any integer m > 0,

A A A
frrm = %r{”“gl + %7‘5"“92 + ... TMT:{LHQH’ ()

where

9k ‘= Fn—l(rb-"77:]67"'77'71),]07 k= 1,2,...,”,
and A and A, k = 1,2,..,n, denote respectively the determinant and
algebraic adjuncts of the matrix

1— Zi;ﬁl T Zi<j,7é1 Ty ... (—1)n_17“27'3--~7"n
a1 YigaTi Licjpaliti - (F1)TIrarsem, . (6)
L= in i DicjtnTiTs - (=) traraern

Here ), and its like denote the summations with respect to the indexes
from 1 to n with some shown restriction.
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Proof. Write equation (3) in the equivalent form

fn — (Z Ti)fnil + ( Z ’I“Z‘Tj)fn72 + ...+ (_1)"717“17“2...7“”_1]”

i#£n 1<j,#n
= rpf" — Tn(z )P4 (=) g, O
i#En

By the definition of g, with k = n, we have
gn© [ =Tngn.
Thus, for every non-negative integer m,
gno [T =1t gy,

that is,

fn+m . (Z Ti)fn+m—1 4o+ (—1)n_1T1T2...T'n_1fm+1 _ T;n—&-lgn’
is a linear equation for fntm, fotm=1__ ¢m+l  GQimilarly, for each fixed

k, k=1,2,...,mn— 1, we get another linear equation. Thus we obtain a
system of n linear equations, expressed by

AF =G,

where A is a matrix defined by ( 6), F' and G are transposes of the vectors
(frtm pram=t ) and (77 gy, r g, L rm L g,), respectively. Ap-
plying repeatedly elementary linear transformations on the rows of A we

obtain
n

A=detA= H (rj —mi) #0,
i<j,=1
i.e., A is invertible. Now formula (5) is a direct consequence of Cramer’s
rule. O

Corollary 1. Suppose that the polynomial P, in (2) has n pairwise differ-
ent roots r1,...,m, and that f : X — X is a solution of a k-order equation of
the form (1) whose characteristic polynomial @y exactly divides P,. Then
7™ is a sum of the suitable k terms which appear in (5).

Proof. Since Qy|P,, we may assume without any loss of generality that
the first £ numbers 71,79, ..., 7, are the k roots of Q. Thus the function f
satisfies the equation F(r1,rg,...,7%)f = 0. By Theorem 1,

Foc1(r1, oo Ty ooy iy oyt f =0, i =k +1,..,m,
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that is, according to the notations in Theorem 2, g; =0, i1=k+1,...,n.
By Theorem 2,

A A A
frrm = %7{”“91 + %r?“gz + ..+ %T?Hgk, m >0,
which completes the proof. ]

Remark 3. It is easy to verify that a solution f : X — X of ( 1) is one-
to-one if ag # 0; if moreover X = R and f is continuous then it is strictly
monotone and onto. If ag # 0 then, by (2), the characteristic polynomial of
equation (1) has no zero root.

Obviously, if ag # 0 and f is onto then equations (1) and (3) are equiva-
lent, respectively, to

ne1 . 1
F@) = = O @) = T @) e s e X, (7)
and
f_n — (Z Si)f_(n_l) + (Z SiSj)f_(n_2) + ...+ (—1)”8182...8nf0 = 0,
i1 i<j (8)

where f=% denotes the k-th iterate of f~! and s; = rz-_l,i =12,...n. In
fact, in this case f is invertible, maps X onto itself and satisfies (1). Usually
(7) and (8) are called the dual equations of (1) and (3), respectively. The
following result is the dual counterpart of Theorem 2.

Theorem 3. Suppose that the hypotheses of Theorem 2 hold. If f is onto
and ag # 0 in (1) then, for any integer m > 0,

A A _ A N
frlmem — %ST“% + %S?“gz +.t Tnlsn’”ﬂgn,

where gi,A and A7, i=1,2,..,n, are just modified g;, A and A;1, =
1,2,..,n, defined in Theorem 2 where r; is replaced by s;, j =1,2,...,n,
and f is replaced by f~!.

4. Some properties of solutions

Assume that X is a normed space, ag # 0 and that the characteristic
polynomial of equation (1) has n pairwise different roots ri, 7o, ..., 7.

Corollary 2. Let f: X — X be a continuous solution of equation (1).
19 If |ry| < 1 for all k = 1, ...,n, then f* approaches 0 as k — +o0;
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20 If f is onto and |ry| > 1 for all £ = 1,...,n, then f* approaches 0 as
k — —o0;
3% In both cases 0 is a unique fixed point of f.

Proof. Letting m — +oo in (5) gives 1°. Similarly 2° is a consequence of
the formula in Theorem 3. To prove 3° assume that f(z¢) = xo for some
zo # 0. From (3),

n n
T — (Z Ti)To + (Z rir;)xo + ... + (—=1)"rira.rpag =0,
i—1 i<j

that is, [[;(1 —r;) = 0. Thus at least one of r;, =1,2,...,n, would be
equal 1. This contradicts the hypotheses in 1° and 2°. Therefore f has no
non-zero fixed point.

Now the relation f(0) = 0 is an obvious consequence of the continuity of
the function f. O

In the next result we assume that X = R.

Corollary 3. Suppose that f: R — R is a strictly increasing and contin-
uous solution of equation (1). The following results are true.

PIf-l<rm<..<rmi<l<rorr<-l<ry<..<r,<]1,and
if f(z) <z for all x > 0 and f(x) > « for all z < 0, then f satisfies

EFo1(r1yeymn_1)f =0 or F,_i(re,..,r,)f =0.

WIf<r <. <rmi<-l<ryaorr <1<rmry<..<rmr,, and if
f(z) >« for all z > 0 and f(z) < x for all x < 0, then f satisfies

Fn—l(rl_17 ! )filzo or Fn_l(Tgl,. Tﬁl)fflzo,

ey ip—1 ey Ty

Proof. By similar arguments as in the last corollary it is easy to show that,
in both cases, 0 is a unique fixed point of f in R. To prove 1° assume that
1 <r <..<rmry1 <1< r, and take arbitrary > 0. Since f is
increasing, we have

x> f(x) > f2(x)>...> ffa) -0, ask—4oo, z>0.
Similarly, for arbitrary = < 0, we have
< f(x) < fz)<..< ffx) -0, ask— 4oo, z>0.

By Theorem 2, g,, vanishes, i.e., F,_1(r1,...,7n_1)f = 0 because |r;|¥ —
0,i = 1,2,...,n — 1, and |r,|* does not as k — +oo. Similarly, applying
Theorem 3, we can prove 2V. ]
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