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Abstract. Under reasonable assumptions on the data w, v and the
function f, we show that the nonlinear periodic Goursat problem
2

aaxgy (@,y) = f(= y,u(z,y));

u(z,0) = v(z); u(0,y) =w(y)
which cannot be posed in the general theory of distributions, may be
studied and solved in a differential algebra of periodic new generalized
functions on R2. This algebra contains, in a canonical way, the space
of periodic distributions on R? as a linear subspace. When the data are
Dirac measures, a particular study is done, showing the nature of the
singularities involved in this case.
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Introduction

We consider in R? the following so-called Goursat Problem [7, 8, 13, 15]:

0%u

a%,ay(xvy) Zf(x,y,u(x,y))
u(z,0) = v(x)
u(0,y) = w(y).

In this system f is a complex valued function on R? x C, smooth in the
four underlying real variables. v and w are intended to belong to some
space of 2mr—periodic functions on R, where functions are considered in a
generalized sense. It is immediately seen that the condition v(0) = w(0)
must hold because of the two last equalities of the system. However, if v
and w are distributions, it is not allways true that this condition makes
sense. In the same way the consideration of u|,—gy or uj(z—0y leads to the
same type of difficulty. We also note that difficulties may arise from the
possible nonlinearities carried by the function f.

Therefore, the global investigation of such a Goursat problem needs a
more general framework that the one of distributions theory. So we have
to study a problem which may be solved by considering the recent theory
of new generalized functions. See references in this paper an particularly
[9, 10] for a comprehensive account of this topic. Since in our situation, we
have to take periodicity in account, we shall work in an algebra of periodic
generalized functions. In a previous paper [14], we have constructed a dif-
ferential algebra G,; n = 1,2,... of 2r—periodic new generalized functions
on R” in which the space of 2r—periodic distributions on R" is canonically
embedded as a linear subspace. This gives us the good setting to deal with
our Goursat problem. We take the data v and w in G, and seek a solution
u in Ga. Using the above-mentioned canonical embedding, we may consider
the case where v and w are distributions and especially Dirac measures.

In the first section of the present paper, we give without proofs the neces-
sary results needed on the differential algebras G,,. More results and proofs
can be found in [14]. The second section is devoted to our main purpose;
the study of the generalized Goursat problem. The main results on exis-
tence and uniqueness of the solution u are stated in the second section, their
proofs being given at the end.

1. The algebra Gn

This section summarizes the results obtained in [14] which are necessary
for our purpose. More details and proofs can be found in this paper.
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Construction of G,,. We set Z =[—n, «]. If n € is a positive integer, ‘92(:)
denotes the algebra of smooth complex-valued and 27—periodic functions
on R” equipped with the topology of uniform convergence of functions and

their derivatives. If u € 52(:) and o € N” we set 0%y = (9/0x1)™" ...
(0/0zxp)* u, ||lul|, = supgezn |u(z)|. The space D/Q(:) of 2r—periodic dis-
tributions on R" is the topological dual of 52(2). If peZ" € R" and

T € D™, the Fourier coefficient of index p of T is denoted by T (p) or T P

72T
and e'* by e,(x) where pr = p1z1+...+prxy,. The periodic Dirac measure

>_pezn €p Will be denoted by d, or 4 if n = 1.
Let meN, I, ={peZ: |p| <m},ne N and x € 52(,13. We define the
following subsets:
AN ={peel): g =1ifpeln};
.,47(7?) = {cp € 82(2) = (NS .AS,P, Y= 11}®"} ;
Al — U Agg);

meN
AP0 = {e e &) 30) =1l p € In, 180)| < IR)| i p & Im }
A (x) = {w ey e AV(x), = ¢®"} -
We note that A% = Uxeg(nAgﬁl)(x). Let ¢ € 52(713 and ¢ = ¢¥®". We
27

have 3(p) = P (p1) - .. D(pn) = PE"(p) so that if ¢ € AT then F(p) = 1 for
P € Ins if € A7) (x) then @(p) = 1 for p € Iy and |B(p)| < [R*"(p)| for
p &I, Let pp, = Zpelm ep. Clearly we have that p,, € A%) and then p&" €
A" We note that pm(t) = [sin(m + 1/2)t] /sin(t/2) and lim,, e p2" = 6y,
. /(n
in DQ(W).

Let &), denote the algebra of 52(2)— valued maps on A™. We define

?

X(”)—{ we X, vye&Y VaeN', IreR, IN €N, E|c>0:}

2w
¥m > N, ¢ € AW (x) = [10%(u(9))l|o < clm + 1)
N<”>:{ weX,: vye&l vaeN ¥g>0, INEN, Ic>0: }

Vm >N, ¢ € AW (x) = [[0*(u()) ]|, < ¢(m+1)7

loo

loo

Proposition 1.1. X is a subalgebra of X,, and N a subalgebra of X

Now, the algebra G, is defined as follows:
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Definition 1.1. The algebra G, of periodic generalized functions is the fac-
tor algebra X' /N ().,

If u € X, and z € R" we set u = (Up) e am OF u = (Up)y, [u(p)](z) =
u(p,x) and for any a € N" we define 0%u as (0%uy),. Clearly it holds
o (X(")) c XM, Soif U € G, and u is a representative of U, writing cl(u)
to denote the class of u, we can consider c1(§u). Because 8* (N (”)) c N,
cl(0%u) is independent of the chosen representative, then if we define 0*U
as cl(0%u), G,, becomes a differential algebra which is obviously associative
and commutative with cl(1,), as unit element where 1, = 1 for any ¢ in

AM).

Basic properties of G,,. If Z = [—m, 7|, we recall that the convolution of
two elements f and g in 82(2) is defined by
2 o

teow) = (52) [ se=vatitn=(5-)" [ rwata—an

For T e D;(:) and ¢ € SQ(Z), the convolution T % ¢ = 3 f(p)@(p)ep belongs
to 52(2), and (T,¢) = Zf (p)p(—p). The canonical linear embedding of

Dg(:) in G, is given in the following

Proposition 1.2. If T € D;(:), then (T go)w e X, Moreover, the map
i: D;(:) — X" such that i(T) = (T =), 1s linear, one-to-one and
satisfies i~1 (N ) = {0}.

The linear map j : Dlz(:) — Gy, such that i(T) = cl (i(T)) is one-to-one and
the relation j(0“T) = 0“ (j(T')) holds true for any a € N".

For f € 52(?, let (f), denote the sequence taking the constant value f.
Clearly (f), € X™ therefore we can consider cl ((f),) in G, and we have:

Proposition 1.3. If f € 82(:) then (fxp — f)y € N Consequently the

map o : SQ(Z) — Gy, defined by o(f) = cl((f)y) is a one-to-one morphism
of differential algebras andj|g(n) =o.
27

Association. Beside the natural equality in U € G,,, there is a weak equal-
ity based on distributions defined as follows:
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Definition 1.2. An element U € G, is said to admit T € DIZ(: ) as an
associated distribution if U has a representative u such that

wreeld tm (5) [ i) @rwie = ).

oo \ 21

This relation called association will be denoted by U =~ T.

This definition is independant of the chosen representative and it is easy
to see that every distribution is associated with itself that is i(7T") ~ T for

/
T e Dy,

Definition 1.3. Two elements U and V in G,, are said to be associated or
weakly equal if U — V is associated with 0, in this case we write U ~ V.

Obviously association is an equivalence relation which is compatible with
addition and differentiation, but it may be seen that this is not the case for
multiplication. An important exception, however, is formulated in the next
proposition.

Proposition 1.4. If f € 52(2) and T € D;(n), then j(/)j(T) ~ fT.

X

Restriction to subspaces. Let k,n be integers such that 1 < k < n and
U € G,. We denote by u a representative of U and by F the subspace
{z € R"/xp11,... , 2, = 0} of R™ that we shall identify with R¥. We define

the restriction of u to F as the element of X*)_ denoted by uF, such that
for any y € AM™
() () = [u(x®™)] 5 -

If v e X™ and u —v € N then ur —uF = (u—v)r € N®*) 50 we have
the following definition.

Definition 1.4. If U € G,, and u is a representative of U, then the restric-
tion of U to the subspace F, denoted by Uz, is the element of Gy defined

If no confusion can arise, for any strictly positive integer [ we denote the

embedding of D;(fr) in G; by the letter j. We have the following result of
coherence:

Theorem 1.5.
(a) If f is an element ofé’Q(Z), then j(f)1r = j(fix)-
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b) If T € D) is a continuous function with continuous partial deriva-
2m
tives of order < I with respect to the last n — k wvariables where | >

(n— K)/2, then §(T) 7 ~ §(Ti7).
(c) If T € D;(:) is continuous with ) ‘f(p)‘ < oo, then j(T)r = j(TF)-

Generalized complex numbers and pointvalues. Let C denote the
algebra of complex-valued maps A defined on AWM such that

vy e &Y, IreR, e > 0/vp € AD(y), A@)| < e(m + 1)

27

and J the subset of C consisting of elements A satisfying the property
g €R, 3> 0/v9 € AR (), I\(¥)] < elm + 1)7,

we have the following proposition.

Proposition 1.6. If T € D;(:), we set (T,u) = (T,u(y®")),, for u € X,
and p € AY | then T(X(")) c C and T(/\/’(n)) c J.

Obviously C is an algebra and J is an ideal of C, then we have the
definition

Definition 1.5. The algebra of generalized complex numbers is defined as

c=c/7.

To each complex number z we can assign the class in C of the constant
map A such that A(v)) = z for all ¢» € A, Thus we define a morphism
between the algebras C and C which is clearly a canonical embedding; we
denote it by i. For any n € N there also exist a canonical embedding of
C in G, as follows. If A denotes a generalized complex number with \ as
representative, then we assign to it the element of G, which is the class
of [p®™ — A(¢)]. Obviously this class does not depend on the chosen
representative \. Then we define a one-to-one morphism which is denoted

by j.
Definition 1.6. An element U of G, will be called constant if there exists

A € C such that U = j(A).

Let x € R" and U € G,,. If u and v are two representatives of U it is
easy to see that [¢p — (u —v)(¥®")(x)] is an element of J, thus we give
the following definition:

Definition 1.7. Let x € R™ and U € G,,. Then, the pointvalue of U at x is
the generalized complex number U(z) = cl [tp —— u(4®")(z)].
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Clearly if U is constant then U takes contant pointvalues but it is shown
that the converse is false. The notion of association in C is provided by the
following definition:

Definition 1.8. Two elements A and A’ in C are said to be associated if they
admit representatives A and \’ such that lim,, oo [A(pm) — N (pm)] = 0 € C;

we write A &~ A’. We say that A is associated with z € C if A =~ i(z), that
is limy, o0 A(pm) = 2.

Obviously the association in C is an equivalence relation. For ¢ € A
let o(yp) = sup{m € N|p € A%L)}. Then the pointvalue of [j(d,)] at the
point x # 0 is:

n

§6a)] () = [T sin(o(y) + 1/2)zy,

P sin(xg/2) .
It may be seen that [j(d,)] (0) = cl((2m+1)"™). Subsequently we shall denote
this last equality by [j(d,)] (0) ~ 4o0.

Nonlinear operations in G, and C. For k € N, let F' denote a complex
valued function defined on R™ x CF which is 2r—periodic with respect to
the first variable. We suppose that F' is smooth on R" x R?* when C is
identified with R? and C* with R?*, and satisfies the following condition:

Y(e, B,7) € N* x N¥ x N¥, 3M >0, 3u > 0, Vz € R”,
(0/0x)*(9/08)%(0/On)  F(x, & + in)| < M (1+ ||€ + in|)*

where (£,1) € R?* and € +in = (&, +in, ... & +ing). Ifug,...  uy are
k elements in X, we set F'(u1,... ,ug) = [F(u1(¢),. .. ,ur(y))],, which is
obviously an element of X,,. We have:

Proposition 1.7. Ifuy,... ,u; are k elements in X, then F(uy,... ,uy)
e X Moreover if v1,...,v, are k elements in XM such that u; — v; €

N fori=1,... k, then F(uy,... ,ux) — F(vy,... ,v5) € N,

Now, if (U1, ... ,Ui) € (Gn)*, we may define F(Uy, ... ,Uy) = cl[F(ud, ...,

ug)] where uq,...,u, are arbitrary representatives of Uy, ..., Uy respec-
tively. In the same way, if (A1,...,Ag) € C" we set F(Ay,...,Ay) =
cl[F(A1,...,Ax)] where A1, ..., A\ are representatives of Ay, ..., A respec-

tively. In this last case derivatives are not taken in account and no assump-
tion of regularity on F' are needed.
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2. The Goursat problem

2.1. The generalized Goursat problem.

Let F be a function defined on R? x C which is smooth on R* when one
identifies C with R?. We suppose that F satisfies the following conditions:

(Hp) F is an odd function, separately in the variables z and y, and
2w —periodic with respect to these variables, that is

F(x+2m,y,z) =F(z,y+2m,z)=F(x,y,z)

Y(z,y,2) € R* x C, ;
(:C Y Z) - {F(l’,y,Z) = F((L‘, -Y, Z) = —F(x,y,z)

+

oF oF
(F) b= 50000 iz || 0002 + |G (o) | < oo

(H2) F and all its derivatives are slowly increasing at infinity uniformly
with respect to (z,y), that is

Ya = (o, a0, a3,a4) € IN*, 3¢ >0, Iy >0/

ol
0z QY2023 0z

V(z,y,2) € R x C, (z,y,2)| < e(1+|z2])7.

Let V and W be two elements of G; such that

(Hs) V(0) = W(0).

(Hy) V and W admit representatives with images consisting of even func-
tions.
Then we want to find a solution in Gy to the following problem:

02U

= F(.,.
U=y =V
Ufa=0y =W

Let us point out that because of (Hs), Vand W admit representatives v
and w such that v(¢)(0) = w(t)(0) for any 1 in A1, To see this let v
and ¢ be representatives of V and W. If we define X in X by \(¢) =
v(1)(0) — g(¥)(0) then from (Hjz) we have A = cl(\) = 0 in G;. Now, let
w = g+ X. Then v()(0) = w(v)(0) for any ¢ in A and W = cl(w).
Moreover since A(¢) is even for any 1 in A, we may suppose that v())
and w(v) are even for any 1 in A,

Subsequently v and w denote representatives of V and W satisfaying the
conditions above, that is:

(0);

(Hy) Vo € AD, 0(¢)(0) = w(v
(=) =o(¥)(t)

)
/ (1) ()
(Fa) W e ds ek {w@w(—w — w()(0).
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We set h(t) = >_,5ot"/ (n!)? and 1(t) = 1; § stands for the 27 —periodic
Dirac measure on R. In the sequel, to avoid confusions, d, (resp. J,) means
that § acts on functions of the variable x (resp. y).

2.2. Statement of the main results.

Theorem 2.1. Under conditions (Hy)—(H,), the Goursat problem (I) ad-
mits a unique solution U in Gy. Moreover U has a representative u such
that for any ¢ in AP, u(p) is even with respect to each variable.

Let F' be defined by F(z,y,z) = Fi(x)F3(y)z where F; and F» are two

odd functions belonging to 52(71r). We denote by 61 and 6y the respective
primitives of I} and F5 taking the value 0 at the origine. Setting

vi(z,y,t) = O2(y)(01(x) = 02(t)) and  va(z,y,1) = 61(2)(01(y) — O2(1)),

we have the following proposition:

Proposition 2.2. Under the conditions (HY), (H))), as well as (Hs), (Hy),
the Goursat problem (I) admits a unique solution U in Ga, defined by

w($2) (2, ) = v() (0)h (61 (x)6a(y)) + /0 @ O (1 (2,9, 1)) dt
+ [ (@) () (val, y.1)) dr.
0

Moreover for V.= j(0) and W = j(0) the following weak equality holds
U=j6®@1+1®6)—6(0)[ho (6 ®6)].
Further when F = 0 one has that U = cl(¢®? — ¢y @ 1+ 1® ) —j(6)(0).

Since [j(6)](0) ~ +o0, we see that if mes {(z,y) € Z?/h(61(z)b2(y)) = 0}
# 0, in particular for F' = 0, U is not associated with a distribution, even
though the data belong to j (D;gp)

Now suppose that F(z,y, z) = Fi(z)Fa(y)z + R(x,y, z) whith F} and F;

as above, R being a smooth function of the real variables when one identifies
C with R?.

Proposition 2.3. Suppose that V = j(6,), W = j(d,) and R satisfies
(Ho)—(Hs), together with

(H5) V(x,y) € IQ? hm|z|—>+oo R(w,y, Z) =0.

(Hg) mes {(2.) € I2/h(01(2)0:(y)) = 0} = 0.
Then the following weak equality holds:

Urje®@1+1®0)—46(0)[ho (0 ®6).
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In this case, we see that the corresponding system behaves as the linear
one.

Example 2.1. If F(z,y,2) = sinx.siny.(z + exp(—22)). We have Fj(z) =
sinz, Fy(y) = siny and R(x,y,z) = sinz.siny.exp(—22). The conditions
(Hp)—(Hg) are obviously fulfilled; moreover 6;(z) = 1 — cosx and 62(y) =
1 — cosy, and we obtain

Uxj0®1+1®0)—0(0)h[(1—cosz)(l—cosy)].

2.3. Proof of the results.

At first we begin with the following lemma related to the case of smooth
data.

Lemma 2.4. For each fixed ¢ in SST), the problem

0%u
- 010y (z,y) = F(z,y,u(z,y))
u(z,0) = v(¢Y)(x)
u(0,y) = w(y)(y)

admits a unique solution in Séi) , which is an even function with respect to
each variable.

Proof of Lemma 2.4. For sake of simplicity we shall omit ¢ in our nota-
tion.

Existence of a solution. Set ug(z,y) = v(x) — w(y) — v(0). Then uy is
a smooth 2w —periodic function which is even with respect to each variable.
We define a sequence (uy),>o of functions on R? by induction on n as
follows:

) = (e, y) + /0 ’ /0 "B (& m wn 1 (€,m)) dedn.

We shall show that for each n, u, is 2r—periodic and even with respect to
each variable; we proceed by induction.

We know that these properties are true for ug. Suppose they hold for w, 1
for some n > 1. From (Hg) we deduce that [ [ F(&,1, un—1(&,n))dédn is
even with respect to each of the variables x and y, whence u,, has the same
property. On the other hand we have

427 Py
wn( + 27,y) — wn(z,y) = / /0 F(€,, 1 (€, m))dEdn

Y x+2m
_ / / F(€, 1, w1 (€,m))dédn
0 €T
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and from (Hyp) it follows that for any fixed n, F' (§,n,un—1(£,7n)) defines an
odd and 2w —periodic function of &, whence

™

427
/ F(é?ﬁaunfl(gan)) d& = F(&anvunfl(gan)) d& =0.

—T

Thus we have u,(x + 27,y) = up(z,y) and in the same way we can prove
that u,(x,y + 27) = uy(z,y), whence we derive the 2r—periodicity of wuy,
Now if (up)n>0 is convergent then its limit will be 27 —periodic and even
with respect to each variable.

Let (z,y) € Z2. For any (£,7,2,2') in Z? x C? we have

Lor

Flens) = Pl ) = (=) [ Gh (s +tlz =)

1ty
+(z—z’)/0 6—§(£,n,z’+t(z—z’))dt

whence we obtain by using condition (Hj)

[E (&, u0(&m)| < [F(€m,0)] + K Juoll -
Setting ¢, = up — up—1 and ¢ = ||F(.,.,0)||, + & ||uol ., it follows that

loo
¢1(z, y)| < clzy
and by induction we obtain for n > 1
Kt |yl
(n!)?
knfl,ﬂQn
(n!)?

This last inequality shows the uniform convergence of the series Zn21 On

[Pn(z,y)| < c

IPnlloe < €

on Z? and then, on every compact of R? from periodicity. It follows that
the sequence (uy,),>0 converges and its limit u satisfies

z oy
) = wola)+ [ ["F €nuien) dean 1)
Thus we derive that u is a smooth function solving (I).

Uniqueness of the solution. We denote by u; and uy two solutions of (I)
and we set ¢ = u; — ug. Since u; and ug solve the integral equation (1), we
have from the mean value theorem that [¢(z,y)| < k| [y [ [¢(&, n)| dEdn|.

Hence for any (z,y) in Z2 it follows that:

lp(z,y)| < km

/ sup |$(€, )| dé
0 nez
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Setting g(z) = sup,cz |[p(x,n)| for x € I, we have g(z) < kr | [y g(£)dé|.
By applying Gronwall’s lemma we obtain g = 0, whence ¢ = 0. O

Proof of Theorem 2.1. Let u denote the element of X5 which associates
to each ¥®? with 1 in 52(1), the unique solution of (I'). First we have to

prove that v is in X®). In all what follows, whenever 1) belongs to AL we

set o = 1»®2. Inserting 1 in the previous, we obtain
kn717r2n
() = 1F (- 0)llo + K lluo(@)lloe  and  [[¢n(e)]lo < cw)W-

Observing that un (@) = uo(@)+>_,>1 énlp) and setting s =3 -, kniging
(n!)?, we find

() lloe < luo(P)lloo + c(h)s. (2)
Since v and w are elements of X1, (lluo(@)ll o)y and (c(¥)),, are in C, as
is (Jlu(¢)llo)y,- Thus (2) gives the estimate of first order, that is a = 0 in
the definition of X(?). Differentiating (1) with respect to z gives

y
(@/00)u(i)(a.) = (0/0a)ua(@)w.9) + | F (wm i) d.
From (Hz) there exist ¢; > 0 and 1 > 0 such that for any (x,y) € 72,

|F (2, m, u(e)(z,m)] < er (14 [lu(@)]o0)™ - (3)
Combining (2) and (3), we obtain

1(0/0)u(p)ll 0 < 18/0z)uo(@)l oo +mer (1 + [Julp)ll o)™

and in the same way we conclude that (|[(9/0z)u(¢)| ), is an element of
C. Then by induction we infer, by using (Hy), that ([|0%u(¢)(/«),, is in C
for any « in IN2. That is, u is an element of X(2),

We now prove that U = cl(u) is a solution of (I) in Gy. For this let v be
an element of A ®). Then we have for ¢ in A?):

(0/0x)(0/0y) [(u+v)(@)] = F (.., (u+v)(p)) = (0/0x)(0/0y) [v(¢)]
1 1

_ l/(go)/ (0)0)F (., (u + t) () dt —y/ (0/F)F (..., (u+ tv)()) dt.
0 0

Because of (Hz), ¢ +— fol (0/02)F(.,.,u(p) + tv(p))dt is an element of X2
and the same holds by interchanging (0/0z)F and (0/0%Z)F. Since v, and
hence 7, are in N it follows that [(8/0x)(0/dy)(u + v) — (F.,.,u+ V)],
belongs to N as well. This proves that any representative of U solves the
first line of (I') modulo N'). Since obviously the others are satisfied in the
same manner by u + v, U is a solution of the problem (I).
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We now prove the uniqueness of U. Let U; denote a solution of (I) with
representative u1. Setting ¢ = u; —u we must prove that ¢ belongs to A'(?)
Since U is a solution of (I), there exist v in N, ¢ and g in N such that
for any 1 in A and any (z,y) in 72,

2’LL
aaxlég;o) (r,y) = F(z,y,u(e)(2,9)) +v(p)(z,y)

u1(p)(z,0) =v(Y)(z) + ((¥)(z)
u1()(0,y) = w()(y) + pu¥)(y).

It follows that
(z,y) / / (&myua(p)(&m) — F (&m,u(p) (& m))] dédn

)

where Z(p) = C(w) ®@1+1® p() —¢(¥)(0). Obviously Z is an element of
N@) | Writing

)= [ [ storen [ / {(0/02)F (€., (u + 18) () E.1) dt] dédy

/ [ &ien | [ @omr en o an
Z(p)(x,y), (4)

we find [¢(¢) (2, y)| < k| f5" [ [6() (&) dédn|+]Z(#) |l o, and using Gron-
wall’s lemma as in the end of the proof of Lemma 2.4, gives

16(#)lloo < 11Z() o exp(k?). (5)

Since Z is an element of AN®| we have that (le(P)llo)y 18 in T, and (5)
gives the estimate of order 0. Now by using the condition (Hj), we can
prove by induction from (4) and (5), that for any o in N2, (10%0(0) | ) 1

an element of J and hence ¢ belongs to N, that is U; = U. O

Proof of Proposition 2.2. Here we have F(x,y, z) = Fi(z) fa(y)z. Obvi-
ously F satisfies the conditions (Hy)—(Hs) and system (I) takes the following
form:

02U
= (Fl X FQ) U
(1) 0xdy
U=y =V

Ulta=0y =W
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Explicit forms of the solution. We know from Theorem 2.1 that (IT) has
a uniqge solution. It is easy to see that this is the one given in Proposition
2.2, because the function h satisfies

th"(t) + W' (t) — h(t) =0, h(0)=1.

Integrating by parts in the expression of u(¢®?) given in Proposition 2.2,
one obtains

() () = v, ) + w(b, ) — v() (O)h (0 ()0a(y))
T bs(y) /0 () (OF (O (v (2, 1)) dt (6)

)
T 61 (x) /0 ()| () Fa (R (ol y, ) .

Case where V = j(d,) and W = j(J,). Here we take v(¥)(z) = po(y)(7)
and w(¥)(y) = po(y)(y). Obviously V and W satisfy (H3z) and (Hy), hence
this case is compatible with our assumptions.

We only study the first integral of (6), because the second one can be
studied in a similar way. Since F} is an odd function, there exists a rapidly
decreasing sequence (ap)p>1 such that Fi(t) = >_ -, apsinpt. We set ¢ =
pm and write

pm(t) sinpt = sin(m + 1/2)t [sin pt/ sin(t/2)] .
Since |sinpt/sin(t/2)| < 2p, one thus obtains
|om (t) sin pt| < 2p. (7)
Therefore, setting r = sup {|1/(v1(z,y,1))|; (z,y,t) € Z?}, it follows that
|pm (t)ap sin pt| |1 (v1(z, y,t))| < 2rplay| . (8)

Inequality (8) shows that the series > - h' (v1(2,y,t)) pm(t)a,sinpt con-
verges uniformly with respect to t. Thus we get

x +oo x
/ pm () FL ()N (v1 (2, y,t))dt = Z ap/ pm ()R (v1(z,y,t)) sin pt dt.
0 =1 o

On the other hand, (7) gives

| om @t sint dt‘ < 2prJz]
0
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which shows that the last series converges uniformly with respect to p and
then

T

lim pm (O FL ()R (v1 (2, y,t))dt

m——+00 0

+oo x
= Zap ( lirﬂ / pm ()R (V1 (2, y,t)) sinpt dt) .
p=1

0

Now, from the Riemann-Lebesgue theorem it follows that

lim pm ()N (v1(x,y,t))sinptdt =0,

m—-+00 0

and since

T 100
6 (y) /0 L@)(OF (O (1 (e, y.1)) dt' < 2r[265(y)| > play
p=1

Lebesgue’s bounded convergence theorem gives
lim_62(s) [ (@) OF @O ey ) dt =0 i DL,
m—-+00 0

We derive from this last equality and (6) that
U+6(0)[ho(61®6:)]~d®@1+1®64.

Since for any element T of DIQ(?) the relation j(7') ~ T holds, we finally
obtain

Urj6®@1+1®38) —8(0)[ho (8 ®6)].
When F' = 0, we deduce directly from (II) that the solution is represented
by
u(@®?)(z,y) = v(,z) + w(W,y) —v(¥)(0)
and then
U=cl¢r—yv@1+1®9)—460).

Proof of Proposition 2.3. We are concerned by the following system

92U
= (F1®F2)U+R(,,U)
(11T) 0x0y
Ugy=0y = V
Ufa=op = W

Let U; denote the solution of (III) and u; the representative of U; such
that for any 1 in A, u;(1)®2) is the solution of the associated system with
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v(¢)) and w(v)) as initial data. If we set w = u; —u and ¥® = ¢, then for
any 1 we have

2(4)
aaxéz) = (R®F)w(@)] + R(,-.w(9))

[w(@)]jfy=0y =0
[w(ep )]|{m—0} =0.

From here it follows as in (1) that

(@, 1) / / Fy (&) Fa(n)w()(€, m)ddy

/ / (&, w() (€, ) dédn.

Setting g(p, ) = sup, 7 [w(p)(z,n)| for z € Z, we obtain

T
gp2) < 7Bl [ Ball ] / g(%f)c%‘ 2R

Now, from Gronwall’s lemma follows
(@)oo < 7[Rl exp (72 | Fi ]l | Fall o) - (9)

From (6) , there exists k € X®) such that lim,,_, o0 £(p22)(z,y) = 0 for
any (z,y) in Z?, and
u(pi’) + P (0)[h o (61 @ 02)] = pm @ 1+ 1@ i + K(p}y))-

Let H denote the set {(z,y) € Z?|zy # 0, h(61(x)02(y)) # 0}. From (Hy),
we derive that mes(Z2\H) = 0. On the other hand, if (x,%) belongs to H,
we have

[pm(2)] <1/ [sin(z/2)]  and  [pm(y)| < 1/[sin(y/2)|

from which we find

(i) (@, y) + pinZ (0)h (61 (z )Hz(y))\
< 1/|sin(x/2)| 4+ 1/ |sin(y/2) |+’ (z y)l

Since limy,— 400 pm (0) = +oo hmm_,+oo k(p22)(, y) =0 and h(61(z ) (y )
# 0, we have lim;, 4 ‘u (p22)(z,y | = +o00. That is limy,— 4 !u P2 ’

+00 almost everywhere in Z2. Then from (9), limy,— o0 [u1(p52) (2, y)| =
+00 a.e. in Z?, and from (Hgs) it follows that limy,— 4o R (., ,ul(me)) =0
a.e. in Z2. Now, since R is bounded, Lebesgue’s bounded convergence the-
orem gives limy,— 400 [ [ ’R (g,n,w(p%%Q)(g,n))‘ dédn = 0. On the other
hand, it is obvious that we can interchange [ [7. |R (&, 7, w(p?)(&,n)) | dédn
and 72 || R||, in (9). It follows that lim,— oo u1(p%?) = 0 in the subspace

of continuous functions of .7-'2(?,

hence limy, 100 u1(p%2) = 0 in DIQ(?. We
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have shown that U and U; are associated, the desired result follows imme-
diately. n
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