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Abstract. In this paper we introduce two topologies on the plane con-
nected with the notions of density and I-density. Their definitions are
based on the notion of a regular density point. We investigate con-
nections between them and the density and I-density topologies on the
plane and on the real line. We consider axioms of separation and func-
tions continuous with respect to these topologies.

1. Introduction

The aim of this paper is to introduce some topologies connected with the
notions of density and I-density. The motivation to consider such topologies
comes from the notion of a regular approximate differential (]2, 408-409)),
the definition of which is based on the notion of a regular density point.

For terminology and definitions concerning density points and the density
topologies on the real line and on the plane, see [4]. Information on I-density
points and the I-density topologies on the real line and on the plane are
contained in [7], [8], [9], [1], [3].
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2. The measure density case

Let R denote the real line, R? - the plane, R, - the set of positive real
numbers, Q - the set of rational numbers, N - the set of positive integers.

Denote by my, the Lebesgue measure and by L the family of all Lebesgue
measurable sets on R¥, k = 1,2. Let di(A, p)(dg(A,p)) denote the ordinary
density (lower ordinary density) of a measurable set A C R* at a point
p € RF k=1,2. If a plane set is contained in a line, then we shall consider
its linear measure and we use the linear density d;.

Let A’ denote the complement of A. If A C R then A’ =R\ A. If ACR
and xg € R then A+z9g={a+xp: a € A} and —A={—a: a € A}.

Let (z0,v0) € R?, t € Ry. Then we denote

R((wo,90),t) = ([xo—t,zo+t]x [yo—t,yo+t)\ ((xo—t,z0+) X (yo—t, yo+1))
and
R(xo,y0) = {BCR?*: B = U R((x0,y0),t) for some T C R4}.

teT
If zp = yo = 0, we write R(t) instead of R((xo,%0),t), and R instead of
R(Z‘OJJO)'
If A C R? then let
Al (0, 90) = {t € Ry = R((z0,%0),t) C A}
and

Ay (w0, 90) = AF}B}(CU(J??JO) U (_A[—;z] (70, Y0))-

Obviously, A[R] (.7;0, yo) = _A[R} (x(), y()). If xo = yo = 0, we write A[R}
instead of Ajg)(zo,%0). If A C R? and # € Rthen A, = {y e R: (z,y) € A}.

Let O denote the Euclidean topology on the plane. If 7 is an arbitrary
topology on the plane then by C'r we shall denote the family of all functions
f : R? = R continuous with respect to the topology 7 on the domain and
the Euclidean topology on the range.

We shall say that two sets A, B C R? are equivalent (A ~ B) if and only
if mo(AAB) =0 where AAB = (A\ B)U (B\ A).

Let Dy (D2) denote the density topology on the real line (the ordinary
density topology on the plane).

A function f is called Baire*1 ([5]) if for every perfect set P there exists
a portion @ of P (that is a nonempty set of the form U N P where U is a
nondegenerate interval) such that f|@Q is continuous.

Definition 2.1. We say that a point (zo,y0) € R? is a regular density
point of a set A C R? if and only if there exists a measurable set B C A
such that dao(B, (zo,70)) = 1 and B € R(zo,y0). In this case we write

dr(A, (z0,50)) = 1.
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For A € L5 let
O(A) ={(z,y) e R*: da(4A, (z,y)) =1}
and
(I)T(A) = {(xvy) € R?: dT(Av (x,y)) = 1}'

Obviously, ®,.(A) C ®(A) for A € L5. Observe that the operator @, has
the following properties:

19 ®.(0) =0, ¢.(R?) = R?;

20 if A C B, then ®,.(A) C ®,.(B);

3 . (ANB)=®,.(A)N&.(B)
for A, B € Lo. It suffices to show that

¢, (A) N, (B) C ®.(ANB)

(the remaining properties follow immediately from the definition of ®,.). Let
(z0,90) € ©(A) NP, (B). Then there exist two sets C, D € Lo N R(x0,yo)
such that C C A, D C B, d2(C, (z0,v0)) = d2(D, (z0,y0)) = 1. Obviously,
CND cC ANnB, CND € R(xg,yo) and da(C N D, (z0,y0)) = 1 since
O(C)YNP(D) = 2(C'N D) (see [6, Theorem 22.4]). Consequently, (zg,yo) €
o, (AN B).

Observe that ®, is not a so called “lower density operator” (see [6, The-
orem 22.4]) since the Lebesgue Density Theorem does not hold for ®,. In-
deed, let

Then ma(A) =4 and ®,(A) = 0, so ma(AAD,(A)) = 4.
We require the “lower density” has the same value for equivalent sets,
but our operator has not this property. There exist two measurable sets

C,D C R? (namely, C = [-1,1]2, D = A) such that C ~ D (that is
ma(CAD) = 0) and ®,(C) = (—1,1)% # &,(D).
Put

T, ={A€Ly: AC ®,(A)}.

Theorem 2.2. The family 7, is a topology on the plane, essentially stronger
than the FEuclidean topology and essentially weaker than the density topology
Dy on the plane.

Proof. Obviously, §, R? € 7,.. By property 3° the family 7, is closed under
finite intersections. It suffices to show that 7, is closed also under arbitrary
unions. Let {A,,a € A} be a subfamily of 7,. Then A4, C ®,(A,) for
o € A.
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We first prove that |J Ay, € L2. We have A, C ®,(A4,) C ®(A,) and
aEN
Ay € Lo, 80 A, is open in the density topology for o € A. Hence |J A, is
acA
also open in the density topology and, consequently, it is a measurable set.

Now, we observe that |J Aq C U P(Aa) C ©,( U An) by monotonic-
a€cl acl a€gl
ity of @, and by the inclusion 4, C ®,.(4,) for a € A.

The inclusions O C 7, C Dy are obvious. Put
A=[R\Q) xRJURx (R\Q)] and B=(R\Q)xR.

Then A € 7, \ O, since R2\ A C Q x Q, and B € Dy \ 7,, since R?> \ B =
Q xR. O

Now we indicate connections between the regular density and the linear
density.
Let p,, denote the line x = ¢ and p¥ - the line y = yo.

Lemma 2.3. Let B € R. The set B is measurable (B € L3) if and only if
B[R} eL.

Proof. Let B € L5 and B € R. Put
Z={teRy:B ¢ Ly}.

By the Fubini theorem mj(Z) = 0. Let {t,}nen be a decreasing sequence
of numbers from R, \ Z tending to zero. Then B, € £y for n € N, so
By, N [tn,00) € L1 and

Bty = |J (Bi, N [tn, ).
neN
Consequently, B['E] and also Bjg) are measurable sets on the real line.
Suppose now that Bjg) € £1. Obviously, B X R, R x Bjp € L. Put

Cr={(z,y) €R*: Jy| < |z[}
and

Crr={(z,y) €R*: |z < [yl}-
Clearly, C7,Crr € Lo and

B =[(Bg x R)NCr] U[(R x Bgy) N Cril.

Consequently, B € Lo. O

Definition 2.4. We say that z € R is an inner density point of A C R if
and only if there exists a set B € £; such that B C A and d;(B,z) = 1.
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Theorem 2.5. If (0,0) is a reqular density point of a set A C R? then
(0,0) is an inner (linear) density point of ANpy and AN p°.

Proof. We shall show that if d,(A, (0,0)) = 1 then (0, 0) is an inner density
point of AN pyg.

By assumption there exists a measurable set B C A, B € R, such
that da(B,(0,0)) = 1. It is sufficient to prove that di(Bjg),0) = 1 since
B[R} X {0} C AN pg.

Suppose, contrary to our claim, that @(B[R],O) < 1. So there exist
a positive number ¢ and a decreasing sequence {ty}ncn of positive real
numbers tending to zero such that

i ml(B[R] N [~tn,tn])
im

n—o0 2t,,

<1-—ce¢.

Changing the numeration, if necessary, we may assume that for every n € N
ml(B[R] N [—tn,tn]) <(1- E)Qtn.
By the symmetry of Bjg) (B|g = —B|r)) We have
ml(B[R} N[0,t,]) < (1 —e)ty,
SO
ml((B[R})' N[0,t,]) > ety.
Put
Cpn={(z,y) eR?*:0<y<z and z€0,t,]}.
Thus

Consequently,

n TL(

ma(BNCy,) <my(Ch) — = ,

SO
ma(B N [~tn, tn]?)  8ma(BNCy)

<1-¢2<1.
442 442

Therefore

BN [—t,t)? BN [~ty, tn)?
lim inf ma( .1 < liminf ma( [t tal’)
t—0+ 4¢2 n—00 4t2
a contradiction.
The analogous considerations can be carried out for A N p°. O

<1,

Theorem 2.6. Let B € R. If di(Bjg),0) = 1 then d2(B,(0,0)) = 1.
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Proof. From our assumption we have
i m1(Big) N[0, h])
im
h—0+ h
so for each € > 0 there exists a positive number § such that
mi(Bir) N [0, h])
h

=1,

>1-

for h € (0,0). Therefore
m1((Big))' N[0, h]) < eh
for h € (0,0). Put
Ch={(z,y) eR*: 0<y<z and z€l0,h]}
Then
ma(B' N Cy) < %(h +h—ch)eh = %(2 —€)eh?.

Hence
ma(B' 0 [~h, h]?)
4h?
for h € (0,9). Consequently,
_ ma(B'N[—hh]*)
hll%l‘F 4h2 =0,

so d2(B, (0,0)) = 1. O

<(2—-¢e)e <2

Corollary 2.7. If B € R then the following conditions are equivalent:
a) di(Bg),0) =1
b) d2(B,(0,0)) =1,
c) d.(B,(0,0))=1

Of course, the same results can be obtained for any point (zg, o) taken
instead of (0,0).
Let D x D denote the product density topology on the plane.

Theorem 2.8. 7, ; D x D.

Proof. Let A € 7, and (xg,yo) € A. There exists a measurable set B C A
such that B € R(zo,yo0) and da(B, (zo,y0)) = 1. From Theorem 2.5 it
follows that

d1(B(r)(z0, yo) + To,T0) = 1
and

d1(Bg (w0, yo) + Yo, %0) = 1.
Simultaneously, (B(r)(zo,%0)+0) X (Br)(z0,%0)+y0) C A, so (zo,yo) is the
interior point of A in the topology D x D. From the arbitrariness of (zg, yo)
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it follows that A € D x D. Put B = (R\ Q) x R. Obviously, B € D x D.
Simultaneously, ®,.(B) =0, so B ¢ 7,. O

Theorem 2.9. Let A € Ly. If mi(proj, A) = 0 and my(proj, A) = 0 then
A is closed in the topology 7,.

Proof. Let (xg,y0) € A’. Assume first that (xg,y0) = (0,0). Put
Zy = proj, A U proj, A
and
Z =77 U (—Zl).
Obviously, Z is symmetric with respect to zero and m1(Z) = 0. Note that
if t ¢ Z then

t ¢ proj, AU proj, AU (- proj, A) U (- proj, A4),

=)
pNA=0, p,NA=0, pPNA=0 and p'NA=0.

Therefore R(t) C A’ fort € Z’NR4, hence |J R(t) C A'. Put
teZ'NR4

B= |J R@
teZ'NR4+

Clearly, Bjr) = Z', so di(Bjp),0) = 1. By Corollary 2.7 we have
dy(B,(0,0)) = 1 and, consequently, d,(A’,(0,0)) =
Now let (zo,y0) # (0,0). Put

Z = proj, AU (2xg — proj, A) U (zo — yo + proj, A) U (yo + w0 — proj, A).
Obviously, m1(Z) = 0. If t ¢ Z then
t ¢ proj, A, t ¢ 2x9 —proj, A, t ¢ xo —yo + proj, A, t & yo + zo — proj, A,
hence

pNA=0, porgtNA=10, po7" 0N A= (), potro—tn A4 =,
Therefore R((xo,yo0),t) C A’ for t € Z' NRy. Put

B= |J R((o,),1).

teZ'NR+
Clearly, B C A" and Big)(z0,50) = Z', so di(Br)(z0, o), ) 1. By
Corollary 2.7 (applied to the set B moved by the vector [—zq, —yo]) we
have da(B, (x0,%0)) = 1 and, consequently, d,.(A’, (xo,40)) = 1 From the
arbitrariness of (xg, ) € A’ it follows that A" € 7,. O

Corollary 2.10. The space (R?,7,) is not separable.
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Corollary 2.11. The space (R?,7,) is not compact.

Proof. The 7, -compact sets are the finite sets. If F is infinite, then it con-
tains a countable infinite subset E7, which is not compact in the Euclidean
topology. If E is 7.-compact then F; would be also 7, - compact which
gives a contradiction. O

It is natural to investigate the separation axioms for the topology 7,.
Obviously, 7, is stronger than the Euclidean topology on the plane, so it is
a Hausdorff (T%) topology.

Observe, that 7, is not normal. Indeed, let L and R denote the sets
of left and right end points of component intervals of the complement of
Cantor set C C R, respectively. The sets L and R are countable, so they
are closed in 7, and LN R = . Suppose that (R?,7,) is a normal (7)) space.
Then there exists a continuous function f : (R?,7,) — ([0,1],O) such that
f(L x {0}) = {1} and f(R x {0}) = {0}. Clearly, each point of C is an
accumulation point of R and L, so f is discontinuous everywhere on C x {0}
as a function from the plane with the Euclidean topology. Simultaneously,
7, C Dy and, consequently, each function continuous with respect to 7, on
the domain is in the first class of Baire — a contradiction.

Now we shall prove that the family of all functions continuous with re-
spect to 7, on the domain is not contained in the class of Baire*1 functions
introduced by O’Malley ([5]).

We say that any of the sets |, cn(@n, bn) or U, enlan, bn] is a right (left)
interval set at a point € R if ap 1 < bpt1 < apn < by (@p+1 > bpt1 > ay >
b,) for n € N and lim,, . a, = . We say that a set £ C R is an interval
set at a point x € R if it is a union of a right interval set and a left interval
set at x.

For our purpose we shall use Lemma 2.1.8 from [3] in the following form:

Lemma 2.12. There exists a perfect set C C R such that for every x € C
there is an interval set E at x such that C C EU{x} and d1(E,x) = 0.

Theorem 2.13. There exists a function f : R?2 — R continuous with re-
spect to the topology T, on the domain, which is not in Baire*1 class.

Proof. Let us consider the set C' from Lemma 2.12. We may assume that
C c [0,1]. Let

0,1\ C = | (a, by).

k=1
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Clearly, a; € C. By Lemma 2.12 there exists an interval set F; C
ap — (by —a1)/2,a1 + (b1 — al)/Q] symmetric with respect to ay, which

is a union of open intervals such that

cn [al—blgal,aﬁrbl;al} C By U{a}
and
di(Eq,a1) =0. (1)
Put
H = [al _b 3 LR “1] \ (B1 U{ar}).

Obviously, Hi is an interval set at the point a;, which is a union of closed
intervals

H, = U e, d{V]
n=1

and

2

Simultaneously, di(Hi,a1) =1 by (1).

Since as ¢ Up; (ak, br), so as ¢ HiU{a1}. Put ap = dist(az, H1 U{a1}).
The set Hy; U{a;} is closed and bounded, so ag > 0.

Let

b — b — >
HlC[al— ! al,al-i- 12a1]\CC U(ak,bk).
k=1

1
ro = 5 min(bg — ag, 042).

Obviously, 7o > 0 and (ag — ra, as + r2) N Hy = (. By Lemma 2.12 there
exists a left interval set Fs at the point as, which is a union of open intervals
and fulfils the conditions
Ey C [CLQ — 7”2,(12], cn [a2 — 7“2,(12] C EyU {ag}

and

di(Ez, az) = 0. (2)
Put _

Hy = [CLQ — 7’2,&2] \ (E2 U {ag}).

Obviously, Hs is a left interval set at the point ao, which is a union of closed
intervals

Hy = U [, d?)] C [az —r2,a2]\ C C U (ar. br)-
n=1 k=1

The set 2ap — ﬁIQ is a right interval set at the point as. Put Hy = ﬁg U
(2a2 — Hs). Then Hs is an interval set at the point ay, symmetric with
respect to az, Ho C (Jp—;(ak,bx) and di(H2,a2) =1 by (2).
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Suppose now that we have defined the interval sets Hy, Ho, ..., Hy, at the
points a1, as, ..., a, respectively, each of them is a countable union of closed
intervals, H; C Up—(ak,bx), di(H;,a;) = 1 and H; is symmetric with
respect to a;, ¢ = 1,...,m. Since ami1 ¢ Upey(ak,br), therefore apmi1 ¢
Ui, (H; U{a;}). Put auq1 = dist(amy1, U, Hi) and

1 .,
T4l = 3 min(bym4+1 — Gmt1, Cmt1)-

Obviously, rm41 > 0 and (am+41 — Tmt1s Gmt1 + Tmr1) N Urey Hi = 0. By
Lemma 2.12 there exists a left interval set F,, 1 at the point a,,+1, which
is a union of open intervals and fulfils the conditions

Em+1 C [amt1—Tmt1, am+1], CNlam+1—rmt1; @mt1] C Emp1U{amt1}
and

di(Em+1, amy1) = 0. (3)
Put

Hp1 = [am+1 - Tm-i-l’am—&-l] \ (Emt1U{ams1})-

Obviously, H,,+1 is a left interval set at the point a,,41, which is a union
of closed intervals

ﬁm—i—l = U [c%erl))dngJrl)] C [am—i-l — 'm+1, am—i—l] \ CcC U (aky bk)
n=1 k=1

The set 2ay,41 — fImH is a right interval set at the point ap,4+1. Put
Hpmi1 = Hpy1 U (2am+1 — ﬁm+1). Then H,,+; is an interval set at the
point @41, symmetric with respect to ami1, Hmt1 C Upeq(ak, bg) and
di(Hmt1, am+1) = 1 by (3).

So we have defined the sequence { H; };cn of interval sets at the points a;,
respectively, such that H; is symmetric with respect to a;, H; C |pe (ak, bk)
and di(H;,a;) =1 for i € N.

Define the function g; on H; U C by

1
? for te HZ
0 for te(,

gi(t) =

and extend g; on R\ (H; UC) in such a way that it is piecewice linear on R
and bounded by 1/2°. Let

1
gi(t)=4q 2
gi(t) for teR\{a;},
for i € N. Obviously 0 < g;(t) < 1/2¢ for t € R, i € N. Put

9;(t) = 9i(t + a;)

for t=a;,
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fori e N, t € R, and let

?Z(‘r7y) = ?i(max(’x|7 |y’))7 fz(x7y) = ?z(m — Qg y)
for (z,y) € R?, i € N. Finally, define

fla,y) = fila,y)
=1

for (z,y) € R2.

First we observe that f is not in Baire*1 class. Let D = C x {0}. Clearly,
D is a perfect set. Let U = (p,q) X (r,s) be an arbitrary interval such
that DN U # (. Then there exists ¢ € N such that (a;,0) € DNU (this is
possible because C” is dense in C). Since C'is perfect, there exists a sequence
{Zn}nen such that z, =2 i Tn # ay for k € N and z,, € C N (p,q) for

n € N. Then f(z,,0) = 0 and f(a;,0) > 1/2¢ > 0, therefore f!D is not
continuous.

It remains to prove that f : (R%,7,) — (R,0) is continuous. First,
we shall show that f; : (R%,7,) — (R,0) is continuous for i € N. Fix
i € N. The functions g; and g; are continuous on the real line except for
a point a;, hence g; is continuous at each point of the real line except for
0. Consequently, f, is continuous with respect to the Euclidean topology at
each point of the plane except for (0,0), as the superposition of continuous
functions. We have d;(H;,a;) = 1, H; is symmetric with respect to a; and
gi(t) = 1/2¢ for t € H; U {a;}, so f; is constant on the set E = {(x,y) €
R? : max(|z|,|y|) € int H; — a;}. From Corollary 2.7 it follows that
d-(E,(0,0)) = 1, so f, is continuous at the point (0,0) with respect to
the topology 7,. Thus for each i € N the function f; is continuous with
respect to the topology 7, on the domain. Consequently, f is continuous
with respect to 7, as a sum of uniformly convergent series of functions
continuous with respect to 7. O

3. The category density case

Denote by By, the family of all sets having the Baire property and by [
— the family of all sets of the first category on R*, k =1,2.

If a point p € R* is the I-ordinary density point (Ip-ordinary dispersion
point) of a set A € By, then we shall write dy, (A,p) =1 (d;, (A,p) =0),k =
1, 2. If a plane set is contained in a real line, then we shall consider its linear
I-density dy, .

We shall say that two sets A, B C R? are equivalent (A ~ B) if and only
if AAB € I. Let Dy, (Dr,) denote the I-density topology on the real line
(the ordinary I-density topology on the plane). See [1].
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If ACRthenn-A={n-a:a€c A}. If A C R? then (n,n) - A =
{(nx,ny)(x,y)EA}

Definition 3.1. We say that a point (z9,y0) € R? is a regular I-density
point of a set A C R? if and only if there exists a set having the Baire
property B C A such that dr, (B, (x0,y0)) = 1 and B € R(xg,yo). In this
case we write d,.7(A, (xo,y0)) = 1.

For A € By let
(I)I(A) = {(xvy) eR?: df2(A7 (a?,y)) - 1}
and
@7(A) = {(z,y) €R?: drr(A, (z,y)) = 1}.
Obviously, ®,7(A) C ®;(A) for A € By and the operator @, has properties
analogous to those for ®, considered in measure case, i.e.
10 (I)TI(@) = ®7 @TI(RQ) =R;
20 if A C B, then @T[(A) C @T[<B);
30 (I)T](A N B) = CI)T](A) N (I’T[(B)
for A,B € By. The set A = [-1,1] x (R\ Q)N [-1,1]) is of the second
category on the plane and ®,;(A) = (), so AA®,;(A) ¢ Ty and the theorem
analogous to the Lebesgue Density Theorem for ®,; does not hold and
neither does the equality of values of ®,; for equivalent sets.
Put
T = {A eEBy: AC q)r[(A)}

Theorem 3.2. The family 7.1 is a topology on the plane, essentially stronger
than the Fuclidean topology and essentially weaker than the I-density topol-
ogy Dy, on the plane.

The proof is analogous to the proof of Theorem 2.2.

Lemma 3.3. Let B € R. The set B has the Baire property (B € Bs) if
and only if Bir) € Bi.

The proof based upon the Kuratowski-Ulam Theorem (see [6, Theorems
15.1 and 15.2]) is analogous to the proof of Lemma 2.3.

Definition 3.4. We say that = € R is an inner /-density point of A C R if
and only if there exists a set B € B; such that B C A and dy, (B, x) = 1.

Theorem 3.5. If (0,0) is a reqular I-density point of a set A C R? then
(0,0) is an inner (linear) I-density point of AN py and AN p°.
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Proof. We shall show that if d,;(A,(0,0)) = 1 then (0,0) is an inner I-
density point of A N pg.

By our assumption there exists a set B € Bo MR, B C A such that
dr,(B,(0,0)) = 1. By the definition of an I>-density point, for every in-
creasing sequence {n, }men of natural numbers there exists a subsequence
{nm, }pen of {nm }men such that

Hmsup (i, nm,) - B'N[—1,1]* € L. (4)
p

Suppose that dr, (B[g},0) # 1. Then there exists an increasing sequence
{nm}men of natural numbers such that for every subsequence {nm, }pen of
{nm }men we have

limsup nm, - (Big) N [~1,1] = [ | nm, - (B N [=1,1] ¢ .
p k=1p=k

Note that if = € limsup ny, - (Big)’ N [~1, 1] then
P

({a} x (==, 2)) € () | (umy»nm,) - B0 [-1, 1%,

k=1p=k
so the set
(o ¢] (o ¢]
[ ﬂ U (m,y, Momy,) - B N [—1, 1]?
k=1p=k
is of the second category on the line for all z € limsup,, 1, - (Big)'N[—1,1],

which together with (4) gives a contradiction with the Kuratowski—Ulam
theorem. Analogously for A N p°. O

T

Theorem 3.6. Let B € R. If dj,(Bg),0) = 1 then dr,(B,(0,0)) = 1.

Proof. By our assumption, for every increasing sequence {n,, }men of nat-
ural numbers there exists a subsequence {n,, }pen Of {1 }men such that

limsup 7, - (Bjg) N [-1,1] € I1.
p
Using the notation from the proof of Lemma 2.3 we observe that

(imsup np, - (Br)' N[-1,1]) x [-1,1]| N C;
p

= (limsup (m,,nm,) - B') N [-1,1]* N Cy.
p

By Theorem 15.3 in [6] we have
(imsup np, - (Br)' N[-1,1]) x [-1,1] € I,
p
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hence

(limsup n, - (Br)' N[-1,1]) x [-1,1]| N Cr € I
p

and

(Lmsup (R, nm,) - B') N [~1,11*NCy € L.
P

As similar arguments apply to the set Crr, we have

(limpsup (nmpa nmp) ) B,) n[-1, 1}2

= [(limsup (N, Mimy,) - B') N [—1, 1N C[]
p

U [(limsup (N> Mimy,) - B') N [—1, 1N C’H] € b.
p

Corollary 3.7. If B € R then the following conditions are equivalent:
a) dll (B[R]ao) =1,
b) dI2 (B¢ (010)) =1,
c) dyr (B,(0,0)) =1.

The same results can be obtained for any point (zg, yo).
Let Dy, x Dy, denote the product I-density topology on the plane.

Theorem 3.8. 7, ; Dy, x Dy, .
The proof is analogous to the proof of Theorem 2.8.

Theorem 3.9. Let A € By. If proj, A € I and proj, A € Iy then A is
closed in the topology 7,j.

The proof is analogous to the proof of Theorem 2.9 and is based on the
fact that if

Z = proj, AUproj, AU (—proj, A) U (—proj, A) € I
then R\ Z is a residual set, hence d, (R\ Z,0) = 1.

Corollary 3.10. The space (R?,7,) is not separable.

Corollary 3.11. The space (R% 7,1) is not compact.
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Considering the separation axioms we see 7,5 is a Hausdorff (7) topology
but it is not regular (73). Indeed, let F' = (Q x Q) \ {(0,0)}. Since F' is
countable, it is closed in the topology 7,.;. We cannot separate this set from
the point (0,0) in 7,; because we cannot separate the set Q \ {0} from the
point 0 in the I-density topology on the line (Theorem 3.5).

Since 7,1 topology is weaker than I-density topology on the plane, so each
function continuous with respect to 7.; on the domain is I-approximately
continuous and, consequently, it is in the first class of Baire.

Lemma 2.12 is also true for I-density, and the construction of the function
from Theorem 2.13 works in the category case. Thus we have the following
theorem.

Theorem 3.12. There exists a function f : R?2 — R continuous with re-
spect to the topology T,.1 in the domain, which is not in Baire*1 class.
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