JOURNAL OF APPLIED ANALYSIS
Vol. 8, No. 1 (2002), pp. 129-139
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SOLUTION OF ONE COUPLED PLATE
THERMOMECHANICS PROBLEM
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Abstract. The thermo-elastic plate system of equations is analysed.
The sufficient conditions of existence, uniqueness and continuity depen-
dence on initial data of the Cauchy problem solutions for differential-
operational equation of mixed type (a part of the equation of hyperbolic
type, and a part of parabolic type) are given in this paper. If the opera-
tional coefficients are suitably chosen, the investigated equation can be
used to obtain a differential equation describing vibrations of a plate —
the modified Germain-Lagrange equation of hyperbolic type. Moreover,
in order to define the temperature field, one can use a three-dimensional
equation of thermal conductivity (a parabolic equation).

1. Introduction

Let H be a Hilbert space, let L, M be a self-adjoint operators negatively
defined in H with the domains D(M) C D(L), and let C' be an operator
bounded in H. It is assumed that the operator L commutes with C' and
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with the resolvent M (the definition of commuting is given in reference [5]).
Let us consider the following system on the interval [0,T]

W"(t) + L*W (t) + aLCO(t) = q1(t),
0'(t) — MO(t) — BC*LW'(t) = ga(1),
(o, B > 0) with unknown functions W and 6.

We take H = Lo(Q2) as the space of functions defined in the bounded
domain with the piecewise smooth boundary 0f) in the space Q = Q; x
[~h/2,h/2] € R® (3 € R?, h > 0) and having the summing up square
norm. As M we take the operator which is realization of the formal differ-
ential expression

(1)

No? N9t o2
— Ao #0
0x2 Oy? + 022 (% #0),
and with the attached boundary condition 0 |9o= 0. As L operator we take
the operator being a closure of a tensor product of the operators L and F,
where L; is generated in Ly(€21) by the expression
0? 0?
2
=Yz=+ 355 >0
W= a t 8y2) (v>0)

with the boundary condition Wlsq, = 0. FE is the identity operator in
Lo(—h/2,h/2), i.e. L is the closure of the operator generated in L2(2) by
the expression
2 2
192 = 1y + )

ox?  Oy?
and defined on smooth functions from Ly(£2) which are equal to zero on
0 x [—h/2,h/2]. The operator C is defined by the formula

h/2
Co = / 20(x,y, z)dz.
—h/2
Then
h/2
C'g==z / g(z,y,2)dz.
—h/2

If L, M, C are chosen in this way, and the numbers «, 3,y are properly cho-
sen, one can get from (1) the known plate equation governing its vibrations
(see, for instance, [1]), with the following parameters: F' =0, k; = ky, = 0,
P, = P, = 0; it is called the thermal conductivity equation.

Furthermore, in order to simplify the considerations we assume in (1)
that = 3 = 1. Observe that practically the introduced considerations do
not change other values of a and (.
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In order to reduce the system (1) into one equation of the first order we
introduce the operator

0 E 0
Ag=|-L? 0 -LC|,
0 C*L M

acting in the space H = H®H& H. Here and further F means the identity
operator in the respective space. We emphasize that the commutativity of
the operators C' and L yields the commutativity of C* and L* = L [5].

Lemma 1. The operator Ag allowes of closing of A in the space H. The
operator A~V exists, is bounded and defined in the whole space H.

Proof. The operational matrix

cCMmM-lc*r —-L72 —Llcm!
E 0 0
—LM~C* 0 M1

defines the bounded operator in H. A direct check shows that its product
(of any order) with the operational matrix defining the operator Ay gives the
unit operational matrix. All claims of the lemma result from this. Moreover,
the operator A™! is defined by the last operational matrix. O

Further on, the operator and its closure will be tagged with one symbol.
If we assume v = w’, and u will denote the column

w
v )

6

then the homogeneous system (1) in the space H can be written in the
following way:

u'(t) = Au(t). (2)
Furthermore, we denote by L2 the operator in H , defined by the equation
_ L2 0 0
L2=10 L2 0
o o0 L2

It results from the commuting properties of the operators that also L2 and
A~ commute.
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2. Basic assumption

In order to formulate the basic assumption we need to define the fol-
lowing spaces and the attached operators. The smoothness of a solution
to the homogeneous equation (2) depends on that if the initial condition
u(0) belongs to the domains of the operators L and A. Observe that in
applications the operator Lis simpler than the operator A and therefore
the spaces are constructed with regard to the powers of L. However, we
can not completely omit the operator A. Observe also that one can use the
powers of A only (without L).

We define the scalar product by the formula (z,y)p+ = (A*x, A*y) on the
manifold F* = D(A*). As the operator A* possesses the inverse one defined
everywhere, then F'* is a complete space and || z ||p+>|| x || g. This is why
F* can be considered as the space with a positive norm in relation to H
[2]. We shall denote by HGD the space with a negative norm, constructed
using the pair F™*, H.

The operator A* maps continuously and bijectively F™* into H. This is
why the conjugated operator A acts from H to HCY continuously and
bijectively, and it serves as the extension of A.

We shall define the scalar product on the set H(+1) = D(A) by the
equation (z, y)g(H) = (Ax, Ay) H®Y appears as the full space and the
operator A maps H HY to H continuously and bljectlvely (one-to-one).

Because the operator Lt commutes with A, A* and L~ is self-adjoint
and bounded in H then L' is self-adjoint and bounded in the spaces
HGY and HEY (the L1 operator is extended due to continuity in the

space H- 1), The Hilbert space scales will be denoted by the symbols H, (+1)

IEI@ = H°, fl&:l) (—00 < ar < 00) [2], and they are generated by the operator
L acting in HHY, H and HY, correspondingly As it is known [2] for

a > 0 the operator L maps H( )1 into H (ﬁ = —1,0,1) continuously and
7(8)

bijectively, and L allows for continuous and bijective extension from H,

to HY (B ) 1 (@ > 0). We shall denote this extension as L in order not to
mtroduce redundant denotations.

3. Main results

The operators A, A map Itj(H) into H,, and H, into Iffé_l)(a > 0)
continuously and bijectively, respectively. The same theorem is true for
a < 0, and for the operators LYAL=® and L“AL™ @, which serve as the
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extension of A and E, respectively. These extensions are also denoted by A
and A.

Theorem 1. For any element uy € fNLgﬁ) (6 = 41,0, —0 < a < )
there exists one function u(t) continuous in the closed interval [0,T] in the

f[gﬁ_;), continuous in the half open from the left side interval (0,T]

differentiable on (0,T] in ﬁ(ﬁzl) and satisfying both the equation

W' (t) = Au(t), (3)

and the condition w(0) = ug. (The continuity is understood in the strong
sense in a suitable space.)

space
in P

a—4r

Observe that from the formulated theorem one can conclude that, in
particular, for ug € H iﬂ) the function u(t) is a weak solution of the equation
(2) (in the sense given in reference [3]).

The proof of Theorem 1 is based on the quoted below estimates of the
resolvent of the operator A in a way similar to that presented in [3]|, and
the Laplace inverse transformation.

Let A = o +i7. We define the operators A; = Aj(N), Dy = As(N) in H
in the following way:

Ay = (VE + L) — A\L2C(M — \E)~1C*,
Do = (M — \E) — M\L}(L? + \2E)"lC*C.

Lemma 2. If 0 = ReX > 0 then the operators A1, /Ny have bounded in-

verses:
1

oAl

1
- —1
I AT < 187 < -

Proof. Let S = (1/A\)A1. Then for any f € D(L?) we have:
(SF.) =0 +in) (. ) + (o = im) L)

~ (M —oE+itE) | M = AE |V LC*f, | M —\E|~' LC*f).

It results from this and from the negative definition of M that Re(Sf, f) >
o || £ |I?, and therefore || Sf ||> o || f ||. Analogously we get || S*g ||> o ||

g ||. This is why the operator S~! exists, is bounded, defined on the whole
H,and | S7!||< 1/0.

The equation

“ALA(L2+ NE) P = —L2(\L*+ | A2 AE) | L + N°E |72
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yields Re(—AL?(L? + X\2E)~'C*Cg,g9) < 0 (g9 € H). From the above
and taking into account the negative definition of the operator M we get:
Re(Zof. f) < —o(f. f) (f € D(Do)). This is why | Re(Aaf, f) [2 o || £ 1%
which yields || Aaf ||> o || f || Analogously, we get || A5f ||[> o || f |-
Two last inequalities prove the lemma on the operator As. O

Lemma 3. If ReA > 0 then the operator A possesses the resolvent R(\)
which is defined by the matriz

R(A) =
“AATH L2 ATIC(M - AE)TT e —AT! —ATVLO(M — AE) !
LAAT? VAN “AATYLC(M - AE)™!
—L3(L* + M E)"t Ayt et AL(L? + \°E ) tazter AV

Proof. By direct check and taking into account the commutativity of L
and M~! one can verify that the expression R(\)(Ag — AE) gives a unit
operator matrix. Besides, the space of values of the operator Ag — AE is
dense in H. Indeed, let such the element z = (x1,22,23) € H occurs, that
(Ao — AE)*z = 0. This equation is equivalent to the following three:

“Ax1— L?29=0, x1—Axo+CLx3=0, —C*Lxo—+ (M — M\E)x3 = 0.

Finding x1 from the first equation, x3 from the last one and by substitut-
ing in the second one, we get Aj(A)xg = 0. It results from Lemma 2 that
xo = 0, and therefore 1 = x5 = 0. This is why x = 0. O

Lemma 4. If o = ReX > 0 are large enough the following estimations hold

| RO < 2 (4)

| RVI2 1< bt (5)

AT

Here and further k& denotes constant (independent of X), but different,
generally speaking, for different inequalities.

Proof. First we are going to prove the inequality
A
H L2A 1 H< ‘ |
o
As in the proof of Lemma 2, if g € H, the following holds
_ . _ 1 .
(SL72g,g) =(o +i1)(L2g,9) + P |2(U —i7)(9,9)

—~ (M —0E —itE) | M = XE |7! C*g,| M — \E |~! C*g).
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Then Re(SL72g,9) > o/| A|?2. Thus (as in Lemma 2) we see that
| L2571 ||< | A |?/o and this is why (6) is satisfied.
Let us denote the elements of operator matrix defining R(\) by a;;. Then:

k 1 k
< < <
|| a1 Hf o’ || a12 H— ’)\’0_7 || a13 H— ’)\‘J’
A 1 k
o P Jass < 2,
_ k _ k _ k
| ann L ™2 ||< By | areL ™2 ||< o | asL =2 |I< o
1 k k
L)< —— L2 |< = L2 — .
| a1 L™ ||< o | aze L™ ||< Bk | azs L™= ||< Ao

The estimations of elements of the first two rows of the matrix R(\) imme-
diately result from (6) of Lemma 2, the inequalities || L(M — AE)~! || < k,
and

—_

I (M= AE)||< B3k (7)
and also from the following two expressions
1 1 1 1
ap = —XE—XL2A1_1, anl ™% = —XL*2+XA;1+A;10(M—AE)*1C*,

which can be veryfied using the elementary transformations.
In order to evaluate the elements of the third row of the matrix R(\) we
shall add some supporting inequalities.
Because for any f € D(L?) we have Re((L*/A+AE)f, ) > o(f, f), then
| (L?/XA+AE)~! |<1/o. This yields
1

L+ XE) < : 8
R e T (5)
From this inequality (using the elementary transformations) we get
A
| 222+ am) < AL 0
o
We shall prove that
I LA (< m, (10)

where m does not depend on A. For any f € D(A2L~') we have
(AQL_lfv f) :(ML_1f7 f) - (U + iT)(L_lfa f) - (U - ZT) | A |2 (Lgvg)
— (0 +ir)(L%.9),

where g = /| L2+ A2E |2 C*Cf. Tt results from the negative definition
of L that

Re(AoL™'f, f) = Re(ML £, f) = k|| f .
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The last inequality results from the positive definition of the limited operator
LM~! inversed to M L~!. Therefore, the inequality (10) has been satisfied.
The equation

AL = (M = AE) LT 4 (LA (L2 4+ N2E) I C*ON(M — AE) ™!
and the inequalities (7), (8), (10) yield

k
A LIS (11)
[ A
Now the inequalities (8), (9), (10), (11) and Lemma 2 allow to obtain the
estimation of the elements of the third row of the matrix R(\):

| A k 1
| as1 ||< kTa | azs [|< oy | ass ||< ot
k k k
lasiL7? |< ——, |lal™?|<——, |asl?|< ——.
[ Ao | A [ A

The proof of Lemma results from the obtained a;; estimates.
Let us notice that some evaluations can be even more improved, for in-
stance || a;oL ™2 ||< k/| A |2. However, they will be not used further.
Now we prove directly the theorem. Following reference [3] we are looking
for the solution of the equation (2) in the form
o+i00

u(t) = — - / M R(A)u(0)dA,

271
g—100
where the integration takes place along the straight line, parallel to imagi-
nary axis and passing through the point (o,0), where o > 0 is sufficiently
large.
We assume first that ug € ]?Ifrl), i.e. ug = R(0)L ™%z (20 € H), and we
consider the function

o+1i00
1 -
u(t) = —5 / MROVR(0)T*20dA
1 o+1i00 1 1
At T—4 T4
S SRNL 20 — ~R(0)L . 12
o / MERWI 20— (RO z)dr. (12)

Here, while passing from the first integral to the second one, the resolvent
identity has been used. The existence of the integral, the continuity of u(t)

on [0, T] in the space f[+2 (and correspondingly, in H) and the identity
u(0) = R(0)L =%z result directly from the Lemma 4.
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Applying the integration by parts to the first integral in (12) and taking
into consideration Lemma 4 we get

u(t) = —~— / M RYN)R(0) L zod .

It results from the above that u(t) is continuous on (0, T] in the space

HY and it possesses the continuous derivative on (0, T] in H
o+100
u(t)=— —— / M RA(N)R(0) L™ z0d)

T—100

+—= / AR (A R(0)L*20d,
o—100
and satisfies the equation (2).

The uniqueness of the solution of the Cauchy problem for the equation
(2) follows from the estimation (4) and the results presented in reference
[3]-
Now, let ug € fléﬁ) (6=41,0; —00 < a < 00). Then zg = AP-1La—4yq
H iﬂ) (here A° denotes E). Because the operators R(\) and L® commute
and from the previous considerations we get the function

o+100
1 ~, o~
u(t):—%Al_ﬁL‘l_a / eMR(N)zod\

with all properties mentioned in the formulated theorem. The uniqueness
of such function results from the fact that the function A?~'Le4y(t) is the
solution of the equation (2). Theorem 1 has been proved. O

Remark 1. It results from the above proof that in order to solve the
equations (2) and (3), the estimation || u(t) [|ge-n< &k || w(0) [g»
o a+2

(6 = 41,0; —00 < a < o0) holds, where k does not depend on ¢. It
defines the continuous dependence of solution on the initial data in the
corresponding spaces.

Let us pass to the consideration of the non-homogeneous equations

U () = Au(t) + f(¢). (13)
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By U(t) we denote the operator

g+100
1 At
Ut)r=—5 / MR(N)ad\, 0<t<T,

defined for all x, for which the last integral exists. The Lemma 4 and the
equation

o+100
Ut)R(0)L ™2z = —% / e’\t%(R()\) — R(0))L™2zdx

imply that for every fixed ¢, the operator U(t): ﬁéﬂ) — ﬁg@_—;) (B =

+1,0; —00 < a < ) is bounded and the operator function U(t) is strongly

continuous on [0, T]. For any uy € HY | the function u(t) = U(t)up has the
properties given in Theorem 1.

Theorem 2. Let for any t € [0,T], f(t) belongs to the domain of the oper-
ator L*A™P (3 = +1,0; —00 < a < o0) and let the function L* AP f(t)
be continuous in H. Then the function

u(t) = /0 Ut — 5)f(s)ds (14)
7)

a—27

is differentiable on [0,T] in the
and satisfies the equation (13).

is continuous on [0,T] in the space
space ﬁc(yﬂ:;)

Proof. Let g(t) = L*AYPf(t). Following the steps given in the reference
[6] one can conclude that the function (14) and its derivative have the form

t

u(t) = / Ut — s) A" "PL™%(s)ds,
0

~ t ~
u'(t) = ATVPL (1) + / Ul(t — s)A"1 " PL™%(s)ds
0

= f(t) —i—/o AU(t — s)A 7 PLg(s)ds = f(t) + Au(?).

The existence of integrals in these equations results from the continuity
of g and the properties of U(t). In what follows u(t) is the solution of the
equation (13). The theorem has been proved. O

Remark 2. The continuity condition of the function LYAMP can be weak-
ened if the function f is smooth enough.
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Finally, we acknowledge the recent developments of a similar problem
considered in our work pointed out by one of the reviewers and presented
in references [6], [4] (see also the extended bibliography therein). However,
in the mentioned works there is no non-local term C but there appears a
mixed fourth order term accounting for the rotational forces. In addition,
in reference [6] the stability properties are considered using the boundary
feedback modifications, which are not considered in our work. In the works
of Lasiecka (see [4] and the cited literature therein) the asymptotic behaviour
governed by von Kédrmén equations is analysed which is out of the content
of our paper.

Acknowledgements. The authors thank the reviewers for their proper
remarks and comments.

References

[1] Awrejcewicz, J., Krysko, V. A., Numerical Analysis of Shells with Thermal Load (in
Polish), Scientific-Technical Publisher WNT, Warsaw, 1998.

[2] Berezanskij, Yu. M., Ezpansions in Figenfunctions of Self-Adjoint Operators (in Rus-
sian), Naukova Dumka, Kiev, 1965, Amer. Math. Soc. Transl. Ser. 2 17, Providence,
RI, 1968.

[3] Krein, S. G., Linear Differential Equations in Banach Spaces (in Russian), Nauka,
Moskva, 1967.

[4] Lasiecka, 1., Finite dimensionality and compactness of attractor for von Kdrmdn
equations with nonlinear dissipation, Nonlinear Differential Equations Appl. 6 (1999),
337-472.

[5] Riesz, F., Szokefalvi-Nagy, B., Lectures on Functional Analysis, Undaw, New York,
1995.

[6] Triggiani, R., Improvent of stability properties of hyperbolic damped wave equation
via boundary feedback, Lecture Notes in Control and Inform. Sci. 75 (1985), Springer,
Berlin, 400-409.

J. AWREJCEWICZ V. A. KrRYSKO AND V. M. BRUK
DEPARTMENT OF AUTOMATICS DEPARTMENT OF MATHEMATICS
AND BIOMECHANICS TECHNICAL UNIVERSITY OF SARATOV
TECHNICAL UNIVERSITY OF LODZ 41005 SARATOV, RUSSIA

1/15 STEFANOWSKI ST.
90-924 LODZ, POLAND
E-MAIL: AWREJCEW@CK-SG.P.LODZ.PL



