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Abstract. The order structure of time projections associated with ran-
dom times in a von Neumann algebra is investigated in the general setup
as well as that of the CAR and CCR algebras. In the second case var-
ious additional properties (such as e.g. the upper/lower continuity) of
the lattice of time projections are also discussed.

0. Introduction

In this paper we investigate the order structure of time projections as-
sociated with random times in an arbitrary non-commutative filtration of
a von Neumann algebra as well as those employed in quantum stochastic
theory of the canonical anticommutation relations (CAR) and the canonical
commutation relations (CCR) (cf. [4], [9]). Within the context of certain
quasi-free representations of the CAR and CCR, we give an answer to a
question posed in [3] — the dual of Theorem 1.12 of [3] (see Theorem 2.7
and Theorem 3.5 in this paper, which can be considered as a partial answer
to that question for an arbitrary non-commutative filtration).
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Section 2 contains a brief review of random times and the associated
time projections. The structure of time projections is discussed within an
abstract setup.

In Section 3 we specialize to the quantum stochastic theory of the CAR,
although all of the results have analogues within the theory of the CCR.
Various properties, of the lattice of time projections (in particular, the up-
per/lower continuity) are discussed in this context.

1. Notation and preliminaries

Let H be a complex Hilbert space, B (H) — the bounded linear operators
on H, A C B(H) — a von Neumann algebra, and let (A;), t € R, be an
increasing, right continuous family of von Neumann subalgebras of A such
that A = A is generated by the collection {A;: t € [0,00)}. We also
suppose that there is a cyclic and separating unit vector 2 for A in H, and
that there is a family (E;) of normal w-invariant conditional expectations
E:;: A — A, where w is the vector state induced by Q. If we denote the
closure of A;) in H by H;, and the orthogonal projection from H onto H;
by P;, we have

Pt (CLQ) = Et ((L) Q
for any a € A. Furthermore, since H; is invariant under Ay, it follows that
P, € Aj (see [1], [2] for a more detailed description).

Let us now recall some basic notions from lattice theory which will be
employed in the sequel. For simplicity and since this is all we need, we
restrict attention to lattices of orthogonal projections in a Hilbert space.

Definition 1.1 (cf. [11, 7.7 p. 152]). Let £ be a lattice of projections act-
ing on a Hilbert space.

(i) £ is said to be modular, if for each p,q,r € L such that p < r we have
(V@) Ar=pV(gnr).

(ii) L is said to be upper (resp. lower) continuous, if for each ¢ € £ and
each increasingly (resp. decreasingly) directed set {p;: i € I} C L

such that \/;c;pi € £ (resp. A;c;pi € £) we have \/;c;(pi A q) =
(Vierpi) Aa (resp. Nigr(0i V@) = (Nier pi) N a).

2. Random times and time projections

We recall the definition and elementary properties of a random time and
its associated time projection. For more details the reader is referred to [1],

21, [3]-
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Definition 2.1. A random time, 7, is an increasing family of projections
T = (), t € [0,00], where ¢t € Ay, go = 0 and g = 1. A random time
T = (q) is called simple, if it assumes only finitely many distinct values.

Let © denote the set of all finite partitions of [0,00]. Then, for § € O,
say 0 = {0 =1ty < t1 < ... < t,, = 00}, the simple random time associated
with 7 and 6 is given by 7 (0) = (¢f), where

n—1
0
q; = Z QtiX[ti,ti+1) (t)
i=0
for t € [0,00), and ¢%, = 1.

Definition 2.2. (i) Let 7 = (¢) and 0 = (q;) be random times. We say
that 7 < o, if ¢, < ¢ for each t € R*. We define 7 A o and 7V o to be the
random times 7 Ao = (¢ V q;) and 7V o = (¢: A ¢;). In a similar fashion,
for any family A of random times, we define sup A and inf A as the random
times consisting respectively of infima and suprema of the corresponding
projections.

(ii) Let 0 = {0 =ty < t1 < ... < t, = 0} € ©. We define:

n—1 n—1
MT(@) = Z (Qtiﬂ - Qtl) 'PtiJrl = Z AQtHl -Pti+1 .
=0 1=0

M ) has the following properties (see Theorem 2.3 of [1]):
1. M, ) is an orthogonal projection;
2. For 0,n € © with n finer than 0, M) < M_);
3. If o is another random time with 7 < o, then M, ) < M;g) for each
0 c 0.

These properties and the fact that © is a directed set ordered by inclusion,
imply that {M,4): 0 € O} is a decreasing net of orthogonal projections.
Hence there exists a unique orthogonal projection

M, = N\ M)
9co
moreover,
M- 9) \ M7

in the strong operator topology as 6 refines. We shall call M, the time
projection for the random time 7 (Definition 2.4 of [1]). The next result
summarises what is known about the order structure of random times.

Let 7, 0 be random times. For 6,17 € © we have

M9y V Moy = Mrg)vo(n) and Mgy A Moy = Mrg)ao(y)-
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Also
M N M, = M‘r/\o‘>

so that, in particular, if o < 7 then M, < M, (Optional Stopping Theorem).
The complete proofs of these relations can be found in [2], [3]. It is not clear
whether the corresponding result for suprema (M, V M, = M;y) holds in
general. As seen in [2], this relation is true in the quasi-free representations
of the CAR and the CCR, where one has integral formulae for the various
time projections. In this section we observe that it is true when M1 and M+
are finite projections in the time algebra 7 = {M,;: 7 is a random time}"”.
This will show that it is not necessary to assume that the time algebra is
finite, as in Theorem 3.18 of [5], in order to prove that M,V M, = M,y,.

Proposition 2.3. For any random times 7,0 with M+ and M} finite, we
have

M.V M, =Mq,.
Proof. We first note that
1
M,V My = (\ M) v My = [(\/ M) A M;] :
0 0

and since M:* =\/, MTJZG) is finite, {Mfl(e) : 0 € ©} is an increasing net of
finite projections in the time algebra 7. Then, by Corollary 7.6 of [11],

(\/ MTL(Q)) ANMy = \/(MTL(e) A M),
0 0

and hence

1
M,V M, = [\/ (M A M;)] = N\ (My ) v M) .
6 [%
Similarly,
N (M) v Mo) = NN (M) V My)
6 n

Thus

and since Mrvo < My (g)vo(n) = Mr@6) V My, for 6,m € ©, we have

Mrve < /\ /\ (MT(G) \ Ma(n)) = M;V M.
0 n

But we know that M,V M, < M,y, because M, < My, and M, < M,y,.
Combining both inequalities, we get M,V M, = My, as required. ]
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We now turn to the order structure of the family of the time projections
and give a partial answer to the question: is the map 7 — M, an order
continuous lattice morphism, that is for any family F = {M,: 7 € A} of
time projections, is \/_ M; = Mg, A7 As we shall see in the next section,
this is true in the quasi-free representations of the CAR and CCR. According
to Theorem 1.12 of [3], the corresponding result for infima is true in general;
in this section we shall give a simple proof of this fact.

Let {14} = {(qt(a))} be a net of random times, and let 7 = (¢;) be a
random time. 7, is said to converge strongly to 7, if qt(a) — @ strongly for
each t € RT.

Lemma 2.4. Let {1,} be a net of random times converging strongly to a
random time 1. Then M. (g) converges strongly to M,y for each 6 € ©.

Proof. Suppose that 7, = (qt(a)) and 7 = (¢) . By assumption, qt(o‘) — q

strongly for each t € R*. Let # € ©. Then

n—1 n—1
MTQ(G) = Z ( (Sr)l - q(la)> Pti+1 - Z (qt¢+1 - qtz) Pt,-+1 = MT(@)'
=0 1=0

O]

Proposition 2.5. Let {7,: a € A} be a family of random times, and let T
be the supremum of this family. Then for each 0 € O,

Mgy = \/ M-, 0)-
«

Proof. We have
V M) = \J/Mg = lim M,
(0%

where J = {a1,...,a,} is a finite subset of A, and

M§ =My, V.V M
Moreover,
MG = My, (o). v, (0) = My (0);
where
77 (0) = Tar(0) V - V Tay, (0)-
Since

lim 7, (6) = 7 (6).
we get on account of Lemma 2.4

My (g) = lim M (g) = lim MJ,
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which finishes the proof. O

Note that the corresponding result for infima is also true, ie. M,
=A\o M-, (9), where {7} is a family of random times and 7 = inf,, 7,. Using
this fact, we give below a simple proof of Theorem 1.12 of [3].

Theorem 2.6. Let {7} be a family of random times. Let T be the infimum
of this family. Then

M, = )\ M.
«

Proof. We have
M- = /\MT(G) - /\/\MTa(e) = /\/\Mm(@) = /\MTa'
0 6 « a 0 a
O

It is an interesting open problem whether the corresponding result for
suprema holds true. Below we show it under some additional assumptions.

Theorem 2.7. Suppose that the lattice of time projections in T satisfies
V, M;, = Mgup, r, for any countable family of time projections, and assume
that H is a separable Hilbert space. Let {14} be a family of random times,
and let T be the supremum of this family. Then

M, =\/M,.
«

Proof. Since H is separable, the strong operator topology on the closed unit
ball of B (H) is metrizable (see e.g. [12, Proposition 2.7 p. 71]). Hence there
is an increasing sequence {M, } in {M,_ } converging strongly to \/, M,.
This means that,

\/ M, = \/ M, = My, -, and M, < Mgy, -, for each o
(0% n

Hence for each § € © and each a, M, ) < M
My

sup,, 7n)(6)" So \/a MTQ(H) <
72)(9)- From Proposition 2.5, M,y =\, M, ) for each 6 € ©. Thus

sup,,

M = /\MT(9) = /\\/Mm(a) < /\M(supn ™)(0) — Msupn Tn = \/M-rn
0 0 o 0 n

:\/Mray

so M, <\/, M-,, but on the other hand \/, M,, < M;,. Therefore M, =
V. M., as required. O
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Hereafter we consider a filtration of a finite von Neumann algebra. We
want to investigate the lattice of time projections in greater detail. For
0 € O, let 7% denote the von Neumann algebra generated by {Mr@g): 71is
a random time}.

Proposition 2.8. The lattice of time projections in T is both upper and
lower continuous.

Proof. Let {MM(Q)} be an increasingly directed family of time projections
in 7%, and let Mgy be any time projection in 79 Then

V (M0 A Myo)) \/ 0)Ao(0) =V Mz p06)
= Msupa(Ta/\a—)(G) (by Proposition 2.5)
= (sup,, 7o) (8)Ac (6) (by Theorem 1.9 of [3])

= Msup, 0)(0) N Moo)
= (\/ M ) N My  (by Proposition 2.5).

To show lower continuity, suppose {Mm(g)} is a decreasingly directed
family of time projections in 7?. Then

N\ (M 0V M) = )\ My 0)vo0) = A\ Mirovo0)

[0}

= Mint, (rovo)(0) (by Proposition 2.5 for infima)
= M(int, 70.(6))vo () (by Theorem 1.9 of [3])

= Mnt, ra)O)vo(0) = Mintara(0) V Mo()

= (/\ M 9)) V My (by Proposition 2.5 for infima),

as required. O

Proposition 2.9. Let 7 and o be random times. Then

Mrvo = /\/\ Mo () -
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Proof. Let n € ©. Then

N\ (M) vV Moy) = N\ Myoyvom)
0 0

= Mty (r(6)vo(n)) (by Theorem 2.6)
= M(int, r(0))vo(n) (by Theorem 1.9 of [3])
= Mrvo(n)-

Similarly,

/\ MT\/U(n) = Minf,,(rvg(n)) (by Theorem 2.6)
! = Myy(int, o(y)) (by Theorem 1.9 of [3])

= Vo -
So
Mrvg = NN (Meo) V Mo)) -
n 0

For general time projections we have the following result.

Proposition 2.10. The lattice of time projections is lower continuous if
and only if M,V M, = M, for any two random times T and o.

Proof. Suppose that M, vV M, = M,,, for any two random times. Let
{M,, } be a decreasingly directed family of time projections, and let M, be
the time projection associated with random time o. Then

/\ (Mr, VM) = /\Mra\/a-

67

We may assume that {7,} is a decreasingly directed family of random times
with 7 = inf, 7. The family {7, V o} is also decreasingly directed with
inf, (7o Vo) = (infy 74) V o (Theorem 1.9 of [3]). Thus

N\ Mz, v My) = \ My,vs = Ming, (rovo)  (by Theorem 2.6)
= Minf, ro)vo (by Theorem 1.9 of [3])
= Mint, 7, V My (by assumption)

= (/\ M,.)V M, (by Theorem 2.6).
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Conversely, suppose that the family of time projections is lower continu-
ous. Let 7 and o be any two random times. Then

M-V M, = /\ ~(0)) V Mo = /\ o)V Mg) = /\(Mrw)V(/\Ma(n)))

0
= /\/\ )) = M;v, (by Proposition 2.9).

O

As seen from the second part of the above proof, lower continuity of the
family of time projections yields the relation M,V M, = M,, without the
assumption of finiteness of the algebra. Indeed, the equality

M: v Mo /\/\ o)V Mo 77))

follows solely from the lower Contlnulty of the lattice of time projections;
furthermore we have

Mz(o) V Mo () = Mr(o)vo(n) = Mrvo,
since 7V o < 7(0) V o(n). Hence
MT Vv Mcr Z MT\/O'?

while the converse inequality is obvious.

3. Times with respect to a filtration of the CAR algebra

In this section we restrict our attention to the CAR theory as developed
n [4]. Let w denote the gauge-invariant quasi-free state of the CAR algebra
over L? (R*) with two-point function

w (B (/)blg)) = /0 " f(8)a)p(s)ds

where 0 < p < 1 almost everywhere, ds denotes Lebesgue measure, and
f,9 € L* (RT).

Let A denote the von Neumann algebra generated by the quasi-free rep-
resentation of the CAR algebra on H — the tensor product of two copies
of the anti-symmetric Fock space over L? (R*), given in [4] (see also [6]).
Thus w is the vector state w(-) =(-Q,Q), with Q = Q, ® Q,, where Q, is
the Fock vacuum vector. The conditions on p imply that € is cyclic and
separating for A. For t € [0, 0], let A; denote the von Neumann subalge-
bra of Ay = A generated by the operators {b*(f): suppf C [0,¢]}. Then
there exist w-invariant normal conditional expectations E;: A — A; satis-
fying E: (b(f)) = b(fXjo,), [7] has the details. Let by = b(x[o,4). Then



288 A. A. A. MOHAMMED

b; and b are A-valued martingales and one can define quantum stochastic
integrals [ db*¢ (s) and [° dbsn (s) as elements of H, for suitable adapted
‘H-valued processes & and 7. These two stochastic integrals are orthogonal
in H, and satisfy

P (/fdbjg@)) :/Otdbjg(s) and B(/Ooodbsn(s)> :/Otdbsn(s),

consequently, the stochastic integrals are orthogonal to {2 and obey isometry
relations (for details of these results see [4]).

The stochastic integral representation of elements of H states that for any
¢ € H, there are a unique a € C and processes ¢ € L% (R, (1 — p(s))ds, H),
n € L? (RT, p(s)ds, H) such that

C:aQ+/Ooodb:§(s)+/Ooodbs77(s).

This representation theorem, which may be found in [13], allows a concrete
representation for the action of the time projections M., namely,

Mg =as [Tars(a) €+ [ ans (o) (o).

where 7 = (q;) and [ is the parity automorphism of A which is spatial:
B(a) = 0ab, where § = 0* = =1 and Q = Q (for details of these results see
2)).

We shall use the formula above for the action of the time projection to
discuss the relationship between random times, the associated time projec-
tions and properties of the lattice of the time projections.

Let us start with the following result which can be considered as a con-
verse of Corollary 3.4 of [2].

Proposition 3.1. Let 7 = (q;) be a random time, and let 1, = (qf")) be

a sequence of random times with M. — M, strongly. Then there is a
subsequence (Ty,) such that T, — T Lebesgue almost everywhere.

Proof. Let ( € H. There are o € C and processes £ € L2(RT, (1 — p(s))ds,
H), n € L? (R, p(s)ds, H) such that

My ¢ =00+ | s () € (9) + / b (o) (o),
and

Mc=at+ [ ap (i) e+ [ s (o) 0.

0 0
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So by the isometry and orthogonality relations we obtain

1My, — M:)¢))”

/OOO dv; (Q§”” - Q§) ¢(s) + /OOO db, 8 (Q§”” — qf) 1(s)
/OOO dv; (Cé”” - Q§) £(s) 2 /OOO db, 3 (619‘)L - Q$) n(s) 2

— [ s (& )| 1 = os)) ds

o g)e
< [T (= ) o) pisras
- M,

When n — oo, ||(M

2

il

) ¢||* = 0, thus both the integrals

/ P (e - e 0 - i
[ (=)o o

converge to 0 and hence Hﬂ (gﬁ”” - qs>

(1 — p(s))ds, and thus in Lebesgue measure. So, there is a subsequence

and

‘ converges to 0 in measure

2
Hﬁ (qﬁ”’“” — qi) € (s) H converging to 0 Lebesgue almost everywhere. Now
by taking &(t) = e7'Q € L2R*, (1 — p(s))ds,H), we deduce that
2
Hﬁ (qgnk)L — qﬁ) QH converges to 0 almost everywhere. Since € is sep-

arating for A, we get that Hﬁ (qgnk)J‘ — qj) CH converges to 0, Lebesgue
almost everywhere for each ( € H, and hence (3 (qé”k” — qSL) converges

strongly to 0 Lebesgue almost everywhere. Since the automorphism g is
spatial, qgnk) — (s strongly Lebesgue almost everywhere. This means that
the subsequence (7,, ) converges Lebesgue almost everywhere to 7, and the
proof is complete. O

As a corollary to the above result we obtain the following one-to-one
correspondence between random times and time projections.

Corollary 3.2. If M, = M,, then 7 = o Lebesgue almost everywhere.
Indeed, it is enough to take T, = 7 and apply Proposition 3.1.

We shall use the above corollary to examine the relation between the
modularity of the lattice of random times and the lattice of associated time
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projections (Proposition 3.6). Now we give the following theorem, which
characterises the commuting time projections.

Proposition 3.3. Let 7 = (¢) and o = (q;) be random times. Then
M, M, = MyM; if and only if q:q; = qiqr Lebesgue almost everywhere.

Proof. Let ¢ € H. There are a« € C and processes ¢ € L?(RT,
(1 — p(s))ds,H), n € L>(R*, p(s)ds, H) such that

M=o+ [~ a (qi) 6+ [ v (a) nto)

M, =af)+ /000 db* (s) + /000 dbs3 (q;L) n(s)-

and

Then
M, M,¢ = aQ+/O db’ Qiq;ﬂ &(s )+/0 dbs3 (qsLQQL) n(s),

and
o

M=ot [T s (da) €+ [ an (attad ) nto)

Thus
o0
(MM, — My M) ¢ =/ aviB (ot — dal) €(s)
0
Oo Lol 1L
+/ dbsf (qs 9 = ds qs)n( ),
0
so by the isometry and orthogonality relations

IOty = MG = [ (o = et ) €)1 - ) ds

& 2
+/O Hﬁ (qiq? - qﬁqﬁ) n(s)H p(s)ds.  (¥)
1F M, My = My M, then taking £(t) = ¢~ 'Q € L2(R*, (1— p(s)) ds, H), we

obtain )

Hﬁ (qiq;L QQLQSL> QH =0
for Lebesgue almost all s, since 0 < p < 1 Lebesgue almost everywhere.
Since Q is a separating vector for A and £ is an automorphism of A, ¢s¢, =

q.qs Lebesgue almost everywhere.
The converse is immediate from (). O

Now we shall prove a stronger version of the Optional Stopping Theorem,
namely
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Theorem 3.4. Let 7 = (¢;) and o = (q;) be random times such that o < T
Lebesgue almost everywhere, i.e. q < q; for almost all t € [0,00]. Then
M, < M.

Proof. Let ( € H. There are a« € C and processes ¢ € L?(RT,
(1 —p(s))ds, H), n € L*(R*, p(s)ds, H) such that

MM = a0t [T (b ) €+ [ an () nto)

Since g ¢t = ¢+ for almost all s € [0, 00], we get

M, M,¢ = af + /Ooo db* 3 <q;i> £(s) + /Ooo dbs3 (qff) n(s) = My,

which means that M, < M. ]

The next result is the ascending version of a descending random time
martingale convergence theorem (Theorem 1.12 of [3]), and gives an answer
to a question raised in [3].

Theorem 3.5. Let {7,: o € A} be a family of random times. Let T be the
supremum of this family. Then

M, =\/M,.

Proof. Since H is separable, thus by virtue of Theorem 2.7 it is enough to
prove the above equality for a countable family of random times. Assume
therefore that A is countable. By Corollary 3.6 of [2] the lattice of time
projections is complete, so \/, M, is a time projection, \/, M., = M,
for some random time o. As 7, < 7, we have M, < M, for all « € A,
and consequently M, < M. Furthermore, M, < M, for each a € A, and
according to [2; Remark p. 435], 7, < o Lebesgue almost everywhere. Since
A is countable, we obtain 7 = sup, 7, < o Lebesgue almost everywhere, and
by Theorem 3.4, M, < M,, which finishes the proof. ]

In particular, for any two random times 7 and o, we have M, VM, = M s
as proved in [2] Theorem 3.5.

Proposition 3.6. The lattice of time projections is modular if and only if
the lattice of random times is modular Lebesgue almost everywhere.
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Proof. Suppose that the lattice of time projections is modular and let 7,
p and o be random times with 7 < p. By the Optional Stopping Theorem
(Theorem 3.4), M; < M,. Thus

M‘rv(a/\p) = M,V M(g/\p) =M,V (MJ A Mp) = (MT \Y MU) A Mp
- M‘I’\/O’ /\ Mp — M(T\/O’)/\p‘

Using Corollary 3.2, we get 7V (6 A p) = (7 V o) A p Lebesgue almost ev-
erywhere.

For the converse, suppose that the lattice of random times is modular
Lebesgue almost everywhere and let M;, M, and M, be time projections
with M, < M,. Using [2; Remark p. 435], we infer that 7 < p Lebesgue
almost everywhere. Thus

My v (Mo A My) = Mz N Mypp = Mpyonp)-
But 7V (o A p) = (7 Vo) A p Lebesgue almost everywhere, so
Mryonp) = Mirvoynp = Mzvoy N My = (M7 V Ms) A M,,.
Hence
M,V (Mg A M,) = (M, V M) A M,
O

Hereafter we examine the lattice of time projections for a filtration of a
finite CAR von Neumann algebra. In particular, we shall show that the
lattice is upper and lower continuous. This situation arises if we take p to
be the constant function equal to 1/2, so that w is a tracial vector state
with two-point function

o (M) = 5 [ 16T

Let us begin with

Lemma 3.7. Let F = {M.,: « € A} be an increasingly directed family of
time projections. Then for each time projection M, associated with random
time o,
\ (M, A M) = (\) My,) A M, = (\/ My,) A M,

n (0%

n

for some sequence (M.,,) in F.

Proof. From Theorem 3.5, sup F =/, M, is a time projection, say, M,
where 7 = sup, To. Since the strong operator topology on the closed unit
ball of B(H) is metrizable, there is an increasing sequence (M, ) in F
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converging strongly to M;. Hence (M, A M,) is an increasing sequence
converging strongly to M; A M,. Indeed,

\/ (M7, N M) = \/ M no = Mgup (r00) (by Theorem 3.5)

n

= M(sup,, rm)r0 (by Theorem 1.9 of [3])
= M(Supn ) ANMs; = M, N\ M,,

that is
\ Mz, A M) = (\) Mr,)) A My = (\/ Mz,) A M,.

n «

O]

In a similar fashion one may prove the corresponding result for infima,
that is

N Mz, v M) = (\ M-,) vV My = (\ My,) v M,

n
for some sequence (M-,

) in a decreasingly directed family F={M, : a €A}
of time projections.

Theorem 3.8. The lattice of time projections is both upper and lower con-
tinuous.

Proof. Consider an increasingly directed family {M,, : a« € A} of time
projections, and let M, be any time projection. By Lemma 3.7, for some
sequence (M., ) with \/, M, =\, M., , we have

\/ (Mr, A M) = (\/ Mr,) A M.

n

It is clear that
M, NM, < (\/ M., ) N M,, for each o € A,

and so
\/ (Mr, A M) < (\) Mr,) A M,

«

Note that for each n, there exists a;, € A such that M, < M., and
My, N My < My, AMy < \/ (Mg, AM,).
(0%

Thus
\/ (Mz, A M) <\ (M-, AM,).

n
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But
(\/ Mr) A My =\/ (M, AMy) < \/ (M, AM,),

a
SO

\/ (M, A M) = (\/ My,) A M,.
« «

Therefore, the lattice of time projections is upper continuous and a similar
calculation shows that the lattice is lower continuous, i.e., for a decreasingly
directed family {M;, : a € A} and arbitrary time projection M,,

N\ (M, v M) = (\ My,) vV M,.

«

O]

Let us notice that the lower continuity of the family of time projections
also follows immediately from Theorem 2.10.

Remark 3.9. When dealing with the CCR algebra, there exists a mar-
tingale representation theorem (see [8], [10]), and one can use it to give a
corresponding result for the action of the time projection and to prove the
results of Section 3 of [2] in this context; all our results in this section have
analogues in the CCR theory.
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