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Abstract. Nonlinear vector integral equations are considered. Solu-
tion estimates and solvability conditions are derived. Applications to
the periodic boundary value problem are also discussed. Under some
restrictions our results improve the well-known ones. The main tool in
the paper is the recent estimates for the resolvent of Hilbert-Schmidt
operators.

1. Introduction and statement of the main result

A lot of papers and books are devoted to nonlinear integral equations,
cf. [2], [9], [14], [15]. In this paper we suggest a new approach to deriving
a priori solution estimates and solvability conditions for nonlinear vector
integral equations. That approach is based on the recent estimates for the
resolvent of linear Hilbert-Schmidt operators. As it is shown in Section 6
below, in appropriate situations our results improve the well known ones.
In particular, we establish estimates for the amplitude of periodic solutions.
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Let E be a compact subset of a real Euclidean space R™, and C™ a
complex Euclidean space with the Euclidean norm || - ||cn. In addition,
L? = L*(E,C") is the space of functions defined on E with values in C"
and equipped with the norm

12l 2 = [/E Ih(@)|2nda]'/? (b€ L*(E,C™),

and C(E,C") is the space of continuous functions defined on E with values
in C" and equipped with the sup-norm || - ||¢.
For a positive r < oo, put

wr ={2€C": ||z|lcrn <7} and Q,.(C) ={h € C(E,C"): ||hllc < r}.

Consider the equation

/szu u(s)ds + f(z) (x € E) (1.1)

where f € C(E,C") and K is an n x n-matrix defined on E? x w,. In
addition, K (x, s, z) is continuous in z € w, for almost all s € E and

lim | sup [K(z0,5.2) — K(z,5,2)|cnds = 0 (a0 € E).
z—x0 J g z€w,

Put
Qr(z,s) := sup |K(z,s, z)] (1.2)

zZEWr
for almost all s € E. Here |K(x, s, z)| means the matrix whose entries are
the absolute values of the entries of K(x,s, z). So Q,(z,s) is a nonnegative
n X n-matrix.
Assume that

q(Qy) = Sup/ |Qr(, s) ||(Cnds]1/2 < 00. (1.3)

Let B be an m-dimensional Hilbert-Schmidt operator (m < o). The fol-
lowing quantity plays a key role in this paper:

9(B) = Z Ae(B)%)?,
where A\¢(B), k = 1,2,... ,m are the elgenvalues of B taking with their
multiplicities and N(B) is its Hilbert-Schmidt norm, i.e.

N%*(B) = Trace (BB™).
The asterisk means the adjointness. The following relations are true: g2(B) <

N2(B) — | Trace B?| and N

¢ (B) < JN*(B* — B), (1.4)
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cf. [5, Corollary 3.4.6]. Furthermore, introduce in L? the operator Qr by
/ Q. (x,s)v(s)ds (v € L*(E,C")).

Due to (1.?), Q» is a Hilbert-Schmidt operator. Assume that the spectral
radius 75(Q,) of @, is less than one:

ps(Qr) < 1, (1.5)
and put

oo k
0(0,) — 9"(Q) '
@)= JEa @y

Now we are in a position to formulate the main result of the paper

Theorem 1.1. Let the conditions (1.3), (1.5) and

«(@r)O@)fllze + [ flle < (1.6)

hold. Then equation (1.1) has at least one solution u € Q.(C), satisfying
the estimates

lull2 < ©(Qr)|fIl2 (1.7)

and

lulle < ¢(@rO@Q)[fll2 + I fllc <7 (1.8)

The proof of this theorem is divided into a series of lemmas, which are
presented in the next section.
Note that due to (1.4)

20, < 2N2(Q o) = // Z bju(z, 5) — b(s, z)[2dz ds

where b;, are the entries of Q.(z,s). If Q, is a symmetric kernel, i.e.
bjr(x,s) = bjk(s,x), then g(Q,) = 0. Now Theorem 1.1 implies

Corollary 1.2. Let conditions (1.3) and (1.5) hold. If, in addition, Q, is
a symmetric kernel, and

(Qr)”f 2

ps(Qr)

then equation (1.1) has at least one solution u € Q,.(C), satisfying the esti-
mates

+flle

171122
g < —=
HUHL N 1_pS(QT‘)
and Q01|
Julle < LEOMZL 1 ).

ps(Qr)
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By virtue of Schwarz’s inequality, it is not hard to check that
va o 5*(Q)

0Q) < Y2 e L@ (19
' 1—ps(Qr) (1= ps(@r))?
2. Proof of Theorem 1.1
Let X be a Banach space with a norm || - || x and the unit operator /. In

addition, Y C X is a continuously imbedded Banach subspace with a norm
|| - [ly. For a positive number r < oo, put ,.(Y) = {h € Y: ||h|ly < r}.
Consider the equation

u=A(u)u+ f, (2.1)
where A(h), for all h € Q,.(Y), is a linear operator acting from X into Y
and f €Y is given. Moreover, there is a constant ¢(Y, X), such that
[A(R)w]ly < q(Y, X)|wllx (we X; heQ(Y)). (2.2)
We will say that the mapping ®: Q,.(Y) — Y defined by
®(h)=A(h)h+ f (h € Q.(Y))
has the fized point property in Y if the uniform bound ||v¢|ly < r for all
possible solutions vy of the equation
v=tAv+tf (0<t<1) (2.3)

implies the solvability of equation (2.1).

For instance, ® can be a continuous compact mapping [12], [15] or a
continuous condensing one (the Schaefer principle) [13], [1, Section 3.9.2],
[4].

Lemma 2.1. Let ® have the fixed-point property in Y. In addition, let the
conditions (2.2) and

Jp = sup (I —tA(R)7x < o0 (2.4)
heQ,(Y),t€[0,1]

hold. Then equation (2.1) has at least one solution u € Q,.(Y) satisfying the
estimates

Jullx < Jallfllx (2.5)
and
[ully < (¥, X)Jallfllx + [[f]ly, (2.6)
provided
a(Y, X)Jallfllx + 11 flly < (2.7)
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Proof. First, let » = co. Equation (2.3) is equivalent to the equation
v=t(I —tA(v))"f.
Hence, a possible solution v; of (2.3) satisfies the inequalities

oellx < (I —tA(w) " flix < Jallfllx  (0<t<1).
This proves inequality (2.5). Moreover, from (2.3) it follows that
[velly < [[A(ve)velly + ([ flly < q(Y, X)[lvellx + ([ flly
< q(V, X)Jalflix + I flly < q(Y, X)Jallfllx + [ f]ly- (2.8)

Since ® has the fixed point property, equation (2.1) has a solution.

Let now r < co. Put r1 = q(Y, X)Jal|| fllx + || f]ly- According to (2.7),
rE<<r.

By the Urysohn theorem [3, p. 15|, there is a continuous real function v,
defined on Y, such that ¢,.(h) =1 (||h|ly < r1) and ¥,.(h) =0 (||h]ly > 7).
Besides, 0 < ¢,.(h) <1 (J|h|ly <r). Thus

sup |[(1 =t (R)A(R)) Y[ x < Ja.
heY,te(0,1]

Put ®,(h) = ¢, (h)A(h) + f and consider the equation

Vs = tCI)T(Ut). (29)
According to (2.7) and (2.8), a solution v; of equation (2.9) satisfies the
uniform estimate ||v;||y < r1. Since @, and ® coincide on €2, (V) and & has
the fixed point property, ®, also has the fixed point property. So equation

(2.9) with ¢ = 1 has a solution vy, satisfying estimates (2.5) and (2.6). But
®,(v1) = ®(v). Thus, v; satisfies (2.1). This finishes the proof. O

Now, let X = H be a Hilbert lattice, cf. [11]. Assume that

A(h)u] < Blu| (w e H, he Q(Y)), (2.10)

where B is a positive Hilbert-Schmidt operator and |- | means the absolute

value [11]. We will use the following result: let B be an m-dimensional

Hilbert-Schmidt operator (m < co). Then for any regular A € C,
g*(B)

VEHL(B, X)

where p(B, \) is the distance between the spectrum o(B) of B and a complex
point A (see [5, Corollary 1.2.4 and Theorem 2.4.1]). Assume that the
spectral radius ps(B) of B is less than one:

ps(B) < 1. (2.12)

m—1
(B =AD" <) (2.11)
k=0

Then (2.10) implies
11— tAm) M < (= B) M (heQu(Y), te0,1).
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But due to (2.11) and (2.12),
I(B = 1)~ lu < 0(B)

where

o0 k
0(B) := 9°(B) )
) kZO\/H(lﬂs(B))’““

So J4 < 60(B). Now the previous lemma yields

Lemma 2.2. Let ® have the fized-pont property in' Y C H. In addition,
let the conditions (2.2) with X = H, (2.10), (2.12) and

1 flzq(Y, H)O(B) + [ flly <

hold. Then equation (2.1) has at least one solution u € Q,.(Y), satisfying
the estimates
[uller < OB [l =
and
[ully < \[fllzq(Y; H)O(B) + [ 1y

Proof of Theorem 1.1. Due to the well-known Theorem X.1.2 [14], the
nonlinear integral operator defined by the right-hand part of equation (1.1)
is compact as operator acting from C' to C. Now the required result directly
follows from the previous lemma with Y = C(E,C"), H = L*(E,C") and
B=Q. O

3. Equations “close” to Volterra ones

In this section we are going to specialize Theorem 1.1 in the case of
equations which are “close” to Volterra ones.
Let x = (x),s = (sg) € E. Under condition (1.2), put

Qf (z,5) = Q.(w,s) if 71, < 53, and Q; (z,s) = 0 for other z, 5.

Define on L? an operator V, by
(Vio)w) = [ Qfwsols)ds (€ Bove 1?)
E

and put 7, = Q, — V,.. Since under condition (1.3), Q. is a Hilbert-Schmidt
kernel, the Volterra operator V, is a Hilbert-Schmidt one:

N2(V,) = / / 1Q;, (x,8)||Ands dx < oco.
EJE
Clearly,
03 < [ [ 10utes) - @ o9l s
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Due to Theorem 3.5 from [6], the spectral radius ps(Qy) of Q, satisfies the
inequality ps(Q,) < (,, where (3, is the extreme right (positive) root of the
scalar equation

2|13, 2NV,
” y2”L [ yg )] =1 (3.1)
Let 3, < 1. Then O(Q,) < 0(V;,T}), where
VRN
Q(WaTT) T 1— /3'r exp[(l _ /87’)2]'

Now Theorem 1.1 implies

Theorem 3.1. Let the conditions (1.3), B, < 1 and

9q(Qr)0(Ve, T flle2 + | flle <7

hold. Then equation (1.1) has at least one solution u € Q.(C), satisfying
the estimates

lulle < O(Ve, Tr)| £l 2
and

lulle < q(@r)O(Ve, T fllz + (I fllc-

Substituting y? = 2N2(V,)z in (3.1) we have

712 1
L2 epl=] = 1.
N(V)z exp| ]
Now Lemma 4.6 from [7] yields the inequality 3, < §,, where

. VEN(V;) |
n'/2 [1/2 4+ \/1/4 + | TN (V)]

Thus the previous theorem implies

Corollary 3.2. Let the conditions (1.3) and 6, < 1 hold. In addition, with
the notation

_ V2 N*(V)
0(0,,V;) := s exp[(1 — 5r)2],
let
q(@r)0(0r, Vo)l fll2 + I flle <. (3.2)

Then equation (1.1) has at least one solution u € ,.(C), satisfying the
estimates

[ullz < 0(6r, Vi)l fl 22
and
lulle < q(Qr)8(6r, Vi)l fllrz + 1 fllc- (3.3)



194 M. I. GILY

Furthermore let x = (x),s = (sx) € E, again. Put
Q, (z,s) = Qr(x,s) if x > s and Q, (x,s) = 0 for other z, s,

and introduce the Volterra operator V, by
(Vo)(@) = [ @ (a.9)v(s)ds,

Then in our above arguments we can replace V, by operator V.

4. Equations with convolution majorants

Let E = [—m, 7] and conditions (1.2) and (1.3) hold with @Q,(z,s) =
Qr(z — s) where Q,(x) is a nonnegative n x n matrix defined on R. That is,
|K(z,8,2)| <Qr(z—35) (—m<z,s<7 2€w). (4.1)
and i
0@)= sw ([ Q- lkds <o @2
Therefore |

@)@ = [ Qula—sh(sds (v e P2(-m],C)

In this section we are going to improve Theorem 1.1 in the case (4.1). Let
[ee]
Qr($) = Z Bkeikx
k=—00

be the Fourier expansion of @, with the matrix Fourier coefficients
1 [ -
By, = / Q- (s)e"*ds.
27 J_,

Due to Lemma 4.1 from [6],

ps(Q) = Ssup ps(Bl)' (43)
1=0, +1,...
where ps(Bj) is the spectral radius of matrix B;. It is easy to check that
under consideration,
1(@Qr = D)2 = sup (B = L) len-
1=0, +1,...
Here I and I,, are the unit operators in L? and C", respectively. Assume
that

sup ps(Bp) < 1. (4.4)
1=0, +1,...



A PRIORI SOLUTION ESTIMATES 195

Then according to (2.11)
1(@r = 1) 2 < 60(Qr)
where

60(Q)) = sup nz:l g"(By) .
1=0, £1,... =5 VEI(1 — py(By))F+1

Now Lemma 2.1 implies

Theorem 4.1. Let the conditions (4.1), (4.2), (4.4) and
@(@r)0o(Qr)I fll2 + [ flle <

hold. Then equation (1.1) with E = [—m,w| has at least one solution
u € Q. (C), satisfying the estimates

ullz2 < Oo(Qr)[|f|l L2
and

lulle < q(@r)00(Qr)[[fll2 + [ fllc-

Let Q(x) be a Hermitian matrix for all z € [~m, 7]. Then B; are normal
matrices and ¢g(B;) = 0. Thus Corollary 1.2 is true with ps(Q,) defined by
(4.3).

5. The periodic boundary value problem
Consider in C™ the problem
du/dx =W (z,u(x))u(x) + fo(z) (5.1)
u(—m) =u(r) (5.2)

where fo € L*([~m,n],C") and W (x,z) is an n x n-matrix continuously
dependent on z € [~ 7] and z € w,. The operator S defined on L? by

(Sv)(z) =du/dx +u
with conditions (5.2) has the Green matrix-function G(z,s) = G(x — s)
defined by
Glz—s)= Y (L+ki) eI, (2,5 € [-m,7)) (5.3)
k=—0o0

where I, is the unit matrix. Hence (5.1) can be written as

u(z) = i G(z — s)(W(s,u(s)) — In)u(s)ds + f(z) (5.4)

—T
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where -
f@) = [ Ga—afl)ds

Since G is a solution of the equation

G + G = (),
where 0(x) is the delta-Dirack function, we have
Cre™® ifzx <O
Glx) = { (Cr+1Iy)e ™ ifx>0 (5.5)
where B
Cﬂ- = %In
er—e
That is G is positive. Let the condition
\W(x,z)—I,| <M, (z€uw) (5.6)

hold where M, is a nonnegative constant matrix. Then (4.1) is valid with

K(z,s,z) = G(x — s)(W(s,z) — I,,) and Q.(x —s) = G(x — s)M,. So

according to (5.3) in the considered case the Fourier coefficients to @, are
By, = (1 + ki)' M,.

Moreover, the eigenvalues of By are X\;j(Bg) = (1 + ki)"'\;(M,) (j =
1,...,n). Hence,

ps(M,)
ps(Bi) = m < ps(M;)
and )
gy
9(Br) = ST (k=0,+1,+2,...).
Consequently,
n—1 k
9" (By)
0o(Qr) = su < (M, 5.7
O(Q ) l:O,ipl,...kZO \/H(]. —ps(Bl))kJrl ¢( ) ( )
where

n—1 k
M,) = g (MT) .
V)= e e

Moreover, in the considered case, conditin (4.2) holds with

9(Qr) < |My||cnsup[ | G*(z — s)ds]"/2.

—T

According to (5.3), simple calculations show that

supl [ G(a — s)ds]'/” < B,

x —T
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where
o0

1
Bro=[2m > m]lﬂ-

k=—0o0

So condition (4.2) holds with
A(Qr) = Brl| My lcn- (5.8)
Moreover, due to the Schwarz inequality

Iflle = sup | G(w = s)fo(s)dsllcr < Pxll foll 2

—T
Hence,

[fll2 < V2rlfllc < V2 Szl foll L2-
Now Theorem 4.1 and relations (5.7) and (5.8) yield

Theorem 5.1. Let the conditions (5.6) and ps(M,) < 1 hold. In addition,
let
1 foll 2B (V2r | My || enp (M) + 1) <

Then problem (5.1), (5.2) has at least one continous solution u € Q,(C),
satisfying the estimates

lull 2 < |l foll o287V 2me (M)

and

lulle < [ foll 2B (V2r [ My ||l cn o (M) 4 1).
Note that if M, is a Hermitian matrix, then

1
¢(MT) S 1- ps(Mr).

In the general case, thanks to (1.4), g*(M,) < N?(M, — M})/2.

6. Concluding remarks

In this section we are going to compare our results with the well-known
ones.

1. Take E' = [0, 1] and consider the Volterra equation

/ K(z,s,u(s))u(s)ds = f(z) (z€]0,1]) (6.1)

where f € C([0,1],C") and K is the same as in Section 1 with £ = [0, 1].
In addition, Q,(z, s) (() < s <z < 1) defined by (1.2) has the property

¢(@Q) = sup / 1Qr (2, ) [2nds]? < ox.

0<z<1
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Simple calculations show that in the considered case

g%@ozéiéﬂ@A%@%mMmsq%@a

and ps(Q,) = 0. Moreover,

0(0,) < i ¢*(Qr)
k=0

V!

Obviously, under consideration, ||f||;2 < || f|lc. Let the condition

Iflle(1+ q(@Qr)V2expl®(@Qr)]) < r (6.2)

hold. Then due to Theorem 1.1 and inequality (1.9), equation (6.1) has at
least one solution u € Q,(C). Let us compare this result with the following

well known solvability conditions for equation (1.1) in the scalar case [14,
Chapter X, Theorem 2.4]:

< V2expl*(Qy)).

K continuously maps [0,1]? x ,.(C) into C, (6.3)
and
r sup |K(z,s,2)| + ||fllc <. (6.4)
0<z,s<1; |z|<r
Or, equivalently,
rosup |Qr(z,8)| + ||fllc <. (6.5)
0<z,s<1

About other solvability conditions see for instance [15, p. 59].

Theorem 1.1 does not require condition (6.3). In particular, K can have
integrable singularities with respect to the second argument. But even under
condition (6.3), relation (6.2) with n = 1 improves (6.4), since (6.5) requires
the inequality

sup |K(x,s,z2)] < 1.
0<z,s<1; |z|<r
At the same time due to (6.2), K can be “arbitrary” if f is sufficiently
small. So (6.2) improves (6.4) for Volterra equations of the type (6.1) and
equations which are “close” to (6.1).
The same reasonings are valid for the equation

1
u(z) — / K(x, s, u(s))u(s)ds = f(z) (0<x<1)

and equations which are “close” to it.

2. Now let us consider the Anselone-Moor system from elasticity theory
[2, Section 1.2]

1
1mw—vA(@ma@m@mxg+@xa@ﬁ@mw:ﬁ@>
(x € [0,1]; v = const > 0) (6.6)
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where Lja(z,s) are bounded measurable kernels. The following solvability
conditions for system (6.6) are well known [2, p. 10]:

4y flle max  sup (|Lj2(z, s)| + [Lja(z, s)]) < 1. (6.7)
J=1, z,s€[0,1]

Let us improve this result in the case of the Volterra system

uj(z) — ’Y/:(le(957 shui(s)uz(s) + Lya(x, s)ui(s))ds = f;(x)
(z €[0,1]). (6.8)
Put
Kji(x,8,2) = yLja(x, 8)21, Kjo(x, 8, 2) = vLj1(x,8) 21
(z = (21,22) €C? j =1,2).
Then (6.8) takes the form (6.1). According to (1.2) put
Qr(x,s) = rvy|L(z,s)]

where |L(z, s)| is the 2 x 2-matrix whose entries are the absolute values of
the matrix

L(JZ, S) = (L]k($7 S))?,k:l'
Clearly, condition (1.3) holds with ¢(Q,) =~ rv(L), where

x
(L) = lsup [ L) 2] 2
z Jo
Now (6.2) yields the following solvability conditions for system (6.8):
I£llc (X +yrv(L)V2explyrv(L)]) < r. (6.9)

Taking r sufficiently small, due to Theorem 1.1, we can assert that system
(6.8) is solvable for arbitrary 7, provided || f||¢ < r. Thus, (6.9) improves
(6.7) for the Volterra system and systems which are “close” to it.

3. Furthermore, let us consider periodic problem (5.1), (5.2). Let (-,-)
denote the scalar product in L?([—m, 7], C"). If one of the following conitions
holds:

(z,W(z,2)) < a(a:)(||z||(2€n +1) (z€[-mn]; z€R"). (6.10)

for a nonnegative function a € L'[—n, 7], or
(z,W(z,2)) <0 (x€[-m7]; 2 €wy), (6.11)
then the problem (5.1), (5.2) has a continous solution, cf. [10, p. 67,
Corollaries VI.4 and VL5 ] (see also [8] and [15]).
Clearly, our Theorem 5.1 allows us to consider more general nonlinearities

than ones satisfying (6.10) and (6.11). In addition, Theorem 5.1 gives us
estimates for the amplitude of oscillations.
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