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Abstract. In this paper using the critical point theory of Chang [4]
for locally Lipschitz functionals we prove an existence theorem for non-
coercive Neumann problems with discontinuous nonlinearities. We use
the mountain-pass theorem to obtain a nontrivial solution.

1. Introduction

The problem under consideration is a Neumann elliptic boundary value
problem with multivalued nonlinear boundary conditions. Let Z C RN be
a bounded domain with a C'-boundary I’

—daiv(HDx(z)Hp_zDa:(z)) = f(z,2(2)) a.e. onZ

ony,

(1)

€ 0j(z,7(x)(2)) a.e. onI', 2 <p < 0.
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Here the boundary condition is in the sense of Kenmochi [12] and the
operator T is the trace operator in W1P(Z). We do not assume here that
the right-hand side is a Carathéodory function.

Many authors considered elliptic problems with non Carathéodory right
hand side. For example Heikkila-Lakshmikantham [9] had used the method
of upper and lower solution to obtain existence theorems for certain differen-
tial equations with discontinuous nonlinearities involving pseudomonotone
operators but they need the existence of upper and lower solutions. On the
other hand many authors established existence results for these problems
without upper and lower solutions using the critical point theory for smooth
or nonsmooth operators. Hence they need the differential operator to be
of variational type. Some characteristic papers on this direction is that of
Ambrosseti-Badiale [2] and Stuart-Tolland [15]. But non of them considered
Neumann problems with multivalued boundary conditions or noncoercive
problems. Here we consider noncoercive Neumann problems with multival-
ued boundary conditions and we do not use the method of upper and lower
solution.

Also, for some existence results about the p-Laplacian with nonlinear
boundary conditions see also [3].

For a more detailed study of the p-Laplacian one can read the well-written
book of Drabek-Kufner-Nicolosi [8].

This problem is closely related with the so-called hemivariational inequal-
ities. At this subject see [13], [14] and the references therein.

In the next section we recall some facts and definitions from the criti-
cal point theory for locally Lipschitz functionals and the subdifferential of
Clarke.

2. Preliminaries

Let X a real reflexive Banach space and let Y be a subset of X. A
function f: Y — R is said to satisfy a Lipschitz condition (on Y') provided
that, for some nonnegative scalar K, one has

[f(y) = f(o)] < Ky — 2|

for all points x,y € Y. Let f be Lipschitz near a given point z, and let v
be any other vector in X. The generalized directional derivative of f at x
in the direction v, denoted by f°(x;v) is defined as follows:

fO(CC;'l)) — limsup f(y +tv) — f(y)

y—w t
t10
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where y is a vector in X and t a positive scalar. If f is Lipschitz of
rank K near x then the function v — f%(x;v) is finite, positively homo-
geneous, subadditive and satisfies | f*(x;v)| < K|v|. In addition f° satisfies
fO(x; —v) = (=f)%(=x;v). Now we are ready to introduce the generalized
gradient which denoted by df(x) as follows:

of (z) = {w € X*: fO(a;v) > (w,v) for all v € X}.
Some basic properties of the generalized gradient of locally Lipschitz func-
tionals are the following:

(a) Of(x) is a nonempty, convex, weakly compact subset of X* and
lw]« < K for every w in df(z).
(b) For every v in X, one has

fO(z;v) = max{(w,v): w € df (x)}.
If f1, fo are locally Lipschitz functions then

Ofr+ f2) COf1+ 0fa.
Let us recall the (PS)-condition introduced by Chang.

Definition 1. We say that Lipschitz function f satisfies the Palais-Smale
condition if any sequence {x,} C X along which |f(x,)| is bounded and
AMTn) = minyep (e, [w]x+ — 0 possesses a convergent subsequence.

The (PS)-condition can also be formulated as follows (see Costa and
Goncalves [6]).

(PS);+: Whenever (z,) C X, (en),(dn) € Ry are sequences with
en — 0, 9,, — 0, and such that

flzn) —c
f(xn) < f(2) + enlr — 2| if |2 — 2] < 0y,

then (z,) possesses a convergent subsequence: z,, — Z.

Similarly, we define the (PS) condition from below, (PS); _, by inter-
changing x and x,, in the above inequality. And finally we say that f satisfies
(PS)z provided it satisfies (PS); , and (PS); _.

Note that these two definitions are equivalent when f is locally Lipschitz
functional.

Theorem 1. If a locally Lipschitz functional f: X — R on the reflexive
Banach space X satisfies the (PS)-condition and the hypotheses

(i) there exist positive constants p and a such that

f(u) > a for allu € X with |u| = p;
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(ii) f(0) =0 and there a point e € X such that
lel > p and f(e) <0,
then there exists a critical value ¢ > a of f determined by

— inf '
c ;Qct?[a’f]f<9< )

where
G={g€C([0,1],X): g(0) =0, g(1) = e}.

In what follows we will use the well-known inequality
N

> (a;(n) = ai(n)(n; —nf) = Clp—'IP (2)

j=1

for n,n’ € RY, with aj(n) = |7]|p_277j.

3. Neumann problems

Let X = WHP(Z). In the following we will need some definitions. Let
f:Z xR — R. Then we introduce the following functions
fi(2,2) = liminf £(2,27), fo(2,2) = limsup (2, 2').
x—x o —x

Let x satisfies the boundary conditions of problem (1).

Definition 2. We say that x € X is a solution of type I of problem (1) if
there exists some w € L(Z) such that

w(z) € [fi(z,2(2)), fa(z,2(2))] a.e. on Z
and
— div(|Dz(2)|P~2Dz(z)) = w(z) for almost all z € Z.

Definition 3. We say that x € X is a solution of type II of problem (1) if
—div(|Dz(2)|P~2Dz(2)) = f(z,2(z)) for almost all z € Z.

Our existence theorem concerns the existence of nontrivial solutions of
type I. We use the mountain-pass theorem to obtain such a solution.
Our hypotheses on f(z,z) and j(z,z) are the following:
H(f): fi,f2: Z xR — R are N-measurable (i.e. if z(z) is measurable
then so are f1(z,x(2)), fa(z,x(2)));
(i) for almost all z € Z and all € R, |f(z,2)| < a(2) + c[z|’"! with
a€L>®(Z),c>0,1<0<p;
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(ii) uniformly for almost all z € Z we have that

f1,2(2,7)

P2z — fi(2) as x — o0

where f, € L'(Z), fy > 0 with strict inequality on a set of positive
Lebesgue measure;
(iii) uniformly for almost all z € Z we have that

F
limsup ————= pF(z )
z—0 =[P
with h € L*>°(Z) and h(z) < 0 with strict inequality on a set of positive

measure Here, by F'(z, z) we denote the integral of f, that is F'(z,z) =
fo z,r)dr.

H(j): j(z,2): ZXR — Rissuch that z — j(z, x) is measurable and j(z, -)
is a locally Lipschitz function such that for almost all z € Z, all z € R and
all v(z) € 9j(z,x) we have that |v| < ai(2) + e1]z|*,0 < p < 0 —1 (0 the
same as in H(f) (1)) with aq € L*, ¢; > 0 and j(+,0) € L*°(Z) and finally
j(z,-) > 0 for almost all z € Z.

< h(z),

Theorem 2. If hypotheses H(f) and H(j) hold, then problem (1) has a
nontrivial solution of type I.

Proof. Let ®: W'P(Z) — R and ¢: WP(Z) — R, be defined by

B(z) = — /Z Pz, 2(2))dz and (z) = ;HD:BHP /F (2, 7(2)(2))do

In the definition of ®(-), = [y f(z,7)dr (the potential of f), 7(-) is
the trace operator on Wl’p ( ) and do is the (N —1)-dimensional Hausdorff
measure. Clearly @, is locally Lipschitz (see Chang [4]), while we can check
that ¢ is locally Lipschitz too. Set R = ® + ).

Claim 1. R(-) satisfies the (PS)-condition (in the sense of Costa and
Goncalves). Let us first begin with (PS). 4.

Let {z,,}n>1 € WHP(Z) such that R(z,) — ¢ when n — oo and
R(zy,) < R(x) + en|x — zp| with |z — 2, | < 0p.
with &,,, — 0. This inequality is equivalent with
R(z) — R(xy) > —ep|z — zp| with |z — x| < 0p.

Choose = = x,, + dzy, with d0|z,| < d,. Divide with 6. So, if § — 0 we
have that
lim R(zp + dzy) — R(zy,)
6—0 )
Thus we have that R°(z,;1,) > —ep |z

< Ro(xn;xn).
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For the (PS).— we have the following. Let {z,,},>1 € WHP(Z) such that
R(zy) — ¢ when n — oo and

R(z) < R(xp) + enl|lx — zp| with |z — 2, | < dp.
with e,,d, — 0. This inequality is equivalent to the following
(=R)(z) = (=R)(xn) > —enlz — zp| with |z — 24| < dn.

Note that (—R) is locally Lipschitz too. Choose z = x,, + §(—x,) with
0| zy| < 0pn. So if we divide with ¢ and take the limit when § — 0 we have

o CR) @+ 8(=a0)) = (~R)(@)

50 5 < (=R)(zn; (—)) = R (2n; 1)

So as before we have that R?(xp;x,) > —en|2n].
Also,

1 1 1
EHD% + 0Dz, b — ];IIDwnII,’; = EIIDwnllg((l +0)" —1).

So if we divide this with § and let § — 0 we have that is equal with | Dz, |b.
Finally, there exists wy, € 9n(x,) where n(x) = [ j(z,7(x)(2))do such that
1°(@n; @) = [pwn(2)zn(2)do and vn(z) € [—fi(z,2a(2)), = f2(2, 2a(2))]
such that (v,,r,) = ®%(z,;7,). Note that w,(z) € 9j(z,7(z,)(2)) ae.
on Z. So, it follows that

[ vman(e)az = 1Dz, — [ wn(e)r(@) (o < ealal

for some vy, (2) € [f1(2, 2n(2)), fo(z, n(2))].

If we choose for the (PS)., at the first place, x = x,, + 0(—x,) we
obtain R%(x,,; —xy,) > —en|2n| and for the (PS). _ we choose x = z,, + dz,
to obtain the same inequality. But from R(x,;—z,) > —&,|zn| we also
obtain

—%mws/%%@w—w%w—/wwmmwMSamw
7 N

Suppose that {z,} € W'P(Z) was unbounded. Then (at least for a
subsequence), we may assume that ||z, || — oco. Let yp, = z,/||znl], n > 1.
By passing to a subsequence if necessary, we may assume that

Yn — yin WYP(Z), yn — y in LP(Z), yn(2) — y(2) a.e. on Z as n — oo
and |y, (2)| < k(z) a.e. on Z with k € LP(Z).
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Recall that from the choice of the sequence {z,} we have |R(z,)| < M;
for some M7 > 0 and all n > 1,

,||D:En||P /F (2, 7(xn)(2))do — /ZF(z,xn(z))dz < M,
= ];||D5'3n|\§ - /ZF(Zyﬂin(Z))dZ < M (since j > 0).

Divide by ||zy|[P. We obtain

We have

|zn(2)]|
\/ (2 (2 dz| < // f(z,r)|drdz
H:L’an H:L’an

(Iel|oo|zn || + 5Hxn|]9) — 0 as n — oo.

=Tl Hp

So by passing to the limit as n — oo in (3), we obtain
o1
lim ];HDyan =0

= ||Dyll, =0 (recall that Dy,, = Dy in LP(Z,RY) as n — o)
=y=£eR.

Note that y, — & in WHP(Z) and since |y,| = 1, n > 1 we infer that
& # 0. We deduce that |z, (z)| — 400 a.e. on Z as n — 0.
From the choice of the sequence {x,} C WP(Z), we have

enlzal < /Z on(2)n(2)dz — || D] 2
- / wa(2)7 () (2)d2 < 2| (4)
Z

and

—pM; SHDman—i—p/Fj(z,T(x)(z)da—p/ZF(z,:cn(z))dz
<pM;. (5)

Substituting (4) and (5), we obtain
— oy = el < [ (03 (0)(2) — wn(7(aa) (2)do
r

+ / (vn(2))n(2) = pF (2, 20(2)))dz < pMy + en|2a]].
Z
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Divide this inequality by ||z,||’. We have

Un (2 F(z,x,(2
/Z”Cﬂnﬁe)l Yn(2)dz _/Zp( 0( ))dz

[zl
N / pae, @) ~ () en)2) 5,
A [zl
1 En
> pM- . 6
2 PP T [ (6)
Note that
Un(2) / Sl )Pz — 1€l / X
 Tenl 19 |2, (2 r@ % " *
as n — oQ.

Also by virtue of hypothesis H(f) (ii), given z € Z\ N, |[N| = 0 (|C]
denotes the Lebesgue measure of a measurable set C' C Z) and ¢ > 0, we
can find M. > 0 such that for all |r| > M. we have

fi2(z,
- 25 <
Then, if z,(z) — 400, we have
1 F > 1 F(z, M,
e o) 2 G A
zn(2)
o L IR el ar
_ |zn(2)|” — MY
for some n € L'(Z)
F(z,zn(2)) _1
= thIE)g.}f |.’En(2)|9 Zg(f-‘r(z) E) (7)
Similarly we obtain that
ST < 50+ ®
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From (7) and (8) and since ¢ > 0 and z € Z \ N were arbitrary, we infer
that

F(z,2n(2))
|z (2)[°

(z:vne d_/ancng \xn()iedz
z  lznl| [zn(2)[7 |2l

[P o N
= [ e e =€ [ ) )

Note that for almost all z € Z j(z,) is locally Lipschitz. So by Lebourg’s
mean value theorem (see Clarke [5, Theorem 2.3.7, p. 41]), for almost all
z € Z and all x € R, we can find w(z) € 9j(z,nz) 0 < n < 1 such that

— ff+(z) a.e. on Z as n — 00

3(z,2) = j(2,0)] = w(z)x
= 1i(z,2)| < 17(2,0)| + |w(z)||z] < B+ |w(z)||z| (since j(-,0) € L=(Z)).
But by H(j) we have
(w(z)] <a1(z) + crfz]*
= |j(z,2)| <c1 + colx| 4 c3|z|P Tt for some c1, ¢o, c3 > 0.
So it is easy to see that

/ Pi(z 7(n)(2)) = wa(2)7(20)(2)

5 do — 0asn— oo
|||

(recall that u+ 1 < 0).
Indeed,

/ pj(z,7(2n)(2)) — wn(2)7(2n)(2) ,
r

</02‘”37"L(Z)|da+/C:%l»"«“n(Z)l’”1 LG
A A r o Jzal® [Zn]?
+1
”xNHLl(F) c ”xn”l[l:,qul(F) c1
3

= C2

| nl” ek lnl®

But we know that

[#nlziry < Clanls i p < Clonipz  and
1 1 1
||$n||ﬁj+1(p) < Clll‘n”’i; < C||xn||’f;7z, (see Adams [1, p. 217]).

Thus by passing to the limit in (6), we obtain

1—59/f+
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a contradiction to hypothesis H(f) (ii) (recall p > 0). If x,,(z) — —o0, with
similar arguments as above we show that

F(z,z,(z
/Z (Hx ”9 59/ —f+(2) as n — oc.

Therefore it follows that {z,,} € W1P(Z) is bounded. Hence we may assume

that 2, = xin W'"P(Z), 2, — xin LP(Z), 2,(2) — 2(2) a.e. on Z asn — oo
and |z, (2)] < k(2) a.e. on Z with k € LP(Z).
From the properties of the subdifferential of Clarke, we have

OR(zy) C 0P(xy) + O(xy)
C 0P(xy) + 8(1\]D$n]]£) + / 0j(z, 7(xn(z))do (see Clarke [5, p. 83]).
p r

So we have

() = @4xn,y>—%<rn,y>p-—(/;zm<z>y<z>dz

with r,(2) € 0j(z,7(xn)(2)), vn(z) € [fi(z,zn(2)), f2(z, xn(2))] and w, the
element with minimal norm of the subdifferential of R and A: W'P(Z) —
WHP(Z)* such that (Az,y) = [,(|Dz(2)[P~?(Dxz(z), Dy(z))gndz. But
T, % xin WP(Z), so &, — = in LP(Z) and z,(2) — x(z) a.e. on Z
by virtue of the compact embedding WP(Z) C LP(Z). Note that the trace
of x,, belongs to W/ 4P(T'), so from H(j) we have that the trace of 7, be-
longs in L4(T). But we have that 7(z,) is bounded in W'/4?(I"). Thus, 7,
is bounded in LY(T"). Choose y = z,, — . Due to the compactness of the
trace operator 7 : WHP(Z) — LP(T') we have that

[(rn, (@0 — 2))1| = [(rn, T(20 — 2))r[ — 0.
With (-, -)r we denote the natural pairing of (W/4?(I"), (WY%?(I'))*) and
by (+,+)r the natural pairing of (LP(T"), L1(T")).
Then in the limit we have that limsup(Ax,,z, — ) = 0 (note that v,
is bounded). By virtue of the inequality (2) we have that Dz, — Dz in

LP(Z). So we have x, — x in W'P(Z). The Claim is proved.
Now for every £ € R we have

R(€) = /F J(2,6)do /Z F(z,€)dz
ﬂmmwm+%wm—/F@ew

1 1
= o = If\“ et lan]eel T + = \F\ |£|M/F(z,§)dz.

From hypotheses H(f) (ii) we conclude that R(§) — —o0 as |£] — oc.
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In order to use the mountain-pass theorem it remains to show that there
exists p > 0 such that for |z| = p we have that R(x) > a > 0. In fact, we
will show that for every sequence {z,} C W'P(Z) with |z,| = p, | 0 we
have that R(z,) > 0. Indeed, suppose not. Then there exists some sequence
{zy} such that R(x,) < 0. Thus, we have

1
Dq:npg/Fz,aznz dz
p|| 15 Z( (2))

recall that 7 > 0.
Divide this inequality with |z,[P. Let yn(2) = xn(2)/|zy|. Then we have

F(z,xn(z
Dyaly < [ pHEEE g,
z- el
From H(f) (iii) we have that for almost all z € Z for any € > 0 we can find
0 > 0 such that for |z| < § we have
pF(z,x) < (h(z) + &)z’
On the other hand, for almost all z € Z and all |z| > 0 we have
p|F(z,2)| < cilz] + ealz|? + 3 < er]zP + ealz|P” + cq.

Thus we can always find v > 0 such that p|F(z,z)| < (h(2) +&)|z|P + |z [P"
for all z € R. Indeed, choose

Cq

NG +|h(2) + e — 1] |5|p_p*.

Y 2> co+

Therefore, we obtain

Jzn (2) [P

dz
z  lzal?

| Dyalt < /Z (h(=) + ©)lyn(2)Pdz +

< / (h(2) + &)y (=) Pdz + 7 |zal” 7. (10)
Z

Here we have used the fact that W1?(Z) embeds continuously in LP" (Z).
So we obtain

0 < |Dynl} < elynlb +m |zn|P” P recall that h(z) < 0.

Therefore in the limit we have that |Dy,|, — 0. Recall that y, — y
weakly in W1P(Z). So |Dy|, < liminf |Dy,|, < limsup |Dyy,[, — 0. So
|Dy|, = 0, thus y = ¢ € R. Note that Dy, — Dy weakly in (LP(Z))V
and |Dynlp — |Dylp so yn — y in WEP(Z). Since |y,| = 1 we have that
ly| = 1 so £ # 0. Suppose that £ > 0. Going back to (10) we have

0< / (h(=2) + )2 ()dz + leal? .
7
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In the limit we have

0< /(h(z) + e)&Pdz < e€P|Z] recall that h(z) <0
z

Thus we obtain that [, h , W(2)&Pdz = 0. But this is a contradiction. The same
holds when £ < 0. So the claim is proved.

Hence by Theorem 1 we have that there exists # € W1P(Z) such that
0 € OR(x). That is 0 € 0P (z) + 0Y(x).

So, we can say that

/ w(z)y(z) = / |Da(2)|P~2(Da(z), Dy(z))d= (11)
Z 7z
+/Fv(z)y(z)d0 (12)

for some w € L9(Z) such that w(z) € [fi(z,x(2)), fa(z,2(2))] (note that

(—P)(z) C [f (z x(2)), f2(z,x(2))], see Chang [4]) and v(2) € 9j(z,z(z))
for every y € WLP(Z). Choose now y = s € C5°(Z). We obtain

[ w@s(a) = [ 1Ds()P 2 (Da(z), D))z
Z Z

Then we have that div(|Dz(2)|P~2Dz(z)) € LY(Z) because w € LI(Z).
Going back to (11) and letting y = C*°(Z) and finally using the Green
formula 1.6 of Kenmochi [12], we have that

9T B r()(2):

ony,

So z is of type L. O

Remark 1. The question whenever there exists a solution of type II re-
mains open.
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