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NEWTON-KANTOROVICH METHOD

I. K. ARGYROS

Received August 8, 2002 and, in revised form, June 23, 2003

Abstract. We present new semilocal convergence theorems for New-
ton methods in a Banach space. Using earlier general conditions we
find more precise error estimates on the distances involved using the
majorant principle. Moreover we provide a better information on the
location of the solution. In the special case of Newton’s method un-
der Lipschitz conditions we show that the famous Newton—Kantorovich
hypothesis having gone unchallenged for a long time can be weakened
under the same hypotheses/computational cost.

1. Introduction

In this study we are concerned with the problem of approximating a
locally unique solution z* of equation
F(z) =0, (1)
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where, F is a Fréchet-differentiable operator defined on a closed ball
U(zo,R) = {z € X | ||z — x0]| £ R} (R > 0) which is a subset of a
Banach space X with values in a Banach space Y.

A large number of problems in applied mathematics and also in engineer-
ing are solved by finding the solutions of certain equations. For example,
dynamic systems are mathematically modeled by difference or differential
equations, and their solutions usually represent the states of the systems.
For the sake of simplicity, assume that a time-invariant system is driven by
the equation z = F'(x), where z is the state. Then the equilibrium states are
determined by solving equation (1). Similar equations are used in the case of
discrete systems. The unknowns of engineering equations can be functions
(difference, differential, and integral equations), vectors (systems of linear
or nonlinear algebraic equations), or real or complex numbers (single alge-
braic equations with single unknowns). Except in special cases, the most
commonly used solution methods are iterative — when starting from one
or several initial approximations a sequence is constructed that converges
to a solution of the equation. Iteration methods are also applied for solving
optimization problems. In such cases, the iteration sequences converge to
an optimal solution of the problem at hand. Since all of these methods
have the same recursive structure, they can be introduced and discussed in
a general framework.

Newton’s method

Tnp1 = T — F'(2) ' F(2z,) (0> 0) (2)

has been used extensively and under various conditions to generate a se-
quence approximating z*. A survey of local and semilocal convergence
theorems for Newton’s method under various conditions on the Fréchet-
derivative F'(z) of operator F(x) can be found in [3], [4], [7], [9], [11].

Recently De Pascale and Zabrejko in [5] (see the references there also)
gave some semilocal convergence results using very general conditions. In
particular, they provided semilocal results by replacing the usual Lips-
chitz continuity conditions by a “small” majorizing monotonically increasing
function (see (7)).

Here under very similar conditions, via the majorant principle we intro-
duce more precise error estimates on the distances ||zp+1 — @y, ||zn — =¥
(n > 0). Moreover we provide a better information on the location of the
solution z*. Finally we show as an application/special case that the fa-
mous Newton-Kantorovich hypothesis (see (53)) [7] essentially having been
used unchallenged by Cauchy, Fourier and many others ever since can be
weakened (see (50)) under the same hypotheses/computational cost. This
observation is very important in computational mathematics since it allows
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a wider choice of initial guesses x¢ and finer error bound on the distances
involved [1]-[4], [6], [8], [10].

2. Semilocal analysis of Newton’s method

Given functions wp, w defined on [0,00) with values in [0,00), and pa-
rameter R > 0 it is convenient for the presentation of Theorem 1 to define
functions w, @ on [0, R] by

w(r) = sup{w(vi) + wo(ve): v1 +v2 =71}, (3)
P = n—r+ [ ao @
and iteration {r,} (n > 0) by

?(rn)

T wo(r) n > 0). (5)

7"0:0, Tn+l = Tn +

We state the following semilocal convergence result from [5] for Newton’s
method:

Theorem 1. Let F: U(zg, R) C X — Y be a Fréchet-differentiable opera-
tor. Assume there exist R > 0, and xo € X with F'(zo)™! € L(Y,X) the
space of bounded linear operators from Y into X, such that:

1F" (o) ' F (o)l <, (6)
1F" (o) HF'(z) = F'(w)lll < w(llz —yl),  (z,y € Ulzo,R) (7)

where n € [0, R], and function w is monotonically increasing with

}iir(l) w(r) =0. (8)
Moreover, assume function wqg is monotonically increasing such that
0 <wy(r) <w(r) (0<r<R) (9)
and
1E" ()7 F (zo) || < (1= wo(r) ™" (x € Ulxo, 7). (10)

Furthermore, function @ has a unique zero r* € [0, R| and
?(R) <0. (11)
Then,

(i) scalar sequence {rp} (n > 0) converges monotonically to r*.



290 I. K. ARGYROS

(ii) sequence {x,} (n > 0) generated by Newton’s method (2) is well de-
fined, remains in Ul(zo,7*) for all m > 0 and converges to a solution
x* € U(xg,r*) of equation (1). Moreover the following error bounds

hold for alln > 0,

”wn—i—l - an S Tn4+l — Tn,
and

lxn — ™| < r* —ry.

(12)

(13)

Note that under the hypotheses of Theorem 1 it was shown in [5] that

wo(ry) # 1 for all n > 0 and 1 — wo(r) > 0 for all r € [0, R).

We will need the following result on the convergence of majorizing se-

quences.

Theorem 2. Assume there exist 6 € [0,2), parameter n, functions w, wy

as in (6), (7), and (9) respectively, such that:

1
b =2 [ w(ondd +sue(n) <
0

a2 (-6)7)

< 1,

and

1
<2
0

Then, iteration {t,} (n > 0) given by

t0:07 t1:777

[ w[B(tng1 — ta)]dO

0<tpyo="tn41+
n—+ n—+ 1 _wO(tn+1)

(tn—l-l - tn)

s non-decreasing, bounded above by

2n
t**zi
2§’

and converges to some t* such that

0<t* <t

w(6n) — w (a <‘23)n+1 n)] 9 (n>0).
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Moreover, the following error bounds hold for all n > 0

5 5 n+1
0 < s it < S(tusr — 1) < (2) " (20)

Proof. We must show:
1
2/ w(0(t+1 — tr))db + dwo(tet1) < 0, (21)
0
and

1-— wo(thrl) >0 (22)

for all kK > 0.
Estimate (20) can then follow immediately from (21) and (22). Using
induction on the integer k& we have for k = 0

1 1
2 [ wlb(t — )8 + Sun(tr) =2 [ w(On)dd + sun(n) <5 (by (14)
0 0

and
1 —wo(t1) =1—woe(n) >0 (by (15)).
But (17) gives

1
0<ty—t; < 5(tl — o).

Assume (21) and (22) hold for all £ < n + 1. We obtain in turn

1
2/ w[0(tr+2 — tr1)]dO + dwo(trr2)
0

<2 wfo(3) " aom 25 (- (3))

1
< 2/0 w(fn)d + dwo(n) <6 (by (14) and (16)). (23)

N

df + 5w0

Hence, estimate (20) holds for all £ > 0. Moreover, we must show:
i < t*. (24)

We have

§ 2496
to=0<t", t1=n<t" and t2§n+§n=%n§t**-
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Assume (24) holds for all £ <n + 1. It follows from (20)

) ) 1)
thro < tryr + = (terr — tg) < tx + i(tk —tp—1) + 5 (tep1 — tr)

2 2
< L. < — — e
< _77+217+<2> n+ +(2> n
§\k+2
— 6 — -
-5 2—96

Hence, sequence {t,} (n > 0) is bounded above by ¢**.

Moreover (22) follows from (15) and the above.

Furthermore, sequence {t,} (n > 0) is non-decreasing by (17) and as such
it converges to some t* satisfying (19).

That completes the proof of Theorem 2. O

Below we present the main result on the semilocal convergence of New-
ton’s method. For relevant results, see also [1], [2], [6], [8].

Theorem 3. Suppose that the hypotheses of Theorem 2,

1F" (o) [F'(x) = F'(zo)]|| < wolllz — xoll) & € Ulxo, R),
(25)

and
t* <R, (26)
hold.

Then, sequence {x,} (n > 0) generated by Newton’s method (2) is well
defined, remains in Ul(xo,t*) for all n > 0 and converges to a solution
x* € U(xo,t*) of equation F(z) = 0.

Moreover, the following error bounds hold for alln >0

[Tn1 = @nll < tngr — tn (27)
and
lan — 2% <t° —ty, (28)
where, iteration {t,} (n > 0) is given by (17). Furthermore, if there exists
Ry > t* such that:

Ry <R, (29)
/ "8 + (1 — 0)Ro)df] < 1. (30)
0

then the solution x* is unique in U(xo, Ry), and if

wo(t*) <1, (31)
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the solution is unique in U(zq,t*).

Proof. We must show estimate (27). For n = 0, (27) is obvious, since
|21 = @oll = |[F'(w0) "' Fxo)| <n=t1—to (by (6)).
Suppose (27) holds for n =0,1,... ,k + 1; this implies, in particular that
[ze1 — 2ol < @k — @il + llzw — zp—al + - + ([ — 20|
< (g1 —te) + (tk — te—1) + - - + (t1 — to)
= tgt1 —to = tg41-
We show that (27) holds for n = k + 2. Using (25) and (15) we get
|F" (20) " (F"(2p11) — F'(20)) | wo([|lzk+1 — o)
wo(tk+1) < 1. (32)

It follows from (32) and the Banach Lemma on invertible operators [7] that
F'(xp41) 7" exists and

<
<

1 1
1 —wo(|re41 — woll) = 1 —woltrsr)

1F" (241) ™ F (z0) || < (33)

By (7) we obtain
1F" (o) T F (41) |

_ ‘ F'(z0)~ /0 1 [F'(1 = 0)a + Oxpsr) — F'(2x)] (21 — :nk)dHH

1
< /0 1E" (20) M (1 = O)zy, + Opsr) — F' ()]l lzsr — zlldd

1
< [ wlbttn — )t ). (34
0
Hence, by (2), (33) and (34) we get

lzse = zpiall = [F (@h1)  Flars)l]

< F (@e) V@) - |F (o) M F(aksn)| (35)

Jo wlO(trir — t)] (brgr — tr)d0
1 —wo(tr+1)

IN

= thyo — tpt1, (36)

which shows (27) for all n > 0.

It follows that {x,} (n > 0) is a Cauchy sequence in a Banach space X
and such it converges to some z* € U (z0,t*) (since U(x,t*) is a closed set).
By letting £ — oo in (35) we obtain F(z*) = 0. Moreover, estimate (28)
follows from (27) by using standard majorization techniques. Furthermore,
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to show uniqueness, let y* be a solution of equation F(z) = 0 in U(zo, Ro).

It follows from the estimate

P | (P e —y) - Fao)lof|

1
< / wolly®™ + 6(x* — y) — wol|dd
0

1
< / wolfl|z* — o]l + (1 — 0) " — o[} 6
0

1
< / wolft* + (1 — 0)Roldd <1, (by (30))
0

and the Banach lemma on invertible operators that linear operator

1
L= / F'ly* +0(z* — y*)]do
0
is invertible.
Using the identity
0=F(z") - F(y*) = L(z" — y"),

we deduce

=y

The second result on the uniqueness follows similarly but using (31).

That completes the proof of Theorem 3.

O]

In the next result we show: our error bounds (27), (28) are more precise
than (12), (13) respectively. We also provide a better information on the

location of the solution z*.

Theorem 4. Under the hypotheses of Theorems 1 and 3 the following hold

for alln > 0:
to = 10=0, t1=77<T1=+,
- 1 —wo(0)
tn+1 < Tn+1,
tn-l—l - tn S Tn+1 Tn,
t"—t, < rf—-r,
and
tr<p*
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Proof. We use induction on the integer k to show (37) and (38). For n =0

in (17) we obtain

to —t1

and

Assume:

and

for all £k <mn.

IN

IN

Jo wB(t — o) (t — to)dO
1 —wp(ty)

fol wlro + 0(r1 — o) — ro](r1 — r0)dl

1 —wp(r1)
[ {@lro + 6(r1 — 10)] — wo(ro) }(r1 — 70)df

1 — wo(r1)

®(r1) —@(ro) — (wo(ro) — 1)(r1 — 7o)

1 —wo(ry)

?(r1)

—T =t =y -
1—’(,00(7’1) 2 1

t2 S ro.
th1 < Tt (41)

tor1 — te < Tha1 — Tk (42)

Using (17), (41) and (42) we get in turn:

thio — tryt

and

IN

IN

IN

[ w[B(trr — tr)](trsr — ti)dO
1 — wo(tk+1)

Jo wlrk + 0(rig1 — 1) — 1] (Pt — 74)d0

1 —wo(rk+1)
Jo Al + 0(ricys = ri)] = wo(ri) }(regs — ri)do

1 — wo(rg+1)

P(riy1) — 0(rk) — [wolre) — (ree1 — 1)

1 — wo(rg+1)

?(re+1) — his — That
1 — wo(rk+1)
thy2 < Tri2,

which shows (37), (38) for all n > 0.
Let m > 0, then as above we can have:

thtm — te < Tham — Tk- (43)
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By letting m — oo in (43) we obtain (39). Finally, set n = 0 in (39) to
obtain (40).
That completes the proof of Theorem 4. O

Remark 1. Hypotheses of the form (14), (30) and (31) are as easy to han-
dle as (11) (see also (49) and (50)) and are always present as sufficient
convergence conditions in the study of Newton’s method (2) [3], [7]. Note
that t* can be replaced by 21/(2 — §) in condition (26).

Remark 2. The assumptions (8) and (9) imply wg(0) = 0, then we obtain
t1 = r1. But if t3 < r9 then again (37) and (38) hold as strict inequalities.

Remark 3. It can easily be seen from (21) that condition (16) can be
dropped if (14) is replaced by

1 2

2/ w(fn)db + dwy () < 4. (44)
0 2-9§

Similarly condition (15) can be replaced by wo[2n/(2 — §)] < 1.

Remark 4. Condition (16) holds in many cases. For example, let
w(r) = lr (45)
and
wo(r) = Lor (46)

for some non-negative parameters ¢, £y with £y < ¢. That is the original
Newton—Kantorovich case. With the above choices (16) becomes

ofeta(-6)7) -0

o k+1
(o5° S\
1 (2 <
- ()]
or
o8>
< 4
2—0 " ¢ (47)
Moreover (15) holds if
2Lon
<
55 1 (48)

Furthermore (14) holds if
hs = (0ly + €)n < 6. (49)
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It can easily be seen that (47), (48) always hold if § € [0,1]. That is in this
case conditions (47)—(49) reduce to (49).
For the case of Theorem 2, set § =1 in (14) to obtain in particular:

hy = (04 bo)n < 1. (50)

Using the same choices of functions w and wy, let us also consider the
case of Theorem 1. It can easily be seen from (3) that

w(r) = Or. (51)
Hence, p has a zero s* given by

. 1-VI—h
= — (52)

provided that
h=2m<1. (53)

Condition (53) is the famous Newton—Kantorovich hypothesis [7] essentially
used since Newton’s time as the crucial sufficient convergence condition for
the convergence of Newton’s method in this case.

We have

h§1:>h1§1, (54)

but not vice versa unless if £y = ¢. Hence the long standing hypothesis (53)
has been weakened using the same information/computation cost. This
observation is very important in computational mathematics and makes
the choice of the initial guess g much easier.

Note also:

lo < V. (55)

in general. In case {5 < /¢, then t3 < 79 and (37), (38) hold as strict
inequalities (see also Remark 2). Hence we obtain more precise error bounds
in this case.

Moreover ¢/{y can be arbitrarily large.

In the examples that follow the choices of functions w, wg, w given by
(45), (46) and (51) are used.

Example 1. Let X =Y =R, x¢p = 0 and define function F' on R by
F(z) = co + 1z + casine®?, (56)

where ¢;, i = 0,1, 2,3 are given parameters. It can easily be seen using (56)
for c3 large and co sufficiently small ¢/¢y can be arbitrarily large. That is
(50) may hold but not (53).
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Example 2. Let X =Y =R, U(xg, R) = U(v/2,1) and define function F

on U by
3/2
F(z) = Lo <26 + 0.23) : (57)

It can easily be seen that

n = 0.23, {¢=24142136, ¢y = 1.914213562,
h = 11105383 >1 and h; =0.995538247 < 1.

That is there is no guarantee that Newton’s method starting at zy converges
to x* = 1.614507018 since (49) is violated. However since (50) holds our
results guarantee lim,, .o x, = * = 1.614507018.

Example 3. Let X =Y =R, 29 = 1 and define function F' by
1
F(z)=2%—a, forallac [0,2>, x € [a,2 — a. (58)
Using (6), (7), (25) and (58) we obtain

1
n:§(1fa), {=2(2—-a) and fy=3-—a.

The Newton-Kantorovich hypothesis (53) is violated since
4 1
h:§(1—a)(2—a)>1 forallae[0,2>.

That is there is no guarantee that Newton’s method (2) converges to the
solution z* = /a of equation F(x) = 0. However our condition (50) guar-
antees convergence for all a € [(5 — v/13)/3,1/2) since

hlzé(l—a)[S—a—l—Q(Q—a)] <1
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