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Abstract. We present reasons for developing a theory of forcing no-
tions which satisfy the properness demand for countable models which
are not necessarily elementary sub-models of some (H(x),€). This
leads to forcing notions which are “reasonably” definable. We present
two specific properties materializing this intuition: nep (non-elementary
properness) and snep (Souslin non-elementary properness) and also the
older Souslin proper. For this we consider candidates (countable models
to which the definition applies). A major theme here is “preservation
by iteration”, but we also show a dichotomy: if such forcing notions pre-
serve the positiveness of the set of old reals for some naturally defined
c.c.c. ideal, then they preserve the positiveness of any old positive set
hence preservation by composition of two follows. Last but not least, we
prove that (among such forcing notions) the only one commuting with
Cohen is Cohen itself; in other words, any other such forcing notion
make the set of old reals to a meager set. In the end we present some
open problems in this area.
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ANNOTATED CONTENT

Section 0: Introduction We present reasons for developing the theory of forcing no-
tions which satisfy the properness demand for countable models which are not necessarily
elementary submodels of some (H(x), €). This will lead us to forcing notions which are
“reasonably” definable.

Section 1: Basic definitions We present two specific properties materializing this
intuition: nep (non-elementary properness) and snep (Souslin non-elementary proper-
ness). For this we consider candidates (countable models to which the definition applies),
and we also consider the older Souslin proper. We end by a criterion for being “explicitely

et}

nep”.

Section 2: Connections between the basic definitions We point out various
implications (snep implies nep, etc.). We also point out how much the properties are
absolute.

Section 3: There are examples We point out that not just the reasonably definable
forcing notions in use fit our framework, but that all the general theorems of Rostanowski
and Shelah [19], which prove properness, actually prove the stronger properties introduced
earlier.

Section 4: Preservation under iteration: first round First we address a point
we ignored earlier (it was not needed, but is certainly part of our expectations). In the
definition of “q is (N, Q)-generic” predensity of each Z € pd (NN, Q) was originally designed
to enable us to say things on N[Gyg], i.e. N[Gg] NH(x)Y = N, but we should be careful
saying what we intend by N[Gg] now, so we replace it by N(Gg). The preservation
Theorem 4.8 says that CS iterations of nep forcing notions have the main property of
nep. For this we define p{™) if N E“p € Lim(Q) ”. We also define and should consider
(4.4) the “K-absolute nep”.

Section 5: True preservation theorems We consider three closure operations of
nep forcing notions (cli, clz, cl3), investigate what is preserved and what is gained. The
main result is a general preservation theorem for nep (5.18). This is done for the “straight”
version of nep, which however is a further restriction on the definition of the forcing but not
really on the forcing itself (as proved there). We then deal with restricting the iteration to
a subsequence (of the sequence of forcing notions) and conclude that such iteration tend
not to add an intersection to families of Borel sets from the ground model. In particular,
considering iterating nice forcing notions, what a countable length iteration cannot do,
iteration of any length cannot do.

Section 6: When a real is (Q, y)fgeneric over V  We define the class K of pairs
(Q,n), in particular when 7 is the generic real for Q, and how nice is the subforcing Q' of
Q generated by 7. We then present FS iterations of c.c.c. forcing notions satisfying: each
elements is ord-he such that this holds also for the limit of the iteration.

Section 7: Preserving a little implies preserving much We are interested in
the preservation of the property (of forcing notions) “retaining positiveness modulo the
ideal derived from a c.c.c. nep forcing notion”, e.g. being non-null (by forcing notions
which are not necessarily c.c.c.). Concerning such preservations, [25, Chapter VI, §1, §2]
dealt with cases such that “every new real belong to some perfect set of reals from the old
universe which is small (according to a definition we choose for the specific application)”,
81 there deal with the framework whereas §2 there deal mainly with several examples.;
and [25, §3, Chapter XVIII, §3] replace perfect by F, with some price including dealing
mainly with the limit case. Our main aim is to show that for “nice” enough forcing
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notions we have a dichotomy: retaining the positiveness of any X C “w is equivalent to
retaining every positive Borel set. This implies preservation of the property above under,
e.g., CS-iterations (of proper forcings).

Section 8: Non-symmetry We start to investigate for c.c.c. nep forcing: when do
we have “if o is (Qo,no)-generic over N and 1 is (Q1,71)-generic over N[no] then 71
is (@O, 7o0)-generic over N [71]”? This property is known when both are Cohen reals and
when both are random reals above.

Section 9: Poor Cohen commutes only with himself We prove that commuting
with Cohen is quite rare. In fact, c.c.c. Souslin forcing which adds 1, a name of a new
real which is (absolutely) nowhere essentially Cohen does not commute with Cohen. So
such forcing makes the set of old reals meager. This continues [24]. Papers continuing
this are [21] and [22].

Section 10: Some absolute c.c.c. nicely defined forcing notions are not so
nice  We define such forcing notions which are not essentially Cohen as long as ¥; is
not too large in L. This shows that “c.c.c. Souslin” cannot be outright replaced by
“absolutely c.c.c. nep”.

Section 11: Open problems We formulate several open questions. Continued in
21], [22], [28].

0. Introduction
The theme of [23], [25] is:

Thesis 0.1. It is good to have general theory of forcings, particularly for
iterated forcing.

Some years ago, Haim Judah asked me some questions (on inequalities
on cardinal invariants of the continuum). Looking for a forcing proof the
following question arises:

Question 0.2. Will it not be nice to have a theory of forcing notions Q
such that:

(®) ifQe N C (H(x),€), N a countable model of ZFC™ and p € NN Q,
then there is ¢ € Q which is (N, Q)-generic?

Note the absence of < (i.e. N is just a submodel of (H(x), €)), which is
the difference between this property and “properness”, and is alluded to in
the name of this paper. This evolved to “Souslin proper forcing” (see 1.13)
in Judah and Shelah [13], which was continued in Goldstern and Judah [12].

There are still some additional desirable properties absent there:

(a) not all “nicely defined” forcing notions satisfy “Souslin proper”, in
fact quite many and not so esoteric ones: the Sacks forcing, the Laver
forcing (the “reason” being that incompatibility is not X1); we like to
have all of them;
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(b) actual preservation by CS iteration was not proved, just the desired
conclusion (@) hold for P, when (P;, Qj 11 < a,j < a) is a countable
support iteration and i < = IFp,“ Q. isa Souslin proper forcing
notion”;

(c) to prove for such forcing notions better preservation theorems when
we add properties in addition to properness.

Martin Goldstern asked me some years ago on the inadequacy of Souslin
proper from clause (a). I suggested a version of the definition of nep, and
this was preliminarily announced in Goldstern [11].

The intention here is to include forcing notions with “nice definition”
(not ones constructed by diagonalization like e.g. Baumgartner’s “every
N;-dense sets of reals are isomorphic” [3] or the forcing notions constructed
for the oracle c.c.c., see [23, Chapter IV], or forcing notions defined from an
ultrafilter).

Our treatment (nep/snep) in a sense stands between [25] and Rostanowski
and Shelah [19]. In [25] we like to have theorems on iterations Q, mainly CS,
getting results on the whole Lim(Q) from assumptions on each Q;, but with
no closer look at Q; — by intention, as we would like to cover as much as we
can. In Rostanowski and Shelah [19] we deal with forcing notions which are
quite concrete, usually built from countably many finite “creatures” (still
relative to specific forcing this is quite general).

Here, our forcing notions are definable but not in so specific way as in
[19], which still provides examples (all proper ones are included), and the
theorems are quite parallel to [25]. So we are solving the “equations”

x /theory of proper forcing [23],[25]/
theory of forcing based on creatures [19]

“theory of manifolds” /general topology/
theory of manifolds in R>.

Thesis 0.3. “Nice” forcing notions which are proved to be proper, normally
satisfy (even by same proof) the stronger demands defined in the next sec-
tion.

We finish commenting on some subsequent works. Zapletal’s memoir [29]
looks at definable forcing notions from other point of view. Kellner and
Shelah [15] continue Section 7, dealing with random reals. There has been
a breakthrough relevant to the problems concerning random reals, see [24].

History: The paper is based on the author’s lectures in Rutgers Uni-
versity in Fall 1996, which results probably in too many explanations. An-
swering Goldstern’s question was mentioned above. A version of §8 (on
non-symmetry) was done in Spring of ’95 aiming at the symmetry question.
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The rest was developed in the Summer and Fall of ’96. The material was
revised in Fall 2000 (in the Mittag-Leffler Institute) and again in fall 2001,
spring 2002. I thank the audience of the lectures for their remarks and
mainly Andrzej Rostanowski for correcting the paper. Moreover, I thank
the two referees and Jakob Kelner for detecting many unclarities and mis-
takes and asking for details, and I thank the logic group in Helsinki and
particularly Jouko Vaananen for their generous help.
The reader may be helped by a list of defined notions at the end.

Notation: We try to keep our notation standard and compatible with
that of classical textbooks on Set Theory (like Bartoszynski and Judah [2]
or Jech [14]). However in forcing we keep the older/Cohen tradition that a
stronger condition is the larger one.

For a regular cardinal x, H(x) stands for the family of sets which are
hereditarily of size less than y. Tc®*d(z), the hereditary closure relative to
the ordinals, is defined by induction on rk(x) = 7 as follows:

1. if y = 0 or  is an ordinal then Tc®4(z) = ()
2. if ¥ > 0 and z is not an ordinal then

Tcod(z) = U{Tcord(y) ryextUu.

The collection of all sets which are hereditarily countable relatively to k,

i.e., Tc®'d(x) is countable and Tc®™d(z) N Ord C &, is denoted by Hy, (k),

equivalently Hoy, (k) = {z € V, : Tc®4(z) is countable and Ord N Te(z)

is a bounded subset of k}. Let “x is an ord-hc-set” (or sometimes hc-set,

abusing our notation) mean that x is a member of H.y, (x) for some . Let

“z is a strict ord-hc set” mean that z is an ord-hc set but is not an ordinal.
We say that a set M C H(x) is ord-transitive if

z € M & z isnot an ordinal = x C M.

So every set of ordinals (e.g., any ordinal) is ord-transitive and for any non-
ordinal x, we have: x is ord-transitive iff Tcord(w) = z. Clearly for every
model M C (H(x), €) satisfying exstensionality for non-ordinals there is a
model M" C (H(x), €) ord-transitive and isomorphic to M over M N Ord.
We should consider the ordinals as urelements, i.e., w # {n : n < w}; the
disadvantage is that this is not standard hence we have tried to avoid it,
but it is closer to the spirit of the paper. Without this, a Borel operation
giving {z, : if y, is true } may be the ordinal « instead of being the set
{# : B < a} and if a candidate N “thinks” that w; is countable, then
B(z1,...,y1,...) = z is not absolute from N to V.
WARNING: So 0 is not the ordinal O !

Notation 0.4. We will keep the following rules for our notation:
1. o, 0,7,9,6,&,(,i,7... will denote ordinals.
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0,1k, \, p, x ... will stand for cardinal numbers, infinite if not said oth-
erwise, sometimes we use them for ordinals.

a tilde indicates that we are dealing with a name for an object in a
forcing extension (like ).

a bar above a name indicates that the object is a sequence, usually X
will be (X; : i < £g(X)), where £g(X) denotes the length of X.

For two sequences 7, v we write v <1 7 whenever v is a proper initial
segment of n, and v < n when either v <t or v = 7. The length of a
sequence 7 is denoted by £g(n).

A tree is a non empty family of finite sequences closed under initial
segments. For a tree T the family of all w—branches through T is
denoted by im(T').

. The Cantor space “2 and the Baire space Yw are the spaces of all

functions from w to 2, and to w, respectively, equipped with natural
(Polish) topology.

. The fixed “version” ZFC_ normally is such that the forcing theorem

holds and for any large enough x, the set of (8, ¢, 8)—candidates (de-
fined in 1.1) is cofinal in {N : N C (H(x),€) and N is countable}
and in the scheme of ZFC, we allow some extra relation (from B etc)
and whatever else we shall use (fully see 1.15). Usually, dealing with
the simple case, we can restrict ourselves to (H<y, ), which follows by
collapsing N to an ord-transitive model.

. €, B ... will denote models (with some countable vocabulary). For a

model €, its universe is denoted |€| and its cardinality is ||€||. Usually
@’s universe is an ordinal «(€) and k(B) C |B| C Heyx, (k(B)), £(B)
a cardinal (or an ordinal).

Let A denote a subset of L, ., (7a), (usually closed under subfor-

mulas but this is not required) and B; <A B2 mean that for any
o(T) € A, a € DB, and B = p(a) implies that By = (a); simi-
larly for €.
K will denote a family of forcing notions including the trivial one (so
a K—forcing extension of V is V|G| when G C P € K is generic over
V) and we demand I-p“ Q € KV'7 = Px Q € K. Usually K is
the class of (set) forcing notions; as we need to say “Q € KV clearly
K is a definition of such a family. )

Definition 0.5. We define “the family of ord-hc Borel operations” to be
the minimal family F of functions such that the following conditions are
satisfied:

(a) Each B € F is a function with < w places and with a designation of

the possible results as ord-hc sets or strict ord-hc sets or as ordinals
or as truth values.
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(b) For every B € F, each place of B is designated to an ord-hc-set or to
an ordinal or to a truth value or to strictly ord-hc sets. We also allow
a sequence of ordinals of length < w or a sequence of truth values of
given length < w.
(c) F contains the following atomic functions (with obvious interpreta-
tions):
(a) —z for truth value x;
(B) x1 V xg for truth values 1 and xo;
(7) Nico i for o < w and truth values x;;
(6) the constant values true and false;
(e1) for all @ < w and z,, varying on truth values and for all y,, varying
on he- sets (or on ordinals or on strict ord-hc sets) for n < w:
e if z,, but not z,, for m < n then y,;
e if -z, for every n < a then y,;
(e2) similarly for ordinals,
(¢) {yi i < a,x; is true}, where o < w and each y; varies on ord-hc-
sets or on ordinals, z,, on truth values;
note that by our conventions this is always a strict ord-hc set,
never an ordinal.
(n) the truth value of “z is an ordinal” where = vary on ord-hc-sets,
(d) F is closed under composition (preserving the designation to [strict]
ord-hc-sets, ordinals and truth values).

Observation 0.6. The family of ord-hc Borel operations is closed under
the following perations:

countable unions;

set difference;

definitions by cases + default;

every such B(....) with values ord-hc-sets and variable ordinals can be
represented as

{B}I(yo,... ks o 305 Tl Jh<ad<f i N < w and
B2 (Y0, s Yky -+ 505+ > Tps - - Dk<ap<p s true }.
where o, 8 < w and y; vary on ordinals and x, vary on truth values;
o if N is an hc-ord model (i.e., {x :x € N} € Hen, (Ord)), then |N| as
well as each relation (and function) first order definable in N possibly
with parameters from N can be represented as an ord-hc Borel function
with variable ordinals operating on any list of N N Ord;
e for every such B1(z), Bo(Z) with values ord-hc-sets, there are B3(Z),
B4 (z) with values truth values, such that:
B;3(z) =true iff B1(z) = Ba(Z); and
B4(Z)=true iff B1(Z) € Ba(Z).
Similarly if one or two of them has values ordinals.
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Definition 0.7. We say that “Z is a predense antichain above p in Q” if
plFg “ I NG has exactly one element ”.

So when we write {py, : n < w} instead Z we mean that p IFg 3ln(p, € Go).
In order to allow {p, : n < w} to enumerate also finite sets, we may use the
constant value false or {p, : n < a} for some o < w. Note that we allow
q € Z which are incompatible with p but they have little influence.

1. Basic definitions

Let us try to analyze the situation. Our intuition is that: looking at
inside N we can construct a generic condition g for N, but if N £ (H(x), €),
then QNN might be arbitrary. So let Q be a definition. What is the meaning
of, say, N =“r € Q"7 It is N |=“r satisfies po(—)” for a suitable ¢q. It
seems quite compelling to demand that inside N we can say in some sense
“r € Q7, and as we would like to have

ql=“GgnN QY is a subset of QV generic over N 7,

we should demand
(x)1 NE“reQ” implies VE“reQ”.

So ¢o (the definition of Q@) should have this amount of absoluteness. Simi-
larly we would like to have:

(x)2 if N =“p1 <@ p2” and p2 € G, then p; € Gy.

So we would like to have a ¢; (or <¥') (the definition of the partial order
of Q) and to have the upward absoluteness for ¢ .

But before we define this notion of properness without elementaricity, we
should define the class of models N to which it applies.

We may have put in this section the “straight nep” (see 5.13) and/or
“absolute nep” (see 4.4).
Advice: The reader may believe in the “nice” names, that is concentrate
on the case of correct explicit simple and good nep forcing notions which
are normal and local for K the class of set forcing notions (see Definitions
1.3(11), 1.3(2), 1.3(5), 1.15(1), 1.3(1), 1.15(4) 1.11, 1.3, respectively), reme-
ber that politeness is always assumed (see 1.1(4)).

The intention is that our forcing Q is a subset of Hoy, (k). To find a
witness for “p € Q”, we consider general structures 9 such that k C B C

Heyx, (K).

The Easy Life / The Lazy Man Plan
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1 (a) B and € denote models with vocabularies C H(Rg) such that their
universes are ordinals (usually cardinals) denoted by x(98) and . (€)
respectively (€ may code very general information, % may code an
iteration).

(b) ZFC; is a weak set theory extending ZC™ (which tells us what (H(x), €
) with x > Ny satisfies, i.e., ZFC without power set and without re-
placement but with comprehension) with individual constants for 9B,
¢, and for an ordinal # saying:

() both 3,(|0]) and 3, (||B]| + ||€]|) exist.

(B) If P is a forcing notion and 3, (|P|) exists then forcing with P
preserves ZFC, .

(v) B and € are models as in (a) (ZFC, does not require more on
them).

The reader may add the power set axiom.

(c) A candidate is a countable model N of ZFC; such that €¢V¥=¢c| N,
OrdY = 0rdV NN, BY =98 | N,¢V = ¢ | N (or at least BV, eV
are submodels of B, € resp.) and for every x, N | “x is countable”
implies that x € N and for every x € N, N “think” that z is an
ordinal iff it is.

We assume that ZFC, is recursive or at least definable in € [ w
This is in order to make “N |= [N’ is a candidate]” well defined. Note
that:

if N = “N’ is a candidate” and the candidate N is ord-
transitive, then N’/ is a candidate.
Also
if N =[N’ is an ord-hc candidate | and N is a candi-
date, then N’ is a candidate.
Without ord-transitivity, this only almost follows, mainly as the im-
plication N = “x is countable” = 2 C N may fail.

(d) Q is a forcing, or more exactly, a definition of a forcing using % and
0 (and possibly €), such that Q@ C Hcy,(0) (i.e., simple), @ is the
definition of it, and for all p,q we have p <g ¢ holds iff some relevant
candidate “thinks” so (i.e., correctness).

An Alternative Plan

[l (a) xo is a strong limit cardinal!. Note that xq serves also as an individual
constant.
(b) x1 = Ju+2(x0)" and ZFC; is ZC~ together with the following de-
mand:
“Xo is as in (a) and the class H(Jy+1(x0)) exists”.
(c) € just “codes K.

"Why? Then forcings of cardinality < xo preserve the theory ZFC; .
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(d) 0 <x, k<X

(e) all the Q, Q we shall consider are from H(x'), for some x’ < xo (i.e.,
a definition of such an object inside H(x')). Each Q, Q; is a creature
forcing as in §3 from [19] or the limit of a CS-iteration of such forcing
notions defined so that Ig(Q) < 6 and Q C Hy, (6).

(e)T So all the forcings we use are provably (in ZFC; ) nep.

(f) B codes CS iteration of such forcing notions with Q; defined by (;, B;),
objects and not names for simplicity. The universe of B is 6 and B
has a countable vocabulary. p is trivial.

(g) Candidates are countable N C (H(xo), €) such that they are models
of ZFC, = ZC, the relations of B and € together with “z € 6” and
“r € k =B NO0rd” are allowed as predicates, and for every z, N |
“x is countable” implies that x C N.

(h) We concentrate on ord-transitive ones, so when we use N < (H(x) €)
then we replace it by its ord-transitive collapse.

Hence we get all the good properties, and enough absoluteness.
NOW ( assuming [J; or [p)

(o) Glance at 1.1, 1.3, 1.15, pipe at §3 (containing lots of examples and
1.18.1) to see that the plan fits.

(8) Read 7.18 (and 7.17) if you like to know how to quote preservation
theorems on CS-iterations of nice forcings,

(7) Read §6,87 if you like to know why (3) holds using only n € “w.

(6) Read §8,89 if you like to know how special is Cohen forcing among
nice c.c.c. forcings.

() Read §4 if you like to know that CS-iterating nep forcing preserves its
main properties.

(¢) Read 85 if you like to know that CS-iterating nep gives you nep.

(n) Read §10 if you like to know the reason of some limitations.

(#) Read 5.39 if you like to know when iteration of nice forcing, does not
add a real in the intersection of some family of pregiven Borel sets, in
particular if short iteration add no real to the intersection then also
long ones does not; (and read 5.28-5.39 if you like to understand why).

If you like to do («)—(#) you may consider just reading.

When we consider “preservation by iteration”, it is natural to define the
following:

Definition 1.1. 1. Let € denote a model with universe o (€) (an infinite
ordinal) and vocabulary 7¢ C H(Rg), where the equality = is one of
the relation symbols (for the notational convenience).

Let A; denote a countable subset of Ly, «(7¢) which includes the
atomic formulas and is closed under subformulas (e.g., first order or
quantifier free).
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2. Let B denote a model whose vocabulary 79 is a countable subset
of H(Rp) so that equality = is one of the relation symbols. More-
over, suppose that for some ordinal x(28) (possibly a cardinal) we
have k(B) C |B| € Hy, (B).

Let A = Ay be a countable subset of L, ,(79), which is closed
under subformulas.

3. A pre-semi-candidate or a pre-semi (€, A, B, Ag)-candidate is a model

= (IN], €N, 0ord", BN, V),

where (note that we write N instead of |N|):

(a) N is a set with w+ 1 C N;

(b) eN=€| N is a two place relation;

(c) OrdY = Ord N N is a unary relation;

(d) €% is a unary relation on N defined in the following way:

a tuple (R,aq,... ,ay) is in ¢V iff R is an n-place predicate? in
e, (a1,...,a,) € RE and ay, ... ,a, are in |€V|, where |€V] is
some set (not necessarily belonging to N though included in |N})
which is closed under the functions of € and which satisfies that
|€N| € Ord" is an initial segment of Ord". Additionaly, €V is a
<A, submodel of € whose universe is a subset of N, and A; € N
(recall that 7¢ € H(Xp) hence A; C H(Xg) and 7¢ € N).

So essentially € | |V is defined in the model N.

We may omit € if it is clear from the context.

(e) Similarly for B and Ay, except that x € B implies x € Hy, (Ord)"Y
and if they are not present, B is the empty unary relation (in
order to fix the vocabulary).

4. N is called polite if OrdY = Ord N N, and we keep polite company
here.

5. K denotes a definition of a family of forcing notions.

6. ZFC, is an appropriate version of the set theory, if

(a) it is in the vocabulary of a pre-semi-candidates;

(b) it contains the axioms of ZC™; so w exists, this does not include the
power set axiom, but in the subset schema we allow all formulas
in the vocabulary, including 7, 7¢;

(c) it cannot say more on B (we may allow saying more on €).

7. For given €, B, ZFC_, we say that N is a semi class candidate (or a

(¢, B, ZFC, )—candidate) if:

(a) N is a pre-semi (€, B)-candidate;

(b) N is a model of ZFC_;

(c) for all z, N |= “ x is countable ” implies  C N.

We may say B-candidate if € and ZFC, are clear from the context.

We treat “F(x1,...,2n) = Tnt1” as an n 4 1-place predicate.
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. We omit “semi” if N is countable. We replace class by set if N = “BY

is a set”. If neither set nor class appear we mean set.

. Ni is a strong sub candidate of Ns, written N1 < N, if Ny C Ny

(see part (16) below), and €M1 and B are definable in Ny (with
parameters).
We say that (98, p,0) is a frame if:
(a) B is as above;
(b) 6 is a cardinal (or ordinal);
(c) p is a finite sequence (usually a sequence of formulas).
We say that N is a [semi] [class] (9B, p, #)-candidate (with € and ZFC,
understood from the context) if:
(a) N is a [semi] [class] B-candidate;
(b) 6 € N, moreover N = “ the set Hy, (#) exists” but in the class
case, we allow also # = Ord and N |= z € 6 means x € Ord";
(¢c) p € N, ususally p is @, a finite sequece of formulas with parameters
in H<N1 (9)
K = a () Uk(B)UO and " = '+ ||B]|.
We say that a formula ¢ is upward absolute for (or from) [class]
(B, p, )-candidates when:
if Ny is a [class] (B, p, #)-candidate, N1 = “p[Z]”, N
is a [class] (9B, p, #)-candidate or it is (H(x), €), for x
large enough, and N; < Ny (see part (9)),
then Ny = o[z].
We say above “through [class] (B, p, §)-candidates” if Ny is demanded
to be a [class] (B, p, §)-candidate (i.e., we omit the second possibility).
If 9B, p, and @ are clear from the context, we may forget to say “for
[class] (B, p, )-candidates”.
We say that “p defines X absolutely through (B, p, #)-candidates” if
() ¢ = p(x) is upward absolute from (9B, p, #)-candidates,
(B) X = J{X" : Nisa (B, p,0)-candidate }, where X = {z € N :
N F o)}
If only clause («) holds then we add “weakly”.
We say that N is ord-hereditary if |[N| = Tc®d(|N|). Hence if in
addition N is a candidate (not only a semi-candidate), then |N| C
Hx, (Ord), moreover N € Hoy, (Ord).
For candidates N7 and Ny let N7 € Ny mean that
(a) IN1] C [Nal
(b) M <n, @Mz,
(c) BN <, B2,
So we allow that |€V1| # |¢™2| N |Ny|. (The reason is that when we
collapse some N to an ord-hereditary N’, maybe N' N8B # NN B\

Ha, (k(B)).)
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Discussion 1.2. 1. Should we prefer |B| = « an ordinal (here o = 6) or
|B| C Heyg,(a)? The former is more convenient when we “collapse
N over 6”7 (see 2.12). Also then we can fix the universe, whereas for
|B| = Hey, (o) this is less reasonable as it is less absolute. On the
other hand, when we would like to prove preservation by iteration the
second is more useful (see §5). To have the best of both we use B, €.

2. Note that, for most of the properties listed, we know that we can
usually assume all of them. But even though both standard and
ord-hereditary are desirable, they are contradictory. A plus for ord-
hereditary N is that if N = “Q is a small forcing” (e.g., set forcing is
the nice case) and G C (PN, <pn) is generic over N, then N[G] is well
defined and it is a candidate (see more later). A plus for standard is
the normality (see Definition 1.16).

This motivates (nep abbreviates “non—elementary properness”):

Definition 1.3. 1. Let ¢ = (¢o, 1) and B be a model as in 1.1, kK =
k(B), of course of countable vocabulary C H(Xg), the formulas ¢y
are first order in the vacabulary of pre-semi (€, A1, 9B, Ag)-candidates
+ a predicate for §. We say that ¢ or (¢,®B) is a temporary (s, )
definition, or (%8, 6)-definition, of a nep-forcing notion® Q if, in V:
(a) o defines the set of elements of Q and g is upward absolute from

(B, ¢, 0)—candidates,
(b) ¢1 defines the partial (or quasi) ordering of Q, also in every (B, ¢, 6)—
candidate, and ; is upward absolute from (B, @, #)—candidates,
(c) if N is a (B, @, 0)—candidate and p € QV, then there is ¢ € Q such
that p <@ ¢ and

qi=“Ggn QY is a subset of QY generic over N 7

where, of course, QV = {p : N = ¢o(p)}. Of course, “G is a
subset of QV or (QV, <g ) generic over N” means that: G C QY
is Sg ~directed and N = “Z C Q is dense in (QV, <q) implies
GNIN 40,
We omit the “nep” when omitting clause (c).

2. We add the adjective “explicitly” if ¢ = (pq, ¥1, ¢2) and additionally

(b)™ we add: ¢ is an (w + 1)-place relation, upward absolute from

(B, ¢, 0)—candidates and pa((p; : i <w)) = Yp;:i <w} CQ
and {p; : i < w} is predense antichain above p,”, not just in V
but in every (9B, ¢, §)-candidate which satisfy ¢a((p; : i < w)); in
this situation we say: {p; : i < w} is explicitly predense antichain
above p,,,

380 in the normal case (see 1.15(3), 1.17), @ defines Q.
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(c)™ we add to clause (c): if N = “Z C Q is a predense antichain above
p” (so Z € N) then for some list (p; : i < w) of ZN N we have
wa((pi + 1 < w)™(q)). We then say “q is explicitly (N, Q)-generic
above p”.

(2A) We add the adjective “class” if we allow ourselves (in clauses (b),
(c) of part (1) and (c)™ of part (2)) class (B, @, §)—candidates N
so in clauses (c), (c), Z is a class of N; i.e. first order definable
with parameters from N, and use the weak version of absoluteness.

3. For a class (B, ,0)-candidate N we let pd(N,Q) = pdg(N) = {Z :
7 is a class of N (i.e. defined in N by a first order formula with
parameters from N) and is a predense subset of QV}. If N is a set
candidate, it is {Z € N : N =“T is predense subset of Q 7}, i.e., note
that N thinks that pdg (V) is a set if it is a set candidate and ZFC,’
say that the power set of QQ exists; we also let

pdac(N,Q) ={Z: N | “ T is a maximal antichain in Q ”}.

In part (2) to allow {p; : i < w} to be finite we allow p; to be false
(i.e., 0 in the Boolean algebra terminology). Similarly,

pdac(p, N,Q) = pdac(p, N, Q) =
{Z: N E “Z CQis a predense antichain above p ”}.

4. We replace “temporary” by K if the relevant proposition holds not only
in V but in any forcing extension of V by a forcing notion P € K. If
K is understood from the context (normally: all forcing notions we
will use in that application) we may omit it.

5. We say that (@, ) is simple [explicitly] K—(k, #)—definition of a nep—
forcing notion Q, if:

(o) (p,B) is [explicitly] K—definition of a nep-forcing notion Q,

(8) Q € Hey, (0); i, P € K implies I-p “if o(x) then x € He (0)”,
moreover this holds for any (B, ¢, #)—candidate,

(7) B, k, 0 and possibly some elements of B are the only parameters of
¢ (meaning there are no others, but even 9B, x, 6 do not necessarily
appear).

(0) ¢ is absolute between H(x) and V for x large enough, hence

(e) if N is a Q-candidate and M is the ord-hereditary collapse of N,
then: M is a candidate, QM <(g[ are the images of QY <g and ¢
is (N, Q)-generic iff ¢ is (M, Q)-generic, etc.

6. We add “very simple” if in addition:

(5) Q C “0.

7. We may say “Q is a nep-forcing notion”, “N is a Q-candidate” abusing
notation. If not clear, we write Q% or (Q®)V. Conversely, we write
(B,5,0) = (BYL, 32609 and ZFC? for the relevant (B,$,Q) and
ZFC_.
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)

8. We say “Z C QY is explicitly predense antichain over p,’
i <w)) for some list {p; : i < w} of a subset of Z.
9. If we use (B, p, ) we mean ¢ is an initial segment of p.
10. We say (B, ¢, 0) (or abusing notation, Q) is a class=set frame if every
class (B, @, )—candidate is a set (B, @, f)—candidate.
11. In 1.3(1) we add the adjective “correctly” (and we say that (B, @, 6)
is correct) if, for a large enough regular cardinal x:
(a) the formula ¢( defines the set of members of @ absolutely through
(B, @, 0)—candidates from H(x), that is

Q= U{QN : N is a (B, ¢, 0)—candidate, and N C H(x)},

recalling QV = {z : N = ¢o(2)},
(b) the formula ¢ defines the quasi order of QQ absolutely through
(9B, @, 0)—candidates, that is

<q= U{(SQ)N : N is a (9B, ¢, 0)—candidate},

where (<g)" = {(p,a) : N = ¢1(p, 0)}-
12. Similarly when we add “explicitly”, (see 1.3(2)).

if w2((pi :

Convention 1.4. 1. So for correct frames, abusing our notation, we can
ignore (H(x), €) = ¢¢(x) and just ask for satisfaction in suitable can-
didates. So in particular in 1.3(1)(a),(b) it is equivalent if we replace
“absolute from” by “absolute through”. (Note: being correct is less
relevant to snep.) Alternatively, use the “absolutely through” version
rather then the “absolutely from”, but this seem to just “move the

dirt”.
2. We may say “Qis...” when we mean “(9B,p,0)is ...” or “(B,p,0)
is ...”, and more fully adding ZFC_ .

Remark 1.5. The main case for us is candidates (not class ones), etc; still
mostly we can use the class version of nep. Also we can play with various
free choices.

Discussion 1.6. 1. Note: if x € Z € N, N =“Z C Q", possibly = ¢ Q,
x ¢ IV and so those s are not relevant (e.g., though o < x(*8) have
a special role).

2. We think of using CS iteration Q = (P;,Q, : i < 9), each Q, has a
definition @' and we would like to prove things on P, for a@ < §. So
the relevant family K; of forcing notions we really should consider for
@' is {Pg/P; : B € [i,0)}, (in VFi), at least this holds almost always
(maybe we can look as help in other extensions).
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3. Note that a significant fraction of iterated forcing of proper forcing
related to reals are forcing notions informally called “nice” in the in-
troduction; the proof that they are proper usually gives more and we
think that they will be included even by the same proof.

4. If K is trivial, (i.e., has only the trivial forcing notion as a member)
this means we can replace it by “temporarily”.

5. See also 4.4 for “K-absolutely”.

6. Note a crucial point in Definition 1.3, the relation “{p, : n < w} is
predense antichain above p” is not demanded to be absolute; only a
“dense” family of cases of it is demanded (in our definition other im-
portant relations are not required to be upward absolute, e.g., =g (z),
—p1(z,y), that is, z ¢ Q, z £ y). This change may seem technical,
but is central being the difference between including not few natural
examples and including all those we have in mind.

7. Note that the demand described in (5 is close to implying “incompat-
ibility is upward absolute from N”, but not quite.

Discussion 1.7. A variant of explicitly nep from Definition 1.3(2) is ezplic-
itly’ nep: in (b)T replace
Pw kg “ Go N {pn : n < w} has one and only one element ”
by
PwlFg “GoN{pn :n <w} #0.

We may ask ourselves: What is the difference?

Then in clause (c¢)* it does not matter if we use Z € pdac(p, N,Q) or
T e€{Z*: N = TI* C Q is predense above p}. Now in the definition as it
stands we have the fact below, but if we use explicitly’ nep this is not clear.

The problem is that possibly p, ¢ are incompatible in Q" but not in Q (so
if ¢I- “GNQYN is gg—directed”, then all is OK).

Fact 1.8. Ifp € QV, and N is a Q-candidate, and p <g q € Q and p2(p,q)
for some list b of TN for every T € pdac(p, N,Q) then ¢ is (N, Q)-generic.

Proof. Easy (as if p;,ps € QY, then there is Z € N such that N = “T
is a predense antichain above p, and if » € Z then r is above p’ or r is
incompatible with p’ for every p’ € {p,p1,p2}”). g

Let us consider a more restrictive class, where the absoluteness holds
because of more concrete reasons, the usual ones for upward absoluteness,
the relevant relations are %1, or more generally, k—Souslin.
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Definition 1.9. 1. We say that T is a temporarily (k,#)-definition of
a snep—forcing notion @ if (the temporary mean just in the present
universe):

(a) T = (Ty,Th) where Ty C “7(0 x k) and T1 C “7(0 x 0 x k) are
trees (i.e., closed under initial segments, non-empty)
(b) the set of elements of Q is

projo (7o) &t {v €“6: for some n € “k we have
ven € ((w(n).n(n) : n <w) € lim(T)},
(c) the partial order of Q, {(po,p1) : Q Fpo < p1} is
proj; (T1) & {(vo,11) : 1o, 1 € Q and for some n € “k we have
Vo kU1 k7 dof ((vo(n),vi(n),n(n)) :n <w) € im(17)},

(d) for a large enough regular cardinal y, if N C (H(y),€) is a
(B, 0)-candidate (on By see below) and p € QV, then there
is ¢ € Q such that p <g ¢ and

qgl=“GgnN QY is a generic subset of QN over N 7,

where B+ is the model with universe Hoy,(x) and the relations
“r e TE”‘
2. We add “explicitly” if T = (Tp, T1,T2) (so x € Ty is a relation of B)
and we add
(a)T also Tp C“~(0 x 0 x k) and we let

projy(Ts) def {{vi:i<w): for some n € “k we have v * v, * 7 € lim(T3)
where v = code({vy : £ < w)) is the member
of “0 satisfying u((£+g+l) +0) = vy(k)}

and (v; : i < w) € projy(T2) implies {r; : i < w} C Q (even in
candidates; the natural case is that witnesses are coded).
(d)* we add: q is T—explicitly (N, Q)-generic, which means that
if N = “Z is a predense antichain above p in Q”
then for some list (p, : n < w) of I we have (p, : n < w){q) €
projy(12),
(e)T if v; € Q for i < w and for some 7 € “k we have code(vg, vy, ... ) *
v*n € im(7Ty), then {vo,v1,...} C Q is predense antichain above
v, (and this holds in (B, #)—candidates too).
3. We will also say “Q is a snep-forcing notion”, “N is a —candidate”,
etc.
4. We say n is a witness for v € Q if v x n € lim(7p); similarly for T, T5.
We say that 7 is explicitly predense antichain over p,, if code((p; : i <
w)) € projy(T2) for some list {p; : i < w} of 7.
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Remark 1.10. In clause (a)* we would like the proj,(7%) to be an (w+1)—
place relation on @, but we do not like the first coordinate to give too much
information so we use the above coding, but it is in no way special. Note:
we do not want to have one coordinate giving (v,(0) : £ < w).

Another possible coding is code(vg,v1,...) = ((ve]i: € <) : i < w), so
T C¥>(“>(“70) x 0 X K).

Definition 1.11. 1. Let Q be explicitly snep. We add the adjective
“local” if in the “properness clause, i.e., 1.9(2)(d)™” we add:
(®) the witnesses for “q € Q”, “(p% : n < w) is Q-explicitly predense
antichain above ¢” are from “(N N k).

2. Let @ be explicitly nep. We add the adjective “K-local” if in the
“properness clause, i.e., 1.3(2)(c)™” we add:
for each candidate N which is ord—transitive we have
(@) for some K-extension N of N (see below), we have: NT is a

Q-candidate (in particular a model of ZFC;) and Nt = “QV is

countable” and for every p € QN there is ¢ € N*, N* & “p <Qgq

and for each Z € pdac(p, N,Q), % is explicitly predense over q”.
(Note that BN = BN ).

3. If K is the family of set forcing notions Q for which every 3,,(Q) exists,
or constant understood from the context, we may omit K.

4. Assume Np, N are candidates and N7 = “Q a forcing notion from K7,
and G C QM is generic over N1. We say No = Np[G] if this is true in
No, so |N1| - |N2|, OI‘le = OI‘dNQ, No ): “zey’,ye Ny = x € Ny,
eM = g2 ggNo — gV (so if Q@ € Ny then G € N3) and if we use
Mostowski collapse Mosy, then Mos(Nz) = (Mos(N1))[Mos(G)]. It is
more natural here to use the transitive collpase over the ordinals. In
this case we say “Ny is a K-extension of N” (on the existence see §2).

Discussion 1.12. 1. Couldn’t we fix 8§ = w? Well, if we would like to have
the result of “the limit of a CS iteration Q of such forcing notions is
such a forcing notion”, we normally need 6 > £g(Q). Also xk > Vg is
good for including IT}-relations.

2. We may in Definition 1.11 have two versions of ZFC,, one before
the forcing and one after. Helpful mainly if we are interested in such
theories not implying “3,,(|Q|) exists for each n”.

3. In “Souslin proper” (starting with [13]) the demands were as in Defi-

nition 1.13 below.

Definition 1.13. A forcing notion Q is Souslin proper if (Q C “w and)
it is proper and: the relations “z € Q”, “x <V y” are ¥{ and the notion
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of “incompatibility in Q” is ©1 (noting that, of course, the compatibility
relation is ¥1). So really we have (¢o(z), p1(,y), v2(z,y)).

Remark 1.14. This makes “{p, : n < w} is predense antichain over p,”
a Il-property?, hence an R;-Souslin one. So we can get the “explicitly”
cheaply, however possibly increasing . Note that for a Souslin proper
forcing notion @, also p € Q¥ < p € Q & p € N and similarly for p <g ¢.

* * *

If you like to be more pedantic on the ZFC_ , look at the following defini-
tion, if not go directly to 1.16-1.18. Normally there is no problem in having
ZFC, as required and we are assuming enough goodness.

Definition 1.15. 1. We say ZFC_ is a K—good version [with parameter
¢, possibly “for (B, p, 0)” for B, p, 0 as in 1.3 from the relevant family]
if
(a) ZFC, contains ZC™; i.e., Zermelo set theory without power set [as
in 1.1(6) the axioms may speak on relations of €, only through the
axiom schemes (of comprehension, also of cases of replacement if
used), i.e, we allow to substitute formulas with relations of € (and
of B, we may also restrict the use of the relations of B, no lose as
at present)]

(b) € is a model with countable vocabulary (C H(R)) (given as a well
ordered sequence) and its universe |€| is an ordinal a.(€),

(c) for every x large enough, if X C H(y) is countable then for some
¢—candidate (or (B, p, 0)—candidate) N C (H(x), €), we have X C
N. If we have the “for Q” then for every countable set X there is
candidate N extending it such that

)XCN

if |: <p2[<pz c 1 < w)(p)] and (p; : ¢ < w),(p) € X, then

N = a[(pi 1 i <w)™(p)]-

We may need a substitute for the “bare” nep with explicitly.

In the simple case (which is the main one), we may restrict

the assumption to the case N C Hoy, (x) and add to the

conclusion C Hy, (X)-

(d) ZFC; satisfies the forcing theorem® (see e.g. [25, Chapter I]) at
least for forcing notions in K,

. w
We express it as: Vq [if ¢, p. are compatible then (g, p, are compatible)].

®That is: if N |z ZFC; and N =“P is a (set) forcing notion in K”and G C PV is
generic over N thus N[G] is a model of ZFC} if we do not need to prove the existence of
a candidate N2 = N[G], we can ignore V and think on N only, recall that BNIET = B,
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(e) those properties are preserved by forcing notions in K (if P € K,
G C P generic over V[G] then K VIS will be interpreted as {Q[G] -
P*Q € K}), so after forcing with Q € K we still have a model of

ZFC;, and we normally allow, e.g., Levy(Rg, 2/,
(f) ZFC; as well as A1, Ay are recursive or at least definable in say
¢ w (this® to enable us to say “N is a candidate”).

2. If K is the class of all (set) forcing notions P such that ZFC_ says that
3,.(JP|) exists for each n, we may omit it. If K = {0}, we replace K
by “temporarily”.

3. We say ZFC; is normal” [for (B,p,0)] if for x large enough any
countable N < (H(x), €) to which € [as well as (B, p, 0)] belongs is
OK (for clause (1B)(c) above).

4. We say ZFC, is semi-normal for Q [that is for (B, ¢, 0)] if for x large
enough, for any countable N < (H(x),€) to which €, ¢, B2 0 (e
H(x)) belong, for some P € N such that N =“P is a forcing notion”
we have:

(%) if N’ is countable N C N’ C (H(x),€), N'Nx = NN x and

(Vz)[N' | “z is countable” = 1z C N'],

and N’ is a generic extension of N for PV,
then N" = (N, € [N’,0rd",B | N) is (Q, €| N)-candidate and

QY IN=QIN, o) IN=¢YN.

We say “K-semi-normal” if we demand N E“P € K.

5. We say ZFC, is weakly normal for (98,9, 6) if clause (c) of part (1)
holds; similarly weakly K-normal is defined.

6. In parts (4), (5) we can replace (B, p,0) by a family of such triples
meaning N is a candidate for all of them.

7. In parts (4), (5), (6) if (B,p,0) = (B % 0%) we may replace
(%B,p,0) by Q.

Discussion 1.16. 1. What are the points of parameters? E.g., we may
have xk* an Erdos cardinal, € codes every A € H(x) for each x < k¥,

eNEl = ¢V see Definition 1.11(3)]. So this is an axiom scheme. We can weaken the
demand if we use more than one set theory, and we say that ZFC; > ZFC; if the forcing
theorem for ZFC; belongs to ZFC, , but the gain seems meager. In addition for 7.10 we
need: if P,Q are forcing notions, G is a P-name for a subset of QQ such that I-“ G is a
generic subset of Q 7, and ¢ € Q = fp“q ¢ G” then for some Q-name R of a forcing
notion, Q * R, P are equivalent.

5We may say “ZFC; , as a set of sentences belong to every candidate or even better put
this demand in the definition of a (B, P, #)-candidate, but we can just make it definable
by having the set (C H(Ro)) appearing in P or as a relation of € or 8.

"If we use nice ZFC; (see Definition 4.5), then it would be natural to restrict ourselves
to strong limit uncountable y.
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ZFC, = ZFC 4+ “k* is an Erdos cardinal, € as above”, K = the
class of forcing notions of cardinality < x*. Then we have stronger
absoluteness results to play with.

2. On the other hand, we may use ZFC; = ZFC™ 4 (Vr € “2)(r7 exists)
+ “J; exists”. This is a good version if V |= (Vr € “2)(r# exists) so
we can, e.g., weaken the definition snep (or Souslin-proper or Souslin-
c.c.c.).

3. What is the point of semi-normal? E.g. if we would like ZFC_ - CH,
whereas in V the Continuum Hypothesis fails. But as we have said in
the beginning, the normal case is usually enough.

Proposition 1.17. 1. Assume ZFC; is {0} ~good. Then the clause (c¢)*
of 1.3(2) follows from clause (¢) + (%), where
(x) if p € Q and I, is predense antichain above p (for n < w) and
each I,, is countable,
then for some q, p < q € Q, and for some sequence (p} : { < w)
such that I, = {p}} : £ < w} we have @a((p} : L < w)(q)).

2. If ZFC is normal for (B, p,0) then in Definition 1.3(1), (2) there is
no difference between “absolutely through” and “weakly absolutely”.

3. If Q is a definition of a forcing (so clauses (a), (b) of Definition 1.3(1)
apply) and M is a Q-candidate and M |= “p,q € Q are compatible 7,
then p,q € Q are compatible (in Q, that is in V).

4. If Q is explicitly nep, M is a Q-candidate and M = “‘p € Q, T C
Q is countable 7, and in V, I is a predense antichain above p then
also in M this holds.

5. If Q is explicitly nep, and p € Q, I, is a predense antichain in Q
above p for each n < w, then for some q we have p <q q and, for each
n < w, some countable subset of Z,, is an explicitly predense antichain
above q.

Proof. (1) So given a Q-candidate M, and p € QM we can find ¢ € Q
which forces that Gg N QY is generic over N. Now, if Z € pdac(p, N,Q),
then necessarily g I-“GgNZ has one and only one element”. Let (Z,, : n < w)
list pdac(p, N, Q) so q, (Z : n < w) are as in the assumption of (*) for p and
(I, : n < w) hence there is 7 such that Q = ¢ < r, and @9((;0? D <w)(r))
where {p? : i <w} =TIN. Sor, (p? : i < w) are as required in (c)*.

(2) Easy.

(3) As otherwise for some r we have M = “p <@ ¢ <@ r”, hence this holds
also in V, contradiction.

(4) If the set Z is not a predense antichain above p in M, then we can find
q such that

M E “qeQ, p<ggq, and q isincompatible with every member of Z”.
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Let g, € Q be such that ¢ <g ¢« and
qIF “GNQM is a generic subset of (Q™, Sg)”.

Now easy contradiction.

(5) By part (2), it suffices to prove (x). So assume p and (p}' : i < w) for
n < w are as there. By the weak normality (see 1.15(6)) which we assume
(see 1.15(1)), there is a Q-candidate M satisfying clauses (3), (), (d) of
1.15(1) and {p} U {p? : i < w} C QM. Now, by part (4) for each n the set
{pl" : i < w} is predense antichain above p in M. Using clause (c¢)™ of 1.3(2)
we get ¢ as required. | IRL

Proposition 1.18. Assume ZFC; is normal for (%B,p,0) and Q (= Q%)
is (temporarily) nep then Q is proper. [

Discussion 1.19. We may wonder: is normality necessary for 1.187 Yes.
Consider:

(a) V satisfies CH,
(b) ZFCy is ZC™+“2%0 > 87,
(¢) Qis {p: pis a function from some countable ordinal & = Dom(p) into
Hy, (0) such that for every limit 6 < «, Rang(p[d) is a model of ZFC
+ “2%0 exists and is > N7}
ordered by inclusion.

Now

(d) ZFC; is semi normal,

(e) @ is explicitly nep (in fact for any Q-candidate N any subset of Q™"
generic over N; determine G N N and has an upper bound),

(f) forcing with @ make |(“2)V] < |wy| and even [Hoy, (O(R3)V] < |wy|

(g) forcing with Q collapse Ny (why? if 7 = (n; : i < wy) list “2 in 'V,
G C Q generic, f = J{p : p € G}, if NY[G] = Ny then {§ < wy :
Rang(f[0) N“2 = {n; : i < d}} should be a club, but it is disjoint to
some club of w; from V).

A sufficient condition for replacing pdac(p, N,Q) by pd(N,Q) is (this
splits “Z,, is an explicitly predense antichain” into two components):

Observation 1.20. Assume that Q is nep. A sufficient condition for its
being explicitly nep is that for some ¢, pa we have

(%)1 ©h(z,y, 2) is an upward absolute formula for Q-candidate and it defines
incompatibility (i.e., the three have no common upper bound in 'V and
in Q-candidates).
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(%)2 w2(xo,x1,...,2y) is upward absolute for Q-candidate and pa((p; : i <
w), pw) tmplies {p; : i < w} C Q is predense above p,, in Q; this holds
in candidates too.

(¥)3 If N is a Q-candidate, p € QV, then for some ¢ € Q we havep < q, q is
(N, Q)-generic and for every T € pd(Ny,Q) for some po,p1,... € IV
(not necessarily listing it) we have w2(po,p1,- .. ,Pw)-

Proof. Easy. [ |

A sufficient condition for explicitly nep is given by the following observa-
tion (and used in Section 3).

Observation 1.21. 1. Assume

(a) po(x) is a Borel definition of a set, say a subset of P(H(Ry)), the
set of elements of Q.

(b) @i(x,y) is a Borel quasi order on {x : ¢o(x)} defining <q.

(c) B= (B, :n < w), each B,, a Borel function from Q to Q such
that p <q By, (p) for every p € Q.

(d) if N is a Q-candidate, so po, 1 € N, N a model of appropriate
ZFC;, and p € QV,
then there is ¢ € QN such that:

7T € pdac(p, N,Q) AN ¢<oreQ = \/ \/ P <o By(r).
n<w p/ €T[N]

Then for some w2 (a relation which is the conjunction of a 11} and a
i formula), Q is explicitly nep (temporarily and absolutely when the
conditions, mainly clause (d) are absolute)

2. We can® in (d) replace <g in r <g By(r) by any X1-relation guaran-
teeing compatibility.

Proof. Straightforward using 1.20, note that incompatibility being a I
relation, is upward absolute from candidates. N o

Observation 1.22. 1. Assume
(a) po(x) is a Si-formula defining a subset of P(H(Ro)), this is mem-
bership in Q.
(b) ¢1(z,y) is a Xi-formula defining a quasi order on {x : ¢o(x)},
this is x <q y.
(c) B = (B, :n < w) is a sequence of Borel functions satisfying
po(z) = = <g Bu(z).

8Useful, e.g., in preserving the measured creature forcing of [16].
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(d) If N is a Q-candidate, p € QY then there is q such that p <g q
and: for every T € pd(N,Q) we can find (g% : n < w) such that:
q <g ¢ forn <w, (Vn)(3r € IV)(r <g ¢2) and for every r we
have ¢ <gr = (In <w)(gk <g Bn(r)).
Then the conclusion of 1.21 holds.
2. In the clause (d) we can replace <g in q& <g By(r) by any ¥1 (or
Just absolute for Q-candidates) relation implying <g-compatibility.

Proof. Easy, really the same proof work. [

2. Connections between the basic definitions

We first give the most transparent implications: we can omit “explicitly”
and we can replace snep by nep (this is 2.1) and the model B can be
expanded, k,0 increased, (see 2.2). Then we note that if K > 6 + X; and
we are in the correct simple nep case, we can get from nep to snep because
saying “there is a countable model N C (H(x), €) such that ...” can be
expressed as a k—Souslin relation (see 2.3) and comment on the non-simple
case. Then we discuss how the absoluteness lemmas help us to change the
universe (in 2.4), to get the case with a class K from the case of temporarily
(2.7) and to get explicit case from snep or from Souslin proper (in 2.9).

Proposition 2.1. 1. If (¢,B) is explicitly a K—definition of a nep-for-
cing notion Q, then @12 is a K—definition of a nep-forcing notion Q
(of course for the same €, ZFC,, so we normaly do not mention this).

2. If T is explicitly a K -definition of a snep-forcing notion Q, then (T'[2)
1s a K—definition of an snep-forcing notion Q,

3. If T is [explicitly] a K—(k,0)-definition of a snep-forcing notion Q,
and B any model with universe k coding the Ty’s and @y is defined
as proj,(Ty) and ZFC, is natural (e.g., ZC+ “B exists (as a set)”+
“‘Qp, (k) exists for eachn”), then (@, B) is correctly very simple [explic-
itly] K—(k,0)—definition of a nep forcing notion Q (and let B = By,
¢ =or)

4. Very simply implies simply (see 1.3(5), 1.3(6)).

Proof. Read the definitions. [ ]

Proposition 2.2. 0. If we increase Ay we essentially just have fewer
candidates; fully, assume Ay C A} C Ly, (7¢) and € codes the set Ay,
e.g., by quantifier free formulas, then every candidate in the new sense
1s a candidate in the old sense, all relevant properties being preserved
except ZFC, being nice (see Definition 4.5 below) and semi-normal
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(but normal is included). Hence if Q is [explicitly] nep in the old sense
it will be so in the new sense [and all relevant desirable properties are
preserved).

1. Assume A" C Ly, o[raw]| and B is definable in B’ (that is, every R €
T including the equality, has a definition 9p € Ly, o [mw]) and A C
{ € L, ulmw]: making the substitution R — Jr in ¢ (and restrict
ourselves to {z : 9=(z,xz)}) we get ' € A'}.

Assume further that @ is as in 1.3 and @' is gotten from @ when
we make the substitution R — Vg (and restrict ourselves to {x :
V—(z,2)}). Lastly assume that A, Ay are naturally related (see 2.1(1)
or just B [H(Ng) simply codes them).

(a) If N is a (B',@,0")-candidate, then N is also a (9B, p,0)-candi-
date; pedantically

(a’) Assume N’ is a (B, ¢, 0")—candidate, for A} of course; so N =
(IN], €N, ord™" BN eN') and we let

N = (|IN'|, €N, ora™’, (BN, e,

where? (%’)%Nl =8 1|8
Then N is a (B, @, 0)—candidate for Ay, of course.

2. Assume that (p,B) is [explicitly] a K—definition of a nep-forcing no-
tion and B is definable in B’ (and change Ao accordingly to the in-
terpretation as done in the previous part).

Then (@,B’) is [explicitly] a K-definition of a nep-forcing notion;
moreover, if B is the only parameter of the @, we can replace it by
B’ (changing trivially the p;’s).

3. Hence we can increase k and 0 and/or add “simply” (to the assumption
and to the conclusion of the previous part); we may also add “very
simply”.

Proof. Straightforward. [
A converse to 2.1(1)4(2) is the following.

Proposition 2.3. 1. Recall that " = 0 + Ry + ||B|| + @ (€) and assume
(®) (@,B) is a correct very simple [explicit] K—(k,0)—definition of a
nep forcing notion Q.
Then some T codes the relevant relations (€ Q, €q and “explicit pre-
dense antichain”). If every Bp—candidate is a Q-candidate, then T
is an [explicitly] K—(k",0)-definition of a snep forcing-notion Q (the
same Q as a forcing notion).

Tf we allow more complicated situations than B~ = %B | |B"| we have to say more
here.
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2. If k =0 =K' = Ng we get a similar result with the p; being T13-sets.
3. If in clause (@) of 2.3(1) we replace very simple by simple (so we
weaken Q C “6 to Q C Hey, (0)), then part (1) still holds for some Q'

isomorphic to Q.

Proof. 1) This is, by now, totally straight; still we present the case of ¢
for part (1) for completeness; for simplicity assume that € is interpretable
in 9B, say by quantifier free formulas and A; = Ag. If in Definition 1.1(2),
clause (e) we use =<, let (¥} (y,z0,..., 7, ,) : n < w) list the first order
formulas in the vocabulary of 98 in the variables {y, 7, : £ < w}, (so in 9}
no zy, £ > n appears, but some x4, £ < n may not appear); if we use <a
let it list the ¢! such that 3y is a subformula of member of A. Similarly
(W2(y, 3, ... Tk, ,) : 4 < n < w) for the vocabulary of set theory plus
that of B. Let us define Ty by defining a set of w-sequences Y, and then
we will let Ty = {p[n:p € Yy and n < w}. For o < wy let {Ba: ¢ < w}
list {B: 0 < a}.

Now let Yj be the set of w-sequences p € “(6 x k") such that for some
(B, ¢, 0)—candidate N C (H(x),€) (so you can concentrate on the case
B, 0, k belong to N, e.g., in the normal case) and some list {(a,, : n < w) and
w-sequences v, 7 we have: p=wvx*n;ie., p(n)=(v(n),n(n)) and

(i) ap =B, a1 =0, a2 = Kk, a3 =v, and |[N| ={ap: L € [3,w)}

(i) {n:n>3and N EFa,er'} ={nBn+1):0<n<w},
(iii) every n(8n + 2) is a countable ordinal such that:

N E “rk(a,) < tk(an)” iff n8n+2) <n(8m+2) <Ny <K/,

(iv) if B = (Iy)vn(y,a0,-.. ,an—1) then B = U} ansmi1)+3), 03, - -
afn—IL
(v) N | golv]; ie. N = gpolas],
(vi) NE“ar€an” iff pB(("T0) +0) +4) =0,
(vii) if 0> 4 and N b= (G2 (y, as,. - »ak,-1),
then N |= o2 [aysn+5), a3, - - . ag,—1] and n(8n +6) =1,
(viii) if N [=“ay is a countable ordinal” and aj, = f,,, ,
then n(8((“"2) + ) +7) = k.
(ix) N ): w%(ag, as, ... ,akn,l) iff n(8n + 8) =0
Let To = {pn:p € Yo,n < w}.

Claim 2.3.1. 1. Yj is a closed subset of “(6 x k).
2.Q={rve“d:(Tn)ne“r) & vxneYy(=lm(Tp))} = projy(Tp).

Proof of the claim: 1) Given v xn € lim(Tp) we can define a model N’
with set of elements say {a;, : 3 < n < w} such that N’ |= “a;,, € a,” iff

7](8((“7;“) +{¢) 4+ 4) = 0, that is according to clause (vi). We similarly
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define BY'. Now 7(8n+8) = 0 iff N’ = 42 (a}, ab, . .. , @}, _1); We can prove
this by induction on the formula 12 starting with atomic, the first ajy is
just to save another list of ¢’s; during the induction we use clause (vii) for
the existential quantifier. So N’ is a model of ZFC, by clause (vii) (and
the demand N = ZFC)), it is well founded by clause (iii) (and the earlier
information).

We start to define an embedding h of N’ into H(x) and we put h(af) = B,
h(a}y) = 6, h(a}) = k (in the case we demand that 98,0, x belong to V our
candidates) and h(a),) = n(8n+1) if N’ |= a), € af, n > 3. Then let h(a}) €
“f be such that h(ah)(¢) = " iff lettlng n be such that 2 = [y = 23(¢)], s
necessarily N' =“a}(¢) = , we have 1(8(n+5) +1) = v (see clause
(vii)).

Lastly we define h(a/,) for the other a/, by induction of k™ (a/,), note that
we should add to h(a],) when N’ = “a ’ is an ordinal” and n ¢ n(8m + 1) :
0 < m < w} dummy elements to retaln Rang(h) Nk = {n8(n+1)+1):
n<wh.

The model h[N'] above should be built in such a way that it is ord—
transitive. This (and clause (viii)) will ensure that the clause (g) of the
demand 1.1(2) is satisfied.

Note that, actually, the coding (of candidates) which we use above does
not change when passing to the ord—collapse.

2) Should be clear from the above noting: p € Q iff for some N as above,
N = ¢o(p) [as < holds by the definition and = holds as there are countable
N < (H(x), €) to which p,B, 0, k belong]. W

(8n+5)

Continuation of the proof of 2.3.

This finishes the proof of the claim and so the proof that there is g as
required; we can similarly define @1 and prove the other statement in the
first part of the proposition.

(2), (3) Easy. 3

What if in 2.3 we omit “the only parameters of ¢ are 8,60, k”; so what do
we do? Well, the role of 9B is assumed by the transitive closure of (@, B, 6, k),
which we can then map onto some k* > k we can use p instead.

Now we look at the connection in the situations in two universes.

Proposition 2.4. 1. Assume ZFC; is {0}-normal for (B, ¢,0) (see Def-
inition 1.15(3)), and, in V, ¢ is a (9B, 0)-definition of an [explicit]
nep forcing notion. Then we get “correctly” (see Definition 1.3(11)).
For this, semi {0}-normal and even weakly {0}-normal (see Definition

1.15) suffice.
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2. Assume @ is a K—(B,0)—definition of a forcing notion Q (“nep” part
is not needed). Let V' be a transitive class of V such that
(i) @ and B belong to V' (and of course €),

(ii) Q is correct in V'.
Then:
(2) if V= € Q7 (ice., po(p)) then V |=*p € Q7,
(b) if V' = <q 4 (i.c, p1(p.0)) then V =D <o ",
(¢c) ifin' V', N is a (B, ¢, 0)—candidate then also in' V, N is a (B, ¢, 0)—
candidate; this does no require assumption (ii).
2a. Assume @ is a K — (B, 0)-definition of a forcing notion Q; let V' be
a transitive class of V such that
(i) @ and B belong to V' (as well as €, of course),
(i1) Q is correct in V.
Then
(a) if pe Hen, (0)Y and V |=“p € Q7, then V' |=“p € Q7,
(b) () ifp,qe€ H<N1(9)V/ and V |=p <g q”, then V' = <g q”,
and
(ii) if p,q € Heny(0) and V = “p,q are compatible in Q7, then
V' E “,q are compatible in Q”,
(¢) if NeV and N € Hey, (k)Y and V |=“N is a (@, B) -candidate”
then V' E=“N is a (¢, B)-candidate”; note that here assumption
(ii) is not used. (it’s natural to assume that Q is simple in V)

3. If in (2) we add “explicitly” (including the “correct”), then

(d) if (pn : m < W) and py, belong to Hey, (k)Y and V' |= a({p; 1 i <
w)), then V = oa((p; 1 i < w)),

(e) ifin V', N is a (p,B)—candidate and q is explicitly (N, Q)—generic,
then this holds in V.

3a. Similarly for (2a).
That is

(A) if (pp : n < W) and p, belong to Hoy, (k)Y and V |=“p, :
n < w} is an explicitly predense antichain over p, (in Q)”, then
V' E4p, :n <w} is an explicitly predense antichain over p, (in
Q).

4. If in (2) we add “p is a temporary explicit correct (B, 0)—definition
of a nep forcing notion” (in V), then also in V', ¢ is a temporary
explicit correct (9B, 0)—definition of a nep-forcing notion.

5. If in (4) we add “local” to the assumption, then also in V', @ is a tem-
porary explicit correct (B, 0)—definition of a local nep-forcing notion.

Discussion 2.5. Note that in parts (2), (2a) there is no implication between
the two versions of clause (ii), for V and for V. The reason is that possibly,
e.g., V' satisfies CH while V satisfies its negation and ZFC, decide it.
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Proof. 1) Straightforward.

2) For clauses (a), (b), by the correctness in V' (i.e., assumption (ii)) there
is a witness in V/ which continues to be so in 'V (using upward absoluteness).
Clause (c) is immediate.

2a) For clause (c) note that N € Hoy, (x)V' is required as there may be
a € N,a ¢ N, ais countable in V but not in V’; anyhow clause (c) is
immediate.

For clauses (a), (b) there is a candidate N in V witnessing the relevant
fact hence (see 2.12 below), we can find M C Hy,(x)V isomorphic to N
over N NHow, (x)V (in particular, M N Ord = N N Ord, M NB = N NB).
Now use Shonfield-Levy absoluteness lemma.

3), 3a) Straightforward.
4)  We concentrate on the main point: clause (¢)* in 1.3(2). Suppose that

V' = “ N is a (¢, B)candidate and p € QY 7.

In V', let (Z,, : n < w) list the Zs such that N =7 is a predense antichain
above p in Q7. We know (by 2.4(2)(c)) that NV is a candidate in V. Hence,
in V, there are ¢, (p}} : { < w,n < w) such that:

(i) (p} : € <w)lists Z, NN,

(i) p<qq € Q,

(iii) p2((p} : £ <w)™(q)) for each n < w.
So in 'V there is a (B, ,0)-candidate Ny such that N € Ny, (py : £ <
w) :n < w), ¢gand (Z, : n < w) belong to Ny, and N; =“p <qg ¢”, and
N1 E o) : ¢ < w)™{(q)) for n < w (by “correct”). It is enough to find
such N1 € V/, (and ¢, (('p}} : £ < w) : n < w) which follows as in 2.7 below.
(We use an amount of downward absoluteness which holds as V' is a tran-
sitive class including enough ordinals).

5) Similar proof. LR

Proposition 2.6. Assume that T is in 'V a temporary (k,0)-definition of
a snep forcing notion which we call Q. Let V' be a transitive class of V
containing T (and all ordinals or just (k")) and satisfying ZFC, . Then:

(a) V' =€ Q” then V = p € Q”,

(b) if V! |=% <q q” then V' | p <q ¢”,

(¢) if in V', the model N is a (B, pf, ky)—candidate then also in V, N
is a (By, of, ki) —candidate,

) also in V', Q is snep,

e) if VE 9eQandp € Hen, (0)V7, then VI |E “p e Q7

£) if ViE D<qqandp,q € Hon, (0)V7, then V! = p <g q”,
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(8) if V= “pa({p1:i S w)) and (pi i < w) € Haw, ()Y,
then V' = “pa((pi 11 < w))”.

Proof. By Shonfield-Levy absoluteness lemma; e.g., for clause (d) repeat
the proof of 2.6(4). WG

Proposition 2.7. 1. Assume that (p,B) is a simple correct local explicit
temporary (k,0)—definition of a nep forcing notion @. Then for any
extension V1 of V this still holds, provided that:

(x)a  (["]=N)V is cofinal in (["]=R0, C)V1 recalling

K=K+ 0+ a.(€) + ||B]].

2. Assume T is a local explicit temporary (k,0)-definition of a nep [snep]-
forcing notion Q. For any extension V1 of V, this still holds if (x)4 of
above holds. So we can replace “temporary” by K = class of all proper
set forcing notions.

Proof. 1) We concentrate on the main point (other ones are similar and
certainly not harder). Let a € [x” UB]M, and consider the statement
X, if N is a (B, @, 0)-candidate satisfying N N (k" UB) C a and p € QN
(i.e., N = ¢o[p)),
then there are N', a generic extension of N (so have the same ordinals
and N is a class of N’ and the same B, €,0) which is a (B, 3, 0)-
candidate such that'® N’ =“P(0)" is countable” and

N'E“(3q)lg € Q & p <g q & ¢ is explicitly (N NP(Q), Q)-generic| .
Note: in order to guarantee [x € N’ A N’ |=“z is countable” = 2 C N’]
just use a suitable collapse, see 2.12 below.

Now, only (N, a@)aecq/ = and the choice (inside N) of the forcing notion
are important and we can code IV as a subset of a (as all three are countable).
Also the issue of saying “N’ is well founded” does not arise as N’, N have
the same ordinals. Thus the statement X, is essentially

(VN)[(N is not well founded (or not B[ (N Na) <A B, etc.)V
V(IN')(N' as above)].

As in V, the set a is countable, it can be treated as w so this is a II}
statement, hence it is absolute from V to Vi. Now recalling in particular
the definition of local (1.11(2)), both in V and in V; the statement “Q is
simply, locally, explicitly nep” is equivalent to (Va € [x" U B]N0)X,, which
is equivalent to S = {a € [k UB]N0 : K,} is cofinal in [x” UB|¥. But by the
previous paragraph it suffices to prove that S[V] is cofinal in S[V;]. Now
(%)4 gives the needed implication.

%Note that P(#)Y is countable in V.



PROPERNESS WITHOUT ELEMENTARICITY 199

2)  Similarly. 7

Remark 2.8. 1. So for the local version, we can replace “temporary”
by “for the class of proper forcing (or just preserving “([x”]<N0)V is
cofinal in [x"]SN07)”,

2. We can replace this assumption (i.e., (x)4 of 2.7) by enough absolute-
ness (so large enough cardinals). If those are strong enough, we can
omit “local”. The problem with local (even when x = 6 = X)) is that
we have to say “N’ is well founded” arriving to II3.

Proposition 2.9. IfQ (i.e. (po, ¢1)) is a Souslin proper forcing notion (see
1.13) and B codes the parameter (so has universe k = X and let 6 = Xp)
and the parameter of a E%frelation equivalent to incompatibility, then (@, B)
is a simple explicit temporary (k,0)—definition of the nep-forcing notion Q;
in fact it is locally (Ng, Ng)—snep.

Proof. Straightforward. [ |

Definition 2.10. Assume that (¢,B) is a temporary (x, §)-definition of a
nep forcing notion Q, and N is a Q—candidate. We say that a condition
q € Q is essentially explicitly (N,Q)—generic if for some candidate N’,
N C N, N € N/, ¢ is explicitly (N’, Q) generic and for some ¢y € Q"
g0 <@ ¢ and N’ |=“qq is (N, Q)-generic”. We say “over ¢” if we can choose
Q0 =q.

Note: if Q is a snep-forcing for T, this relation is (k + 6 + N;)-Souslin,
too.

Proposition 2.11. Assume Q is an explicitly nep-forcing notion, say by
(¢, B) and ZFC_ is weakly normal for Q.

1. If q is (N,Q)—generic, then for some ¢ we have

q<q¢d €Q and ¢ is essentially explicitly (N, Q)-generic above q.

2. If ¢ is essentially explicitly (N, Q)—generic (or just explicitly (N, Q)—
generic), then ¢’ is (N, Q)—generic.

3. In 1.17 we can add: and every essentially explicitly (N, Q)—generic is
explicitly (N, Q)-generic (changing @;Q slightly).

Proof. 1) Let N’ C H(x) be a countable Q—candidate satisfying
{N,q} € N".

Such N exists by clause (c) of definition 1.15. By our assumptions there is
¢ such that: ¢ < ¢ € Q and ¢’ is explicitly (N’, Q)—generic.
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2), 3) Easy. LB

The following claim tell us that asking about being nep looking for [ex-
plicitly] (IV, Q)—generic, we may restrict ourselves to ord-hereditary Q can-
didates.

Proposition 2.12. 1. If N is a (B, 0)-candidate, so in particular'!
[NE “a<r’] = a€fVaeca(€)Vacerk(B)

then there is one and only one hereditary over k' model N' =
that is: there are N' = Mos,/(N) and f such that (recalling '
KUOU ax(2)):
(a) f is an isomorphism from N onto N',
(b) fla) = aif N E “a < &7 and fly) = B if N = “(y is an
ordinal) N (y > £')” and B = k' + otp({z : N |= “(z an ordinal
<y) A(z < K)7),
(¢) if x € N\Ord" then f(z) = {f(y): N =%y € 2"},
(d) N’ is a B-candidate.
2. Note that if N |E=“c € Hey, ()7 then f(z) = x (but BN N = BY
does not necessarily implies B N N’ = %N/).
3. For N,N' as above and q € Q we have: q is [explicitly] (N, Q)-generic
iff q is [explicitly] (N, Q)—generic.

N;

Proof. Easy but by a request we give details:

1)  We try to define by induction on i < w; a function f; with domain
C N, increasing continuous with i.

Case 1: =0

Let Dom(fo) be the set ordinals which belong!? to N and fo(a) is « if
a € NNk and is N Nk + otp(N N a\rk') otherwise (so fo(x') = &’ if
k' € N); we are using clause (f) of Definition 1.1(4).

CASE 2: ¢ is a limit ordinal

fi=U{f5 5 <4}

CAsE 3: 1=75+1

Let

Dom(f;) ={x € N : 2 € Dom(f;) or (Vy)(y € N Ay € x —y € Dom(f;)}.

For x € Dom(f;) let fi(z) = fj(z) if z € Dom(f;) and f; = {f;(y) : y €
N,y € x} otherwise.

So we can carry out the induction. As (Dom(f;) : i < w;) is an increasing
(not necessarily strictly) sequence of subsets of N that is, of |N| which is

' As in some other place “ordinals are urelements” simplifies this.
12As we are assuming politeness; otherwise use Ord™ = {z : N = “z is an ordinal ”}.
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countable, it is necessarily eventually constant, say for i € [i(x),w;)). As €
is well founded, by the definition of f;,) 41 necessarily Dom(f;.,)) = N. So
let f = fi(x) and define N’ by |[N'| = {f(z) : € N}, and eN'=e| |N|,
BY = f(BY), eV = f(eM).

Now we prove by induction on i that f; is one to one. For ¢ = 0 check
the definition, for ¢ limit trivial, for ¢ = j 4 1, use “f; is one to one and N
satisfies the comprehension axiom”. So f = f;() is one to one. Clearly f
is the identity on |¢V| and also on BY, as we can prove this for z € BV
by induction on the rank: if x is an ordinal then z < &’ hence f(z) = =,
if z is not an ordinal, recall that |B"| C H_y, (k) and by the definition
of a candidate, x C |N|, so f(z) = {f(y) ry €z} ={y:y € z} = x.
We can prove similarly by induction on i that z,y € Dom(f;) = [z €
y = fi(z) € fi(y)]. So f is an isomorphism from N onto N’. This (and
the definition) suffice for proving clause (a), (b), (¢) in part (1) which we
are proving. As N' Nk’ = NNk clearly N'[k = NIk, N'[6 = N6,
N'Ta,(€) = Nla,(€) and x € N N Hey, (k') implies f(z) = z recalling
clause (c¢) of Definition 1.1(7). This implies that N’ [B = N [9B <a, B as
Kk C B € Hen, (k) € Hew, ('), similarly for €. Now it should be clear
that clause (d) holds too, i.e., N is a B—candidate.

This proves there is one and by the proof it is clear that there is only
one. | ORP)

Fact 2.13. 1. In the definition of nep (or snep) in the “properness”
clause, it is enough for each N to restrict ourselves to a family I of
dense subsets T of Q (in the sense of N ) such that:

(*) if T € pdac(N, Q)
then for some J € I we have N |= (Vp € INN)(3q € J)(p <g q)-
2. For the explicit version we should speak of “predense antichains above
p” (or use a variant as in 1.17).
3. We can in (*) use T € pdac(p, N, Q) for the p € QY in clause (c) of
1.3.

Proof. Straight. [ |

Moving from nep to snep (and inversely) we may ask what occurs to
“local”. Tt is usually preserved.

Proposition 2.14. 1. Assume T defines an explicit (k,0)-snep forcing
notion. Let ¢ = ¢r, B = By (see 2.1(3) and ZFC; as there). If QT
is local, then Q¥ is local, in fact as in Definition 1.11(2).
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2. If (ZFC, is K—good and) ZFC, says that it is preserved by collapsing
21Q and that (B, @, 0) is explicitly nep, and @ is correct, then (B?, @, 0)
1s explicitly nep and local.

Proof. 1) The point is that if N C (H(x, €) “thinks” a tree T is countable
and has no w-branch, this is true as N’ “thinks” it has ws.
2) Straight. W4

3. There are examples

In this section we show that a large family of natural forcing notions
satisfies our definition. Later we will deal with preservation theorems but
to get nicer results we better “doctor” the forcing notions'® but this is
delayed to the next section.

In fact all the theorems of Rostanowski and Shelah [19], which were de-
signed to prove properness, actually give one notion or another from §1
here (confirming the thesis 0.3 of §0). We will prove them without giving
the definitions from [19] and give a proof of (hopefully) well known specific
cases, indicating why it works.

Lemma 3.1. 1. Suppose that Q is a forcing notion of one of the follow-

g types:

(a) QU*°(K,X) for some finitary tree-creating pair (K,X), where e = 1
and (K, %) is 2-bigor e = 0 and (K, X) is t-omittory (see [19, §2.3];
so0, e.g., this covers the Sacks forcing notion),

(b) Qi (K,X) for some finitary creating pair (K,%) which is grow-
ing, condensed and of the AB-type or omittory, of the AB'—type
and satisfies ®o, @3 of [19, 4.3.8] (see [19, §3.4]; this captures the
forcing notion of Blass—Shelah [4]),

(¢) Qi (K, X) for some finitary creating pair which captures single-
tons (see [19, §2.1])

(d) Q}(K,X) for some finitary, 2-big creating pair (K,X) with the
Halving Property which is either simple or gluing and an H-fast
function f:w X w — w (see [19, §2.2]).

Then Q is an explicit Xg—snep forcing notion, moreover, it is local.

2. Assume that Q is a forcing notion of one of the following types:

(a) QU°(K,X) for e < 3 and a tree-creating pair (K,X), which is
bounded if e = 2 (see [19, §2.3]; this includes the Laver forcing
notion),

3 Alternatively, we can directly prove that they are very straight, see Definition 5.13
below.
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(b) Qi (K,X) for a finitary growing creating pair (K,X) (see [19,
§2.1]; this covers the Mathias forcing notion).
Then Q is an explicit Ng—nep forcing notion, moreover, it is local.

Proof. Actually it should be immediate if you know [19] (and 1.20+ our
present definition) particularly if using 1.21; that is let (B,, : n < w) list
{B, : t is the root of some p € Q} and we let B;(p) be pltl, that is p when
we restrict ourselves to increasing the root to ¢ (and no more) and is p if
this is impossible. Without this you can use 1.20 to justify ignoring the
“antichain” part in what follows.

As usual we concentrate on the main point, the properness clause. Let
N be a Q-candidate and p € QV. Let (7, : n < w) list pdac(p, N, Q). Then
there is a sequence ((py,Z,) : n < w) such that p,,Z, € N, N &= p, < ppy1,
7, is a countable set such that for some function f,, from Z, into 7, we
have r € Z,, = f,(r) <g 7, (pn : n < w) has an upper bound in Q and 7,
is predense antichain above p,41, moreover, in an explicit way as described
below (see the respective subsections in [19]). Moreover,

(%)1 if ry # ro are in Z,, then for some k and Z,, ,, », predense in an explicit
way above p, (as above), for each r € Z,, ,, in an explicit way,
{r1,72, pn} has no common upper bound, (this happen to hold, but is
not so needed),

(%)2 in part (1) of 3.1 cases (a)+(c), Zy, is finite and moreover, we can say
“Z, is predense above p,4+1” in a Borel way.

For example for the Sacks forcing notion: for some k < w, Z,, = {p[ﬂrl i e
Pn+1,29(n) = k}, so I, corresponds to a front of p,41, which necessarily is
finite. This property serves as @3 (compare with more detailed description
for the Laver forcing below).

In part (1) case (b) (e.g., the forcing notion from Blass-Shelah [4]) Z,,
is countable. We do not know which level will be activated, but if in the
generic, we use the n—th creature in lim(py : ¢ < w), then we get into Z,,, so
T, is countable but the property (i.e., the ¢3) is Borel not just I1}.

Similarly in part (1) cases (c), (d).

Now, in part (2), Z, is countable and again it corresponds to some front
A of pp4+1 in an appropriate sense. So Z,, = {pgll : n € A}, but to say
“Ais a front” is I} (in some instances of 2(a) we have e-thick antichains
instead of fronts, but the complexity is the same), but we may have more
“explicite” front A.

Recall that for a subset T C “”w, A C T is a front of T if

(Vn € im(T))(In)(nn € A)

(usually members of A are pairwise incomparable).
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.
n+1 *

n € A}, where A is a front of p,.1. Now being a front is a IT}-sentence (see
the definition above) which is upward absolute and this is our choice for ys.
Let us write this formula in a more explicit way (for the case of the Laver
forcing notion):

Specifically, for the Laver forcing notion, we can guarantee Z,, = {p

w2({p; : i <w)) = each p; is a Laver condition and
A @m)(n € po & pai Zpa[:ﬂ)
1EW
[call this unique n by 7;] and
i\m 4 n; (incomparable) & (Vp € lim(p,,))(V V pln = n2m)
1% n m
this is: {p; : 7 € w} is explicitly predense above p,,]|.
[ y

So it is I} (of course, X3 is okay, too.)

Note that even for the Sacks forcing notion, “p,q are incompatible” is
complete I1}. So “{p, : n € w} is predense above p” will be IT3. For Laver
forcing we cannot do better. Now, generally 13 is not upward absolute from
countable submodels, whereas H% is. [ P

Proposition 3.2. All the forcing notions Q defined in [19], [18], are simple
correct, very straight (see Definition 5.13) and we can use ZFC, = ZC~
which is good and normal (see 1.15). Also the relation “p,q are incompatible
members of Q7 is upward absolute from Q-candidates (as well as p € Q,
p ¢ Q, p<gq, and “p,q are compatible”).

Proof. Just check. [ ]

4. Preservation under iteration: first round

We give here one variant of the preservation theorem, but for it we need
some preliminary clarification. We have said “there is ¢ which is (N, Q)-
generic”; i.e. ¢l-g“ Gg N QY is a generic subset of QN over N”. Note that
we have said QV and not Q N N as we intended to demand QY C QN N
rather than QV = QN N, in other words

N}Z“TGQ” :> V}Z“T,GQ”
rather than
reN = [NEF9reQ” &« VE“reQ”]

(the version we use is, of course, weaker and so better). A trivial example
of the possible non equality is the following:
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Example 4.1. let po(z) say 2 = (n; : i < a), a < wy, n; € “2 and
i < j = mn; € Lqy[n;] for some countable a; 1 (z,y) is  1y. So if gy € Lin],
but N =% n9,m € “2, no & L[m] 7, then (ng,n) € QN N\ QV; clearly we
can find such N, np,n; (using generic extensions of countable models inside
V).

Now, using properness we usually use N[G] (e.g., when iterating). But
what is N[G| here? In fact, what is the connection between N [=“7 is a
Q@mname” and V =7 is a Q-name”? Because [r € Y € N % x € NJ, there
is (in general) no implication between the two statements.

For our purpose, the usual N[G] = {7[G] : 7 € N is a Q-name} is not
appropriate as it is not clear where being a Q-name is defined. We use
N({G) which is N[G N Q"] when we disregard objects in V\N. Of course,
if the models are C Hoy,(Ord) life is easier; but we may lose the case
N < (H(x), €) (see Definition 1.1(15)), which is not so bad by 2.12.

We then prove (in 4.8) the first version of preservation by CS iteration.
We aim at proving only that P, = Lim(Q) satisfies the main clause, i.e.
clause (c) of Definition 1.3(1) (but did not say that P, is nep itself). For
this we need again to define what is N(G). The second treatment (in §5)
depends just on Definition 4.4 from this section.

A reader who is not happy with Definition 4.4, may restrict himself to
ord-transitive candidates consoling ourselves with Proposition 2.12. Also,
instead of changing the QQ’s we may use free iterations instead of CS ones,
see [25, Chapter IX], and cl3(Q) in §5; the two are quite related.

Definition 4.2. 1. We define P-names and their ranks for a forcing no-
tion P slightly different than usual. We define by induction on the
ordinal v what it means for 7 to be a P-name of rank < ~, and for
G C P generic over V what 7[G] mean
(a) 7= 0,7 = & and 7[G] = .

(b) v >0, 7is {(pi,73) 1 i <i*}, and 7[G] = {n:[G] : i <" &p; € G}
where p; € P, 7; are P-names of rank < 7. (Pedantically, we may
use & = (0,z) in (a) and 7 = (v, {(ps, ) : © < i*}) in clause (b)
but we normaly forget to use this).
2. For a regular cardinal x we define when 7 is (< x)-hereditary'* by
induction on the rank «: if v = 0 always, if v > 0,7 = {(pi, i)} : 7 <
i*} then each 7; is and i* < k.

Definition 4.3. 1. Assume N =“Q is a nep-forcing notion” and G C
QY is generic over N. We define N(G) = N(G N Q") “ignoring V”

141n §1.2 hereditary countable mean over the ordinals but the notions are different.
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and'® letting BV = BN (and of course NG = ¢V and Ord™¥(G) =
Ord™) for the relevant B (and €). In details,

N{(G) « {tN(G) : N & “ 1 is a Q-name "},

where 7V (G) is defined by induction on rk™¥ (1) (see above in Definition

4.2):

(a) if for some p € GNQY and z € N we have N = [pIFg“r = 27|
then 7V(G) = =,

(b) if not (a) then necessarily N =7 has the form {(p;,7;) : i <
i*}, pi € Q, 7; a Qname of rank < rk(7)”; now we let 7(G) be
7(G, N) (see below) if 7(G, N) ¢ Tc(|N|) and be (7(G, N))U{|N|}
if 7(G,N) € Tc(|N|), where

7(G,N) = {(r)N(G) : 7’ € N and for some p € G N QY
we have (p,7') € TN N}.

2. If N E“7 is a Qname” we define a Q—name 7N as follows: it is

implicitly defined in part(2)), assuming G C Q is generic over V and
G N QY is generic over N.

3. We say “qis (N, Q)-generic” if ¢ I “ GoNQY is a subset of (QY, <QN)
generic over N”; see Definition 1.3(1).

A relative of 1.3(4) is

Definition 4.4. 1. Replacing “temporarily” by “K-absolutely” in Def-
inition 1.3(1) means:
(a) if V1 is a K—extension of V (i.e., a generic extension of V by a
forcing notion from KV), then
i) VE“2eQ?” = VE2ecQ?,
(i) VE2 <y = Vo< y,
(iii) in the explicit case we have a similar demand for ¢9; otherwise,
if N is a Q¥—candidate in V, ¢ € Q¥ is (IV,Q)-generic (see
4.3(3)) in V, then!® ¢ is (N, Q)-generic in V7,
(b) if V1 is a K—extension of V, then the relevant part of Definition
1.3 and clause (a) here holds in V7,
(c) if Vyyq is a K—extension of Vy for £ € {0,1}, Vo =V then Vg is
a K—extension of Vj.
2. We omit K when we mean: any set forcing.

151f N is ord-hereditarily countable, this is the usual N [G], as forcing add no ordinals,
recalling that the ordinals are ureelements.
1690 the explicit nep case seems not to imply the nep case.
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Note that (a)(i) + (ii) of 4.4 is automatic for explicitly snep, also (a)(iii).
One can make “absolutely nep” to the main case.
The following is natural to assume.

Definition 4.5. 1. We say ZFC, is nice if ZFC, says ZC (so that the
power set axiom holds) and ZFC; is preserved by forcing by set forcing
notions.

2. We say Q is nice (or ZFC_ nice to Q) if (it is a set definition and) for
every axiom ¢ of ZFC_, ZFC_ = “IFpevymo,r@) ¢ 7
3. We say Q is weakly nice (for ZFC}) if:
(a) 3,(K') exists for each n < w,
(b) ZFC; is K—good for for K = {R : R is a forcing notion of cardi-
nality at most J,,(k’) for some n < w}.

Remark 4.6. An alternative is: We say!” ZFC} is y-nice if x is a strong
limit uncountable cardinal, which is > 0, k(B), a.(€), and x serves as indi-
vidual constant of ZFC,_, which say that it is strong limit, ZFC, says that
it is preserved by forcing by forcing notions of cardinality < x.

Claim 4.6.1. 1. IfZFC, is nice, Q a (definition of a) set forcing, then

ZFC, is nice to Q.
2. Assume ZFC, is nice to Q and

(a) Q is explicitly nep,
(b) ZFC; +“Q is explicitly nep”.
Then
(o) Q is local for ZFC,
(B) Q is absolutely local explicit (0, k)—definition nep forcing for ZFC; .

Proof. Straight. [ |

Proposition 4.7. If N is a Q—candidate, Q is a nep-forcing notion, G C Q
is a subset of (QV, <¢\§) generic over V. and Gg N QN is generic over N
then:

(a) If N =“7 is aQ-name” and N is ord-hereditary (see Definition 1.1(15))
or just N |= 7 is ord-hc 7, then T™N(G) = 'M[G] = 7[G].

(b) N(G) is a model of ZFC, and moreover it is a Q-candidate and is
a forcing extension of N for QN, provided that the forcing theorem
applies, i.e., ZFC, is K—good, Q € K (see Definition 1.15).

(¢c) N(G)nk' = NNk, so N(G)yn# = N N6, moreover N(G) N Ord =
N N Ord.

"For natural €’s we have in mind it is natural to omit a.(€) < x, but then we have
to prove a suitable absoluteness lemma; so we avoid the issue here.
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(d) If N’ is the ord-collapse of N (see 2.12) and Mosy is the isomorphism
from N onto N’ and G' = Mos,(GNQY), i.e., G’ = {Mosy(p) : p €
QV}, then
(o) G is a subset of (QV', <g/) generic over N',

(8) Mosy () extends Mosy and is an isomorphism from N(G) onto
N{(G).

(e) Assume that Q is simple (the main case anyhow). Then in clause (d)
we can add
(v) QN = QN and Mosy 1QN is the identity,

(5) N'(G N N) = N'G),
() ¢ € Q is (N,Q)-generic iff q is (N',Q)-generic.

Proposition 4.8. Assume

(a) Q= <Pi,@j 1< a,j < a)is a CS iteration,
(b) for each i < «
e, “ (@i, Bi) is a temporary (K4, 0;)—definition
of a simple nep-forcing notion Q, 7,

so € is a constant and for simplicity Az%i s quantifier free and the only
parameter of @; is B;, so we are demanding ((@;,B;) 1 i < a) € V,
and for simplicity B; has universe k; (rather than Hey, (ki) ),
(c) B is a model with the universe!® k*, or including x* and included in
Hew, (KY), where K* > a, K* > k; = k(B;), K* > 0; (for i < a) and
K* > a.(€) and B codes ((Bi, i, 0;) : i < «a) (see below) and the
functions a« — 1, + 1,
(d) ZFC* s nice.
We can use a vocabulary C {Py, , : n,m < k*(< w)}, where P, is an
n-place predicate to code (B':i < a): let

Pﬁlzm ={{l,x1,...,2p) : (x1,... ,2p) € Pf;’n},

PR ={(a,a+1):a+1<a}
(and AP is the set of first order formulas).
Then: if N C (H(x),€) is an ord-hereditary (B, k)-candidate, p € PY,
then some condition q € P, is (N,P,)—generic (in particular P, is defined
from B ) which is defined below, and it satisfies

qlFp, “if B € Dom(p) then p(B){Gp,) € Go, .

Definition 4.9. Under the assumptions of 4.8, inside N we have a defini-
tion of the countable support iteration Q = <IP’Z-,(~@J. i< a,j < a). We

define by induction on j € N N (a + 1) when g € P; is (V,P;)-generic:

8No real need for k* to be a cardinal.
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(V)

(®) if ¢ € G; C Pj and Gj is generic over V, then G

of }P’év over N, where

(a) G§-N> def {p:NE“peP;” and p‘™M € @G},

(b) p!N) is a function with domain Dom(p)", and p(7) is the following
P,—name: if p(y)N(ENN)) ¢ QW, then it is p(y); if not, then it is
@@W.

is a generic subset

Remark 4.10. The major weakness of 4.8 is that P, is not proved to be
in some of our classes (nep or snep). We get the “main original property”
without the “support team”, i.e., the Q, are nep, but on P, we just say it
satisfies the main part of nep. A minor one is that 9B; is not allowed to be
a P;—name in any way, both are dealt with in Section 5. In later theorems
(in the next section), we use P, C P, consisting of “hereditarily countable”
names.

Note: inside N, if “N |= p € P,” then Dom(p,) € [a]¥° in N’s sense
hence (see Definition 1.1(7)(c)) Dom(p,) € N and similarly the names are
actually from N, members outside N do not count, they may not be in P,
at all.

Proof of 4.8. We imitate the proof of the preservation of properness. So
we prove by induction on j € (o + 1) N N that:

(x); if p € PNi € jN N, ¢ € Pis (N,P;)-generic, and ¢ I-p, “(p )M €

then we can find a condition r € P; such that r is (N,P;)-generic,
Dom(r)\i C N, and r[i = ¢, and r IFp, (p5)N) € Gp,”.

CAse 0: j=0.

Left to the reader.

CaAseE 1: j=75+1.

So j1 € N (why? use P> and 1.3(2)(e)), and by the inductive hypothesis
and the form of the conclusion without loss of generality i = j;. Let ¢ €

G; C P;, G; generic over V. So N(G§N>> Nk*= NNk (by 4.7), and hence
B FN<G§N>> =B[N <a, B. But i € N, so this applies to B;, too. So
VI[Gi] ¢ N<G§N>> is a %B;—candidate”. Also N<G§N>> = p(i)<N(G§N>)> €
Q;” because G\ is a generic subset of PN = {r:2 € N, N E“ze€P; "}
over N and use the property of Q.

i

CASE 2: j is a limit ordinal.
As in the proof for properness (see [25, Chapter I1I, 3.2]). LTS
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Remark 4.11. Note that if N =“w is a subset of a” then we can deal with
P, see later in §5.

5. True preservation theorems

Let us recall that Q is nep if “p € Q”, “p <g ¢” are defined by upward
absolute formulas for models N which are Q-candidates so N = (|N'|, €]
|N|, BN, ¢N) where (|N|, €] |N|) C (H(x), €) countable, BL € N a model
on some & (or Hey, (k)), BYIN <a, BY N model of ZFC, and for each
such model we have the properness condition. Usually Q@ C “6, or Q@ C
Hox, (8) or so. We would like to prove that CS iteration preserves “being
nep”, but CS (countable support) iteration may give “too large” names of
conditions (of Q,, ¢ > 0) depending say on large maximal antichains (of
P;). Note: if Qg is not c.c.c., typically it has maximal antichains which
are not absolutely maximal antichains: start with a perfect set of pairwise
incompatible elements and extend it to a maximal antichain. Then whenever
a real is added, the maximality is lost. Finally, c.c.c. is normally lost in
P,. So we will revise our iteration so that we consider only hereditarily
countable names (as in 4.7 above).

But in the iteration, trying to prove a case of properness for a candidate
N andp € IP’aN+1, considering ¢ € P,, which is (N, PY)-generic, we know that
in V[Gp,] (if ¢ € Gp,), there is ¢’ € Q_[Gp,] which is (N[Gp,], QalGa])~
generic. But under present circumstances, we have no idea where to look
for ¢/, so no way to make a name of it, ¢/, which is hereditarily countable,
without increasing g € Po. Except when @ is local (see 1.11), of course; it is
not unreasonable to assume it but we prefer not to and even then, we just
have to look for it in, essentially, a copy of the set of reals. The solution is
to increase Q; insubstantially so that we will exactly have the right element

q', essentially it is:
pla) & /\ \/ D
Zepdg(N) peZ[N]

as explained below. We give two variants. That is, toward the iteration
Theorem 5.18 the derivation of the first variant of the forcing is done in
5.2, 5.3, 5.4, and the second is done in 5.7, 5.8. But Definition 5.10 +
Proposition 5.12 dealing with hc-names are essential, as well as 5.13, 5.14
being straight and very straight in particular. Those are stronger properties
for the ¢ though not for Q, as we deduce to be the case in 5.14(3) for the
first variant and in 5.14(4) if you use the second variant. Being straight will
be clear if you recall Observation 1.22.
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Notation 5.1. Let
pdg(N) =pd(N,Q) ={Z: N |= “ T is a predense subset of Q ” },
and Z[N] =I¥ =Z NN and

pdac@(pa N) = pdac(p, @7 N) =
{T : N |= “is a predense antichain of Q" above p ” },

and similalry without p. Let
dog(N) =do(N,Q) ={Z: N | “Z is dense open subset of Q ” };

note that Z is here a set and not a definition, as we are dealing with set
candidates.

Definition 5.2. Let Q be an explicitly nep-forcing notion. Then we define
Q' = cl(Q); this depend on our choice of the family of the candidates, e.g.,
on (ZFC_,¢,%B), as follows:

(a) the set of elements 19 is

Qu {p & /\ \/ r: peQY and N is a chandidate}
Zepdac(p,N,Q) reZ[N]

[we are assuming no incidental identification] but
(a) code them in any reasonable way, if Q@ is simple, as members of
H<N1 (9)7
(B) for snep (or very simple) Q we work slightly more to code them
as members of “f, pedantically easier in “(6 + w),
(b) the order <g is given by ¢1 < ¢2 if and only if one of the following

Ooccurs:
(@) q1,q2 € Q, and ¢1 <g g2,
B)neQ =& A V 7“) and q1 <q p,
Zepdac(p,N,Q) reZ[N]
(7)(11:29&( A \/7”>andqQ6Q,p§QqQandif
Zepdac(p,N,Q) r€Z[N]

7 € pdac(N,Q), then

(Elq/ S @)(El<pn ne W>>(q/ SQ q2 & ‘Pg( «-9Pny--- 7q/) &
{pn:n <w}CIV),

Vv W
¥The sentence p & r is not accurate, our intension would be

IGpdac(p,N)@) reZ[N] \V}
better served by adding p & Y—(r1 Aranp) DUt anyhow we do not
Zepdac(p,N,Q) r1 #ro€Z[N]
really use the meaning. We could have used can(p, N'), N = N', N’ is hc-ord (“can” for
canonical explicitly generic) and, e.g., OrdY C k' + ws.
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(8) @ =pe & ( A V r) (for £ =1,2) and: ¢1 = ¢2 or
Zepdac(p,N¢,Q) re€Z[Ny]

q1 < p2 by clause (7).

Remark 5.3. 1. In [25, Chapter III], for a hereditarily countable name,

instead of
p & /\ \/ r

Tepdac,(N,Q) r€Z[N]

we use the first member of (; which forces this. Simpler, but when we
ask whether this guy is < ¢ (for some ¢ € Q) we run into uncountable
antichains.

2. We may weaken the demand on NV being a candidate, by demanding
less than ZFC_ . Anyhow at present we are not sensitive to the exact
choice of ZFC, so using two such versions of set theory as done in 5.4
suffices. We can consider there ZFC, = ZFC_, but it will be somewhat
artificial: in some Q candidates, N we will have (Q')V = Q.

3. We could allow ¢ is p & A \V/ 7 but the gain is small — if
Zepdac(N,Q’) reZ[N]
there are canonically (N, Q)—generic we do not have to increase p.

Proposition 5.4. 1. Assume Q is explicitly nep. Then:
(a) in Definition 5.2, Q' is a (quasi) order,
(b) <¢r [Q =<q,
(¢) Q is a dense subset of Q.
2. Assume in addition:
(Xy) for some suitable versions of set theory ZFC,, we have
() Q is explicitly nep for ZFC,,,
(8) ZFCT b ZFC,,
(v) ZFC, + “ZFC,, is weakly normal for Q', Q is explicitly nep
for ZFC_.”,
(K3) Q' = cl(Q) is defined® as in Definition 5.2 for ZFC,,,
(Xy) ZFCqy is ZFC, and BY are defined inside the proof.
Then:
(d) if N is a Q' —candidate, and N =“p € Q'” then for some ¢ € N
we have N =“p <qg q & ¢ € Q 7,
(e) Q' is explicitly nep (with the same BL and parameters),
(f) if N is a Q'-candidate, p € QN and
g=p& A V{r:r eIV}, then q is (N,Q')-generic.
Zepd(N,Q)
(g) Q' is correct if Q is correct.

20We could have alternatively change 8, but this seems more straightforward.
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3. We can replace above (in the assumption and conclusion) nep by snep,
or nep by simple nep; similarly for K—-absolutely.

Remark 5.5. The definition of “local” (in 1.11(1)) can be handled a little
differently. We can (in 1.11(2)) demand less on N’ (it is not a Q-candidate),
just have some of its main properties and in K3 of 5.4(3), ZFC, says that
P(0) is a set (so has a cardinality) and is a Q—candidate. So we may consider
having ZFC, for several {’s, ZFCj speaks on xo > ... > xy—1 and the
generic extensions of a model of ZFC7, | for the forcing notion Levy(Ro, x¢)
is a model of ZFC,. Similar remarks hold for §7. But, as we can deal
with the nice case (see Definition 4.5 above), we may start with a countable
N < (H(3,),€) (or even better (H(3.,), €) so that “countable depth can
be absorbed”), we ignore this in our main presentation.

Proof of 5.4. 1) Clause (a): Assume ¢ < ¢2 < g3; we have 23 = 8
cases according to truth values of ¢, € Q:

CASE (A) q1,42,43 € Q
Trivial (as <q is transitive).

CasE (B):  q1,2€Q, ¢3¢ Q.
Check (i.e., g1 <@ ¢2 and clause (3) of Definition 5.2(b) apply to ¢2 < g3,

so letting
3=p3 & ( A\ \VARD)
Zepdac(p3,N,Q) reZ[N]
we have g2 <@ p3; but g1 <@ g2 s0 1 <@ p3 so ¢1 < g3 by clause (b)(3) of
Definition 5.2.)

Case (C): @1 ¢Q, ¢2.q3€ Q.
Check (similar to case (B), using clause (b)(y) of Def 5.2, using the same
witness ¢’ for any Z € pdac(p1, N, Q).

Case (D): ¢ €Q,¢Q, ¢€Q.

Let g2 = p2 & A \V 7, hence g1 <g p2 (because ¢1 < g2 by
IEpdaC(p27N7Q) TGI[N}

5.2(b)(83)) and p2 <q g3 (because g2 < g3 by 5.2(b)(7)). Hence ¢1 <g g3
follows.

Case (E): ¢€Q @¢Q ¢¢Q

Let g¢p = py & A \/ rfor ¢ =23 Soq <g p2 (because
Tepdac(pe,Ne,Q) T€I[Ny]

@1 <q g2 by 5.2(b)(8)) and p2 <q p3 (because g2 <g g3 by 5.2(b)(7), (9)).

Hence ¢1 <g p2 (as <gq is transitive) and so ¢1 < g3 (by 5.2(b)(03)).

Case (F):  ¢1¢Q,¢Q ¢cQ.
Let g =pr & A \/ rfor £ =1,2 and suppose that ¢; # g2
Iepdac(pevNer) TEI[NF]
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(otherwise trivial). Then, by 5.2(b)(d), g1 < p2 and by 5.2(b)(7), p2 < g3
so by the previous case (C), ¢1 < g3 as required.

CASE (G) q1 ¢ @7 q2 € Q7 q3 ¢ Q

Let gp = pr & A \V/ rfor¢=1,3. Now, by 5.2(b)(5), ¢2 < p3
Zepdac(pe,N,Q) reZ[N]

and by the previous case (C), ¢1 < ps and hence, by 5.2(b)(3), ¢1 < g3 as

required.

Case (H): /}qe ¢ Q.

Let ¢ = pr & A \V rforl=1,23 If g = g2 or 2 = g3
IEpdaC(pE’NvQ) TGI[N]
then the conclusion is totally trivial. So assume not. Thus

q1 < p2 (by clause 5.2(9) a case defined in 5.2(7))
g2 <p3  (by clause 5.2(5)).

Hence p2 < p3 < g3 (see clause 5.2 (7)), so the previous case (G) applies.
This finishes the proof of the clause (a) of 5.4(1).

Clause (b): Totally trivial.

Clause (c): Let ¢ € Q'; if ¢ € Q, then there is nothing to do; otherwise

for some Q-candidate N and p (€ QV) we have g = p & A V r
Zepdac(p,N,Q) reZ[N]

and use nep (i.e., clause (c) of 1.3(1)) on the Q-candidate N and p (€ Q™)
and 5.2(b)(v) from the definition of the order on Q'.

2) Assume (Xs).
Clause (d): Proved inside the proof of clause (e).

Clauses (e), (f), (g): We have to define
w5 o1 ez BY, 6%

and then prove the required demands for a Q'—candidates. We let BQ =
BQ, 99 = ¢Q, the formulas will be different, but with the same parameters.
But recall that the versions of set theory are different, so we know only that
every (Q'—candidate is a Q-candidate, but not inversely. We say that M is
an str Q—candidate if M is a (Q-candidate and

M = “ Q is nep and weakly normal ”;

clearly ZFC, implies that every countable set is included in a str (Q-candidate.
What is gpg 7 It is

@9(3:) V “z has the foom p & A Vo where
Tepdac(p,M,Q) r€Z[M]

M is a str Q-candidate (so countable) and M = 4,06@ (p)”.
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Why is “M is a str Q—candidate” expressible in the relevant language? As
we can define ZFC_, (see definition 1.15(1) clause (f)), and the way we have
phrased Definition 1.1.

Clearly if Q is correct then <p6Ql defines Q' through Q'—candidates so cor-
rectness is preserved, i.e., clause (g). Note that if N is a Q'-candidate
(or even just Q-candidate) and N E“M is a Q-candidate”, then we have
M C N, because N = “{z : x € M} is countable”, also M [=“z is count-
able”, implies * € M C N; hence M is really a Q—candidate, similarly for
str (Q-candidate. Consequently, gogl is upward absolute for Q'-candidates
and it defines the set of elements of Q. So clause (a) of Definition 1.3(1)
holds.

Now we pay our debt proving clause (d). Let N be a Q'-candidate and
assume N =“p € Q7 ie, N | (p(g/ (p). By the definition of @', either
N E=“p € Q" and we are done, or for some p’, M € N we have

N |= “M is a Q-candidate, p’ € QM, and

=& AV o)

Tepdac(p,,,M,Q) reZ[M]
By clause (v) of the assumption (X3), for some ¢ € QV we have
N | “ q is explicitly (M, Q)—generic ”
and N =“p’ <g ¢”. By Definition 1.3(2) for some
((rze:f <w):T € pdac(p, M,Q)) € N
we have:
o N =“{rz,: ¢ <w} enumerates Z[M] ", and
o N ¢ 90(2@(7"15,077"1,17 e q) 7.

It follows from the definition of Q' that N =“p <q ¢”, so ¢ is as required.

Now clause (f) follows easily.

What is w?/? Just write the definition of p < ¢ from clause (b) of 5.2.
Clearly also Lp?l is upward absolute for '-candidates and it defines the
partial order of @' (even in Q'-candidates and even in Q-candidate). So
clause (b) of Definition 1.3(1) holds.

What is go(g? Let it be:

Q def 1 Q
¢35 (P, P1s--- s Pw) = (@5 (Pos-- - ,Pw) o
“there are M, p,q such that: M is a str Q—candidate and
peQMand g = (p & A \V T‘) satisfying ¢ <¢
Zepdac(p,M,Q) reZ[M]
po and p, € (Q)M and for m < n < w, in M = “p, pp, Pm
has no common upper bound” and for some
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J € pdac(p, M,Q), if r € J[M] then there is ¢ such that
M ): “pe SQI ,),,:|77.

To show that gog/ is upward absolute for '—candidates suppose that N is
a Q'-candidate and N = gogl(pg,pl, .. yPw)- Then, in N, if cpg(po, cee D)
holds we are done easily so assume the second clause in the definition of
<p(2@, holds, say for M, p, q. So in particular, in N, M is a str Q—candidate,
p € Q, ¢ € Q' and for some J € pdac(p, M,Q) we have:

if r € J[M], then there is £ such that p, <¢ 7.

By the known upward absoluteness all those statements hold in V too, and
in any @Q'-candidate N’ satisfying N C N’. Next we prove that

(X) @(2@, (po, P15 - - - »Pw) implies {po, . .. } is a predense antichain in Q' above
Dy, inside N/, where N’ is a Q'—candidate or N’ is V.

So assume (ignoring the trivial case) that 908/ (po, P15 - - - ,Pw) holds as wit-
nessed by N and p,q € QV and J € pdac(p, N, Q).

Let ' C Q' be generic over V or just G’ C (Q')N generic over N’, such
that p, € G'. Let G be G’ N QY. Now clearly G’ is a subset of QV', and
by part (1) (which holds also in every ZFC, —candidate) we know that G
is SQN/—directed, and moreover is generic over N’. Similarly, as p, € G’
hence p,, € G, and clearly there is ¢’ € G such that p, <g/ ¢’. But ¢ <g' p,
(by the choice of N,p,q,J). As <q is transitive, clearly ¢ < ¢’ for <g,
and so (by clause (b) () of Definition 5.2 of the quasi order <¢) there is
¢" € Q such that ¢" <g ¢’ and ¢” is explicitly (N, Q)-generic. As ¢" <g ¢,
¢ € G and G is a subset of QN generic over N, clearly ¢’ € G. So G N QY
is generic over N and of course p € G N QY.

Now

() if ¢, € G'N(Q)YN, then for some ¢, € GNQYN we have N = ¢, </ gu.

[Why? If ¢. € QY we let ¢, = ¢, and we are done. So we may assume that
for some M, p, we have

N | “ . =p.& /\ \/ r and M is a Q—candidate and
Zepdac(p,M,Q) reZ[M]

p.eQ” .
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In N we can define

J ={r € Q: r satisfies one of the following:
(a) 7, ps are incompatible (by <g),
(b) p« <r and for some Z € pdac(p., M,Q) we have
rikg [GeN TV | # 1
(c) for some 17, p, <g 1’ <g 1" <@ r and for some
Q-candidate M, we have ', M € M and
M/ | “p. <7"and r" is (M, Q)—generic and is above p, ”
and r” is explicitly (M), Q)—generic}

Clearly N = “J is a dense open subset of Q” (recalling that N is a str Q-

candidate). But GNQY is generic over N and hence there is 7* € ZV NG, so

r* satisfies (a) or (b) or (c). If it satisfies clause (a), then p,7* € GNQY but

G N QY is generic over N, so they are compatible in Q", a contradiction.
If r* satisfies clause (b) say for Z, then

N =7 IFg “GNZM is not a singleton 7,

hence N(G NQN) = “(GNQYN)NIM is not a singleton”. Therefore (by
absoluteness) N'[G] E “GNIM = (GNQY)NZIY is not a singleton”. But
q. € GNQY, so we may easily show that “G N QM C QM is generic over
M?”, a contradiction.
So necessarily r* satisfies clause (c), say for v/, 7", M,. Now as r* € G
and
N | “r" is explicitly (Q, M} )—generic above r' ”

and G N QY is generic over N, and v’ <q 1" <g r* € G, clearly G N QM
is generic over M. Moreover, N = ¢, < r* because pdac(p., M,Q) C
pdac(r’, M, Q) (and read clause (b)(7y) of Definition 5.2), so 7* is as required
and (x) holds.]

(xx) If T € pdac(p,Q', N), then G' NIV is a singleton.

[Why? In N define

Zo={r € Q: risincompatible with p, or r is above p and
above some member of 7},

so N =“7Zy C Q is dense open 7, so there is a maximal antichain 77 C Zy of
@' in N. Choose such Z; so GNZI} is a singleton say {r*}. As “GNQY is a
subset of Q" generic over N7, clearly r* cannot be incompatible with p (in
N sense), hence r* (by the definition of Zy) is above p, and r* is, in N, <q/—
above some member 7 of IV, so G'NIYN D {r} # 0. Ifalso ' € G'NIV\ {r}
we can find r2, 7/ Sg 2 e Q¥ NG = QY NG. Similarly we can find 73
such that p §g PeQVNG =QYNG. Sop, . rreQVNNG =QVNnaG,
but there is no common upper bound in QY (as in (Q')V,r3,7* are above
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r',r € IV and N |= T is a predense antichain above p). But, as said above,
QY NG is generic over N, giving a contradiction. Thus (**) holds.]
It follows from () that G’ N (Q')Y is generic over N.
(%% %) {pn:n <w}NG is a singleton.
[Why? The intersection has at most one member as for any n < m < w,

N E “{p, pn, Pm} has no common upper bound in Q' ”,

so as G’ N (Q')N is generic over N we are done. The intersection has at

least one member as by the definition of gp(g/ there is J € pdac(p, N,Q)
witnessing this so in particular each member of JV is above (by Sg,) some
Dn, but

INNG #0 & G n@)Nis Sgﬁdownward closed (and §g,—directed).

Together we are done.]

We are left with clause (c¢)™ but its proof is actually included in the proof
of (b)*.

3) Similar proof. Us.4

Discussion 5.6. The closure from 5.2 is somewhat artificial and we cannot
express in it Borel compositions of conditions, i.e., we may like to be closer
to the free limit of [25, IX, §1]; a natural closure is @ from part (3) of
Definition 5.7 below. Note that there: cl;(Q) cannot serve as a forcing
notion as it contains “false” (e.g., the empty disjunction), cla(Q) is the
reasonable restriction, and cl3(Q) has the same elements but more “explicit”
quasi order. We do not define a quasi order on cl; (Q), but it is natural to
use the one of clp(Q) adding: ¥ < ¢ if ¢ € c;(Q) \ cl2(Q). No harm
in allowing in the definition of cl;(Q) also — (the negation). The previous
cl(Q) is close to cl3(Q).

Definition 5.7. Let QQ be a forcing notion.

1. Let cl;(Q) be the closure of the set Q by conjunctions and disjunctions
over sequences of members of length < w [we may add: and — (the
negation)]; wlog there are no incidental identification and Q C cl; (Q).

2. For a G C Q (possibly outside V) and ¢ € cl;(Q) let ¢[G] be the truth
value of ¢ under G where for ) = p € Q, ¥[G] is the truth value of
p € G. (We will use t for “true”.)

3.0 = cla(Q) = {¥ € cli(Q) : for some p € Q we have p IF“Y[Gg] =
t’} is ordered by Sngg defined by:

V1 <g¥2 & (Vp€Q)plbg “Y2lGol =t" = plbg “P1[Gol =t7].
4. Let Q be explicitly nep. We let cl3(Q) be the following forcing notion:
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(a) the set of elements is cla(Q) but now the formula p(x) says that
“there are ¢,7 such that r = (r,y : n < w,{ < w), for each
n < w the sequence (ry ¢ : £ < w) is explicitely a predense maximal
antichain above ¢ and they give explicit witnesses for the truth
value of ¢ being truth?!,” A

(b) the order §§Q:§g:§§13((@):§dg(@) is the transitive closure of gBQ
which is defined by

Y1 Sé)@ Yy iff one of the following occurs

(i) 1,72 € Q and 1 <g Vo,
(ii) 11 is a conjunct of ¥y (meaning: ¥n = 1 or o = A Yo,

n<o
and ¢ € {thyn 11 < a}),
(iii) ¥2 € Q and there is a sequence 7 = (rp : n < w, ¢ < w) such
that together with v, witness that ¢ € Q%2

Proposition 5.8. 1. Q C Q as sets, <9 is a quasi order, and §Q Q=
{(p,q) : qlFq “p € Gg”} and Q is a dense subset of Q, and II—Q “GQHQ
s a generic subset”, so if Q is separative, then: SQ [Q =<g.

2. Assume Q is temporarily explicitly nep. Then the two definitions of
the set of elements of cl3(Q) given in clause (a) of Definition 5.7 are
equivalent, and:

(a) Q Ccl3(Q) as sets and Sg 1Q D<q and §§Q§§Q,

(b) Q is a dense subset of cl3(Q) and p € cl3(Q) = p € cla(Q).

3. Assume in addition
(®3) Q is correctly explicitly nep in 'V and moreover this holds in every

Q-candidate.

Then

(d) if N is a Q-candidate and N = “p € cl3(Q)”, then for some g € N
we have N |=“p <, ¢ & ¢ € Q7,

(e) cl3(Q) is explicitly nep and correct.

Proof. Straight, e.g.,

(2) The equivalence: The implication “<” is trivial. Assume @) €
cla(Q), so for some p € Q we have p IFg“Y[Gg] = 7. There is a Q-
candidate M to which p and ¢ belong (as ZFC; is (-good). Let p; be such

21That is, for each subformula v’ of 1) for some n(*) < w, for every £(x) < w, for some
n we have 7504, 0(x), (Pn,e : m = k mod m, £ < w) explicitely witness the truth value of ¢’
is, say, ty/ n(x),e(), Which is naturally defined by induction on formulas. This is done for
variety, as we could have acted as in Definition 5.2.

221f in clause (a) above we have choosen to immitate Definition 5.2, then we would
have said here: 2 € Q and there are a QQ—candidate M and p such that p,yn € M,
p € QM, p <g o, 2 is explicitly (M, Q)-generic and M =“p I ¢1[Go] = €.
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that
N [ “p1 € Q and [p1 Ikq 9[G] = true or p; I-q ¢[G] = false] ”.

Let ¢ be explicitly (M, Q)-generic satisfying Q =p1 < ¢. If N |= “ p1 Ikg
Y[G] = false 7, let G C Q be generic over N such that ¢ € G. Then GNQY is
generic over N, so N(G) = “ ¢[G] = false 7. But N[G] | “ ¢[G] = true 7,
contradicting easy absoluteness. Thus N = “ p; IFg ¥[G] = true ”.
Clause (b): Let ¢ be as said in ¢ (and Z € pdac(p, N, Q) be as required).
By clause (iii) of 5.7(4)(b), we have cl3(Q) =“ < ¢”, as required.

(3) Clause (d): By the formula defining cl3(Q).

Clause (e): Let ¢j(z) be as in the definition?®. Let ©3(z,y) say the
definition of <¥. Lastly, ©3((z; : i <w)) says that for some (y; : i < w) we
have

F((iti<w), Yo <5 rw (e @ zn) and A\ z; <y
<w j<w
W53

Remark 5.9. Instead of using cl(Q) from 5.2 (or the ones from 5.7) we can
have in @, a function which from an w-list of the elements of NV and from p

computes an element of Q having the role of p & A \/ r. The
Tepdac(p,N,Q) reZ[N]
choice does not seem to matter. Similarly to 4.2 we define:

Definition 5.10. For a forcing notion P and a cardinal (or ordinal) k, we

define what is an hc-k-P-name (here he stands for hereditarily countable),

and for this we define by induction on ¢ < w; what is such a name of depth

<.

¢=0: It is v, that is & = (0, ), for some a < k and &[G] = a.

¢>0:

() Tt has the form 7 = {(p;, 7;) : i < ¢*}, where i* < wq, p; € cli(P) from

Definition 5.7(1) and 7; an hc-k-P-name of some depth < (; that is
for G C P generic over V, we let

7|G] = {7i[G] : pi|G] = t and 7;[G] is defined }.

(B) it has the form 7 = {(p;,7s) : i < ©*}, where i*,p;, 7; are as above
and 7[G] = 74[G] if p;[G] is truth and j < i = p;[G] =false, and is ()
otherwise, i.e., if j < i = 7[G] =false.

An hc-x-P-name is an hc-k-P-name of some depth < wy. An hc-x-P-name
7 has depth ( if it has depth < ¢, but not < & for € < (.

231If we have immitated Definition 5.2 we should say that there is a Q-candidate M
such that M =“z € cl3(Q)”.
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Remark 5.11. 1. Why did we use above p € cl;(Q) and not p € cl3(Q)?
As the membership in cly (Q) is easier to define and we do not need to
worry if p; is “false”.

2. The undefined case is not necessary as we can add ;= = A —p;.

i<t
Proposition 5.12. 1. If 7 is an hc-k-P-name and G C P is generic
over V then 7[G] € Hew, (k). If in addition P C Heyx,(k), then
T E H<N1 (H)
2. Let p(xg, ... ,xn—1) be a first order formula and T, ... ,Tn—1 be hc-k-
P-names. Then there is p € cli(P) such that for every G C P generic
over V:
(U T (2@, €) | #(rolGls - Tna[G]) iff plG] =t
I<n

(So if p & cla(IP), then we get always “false”.)

3. The set of hc-k-P-names is closed under the following operations as
he — k-objects, i.e., recalling ordinals are urelements (see 0.6, 2.12)
(a) difference,

(b) union and intersection of two, finitely many and even countably
many,

(c) definition by cases: for p, € cli(P) and hc-k-P-names 1, (for
n < w) there is a he-k-P—name 17 such that for a generic G C Q
over V we have

t"[G] if pn[G] =t& /\ ﬁpe[G] =t
T[G] is : , f<n

: 0 if N\ Gl =t

I<w

Proof. Straight. W12

Definition 5.13. 1. A forcing notion @ (or ¢) is temporarily, explicitly
straight (k,0)-nep for B if: all the conditions from Definition 1.3(1),
(2) (for explicitly (k,#)-nep) hold but possibly k C B C Hy, (k); and
(d) Q € Hen, (0) (ie., Q is simple) and Ny + 0 < &,
(e) for £ < 3 the formula 909(53) is of the form

(B[t € Haw, (k) & t = Tc™(t) & (Is)((s € tV s = 1) A v2(z, )],

where in the formula @D? the quantiﬁers are of the form (3¢’ € s)
and the atomic formulas are “x € y”,“x is an ordinal”, “z < y are
ordinals” and those of BY, &V ie., for BY = R(z).
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2. In clause (e) of part (1), we call such ¢t an explicit witness for cp? (Z).
We call t a weak witness, if for every Q—candidate N satisfying z € N,
if t € N then N | “go?(i:) & tis he” and B! C BY. We call such ¢
an almost witness if:

(i) £ =0 and it is an explicit witness, or
(ii)) £ = 1 (so & = (xg,x1)) and ¢ gives k, yo,... , Yk, to,.-- ,tx—1,

S0, .. ,Sk such that: sy explicitly witnesses ¢o(y¢), t¢ explicitly
witnesses ¥y <q Yr4+1 and yo = o, Yp = T1 (soyp € t, sy € t,
Xy € t),

(iii) =2 (sox = (z; : 1 <w)) and t gives (y; : i < w), (ki 1 i < w),
(m; 11 < w), (s; : i < w+ 1) such that s, is a witness as in (i)
or (ii) to Y, < Ty, Sw+1 is an explicit witness to gpg@«yZ 21 < w)),
m; # my; = k; # kj for i # j < w, s; is an almost witness to
Ty, <9y, for some k; < w (so also they all belong to ¢, as well
as witnesses to z;,y; € Q).
3. We say that Q is very straight if it is straight and in addition
(f) for some ord-hc Borel?* functions By, Bg, if N is a Q-candidate,
a={a; :i < w)list N, and p € QV, then ¢ = Bi(p,N,a) is
explicitly (N, Q)-generic, and Ba(p, N, a) is a witness.?® For such
g we say it is canonically generic [the main case is as in Definition
5.2, Proposition 5.4].
We can make yB depend on N N Ord, i.e., for each such intersection
we give a different ord—hc Borel function.
4. In part (3) we say that the Bi, By witness Q is very straight. For
notational simplicity, if not said otherwise they are coded uniformly
by 9B | w.

Proposition 5.14.

1. Assume Q is temporarily explicitly straight (k,6)-nep for B. Then Q
is temporarily simple explicitly (k,0)-nep for B.

2. Assume Q is temporarily correctly simple explicitly (k,6)-nep for B
and 0 + Ry < k. Then we can find @’ such that
(a) QY =Q (i.e., same members, same quasi order)
(b) Q7 is temporarily straight explicitly (k,0)-nep for B and is cor-

rect.

[Nevertheless, “simple” and “straight” are distinct as properties of
(B, @, 0), i.e., the point is changing @.]

3. In Proposition 5.4, cl(Q) is very straight for ZFC,_ (not ZFC,,) with
witnesses as in the proof there.

21See Definition 0.5, B1(p, N, 7) means that B;(Z), where Z is as in 5.17 below.
25That is, it witnesses p < q and @2((pz,n : 7 < W), q) for some sequence (pz, : 1 < w)
of members of ZV for every Z € pdac(p, N, Q).
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4. Assume that Q is correct , simple and explicitely nep. Then cl3(Q) is
simple, correct and very straight.

Proof. (1) We have to check the demands («), (8), (7) in Definition 1.3(5).
Clause («) is part of preliminary demands in Definition 5.13(1).

Clause () holds by (d) of Definition 5.13(1).

Clause (7y) holds by clause (e) of Definition 5.13(1).

(2) Let ¢py(z) say that “there is N, a (B, @,0)-candidate, with |[N| €
Hew, (k), |[N| = Tc"Y(N]), NNw; € w; and N |= ¢o(x)”. We define
o (x,y), ¢ similarly. Now check.

(3), (4) Straightforward. oy

Definition 5.15. Let cl'(Q) be defined as in Definition 5.2 but the candi-
dates mentioned are ord-transitive and from?% Hy, (v'(Q) + w1).

Proposition 5.16. 1. Assume
(a) ZFC; is normal,
(b) Q@ = (B, p,0) is correct,
(¢) Q is simple nep in every K-extension.
Then we can define Q' = (B',¢',0) and normal, ZFC,, such that
(o) Q',Q are equivalent as forcing notions in every K -extension of V,
(B) ZFC,, b “ZFC; and ZFC; is weakly normal for Q'”,
(7) Q' as a forcing notion is cl'(Q) from Definition 5.15 above,
(0) Q' is correct simple very straight explicitly nep,
(e) ZFC,, is normal for Q,
(€) k(®B) = K (Q') + w1, with little more work k(B) = k' (Q) suffices.

2. Similarly for semi-normal.

Proof. Let B’ has universe |B|U(x'(Q)+w1) so k(Q') = &'(Q') = k(B') and
it expand B, € and (x'(Q) + w1, <). Let ¢} (z) say that x € cI'(Q) where for
p € cl'(Q) a witness is naturally defined. Let ¢1(x,y) be defined similarly as
in Definition 5.2, i.e., it contains the finite chain of the “easy” cases which
witness © <g y. Let ¢5({z; : ¢ < w),x) say that for some ord-transitive

Q-candidate M, pec QM , 2 =p & A \VV rand{z;:i<w}isa
Zepdac(M,Q) reZ[M]
list enumerating ZM for some Z € pd(N, Q). The proof as in 5.4. [ 0

A variant of “straight” (for which a parallel of 5.18 works) is:

Definition 5.17. 1. Q, i.e., (8,¢,0) = (B2, ¢, 62) is real nep when-
ever ¢ = (o, 1, p2,B), and (Q-candidate means (B, ¢, #)-candidate):

Zmay use coding to show ' (Q) suffices.
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(a) oo defines the set of elements of @ which is upward absolute for
Q-candidate and for simplicity z € Q = x € Hoy, (0),

(b) o1 defines the quasi order <g and is upward absolute for Q-
candidates,

(c) there is an ord-hc Borel function B such that if N is a Q-candidate
and @ = (an : n < w) list of the members of N and Z is an w-list
as below then B(Z) is (IV, Q)—generic where Z lists:

(a) d. an ?f N a,.L € 'H<Nl(,‘-$’)7
(0 if otherwise
(B) truth value(a, € an),
(7) (R,a) such that BY = R(a),
(8) (R,a) such that ¢V = R(a),
2. We add “explicitly” if we have 9 as usual, B(Z) is explicitely (N, Q)—
generic and B(Z) is explicitly given, i.e., we have (BQ, z¢, 9¢, BQ).

Claim 5.17.1. 1. The forcing notions from §3 are real nep.
2. Real nep implies very straight correct (and more).

Proof. Should be clear. [ ]

Definition/Theorem 5.18. We assume (not really necessary but in the
cases we have in mind)

(¥) ZFC; is normal and nice to forcing notion of cardinality < A% (A\®
an individual constant of €) and A, Ay are the set of quantifier free
formulas,

or just

(¥)~ ZFC; is nice®” to forcing notion cardinality < A% (an individual con-
stant of €) and Aq, Ag are the set of quantifier free formulas.

By induction on the ordinal o we define and prove the following;:

(A) [Definition] Q = ((Ps,Q,, pi, Bi, Bi, ki, 0;) : i < ) is nep-CS-iteration
for ZFC, and €.

(B) [Definition] % = k[Q), in short k* abusing notation when o = lg(@)

(C) [Definition] We define B and call it in short also B when o =
¢g(Q) and Q is as in clause (A).

(D) [Definition] Limpe,(Q) = P, for Q as in clause (A).

So ¢ is a temporary (B, x%)-definition of a forcing notion (so
Ble = ‘BO‘,HPD‘ = K%, gla = (goo ,0he) but 5 is defined later and

2"We can replace this by demanding below that for each 8, if N is B°—candidate,
G C Pg generic over V, N =R a forcing of cardinality < (x°)%0” (or more restricted,
like Ps), and G NR is generic over N then N[G] is a Q3[Gs]-candidate.



PROPERNESS WITHOUT ELEMENTARICITY 225

also for each 8 < a we define IP’%, a temporary (B, P )-definition of
a forcing notion (so B = B, §F« = kF) (this is a variant of Pg, the
same as forcing notion; naturally @Pg has [ as a parameter).
(E) [Claim] If Q is a nep-CS-iteration, and 3 < a = £g(Q), then Q| is
a nep—CS-iteration, Limyep(Q [ 8) = Pg if B < a; and Pg C Hoy, (k7).
For f < a, ( %Q@Pg ,7) is another definition of Ps as in claim
1.1 for quantifier free formulas, moreover the derivation of @P% from
(B, 05, KP ) is uniform. So Pg is explicitly straight correct kK“—nep.
(F) [Claim] For Q as in (A), a B*—candidate N, v < 3 < a and p, q € Py
we have:
(a) p is a function with domain a countable subset of 3 (more, see in
clause (D) below ),
(b) Ps is a forcing notion (i.e. a quasi order) satisfying (d) + (e) of
5.13 and (a), (b), (b)* of 1.3(1),(2),

)
(d) Py E“ply < ¢” implies Pg =“p < (¢Up[[y,3))”,
) P, € Pg and even P, < P,

)

¢ €Dom(p) = pl((+1)€Py,

(8) [Pol < ()%,

(G) [Definition] For a B*-candidate N and (3,7 such that v < # < a,
v€ N, B €N, and q € Pg, p € N such that N =“p € Pg” and ¢ is
(N,P,)-generic we define when ¢ is [y, #)—canonically (N, P3)-generic
above p. We also define 5.

(H) [Theorem]

(a) If ¢ € N is a [y, f)—canonically (N,Pg)-generic above p, then ¢ is
(N,Pg)-generic and Pg |=p < q.

(b) “qis [0, B)-canonically (N, Pg)-generic above p” can be defined as
in 5.13(3), i.e., by an ord-hc-k-Borel function.

(c) If Gg C Py is generic over V and < «, then Qg[Gpl, i.e., defining
it by its defining formulas (p3), and Ps11/G4 are essentially the
same modulo renaming.

(I) [Theorem] P, is explicitly straight correct K% nep for (B, g5, k%)
with ZFC_; in fact very straight.

(J) [Theorem] For any k > k<,

2, (Haw (8)VFel = {7[Gz,] : 7 is an he-#-Pyname })”.

(K) [Definition] For a nep-CS-iteration Q = (IP;, Q;, @i, Biy ki 0 11 < )

we define F[Q] = (P}, Q : i < o).
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(L) [Claim] F[Q)] is CS iteration such that P; C P, even P; is a dense
subset of P, for i < av.

Let us carry out the clauses one by one.

CLAUSE (A), Definition: Q= ((Pi,Q,, i, Bi, ki, 0;) i < a) is a nep—
CS-iteration if: )
() B<a = Q[Bis anep-CS-iteration,
(B) if @ =3+ 1 then
(i) Ps = Limyep(Q[B) (use clause (D))

(ii) @g = (pp,e : £ < 3) is formally as in the definition of explicitly nep
(the substantial demand is (v) below, but the parameter Bz is a
name!)

(iii) kg,0s are infinite cardinals (or ordinals)

(iv) Bp is a Pgname of a model with universe® 3 whose vocabu-
lary is a fixed countable set 79 C H(Rg) (fixed means “does not
depend on (37) definable in €[w, but for each atomic formula
Y(xo, ... ,2n—1) and ap,... ,0n—1 < Kg the name of the truth
value Bg =“Y(ao,...,oan—1)" is an hc-k-Pgname (i.e., is de-

28

fined by one p = pi* € cli(Pg)) where ¥* = ¥(ap,... ,an—1) SO
actually Bz is the function

(ﬂv 1/}*(0407 s 7an—1)) = pi*(ao,... ,anfl);

this function is from V.

(v) IFpy, “ the Q 5 defined by @g, is temporarily very straight?” correct
explicitly (kg,0g)nep as witnessed by B, 7, so we should add it
to Q or to @¢. But
(o) By is a Pg—name such that we can write it as an ord—hc Borel

function having extra w variables in which we put p,, € cli(Pg),

(8) B, may depend on a countable set of ordinals (the N N Ord).

(vi) Qp has a minimal element (g, e.g., just () for notaional simplicity,

(v) ZFC; is good for {IP3 : B < a} or even for forcing notions of cardinality
< E{Iigo 1B < a}.

CLAUSE (B), Definition: We define k% = sup[{x;+1,0;+1 : i < a}U{a}]
(ordinal is here more natural; of course, if the result is an ordinal we can
replace it by min{x : k a cardinal k > o and Kk > k;,0; for i < a}. We use
ki + 1, 6; + 1 just to clarify, “B* codes them”. We could here allowed &;,
0; to be hc-xT — P;names but then let 5% = min{¢ : |¢| > o and for any

28The reader can concentrate on this case, we shall just remerk on the changes needed

G

to assume just that the model has universe just a subset of H<x, (Kﬁ)v S5 which includes

Rg.
2There are many such by 5.14(3).
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B < a,lFp,“ ki, 0 are < ¢ 7} Why the “< (7 instead of “< (7?7 Formally
to allow such names).

CrLAUSE (C), Definition: We define B = B a model with universe
included in Hey, (k%) or write k* and the usual vocabulary such that:

(x) B codes (by its relations uniformly) «, {(8, ¢3,k3,03) : f < a} and
(Bps : B < a); ie., for every atomic formula 9 = ¥(xo,...,2,-1) in
the vocabulary 79 (so is of Bg), for some function symbol Fy, we have:

if oy < kg for £ < n then Fw@)(ﬂ% QaQy ... Q1) is Pi(ao,...,an,l
clause (A)(iv)) and
if the B’s are on x, we have also Fy, ¢, functions of B

) (see

such that:
if oy < kg for £ < n then {Fy(B,4, ap,...,0n-1) :
¢ < w} lists the ordinals in Tcord(pi(ao,...,an,l)) (the

condition in Pz saying...) and F{b codes how p was
gotten from them (so we need K > wy).
So in any case
(¥%) if N is a B%candidate, and 8 € a N N then N essentially is a 57
candidate. Better, note that as B is so easily definable in B by
some parameter, we can for Pg use B,-candidates to which 3 belongs.
Formally done in clause (D) below.
Similarly with the (Bg: 8 < «).
CLAUSE (D), Definition:

Case 1: If @ =0 then P, = {0}.
Case 2: If a =+ 1 then

Po = {p: pis a function, Dom(p) C o, p| B € P and if § € Dom(p)
then we have r = 7, 3 € cli(IP3) determined by p such that
(o) if ¢ appears in r then Dom(q) € Dom(p[f3)
(6) p(p) is defined by cases:
if r[G'p,] = t, then p(f) is a hc-05-Pg-name in Qs
and an explicit witness is provided (say p(() codes it
and having 7[Gp,| = t says so),
if not, p(B) is 0 = @@B = min(@ﬁ)}.

In details, p € P, if and only if p has the form p' U {(3,{(¢,z¢) : £ < 3})}
where p' € Pg, zo € cli(Pg), 21,22 are hc-koPgnames of members of
Hx, (05) and 20[Gp] is the truth value of “z2[Gj] is a witness to 21[Gg] €
Qg”, see Proposition 5.12(2) and Definition 5.13(1) clause (e).

Case 3: If « is limit, then

P, = {p: p is a function, Dom(p) € [a]SNO and 3<a = p[BePg}.
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The order:

For a = 0 nothing to do.

For a limit: p < ¢ if and only if A P =“p[5 < q]B” (equivalently:
B<a

AN PoaE“pl(B+1) <ql(B+1)7).

B€Dom(p)

For a = 8+ 1: the order is the transitive closure of the following cases:

() pePg, g€ Py and Pg =“p < q 57,

(8) p(B) = q(B) and Pg [=“p[5 < q[5”,

(7) p!B = q|B and there is a B candidate N and p’ € PY such that ¢ |3
is a [0, §)-canonical (N,Pg)-generic above p’[ 3, hence P [=“p' [ 3 <
q 5”7, and (i) or (ii) where
(i) p' € Pg and N =*[p" IFp, p(B) <q, a(B)]7,
(ii) N E=“p" I BlFp, “p(B) <q, P'(8)" and ¢(B) is canonically generic

for (Qs[Gs], N[Ggl) over p(B), ie., is BY”(0/(8), N[Gsl,alGp))
where for an w-list of N we produce on w-list a of N[G 3] by

, an, N = “ayn not a Pg-name”
an(Gg) N k= ay, is a Pg-name”.

We have so far defined P, just as a forcing notion. But cp]g“ is implicit in
the definition of the set of the elements, and gp]f“ is explicit in the definition
of the orders. As for goga we do define it, yet this will be done in clause (G),
so pedantically we should write P_. We also have to define P3 for 8 < «a,
this is obvious.

CrAusk (E), Claim: Trivial.

Crausk (F), Claim: Subclauses (a) and (c)—(f) are trivial.

Subclause (b): Here we should be careful concerning transitivity of <p,
as we did not ask just that the order is forced but there is a hc witness.
However we define the order as the transitive closure of cases with a witness
so we can combine them, i.e., use almost witness in the sense of Definition
5.13. See more in the proof of clause (I).

CLAUSE (G), Definition:

Case 1: For § < a note that N is also a B” candidate as € N and use
the definition for Q| 3, i.e., the induction hypothesis.

Case 2: If y= (=« — trivial.

Case 3: For 0 = «a, a =0 — trivial.

Case 4: Suppose y < fB=a,a= 03 +1.

Then: ¢[g is [y, 3")—canonically (IV,[Pg)—generic and for some 7, and r =
((pi,Ti) + 1 < w) we have
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(o) {pi i <w} list a subset of IP’][;\C which is predense in it for SI@; s
(B) ri € N and N |= “r; is an he-rg-Pg-name of a member of Qg which is

above p((),
(7) ris r; for the first ¢ such that p; € Gp 5 and V)@B if there is no such i

and ¢(8) = B?ﬂ(f, N, a[Gp]) for some w-list @ of N.
(0) Dom(q) \v=Nny\p

Case 5: v < (0 =aq, ( a limit.
Say that diagonalization was used (and for 3’ € NN\~ use the induction);
see more in clause (H) below.

Lastly we define @5 ({p; : i < w)™(q)) it say that for some B*-candidate
N, which is hereditarily countable, ¢ is [0, a]-canonically (N,P,)-generic
(above some p € PY) and {p; : i < a} list some subset of PY predense
under §]§Ya (or dense open if you prefer). Note that it does not matter if
we use N or its ord-hereditary collapse (see 4.7; this applies to the proof of

(H)).

CLAUSE (H), Theorem: First about the [0, f]-canonical (N, P)-generic
being defined by a witness the zero case is trivial. In the limit case this
holds as all the construction is carried in N, and any w-list of the members
of N (and NNOrd) suffices to make all the free choices. So we first compute
from it a set (3, : n < w) of ordinals in N N @ such that Gy =, B < Bn+1
and (V3 € NNB)(3In)[B" < Br], recall that by the definition of B, NN g is
closed under the successor function hence N N3 has no last element. Second
choose (Z,, : n < w) listing pdac(N,Pg). Third we choose (p, : n < w) by
induction in n, such that p, is a hc—mﬂ'L—Pﬂn—name of a member3? of IP’/]BV ,
Po = D,Pn+1 is the first member of P]ﬁv (by the list above) such that if
Gp C Pg is generic over V, then ppt1 [ Bn = P [ Bn, and for some Z, N |=
“Z is a maximal antichain of P, and if € TN Gp, then ppig is the first
p’ e IP’éV/Q/gn satisfying p,[Gp,] <p, P’ € Zn, P’ | Bn <p,, - The successor
. . QB/
case is easy using B, .
We turn to proving that canonically generic is generic, that is we have to
prove

® if N is a BP-candidate v < 8 < a, {7, 8} C NN (a+1), and g € Ps is
canonically [y, B]-generic above p, p € IP’]ﬂV , then q is (N, Pg)-generic,
ie., ¢ IF “Gp, NIPg is not disjoint to N for IV € pd(N,Ps) and is
directed by <ps and p belongs to it”.

We do it by the same cases as in clause (G).

3%but in general, itself not a member of N
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case 1: [ < a: By the induction hypothesis (pedantically we define N’
which is the same as N except BN = (‘B%‘ as defined inside B), etc or
just use “essentially a candidate”.
case 2: vy = 3 = a: In the Definition (G) we assume ¢ is (N, P,)-generic.
case 3: « = 0: Trivial
case 4: y<fB=a=p0F+1:
So assume that Gg C Pg is generic over V and ¢ € Pg. Let Gg = GgNPgs,
clearly it is a generic subset of Pg over V and ¢ [’ € Gg. By the definition
in stage G, the condition ¢’ = ¢ [’ is canonically (IV,[Pz)-generic as N is
essentially a Pg-candidate. So by the induction hypotheses:

® Gg N }P’g is not disjoint to any IV, 7 € pd(N,Pg) and is directed by

N
SPB/ :

Let N* = N(Gg NPL), so

®9 NT is a generic extension of N for Pgr.
Now as ZFC; is {Pg}-good

®3 V[Gg] = “Nt is a Qg [Gg]-candidate”.
So by Definition 5.13(3) clause (f) and our definition of “q is [0, 3]-canonically
(N,Pz)—generic” we have

®4 VG| “q(F)[Gp] is (N, Qg [Gp])-generic”.
In V[Gg] we have Qp = Qu[Gg], ie., (BslGpl, pp,0p) defines it, and
we have Qf = Pg/Gg. Now every member of Qg belongs to Hy, (05)
and has a witness in Hoy, (k*), a Pg-names say z1[Gg], £2[G ] hence by
Proposition 5.12(2), there is z¢, a hc-k*-Pg-name of the truth value of this,
So p € Gy which forces z, 21,22 to have those properties, that is x¢ to be
truth. So p U {(#',{({,z¢) : £ < 3})} € Py and so ¢ = 21[Gp] € Qg is
actually p(’). The inverse inclusition is also easy. Similarly for the order;
so

®s5 Qp|Gp] is (essentially) equal to Pp/Gg.

®e Similarly inside N[Gg N Pg]

®7 GgNIN #( for T € pdac(N,0,Ps).
We leave the checking to the reader as it is the same as the usual CS iteration
and prove that

®s GgN IP’S is directed by g]{;;
Why? Let p1,ps € GgﬂIP’g, hence p; [B,p2 |5 € GﬁlﬂPg hence by ®1 above,
there is 7. € G N Pg such that N = “p [ <p, 1 and p; A <p, 1.

In V[Gg], the condition ¢(3')[Gg] is (NT,Qg)—generic, by the def of
canonical generic so V[Gg] = [q(f')[Gg] kg, “Gg, N @fgw is directed by

Sg;”]. As g € G we can finish.
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&9 D rﬁ/ S Gﬁ/.
Why? By the inductive hypothesis.
®10 p(8)[Gp] € Gp/Gp.
Why? By the assumption on Bg/. Now, it follows from ®g + ®1¢ that
®11 p € Gﬁ.

case 5 [ = a is a limit ordinal > ~.
Should also be clear.

CLAUSE (I), Theorem: We have defined B and k“ (so 0% = k*). The
formulas @fa (¢ < 3) are implicitly defined (in the induction).

Why is ¢y absolute enough? As the demand on p(3) above says that
Tp1(8+1),8, the witness for p(3) € cl(Q), is such that r[Gp,] = t gives all the
required information.

Why is gplfo‘ absolute enough? Because the canonical genericity is about
2 and the properness requirement, see clause (G), are designed such that
they fit.

Now one proves by induction on 38 < a:

(®) if N is a B*—candidate, v <1 < B3, {70,711, 6} C (a+1)NN,p € I%V,
g€ Py, plm <gq, qis [y,71) canonically (N,P,, )-generic, then we
can find ¢+ such that:

(@) " €Ps, q" [y =4,
(B) p<q”,
(7) q* is [, B)—canonically (N,Pg)-generic.

CLAUSE (J), Theorem: Straight.
Crauskes (K),(L): Done elaborately in 5.19 below. ;3

Proposition 5.19. Assume (x) of 5.18 (i.e., that ZFC_ is normal and nice
toP;’s fori < a below). The iteration in 5.18 is equivalent to a CS iteration.
More formally, assume

Q= <(Pi’@i’ @i, Bi, ki, 0;) 1 < ) is a CS—nep iteration.
We can define Q' = (P, Q) :i<a) and (F;:i < a) such that fori < «
(a) Qi is a CS iteration (and P, is the limit),
(b) F; is a mapping from P; into P, such that Dom(F;(p)) = Dom(p) for
p € P;, mapping Op, to @Ip; (the minimal elements),
(c) if j <ithen Fj = F;[Pj, andp e P; = Fi(p)|j= Fj(pli),
(d) F; is an embedding of P; into P, with dense range,
more exactly:

) PiEp<q = P, EFip) <Fl),
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(i) ifp € P; and P, |= Fi(p) < p/, then for some g we have P; =p < ¢
and P, |= pf < Fi(q),

(iii) if p(v) = 0o, and p € Pg, then (Fj(p))(7) = lp,,

hence

(iv) if G; is a generic subset of P; over V, then

{p €P}: for somep € Gy, P |=p' < Fi(p)}

is a subset of P, generic over V,
(v) if G is a generic subset of P, over V, then F; Y(G") is a subset of
P; generic over V,
(e) Q, is mapped by F; to Q,
(f) I, “Q; is proper 7.

Proof. Straight. Still, by (simultaneous) induction on 7 (of course, Fj, Qi
depend only on Q [ 7).

Case 1: ¢=0 Trivial.

Case 2: i1=¢+1
By clause (d) for €, F; maps P.—names to PL-names naturally. Let Q. =
F.(Q.), it is a P.—name of a forcing notion, so Q' | is defined naturally. So
for every p € P; we define Fj(p) by (recall clause (b)):
(i) for j € Dom(p) Ne, (Fi(p))(j) = (Fe(p[€))(4),
(ii) if 5 = € € Dom(p), then (F;(p))(j) is the F.—image of the P.—name
p(e) (see 5.18 clause (D)). Aslkp, “p(e) € Q.7 clearly I-p: “(Fi(p))(e) €

!/

Y'.”, so Fi(p) actually belongs to P;.

Now clauses (a), (b), (c), (d)(i)+(iii) should be clear and we shall now
prove clause (d)(ii), then clause (e) will follow. So we are given p € IP; and
p' € P such that P, = F;(p) < p/, and we should find ¢ such that P; =p < ¢
and P} = p’ < F;(¢). Applying the induction hypothesis (clause (d)(ii)) to
ple, p' e we can find gy € P, satisfying PL = p' e < F.(qo). Note that p/(4)
is a P.-name of a member of @’E Let x be large enough, N a countable ele-
mentary submodel of (H(x), €) to which {&,B,Q, e, F.,p,p, q,q0} belongs,
and hence is a P.—candidate (we are assuming normality).

We can find ¢; € P, which is (N, P.)—generic and Pe E=“qp < q1”. Let
r = p/(¢); by the inductive hypothesis F(q) is (N, P.)-generic, hence above
q1, T is equivalent to some 7/ which is as in 5.18(D) case(2). By the induction
hypothesis there is a P.—name r such that ¢; Ibp, “F(r) = r'”.

Now ¢1 U {(e,7’)} is as required.

Case 3: ¢ a limit ordinal of countable cofinality
Define Fi(p) = ¢ iff p € P, Dom(q) C i and (Vj < @)(Fi(p)[j = Fj(q)).
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Now Fj(p) is well defined by clause (c¢). As P; = {p : Dom(p) C i and (Vj <

i)(plj € Pj)} and we let P; = {p : Dom(p) C i and (Vj < i)(p[j € P})}

clearly clauses (a), (b), (c), (d)(i) hold. Also clause (d)(iii) holds by the

inductive definition of the order in both cases, and clause (e) will follow (if

i < «) once we prove clause (d)(ii); for proving it we prove that for any

ip <41 < from N the statement X, ; , see below (for (igp,i1) = (0,4) and

appropriate N we get the desired conclusion): for x large enough:

Xiy.i; Assume N < (H(x), €) is countable, and {€,B,Q, Q' i1, F},,i0,i1} €
N,andp € NNP;,, q € P, Piy = plio < q, q is (N, P;,)—generic (may
add canonically) P | Fj (p) <p' and p’ € N and P |=p'lig < q.
Then we can find ¢ such that ¢ € P;,, ¢t lip = ¢, Pi;, Ep < q7,
P Ep < Fi,(¢") and ¢ is (N, P;;)-generic (may add canonically or
at least) Dom(q™) \ ig = N N [ig,41).

This is done as usually by induction on ;.

Case 4: cf(i) > Ny Easier. 9

Discussion 5.20. If we have a CS iteration (P;,Q; : ¢ < «) in mind, and
each @Q; is a correct explicit nep for (B;, @i, 0;), still we may not translate it
to a CS-—nep iteration when those names are too complicated. By whatever
we have in mind we can first define it as a CS—nep iteration and then we
are assured by 5.19 that actually we have the CS iteration we have in mind
to begin with, using of course:

Proposition 5.21.  For any function F' and an ordinal o we can find a
CS-nep iteration Q = ((P;, Q;, ¢i, Bi, ki, 0;) : i < 3) such that

(a’) fOT’Z' < /Br (@Zu %i)ﬁ'iaei) = F(@ rl);

(b) B C a, .

(c) if B < a then F(Q) is not as required in 5.18 clause (A)(B) with

Limpep(Q), F(Q) here standing for Pg, (Bg, prkp) there.
Proof. Obvious. 521
Proposition 5.22. In the context of 5.18:
Assume that each Bg is essentially a real; i.e., kg = w and so for R in

the vocabulary of B we have R®s C ™Ry, If o < wy then so is the Ba.
(If o > w1 we get weaker results).

Proof. Left to the reader. [ ]

Remark 5.23. 1. Note that 5.18, 5.19 (and 5.22) say something even
for a = 1 so it speaks on cl3(Qg) = P; (or cl(Qo) = Py).
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2. Concerning 5.22 note that if kK(B) > w;, the difference between nep
and snep is not large, however the case @ < wi has special interest.

3. In 5.18, 5.19, we can replace the use of cl3(Q) from Definition 5.7
(using 5.8) by Q' = cl(Q) from 5.2.

4. We can derive a theorem on local in 5.19, but for strong enough ZFC, ,
then it anyhow follows.

Of course, we can get forcing axioms.

Proposition 5.24. 1. Assume for simplicity that V = 280 = Ry & 2% =
No. Then for some proper Xo—c.c. forcing notion P of cardinality Vo
and we have
(®) P is the limit of a CS iteration of (N1, N1 )-nep forcing notions and

we have in V¥:

(@) Axy, [(R1,R1)-nep]: if Q is a (k,0)—nep forcing notion,
Kk,0 < N1 and Z; is a dense subset of Q fori < wy and S; as a
Q-name of a stationary subset of wy for i <i(x) < wi,
then for some directed G C Q we have: for any ¢ < wy we
have GNZ; # 0 and

Si|G] def {¢ < wy : for some g € G we have ql-g “¢ € 8; 7}

s a stationary subset of wy.
2. We can demand that P is explicitly (Na, No)-nep provided that in (&)
we add “explicitly simply” to the requirements on Q.
3. Assume K is supercompact with the Laver indestructibility, and we re-
place Ny by k. Then in parts 1) and 2), we can strengthen (®) to
Ax,, [nep).

Proof. Straight (as failure of “Q, i.e., ¢ is nep” is preserved when extending
the universe by a proper forcing). W o4

Proposition 5.25. In 5.14-5.19 we can replace CS countable support (CS)
by free limit (see [25, Chapter IX, §1.8, pp. 436-443]) this influences just
how the elements of Limnep(@) look like, essentially what we have done
to each Q; (replace it say by cl3(Q;)) is done also in limit of countable
cofinality.

Proposition 5.26. We can generalize the definitions and claims so far by:
(a) a forcing notion Q is (Q, <, <pr, Og), where <y is a quasi order, p <py
q=p < q and (g the minimal element;
(b) in the definition of nep in addition to ¢1 we have @i e defining <y,
which is upward absolute from Q-candidates, and in Definition 1.3(2)(c)
we strengthen p < q to p <pr q;
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(c) the definition of CS iteration (P;,Q, : i < ) is modified in the follow-
mng way:

P, = {p : pis a function, Dom(p) is a countable subset of i,
j € Dom(p) = Ik, “p(j) € Qj 1,

with the order given by: p < q if and only if
e Dom(p) C Dom(q),
e 3€Dom(p) = qlBIFp(B) <q, a(B), and
o {8 €Dom(p) : ~(q B p(B) <prq, a(B)} is finite.
(d) Similarly for the CS-nep iteration.

Proof. Left to the reader. W5 o6

Discussion 5.27. 1. Why not {3 € Dom(p) : ¥p, “Dg, <pr p(6)"} finite?
Let (P;,Q; : i < wy) be such iteration (just CS or CS-nep but with
purity condition as above), and assume that 7; is a Q,—name, such
that

IFp, “thereisp € Q,, plq “ri =07, but Q, |= 0 < p implies
that there is ¢ satisfying Q, Ep<pxqgandglbqg 7, #0 7.
~ ~J

This is a very reasonable demand. Now let w be the P,,—name w =
{i : 7:]G] = 0}, and i,, the n—th member of w. So w C wy, and for
every p € P, and j < w; we can find ¢, such that p < ¢q € P,
j € Dom(q) and for some finite u C j, ¢ Ikp, “wNj C u”, in fact

u={i<j:qlilp “dg, §%>0 q(i)"}. Also obviously IFp, “w is

infinite”. So IFp, “sup{in : n < w} =w1” (so Py, is not proper). See
more in [25, XIV, §2].

2. In fact being able to define for Q a nep-CS iteration (see in Proposition
5.18) the forcing notion P, for any subset w of a = f¢g(Q) is one
of the advantages of using nep forcing. As we like to deal with the
connection between iteration and “subiteration”, it is convenient to
have the following.

Definition 5.28. 1. For any set w of ordinals we can define when Q =
(P;,Q; : i € w) is CS iteration of forcing notions and its limit Lim(Q),
by induction on otp(w):

(a) Q; is a Pjny-name of a forcing notion,

(b) P; = Lim(@ ] (wN)),

(c) Lim(Q) = {p : p a function such that Dom(p) € [w]=N0 and IFp,
p(i) € Q; for i € Dom(p)},

(d) with the usual order.
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2. We can define similarly CS-nep forcing.
Observation 5.29. Definition 5.28(2) gives nothing new (see 5.35).

Definition 5.30. Assume that Q = ((P;, Qi, Pi, Bi, ki, 0; 11 < ) is a nep-
CS-iteration, and k%, B are as in 5.18. For § < « we define what is supp(p)
for p € Pg and supp(r) for 7 a he-k-Pg-name, by induction on /3 as follows:
case 1 if B =0 they are both the empty set;

case 2 if B is limit

For p € P let supp(p) = U{supp(p[~) : v < B}

For 7 a hc-k-Pg-name let supp(7) = [J{supp(q) : ¢ is a condition from Pg
which appears in 7}.

case 3if B=~v+1

For p € Pg, if p € P, we are done otherwise supp(p) = supp(p[vy) U {7} U
U{supp(z¢) : z is one of the he-x5*1-names appearing in p(y)}. For 7 a
hec-k-Pg-name let

supp(1) = U{supp(q) : ¢ is a condition from Pg which appears in 7}.

Definition 5.31. Let Q = ((P;, Qi, ¢s,Bi, k4,6;) = i < a) be a nep-CS-
iteration. By induction on 3 < a we define for w C « the meaning of “w is
Q-closed” and P, = P, [Q]

(A) We say w C 3 is Q-closed if

(a) i € w = wniis Q-closed,

(b) if w has a last member, say i, then the name 8, involves conditions
from P,n; only, that is for each of the he-x(28;)-P;-names z in the
definition, supp(z) C w N 1.

(B) If w C B is Q-closed, P, = {p € P5 : supp(p) C w} and let the order

SIP’M be S]‘Pa er

Discussion 5.32. 1. A natural case is B; = B;, then every w C 1g(Q) is
Q-closed.

2. A more general natural case is when for each B; there are hc-x-P;-
names Z; , for n < w such that all 9B; is computed from then. So w is
Q-closed if 8 € w = J(supp(zp,n) : n < w} C w.

3. In the more general case for w C «, we can allow to “compute” B;
only as far as we can by P;n,, seems reasonable, but no urgent need

now, so not included in Definition 5.31.

Observation 5.33. Let Q be as in 5.18

L Ifp € Py, v < B < a, then supp(p) does not change if we use the
definition for Q or for Q.
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2. If w C B < a then w is Q-closed iff w is (Q[3)-closed, and similarly
for Py,.
3. If wg Cwy thenp ePy, = pEPy,.

Proof. Trivial. W5 33

We know that P, < Py, in general fails for Q-closed w; C wy. Still we
intuitively feel that there is a connection of this sort and we shall have a
substitute for it. The first step is

Observation 5.34. Let Q-be a nep-CS-iteration (as in 5.18). If w and
w1 C we are Q-closed, then

(a) Py, C Py, as quasi orders,

(b) if p <p, g then Dom(p) C Dom(q),

(c) if p <p, g then supp(p) C supp(q) C w.

Proof. First note that clause (b) is a property of the CS-nep iteration which
we can prove by induction on 3 < «a for p,q € Pg. For 8 = 0, §# limit trivial.
For 3 = 8/ + 1 we define the order on P as the transitive closure of some
“atomic cases”. So check each using the induction hypothesis on Pgs.

The proof of clauses (a),(c) is similar. [ Y

Observation 5.35. 1. Assume Q = ((IP;, Q;, §i, Bi, ki, 0;) i < ) is a
nep-CS-iteration, and each B; is an object in 'V not just a P;-name.
(A) Every w C « is Q-closed.
B) Ifw C a and Q' = (P}, Q' : i < otp(w)) is the CS iteration satis-
fying (%) below, then Pgtp(w) >~ P, where Pgtp(w) = Limyep(Q'):
(x) if j = otp(y Nw) & v € w, then Qj is the forcing notion
defined by (B, ¢, 0,) in Vi,

(C) If N is a (BY, %, 0%)—candidate with (B, %, 60%) as in 5.28, and
NE UCa”andw={i: N Ei€cU}C a)and p € P, then
for some q we have
(a) PlEp<q,

(b) q € Py,
(c) qlFp, “Gp, ﬂIP)é,YU is a (Py, N)-generic (i.e., directed subsets
a (P, SfPYU) generic over N)”, and moreover
(d) clause (c) also holds for IFp,.
2. Similar to (1) above, but each B; is “almost” an object in V: it is
computed by an ord-hc Borel function from some hc name x; of a real.

Proof. Should be clear.
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Observation 5.36. In 5.35 we can deal with Q [w instead of mapping to
otp(w).

Observation 5.37. Assume Q is a nep-CS-iteration as in 5.18 so a =
tg(Q).

I.LIfNNaCwC aand w is Q-closed, and N is a (Q[w)-candidate
(if you assume normality, as normally done, then any countable N <
(H(x),€,<%) to which Q, w belong is fine) and q is canonically
(N, Py)—generic, then q is (N, P, )—generic.

2. If N is a Py -candidate and q is [0, a]—canonically (N, P,)—generic, and
w is Q-closed containing N N o, then q € Py, is also (N,P,)-generic.

Proof. Repeat the proof that canonically generic implies generic. ;37

Conclusion 5.38. 1. Assume that:
(a) Q° = (Qe, Pe, b¢) for e < €* is a definition of a very straight correct
simple explicit forcing notion even for

K = {P: P the limit of CS-iteration of forcing among {Q°: e < €'} }
for ZFC, , which is normal,

(b) @ = (P, Q; : i < a) is a CS iteration, each Q; is (Q<)V™ for

some € < €*,

() N < (H(x),€,<}) is countable, p € P.

Then for some q we hcwe

() p<qe Pa,

(B) q is (N,P,)—generic,

(v) if we letw =anN and Q¥ = (P P,QY i e wU{alt,j € w) be the

CS iteration with QY = (Qe(]))VP}U, then we have PY C P, (but
not in general PY < Py ), and there is ¢ € P¥ such that
qlFpw “Gpw NN is a generic subset of (Po) over N 7,
and

qlFp, “Gp, NPY is a generic subset of (PY, SI@;) 7,

(0) Note that P is a CS-iteration of countable length of cases of Q°.
2. As in 5.35(2).

Proof. Should be clear.

Conclusign 5.39. 1. Assume that:
(a) Q= (P;,Q; : i < ) is a CS iteration.
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(b) each Q; is one of the creature forcing proved in [19] to be proper,
or more generally is a very straight nep forcing with definition in
V, being nep in Vi,
(c) {Bi : i < i*} is a family of Borel sets (i.e., definitions of Borel
subsets say of R or “2), or just 113 sets,
(d) for every countable w C a, Ikp, “();c;» Bi =07,
Then VE®Q) = « N B; = (7.
1<*
2. In part (1), we can allow Q; to be as in 5.37.
3. In parts (1) and (2), in the definition of Q;, we can allow a P;-name
n; of a real provided that 1; = Bf((yj(i’n)? n < w)) with j(i,n) < w,
v; is he-Qj-name.

Proof. (Recall that a TI3 set is the intersection of ¥; Borel sets.)

By 5.18 we can deal with CS-nep iteration. Assume toward contradiction
that

p1 H_]P’a « 7 e m B; ”.
7<e*
Let x be large enough and let N < (H(x), €, <}) be countable and such that
Q € N. Let ¢ be as in 5.38, so w = a N N is countable and ¢ € P,, C P,,
and ¢q IF n = 1 where ' is computed from the truth values of ¢ € G for
g € P, NN C P,. By hypothesis (d), ¢ IF Py’ ¢ () B;. Hence there
i<i*

are q1,4 such that P, E q < q1, @ < i* and q1 IFp, “n' ¢ B; 7. Let
N1 < (H(x), €, <) be a countable model such that N,@,~q1,17’ € Ny. Let
g2 be (N1, Py, )—generic above ¢;. Now, ¢ € P, and

g2 IF “ Gp, N N1 NP, is a generic subset of PNt over Ny 7,

so we get an easy contradiction. N5 39

Discussion 5.40. Inside a forcing ¥ we may be able to find ¢ € Q and a
forcing notion @, definable in N such that

gl “Gg N N is a directed subset of @V, Sg ) generic over N”.

This looks like a cheating so we call it faking; one example occurs in 5.35(3).
Another example for faking is gotten by considering the Miller rational
perfect forcing Q =, which is {T: T C “~w is a subtree such that for every
n € T for some v we have n <v € T and sucr(n) infinite }. With the order
<=<y= inverse inclusion. Let

p<oq it ¢Cp&sp(g)=sp(p)Ng,
where sp(p) = {n € p: (3"n)(n(n) € p}, and let

p<aq iff p<oq& (Vn)(tr(q) Ine€q& nespp)—necsp(q).
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Now for every r € Q the quasi order ({p € Q : r <3 p}, <2) is isomorphic
to Laver forcing. So if QQ is nep-CS-iteration of rational perfect forcing, we
can define also g%,i. Then

(a) g%)i is a quasi order on IP;, p g%i q=7p <p, q,

(b) if N is a Q-candidate, p € (Lim(Q))", then there is g such that:
P S%Lim(@ q and ¢ IFp, “Gp, N N is a subset of IP’ZN directed under

<2N

—Lim(Q) - -

“T is a subset of Lim(Q) dense under Siim(@”. Now @ is nw-nep

( see [26], [22]) whereas Laver forcing is just nep. Here the “nw-
nep” dominates, i.e., we succeed even for non-well-founded models by
thinning each ¢(7) naturally (think on the case a = 1).

and not disjoint to ZV to which p belongs” whenever N |=

6. When a real is (Q, )—generic over V

A first time reader may be advised that the case 7 € {2,w}, 0 = w is
typical, interesting and may suffice for you hence we write “n < o”.

Definition 6.1. 1. We say that (Q, W) is a temporary (8,6, o, 7)-pair

if for some Q-name 7 the following conditions are satisfied:

(a) Q is a nep-forcing notion for (B, @, #); possibly B expands B,

(b) H_@ “77 e 0'7_7’

(c) W=(Wp,:n<o),

(d) for each n <o, W, C{(p,a) :p€ Qand a < 7},

(e) if (pe, ) € Wy, for £ = 1,2 and oy, are not equal, then pi,p2
are incompatible in Q,

(f) for each n < o the set Z,, = Z,,[W] o {p: 3a)[(p,a) € Wy} is a
predense subset of Q,

(g) so 0 = o[W] = o[Q,W] and (abusing notation) let 7 = 7[W] =
T[Q, W].

2. For (Q, W) as above, n = n[W) = nQ, W] is the Q-name

{(n,a) : (Fp € Go)[(p, ) € W,,], son < c}.

3. We replace the temporary by K if this (specifically the demand (f))
holds in any K—extension of V; similarly below.

4. We may write (Q,?J),W = W7 abusing notation. If we omit B we
mean B = BYL If 7 = Xy we may omit it; if 7 = 0 = Xy we may omit
them, if K(B) = 0 = 0 = 7 = Ny, we may write x.

5. We say that n[Q, W] is a temporarily generic real (or function) for Q
if for no distinct G, Go C Q generic over V do we have nG1] = n[Gal.
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6. In part (5) we add directly if for every p € Q there is an ord-hc Borel
function which from 7[Q, W] computes the truth value of p € G.

7. Instead (Q, W) we may write (B, 2, 09), W) (or with 1 instead W).

Definition 6.2. 1. Let K, g, be the class of all (Q,7) which are tem-
porary (B, 6,0, 7)-pairs for some B with x(B) < &, |B]| < &.
2. Let (Q,n) be a temporary (x,f)-pair (actually more accurately write
((%8,5,0),W)); and o = Rg > 7 > 2.

Let N be a Q-candidate and n € Yw. We say that 7 is a (Q,n)-
generic real over N if for some G C QV which is generic over N we
have n = n[G].

We add satisfying ¢ if above ¢ € G (note that “satisfying” has more
direct meaning if Q) is generated by 7 as in the proof of 6.5).

3. We say that n = n[W] is hereditarily countable if each W,, is countable
(note: the generic reals of the forcing notions from [19] are like that,

but for our purpose just “absolute enough” suffices).

Definition 6.3. 1. (Q,W) is a temporary explicitly (8,6, o, 7)-pair (or
nep pair) if for some Q-name 7 we have:
(a) Q is an explicit nep forcing notion for (B, @, ),

(b) Fg“n €717,

VYo € cli(Q) for a <o, ( <,

H—Q « Z](a) = C lf_f wmc[GQ] _: t7.

2. In this case n = n[W] = n[Q, W] is the Q-name above (it is unique).
Abusing notation we may write (Q,7) instead (Q, W) and then let
W = Wiy = W[Q,7].

3. We introduce the notions from 6.1(3)—(6) for the current case with
almost no changes.

Definition 6.4. K% = {(Q,n) € Kx g0, : (Q,n) is temporarily explic-

K,0,0,T

1
itly (8,6, o, 7)-pair for some model B with x(B) <k, ||B| < x}.

Proposition 6.5. Assume that:

(a) Q is an explicitly nep forcing notion which satisfies the c.c.c.
(b) kg % € w” and (for a <o and m < w) Ya,m € cli(Q) are such that

kg “nla) =m iff Yam|Gol =1t "
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(c) @ aof Bs(Q,n) is the following suborder of cla(Q): the set of elements
is B'(Q,n), where

B'(Q,n) =:{p € cla(Q): p is generated by the
) Ya,m’s 1.e. it belongs to the closure of
{Yam 1a <o,m < w}
under =, N\ for v < wi in cli(Q)}
i<y
(i.e., it is the quasi order §g restricted to this set).
Then:
1. Q' < cla(Q) and n € “w is a generic function for Q'.
2. Assume additionally that
() if M is a Q-candidate, M |=“T is a mazimal antichain of Q7,
then ZM is a mazimal antichain of Q.
Then we also have
(o) Q' is (k,0)-nep and strong c.c.c. forcing notion (see 6.12),
(B) if Q is simple, then Q' is simple, (really (*) is not needed),
(v) if Q is K-local, then Q' is K-local,
(0) if Q is Souslin, then so is Q.

Proof. Straight. 5.5

Now the hypothesis () in 6.5(2) is undesirable, so we use B3(Q,7) (see
6.6(c) below), which has a suitable quasi order.

Proposition 6.6. Assume that:

(a) Q is a correct explicitly nep forcing notion which satisfies the c.c.c.
(b) kg € w” and Ya,m € cl2(Q) for a < o,m < w are such that

o “n(a) =m iff YamlGol =1t

(c) Q def B3(Q,n) is a forcing notion defined as follows:
the set of elements is like Bo(Q,n); i.e. it is the closure of {tam : o <

o,m < w} under =, \ fory <w inside cla(Q);
1<y
B3(Q.n) . .
the quasi order §3:§33(Q m is <BQ) restricted to Bs(Q,n),
(d) Q is correctly explicitly nep forcing and c.c.c. in 'V and in every Q-
candidate. (This strengthens clause (a))

Then:

() Q' is a complete suborder of cl3(Q); including ¥ € Q) = ¥ € cl3(Q),

and for 1,1 € Q/ we have: Yy <3y < 1 <BQ 4y
(B) 1 is a Q'-name, Iy “n € w” and n is a generic function for Q',
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(y) Q' is explicitly nep c.c.c. forcing notion with BY = BL, ¥ =
@33(@,17)’ 9 = 92,

(7)* each forcing extension of V which preserves the assumption (a) (hence

also (b)) preserves (7y),
(0) if Q is simple (or straight) then Q' is simple (or straight).

Proof. Straightforward, still we elaborate [note that in the proof of clauses
(), (B) we do not use (d)].

Clause (a) By the choice of @ we have <@=<%@ @/, Also if
Q' E“1, 19 incompatible” then they are incompatible in cl3(Q), otherwise
11 A g € Q' is a counterexample. So the only problem is for Q' <e cl3(Q).
So assume Z = {1 : j < i*} is a maximal antichain of Q' and we shall prove
that it is a maximal antichain of cl3(Q), this suffices as we are assuming the
Q satisfies the c.c.c., also cl3(Q) satisfies c.c.c..

Hence necessarily ¢* is countable, so if Z is not a maximal antichain of
cl3(Q), let ¥* € cl3(Q) be incompatible with every 5, let p € Q, p I
“P*[Gp] =truth”. Consider ¢ = A —y;

i<i*
(i) 9 belongs to cl; (Q),
(ii) 9 is in cl3(Q) as pI-* ¥ [Gq] =truth”, by the choice of p and 1",
(iii) 1 is incompatible with each 1; (see its definition),
(iv) ¥ € By(Q,n) (as ¢ € Q' for i <i¥),
(v) ¢ € Q' (by (ii)+(iv)).
So Q' < cl3(Q), i.e., clause () holds.
Clause (3) The first two statements are obvious and the third one follows
by
(%) if G1, G2 are subsets of Q' generic over V (in some generic extension
of V) and n[G1] = n[G2] and ¢ € Ba(Q,n), then ¢[G1] = ¢[G2]

We prove (x) by induction on the depth of . For depth zero we use 7[G1] =
n[Ge] and in the other cases the inductive definition of 1[Gy]. )
Clause () As Q' < cl3(Q) by the c.c.c. most clauses of Definition
1.3(1),(2) follow by 5.8(3)(e) except clause (¢)*. Solet N be a Q'-candidate
so a Q-candidate, and p € (Q")" hence p € cl3(Q)" by the definition of Q'.
Let

h=p& /\ \/r and Yo =p & /\ \/r.

Zepdac(p,N,Q') rezN Zepdac(p,N,cl3(Q)) reIN

By 5.8 v is explicitly (V,cl3(Q))—generic. Now also N E“Q' < cl3(Q)”,
hence pdac(p, N,Q) C pdac(p, N, cl3(Q)), because by clause (d) as we have
not used it in the proof of clauses (a))+(3) above so they are satisfied by N
too.
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So clearly cl1(Q) = 1 < 12 hence ¥ € cl3(Q), and its definition (and
the definition of Q') we have ¢; € Q/. Obviously v is (N, Q')-generic by
its definition, but what about explicitly? Just let ¢}, say that there is ¢ as
above (and use clz(Q) is correct explicitly nep by 5.8(3), as (®) of clause
(d) here implies ((®3)) there.)

Clauses (7)", (6) Left to the reader. M6

Proposition 6.7. In6.1-6.6 above, we can replace Q by Q[ (> q) = Q[{p €
Q : p > q} preserving the properties of (@,y). u

Fact 6.8. If Q is simple correct nep for K, Q is in V, and V1 is a K-
extension of V, then
(i) in Vi, QY <;c QV' which means: for p,q € Vo, p € Q”, “‘p < q”,
““(p<q)”, “p, q compatible”, “p, q incompatible” all in the sense of Q
are preserved from V to Vq,
(ii) for p,pn € V the statements “p ¢ Q” and “IT = {p, : n < w} is
predense above p in Q7 are preserved from V to V1,
(iii) of Q satisfies the c.c.c., then in clause (ii) above we can omit the
countability of .

Proof. (i) Straight, for example:
“p, q are incompatible” iff there is no Q—candidate M such that

M = ¢ p,q have a common <g-upper bound ”.
So by Shoéenfield-Levy absoluteness, if this holds in V, it holds in V7.
(ii) Similarly.
(iii) Follows (and repeated in 7.14 below). G5

Proposition 6.9. Let (Q,n) be temporarily explicitly nep pair. Assume N
is a Q—candidate. If N =y s (Q, 77) —generic over the Q—candidate M7,
then n* is a (Q,n)-generic over M.

Proof. Straight. .9

Proposition 6.10. Assume that:

(a) Q is explicitly nep,

(b) Q is c.c.c. moreover it satisfies the c.c.c. in every Q—candidate,

(¢) incompatibity in Q is upward absolute from Q candidates (but see 6.8),
(d) n is a hc-k(BL)-Q-name of a member of “w defined from B (so

we demand this in every Q-candidate).
Furthermore, suppose that
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(A) Ni, Ny are Q—candidates, Ny is a generic extension of Ny for a forcing
notion R, (so BN2 = BM and Ny |=“R is a forcing notion”),

(B) N1 =¥ for every countable X C Q there is a Q-candidate Ny <x,,
Ny to which X and R belong, moreover Ny-s being a Q-candidate is
preserved by forcing for R” for each m < w; recall Ny is in particular
countable,

(C) n* € “w is a (Q,n)-generic real over No.

Then n* € “w is a (Q,n)-generic real over Nj.

Remark 6.11. 1. In clause (B), we can replace X by “a maximal an-
tichain of @ or just of B3(Q,n)”.
2. Clearly we can replace “maximal antichain” by “predense set” or “pre-
dense set over p” (note ZV? = TNt as Ny = NF).
3. We can weaken “Ny <y, N;” in clause (B).

Proof of 6.10. Clearly, it suffices to prove that (assuming (a)—(d), (A),
(B) and (C)):
(x) if N E=“Z is a maximal antichain of Q”,
then INt =TIMN2 and Ny =T is a maximal antichain of Q”.

Assume that this fails for Z. Then some r € RY forces this failure (in Ny).
By assumption (b), in Ny the set Z™V' is countable so let Ny =“T = {p, :
n < a}”, where a < w. Let m < w be large enough. By clause (B) in Ny
there is a Q—candidate Ny to which Z and r and R belong and Ny <y, N;.
Since

Ni E “(3r € R)[r kg “Z is not a maximal antichain of Q
(and N;[GRg] is a Q—candidate)”]”,

there is 79 € R0 such that

No E “[ro IFr “Z is not a maximal antichain of Q
(and No[GRr] is a Q-candidate)]”.

Now, as Vi satisfies enough set theory and Ny “thinks” that Ny is countable
and RM is a forcing notion in Ny, there is in Ny a subset Gf, of RN
generic over Ny to which 7 belongs. So in Ny[G}] there is p € QNo[Gg]
incompatible (in Q™0[62]) with each p,. By the assumption (c) this holds
in N, contradiction to the choice of Z (see (x)). N 10

Definition 6.12. 1. We say that ¢ or (¢,%) is a temporarily (k,6)-
definition of a strong c.c.c.—nep forcing notion Q for (B, ¢) if:
(a) o defines the set of elements of Q and ¢ is upward absolute from
(9B, ¢, 0)—candidates,
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(b) @1 defines the partial ordering of @ (even in (B, ¢, §)—candidates)
and @1 is upward absolute from (B, ¢, §)—candidates,
(c) for any (B, ¢,0)—candidate N, if N =“7 C Q is predense”, then
also in V, TV is a predense subset of Q,
(d) incompatibility is upward absolute from Q-candidates.
2. We say that @ or (@,B) is a temporarily [explicitly] (k,#)—definition
of a c.c.c.—nep forcing notion Q if
() it is a temporary [explicitly] (k, #)-definition of a nep forcing no-
tion,
(B) for every Q-candidate N we have N =“Q satisfies the c.c.c.”.
3. The variants are defined as usual.

Proposition 6.13. 1. IfQ is temporarily strong explicit c.c.c.—nep forc-
ing notion and N1 C Na are Q-candidates, then every n which is
(Q,n)—generic over Ny is also (Q,n)—generic over Ni.

2. If ZFC, is normal and Q s temporarily c.c.c.—nep then Q satisfies
the c.c.c.

Proof. 1) Asin 6.10 (by Definition 6.12).
2)  Easy too. N 13

Comment 6.14. We can spell out various absoluteness, e.g.

1. If @ is simple nep, c.c.c. and “(p, : n < w) is predense” has the form
(3t € Hon, (5+0))[t = ... ] (e.g. k¥ = w and it is I13) then predensity
of countable sets is preserved in any forcing extension.

2. Note that strong c.c.c.-nep (from 6.12(1)) does not imply c.c.c.-nep
(from 6.12(2)). But if ZFC_, F ZFC_ and ZFC,, says that ZFC_ is
normal and Q is strong c.c.c.—nep for ZFC,, then Q is c.c.c.—nep for
ZFCT.

The following is similar to 6.10, but for a simpler case so we make it self
contained: it is really from [25, ITI] (in earlier version this was said offhand
in §8).

Definition/Theorem 6.15. By induction on the ordinal o we define and
prove the following

(A) [Definition] Q = ((P;,Qi,6;,6; : i < a) is a c.c.c-simple-FS-iteration,
in full P; = IP’%Jg = P;[Q)] etc and a = £g(Q),

(B) [Definition] 0¥ = 0[Q] for Q as in (A),

(C) [Definition] T is a hereditarily countable Pg-name of a member of
Hew, (€) or he-¢-Pg-name,
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(D) [Definition] Lim(Q) denoted also by P, = PQ,
(E) [Claim] Assume Q is a c.c.c-simple-FS-iteration as in (A)
(a) Py is a c.c.c. forcing notion with set of elements C H_y, (6,),
(b) if B < a(=1g(Q)), then Q[B is a c.c.c.—simple-FS-iteration and
Lim(Q18) = Py, 0[Q] = 6, (hence Pg C Hoy, (05)) and Pg C P,
(c) p € P, iff p is a function with domain a finite subset of « such that
v € Dom(p) implies that p(y) is an hc-P,-name of a member of
H<x, (64+41) which is forced to be a member of Q. and of Hy, (6,),
(d) the order on P, is as usual, )
(e) if y < B <aandpePg thenplyeP,and P = (pvy) < p,
f)ify<pB<a,pePgand P, = (plv) < g,
then By = “p < (U (p| [, 8])",
(g) if vy < B < a, then P, < Pg,
(1) if <, then |[Bg]| < (8)%,
(i) Pq is c.c.c.
(F) For any 6 > 07,

“_Pa “(H<N1 (0))V[P&} = {I[NG]PQ] : z- is a hC_H_Pa_name }”

Let us carry out the obvious induction.
Clause (A)

Q = ((P;,Q4,0:,0;) : i < a) being a c.c.c.-simple-FS-iteration is defined by
cases

case 1 a =0 trivial

case 2 « limit
Q is c.c.c.-simple-FS-iteration iff
Q1B is a c.c.c.-simple-FS-iteration for every 8 < a.

case 3 a=0+1
Qs a c.c.c.-simple-FS-iteration iff Q| 3 is such iteration, Pz = Lim(Q| ),
05 > 0[Q| B3], if equal we say standard; g5 a Pg-name of cardinal or
ordinal and IFp “Qpg is a c.c.c. forcing notion with minimal element

(g, being for simplicity 0 and set of elements C Hen, (03)7.

Clause (B)

¢ is the minimal cardinal (or ordinal) § such that 8 < a = 6 > 63 and
a =+ 1implies > 3+ 1 and IFp, “05 < 0”.

Clause (C)

Asin §5

Clause (D)

We define P, = Lim(Q) by clauses (c) + (d) of clause (E).

Clause (E)

As in the classical proofs on FS iterations of c.c.c forcings.
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Clause (F)
Easy too. Ms.15

Definition 6.16. We say that Q = ((P;, Qi, 5i, B, @i, 0i, k', B, ¢") : i <
a) is a [strong] c.c.c.-nep-F'S iteration if )

(a) Q' = ((P;,Q;,0;, k") : i < @) is a c.c.c.-simple-FS-iteration;

(b) (m,%i,goi,:@i,@i) are P;-names and it is forced (IFp,) that Q; is a
(ki, Q;)-definition of a [strong] c.c.c.-nep forcing for (B, @;), see Defini-
tion 6.12(1); it follows that this is done through (B, ¢, 0;)-candidates;

(c) B is a model with universe Hy, (x*) and the relation € and the
(finitely many) relations implicit in Q i, P;, 5:, By, @i, 0; so in partic-
ular 1= “k;, 0; < K

(d) @ define P; in B¢ naturally.

Proposition 6.17. 1. In Definition 6.16, for every 8 < o, (8%, @') is a

[strong] (K1, k1)-definition of the [strong] c.c.c.-nep forcing notion P;.

2. If N is a (B, @', k")-candidate and j < i and j € N, then N is a
(B7, ¢/, k)-candidate.

3. If N is a (B, ¢/t kIt -candidate, j € N and G; C P; is generic

over V, then G = IP’;V NnGj is <N,P§V>fgeneric and N{(G) is a

(%B;51G), ;(G], 0,[G]) ~candidate with (N(G))®il6) = Bo(G) defined

naturally.

Proof. 1) We prove by (1) by induction on i. Let N be a (B, @, k')-
candidate.

Case 1 N N has no last element (i.e., 7 is a limit ordinal).
So assume N = “Z C Q is predense”, and let ¢ € P;. For some j € N N,
Dom(q) N (N Ni) C j, and in N define J = {p[j : p € I}, so clearly
N | “T is a predense subset of P;”. Now N is a (B, ¢/, 07)-candidate by
part (2) below. Hence by the induction hypothesis ZV is predense in P; so
there is p’ € JV, compatible with ¢ in IP;, so there is r € P; above both.
As p' € gV, for some p € IV we have N |= plj = p/, hence p' = p|j
and r N (p|[i,j]) € P; is a common upper bound of ¢ and p € Z% in P; as
required.

Case 21 =j5+1
Similarly using part (3).
2), 3) Left to the reader. W17

Proposition 6.18. 1. For every function F and ordinal o there is a
unique c.c.c.-nep-FS-iteration Q = ((Pi, Qi, ki, Bi, Pi, 0i, £, 9B}, ")
i < f3) such that
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(a) B<a,
(b) ifi < B, then (Qi, ki, Bi, i, 0:) = F(Q[1i),
(c) if B < a, then (ki, B, @,-:Qi) is not a P;-name, or it is but is not
forced (i.e. IFpy) to be as in Definition 6.10(b).
2. The parallel of 5.19 holds. We can add “strong” (c.c.c.).

Proof. Straight. [ |

Proposition 6.19. We can do the parallel of 6.15, 6.18 replacing finite
support and c.c.c. by countable support and proper.

7. Preserving a little implies preserving much

Our main intention is to show that, for example if a “nice” forcing notion
P satisfies IFp“(“2)V is not null”, then it preserves “X C “2 (X € V) is
not null”.

By Goldstern and Shelah ([25, Chapter XVIII, 3.11]) if a Souslin proper
forcing preserves “(“Yw)V is non-meagre” then it preserves “X C “w is non-
meagre” and more (in a way suitable for the preservation theorems there).

The main question not resolved there was: is this preservation special
for Cohen forcing (which is a way to speak on non-meagre), or does it
hold for nice c.c.c. forcing notions in general, in particular does a similar
theorem hold for “non-null” instead of “non-meagre”. Though there have
been doubts about it, we succeed to do it here. In fact, even for a wider
family of forcing notions but we have to work more in the proof.

The reader may concentrate on the case that Q is strong c.c.c. nep and
P, @ are explicitly Xg—nep and simple. It is natural to assume that 7 is a
generic real for ) but we do not ask for it when not used. )

Convention 7.1. 1. Q is an explicitly nep forcing notion.
2.ne “w is a hereditarily countable Q-name which is B-definable, so as
in 6.2(1).

We would like to preserve something like: “x is (Q—generic over N”.

Definition 7.2. 1. I(g,) o {A € Borel(*w) : lIFg“n ¢ A”} (this is an

ideal on the Boolean algebra of Borel subsets of “w).

2. I{g ) is the ideal generated by (g, on P(*“w). (So for A € Borel(“w)

we have: A€ Ig,) < A€ I@E(D,y))'
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3. Let

I(déf n) o {X C%w: for a dense set of ¢ € Q, for some Borel set B C “w,
~ we have X C B andq\l—“ggéB”},
4. For an ideal I [an ideal on Borel sets]|, the family of I—positive [Borel,

respectively] sets is denoted by I™.
(Thus, for a Borel subset A of Yw, A € I(J{@ . iff there is ¢ € Q such

that q g “n € A”).

Definition 7.3. 1. A forcing notion P is (g, -preserving if for every
Borel set A i

Ac (I(Q,y)>+ = lp“ AV c (Iﬁa,y))—h,

(AV means: the same set, which is AVIPIN'V).
2. A forcing notion P is strongly I(g,,)—preserving if for all X C “Yw (i.e.

not only Borel sets)
Xe(g,)" = e Xe(g,)"

[See 7.4(7) below for Q which is c.c.c.]
3. We say that a forcing notion P is weakly [, -preserving if I-p*

(“)Y e (I,)" "

4. P is super—I(q,,—preserving if for all X C “Yw we have:

Xeu@w+ é\@Xeuﬁwﬁ

Proposition 7.4. 1. [(q,) is an Ny—complete ideal (in fact, if (A; i <
a) € V, each A; € Borel(Yw) and I “AVI€l ¢ U AleG] 7 (if ais a
<o

countable ordinal this is equivalent to Ay C ;. Ai) and A; € Iy
fori < a, then A, € [(gy))- i

2. If (Q,n) is not trivial (i.e., g “n & (Yw)V), then singletons belong to
T

3. ww ¢ I(Q’ﬁ)

4. Assume (ZFC; is K-good and) Q is correct. If in V, X € I3, and

; P ; X
P e K, then in V* still X € I(eQ,y)‘

5. Assume (ZFC, is K-good, particularly (c) of 1.15 and) Q is correct.
If, in 'V, B is a Borel subset of “w from Iigy and P € K and Vi =

VP then also Vi |=“B € Ig,” , of course here B mean BV1,
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6. 1(66717) > (@Qn)

L = I{g,y [ (the family of Borel sets) = I&E}gm) [ (the family of Borel sets).

1% are ideals of P(Yw) and 155, € I&Xn,

7. If Q satisfies the c.c.c. then I(dxvy) is generated by I(Q’,j), so equal to

ex

TQa

8. If&y) is Ny —complete.

9. If for some stationary S C [x]° the forcing notion Q is S—proper then
I?@y) is Ny —complete.

10. If Q is c.c.c., V1 an extension of V (normally generic) and n €
(“w)V1, then : there is G C Q generic over V such that n = n[G]

iff (VB € IX@ 77))(77 ¢ BV1); of course this applies to suitable candi-

dates.

Proof. We will prove parts 5) and 4), 6) only, the rest is left to the reader.
5) First work in VF. If the conclusion fails then for some ¢ € Q@ we have
qIF“n € B”. So there is a Q—candidate M to which ¢, B (i.e. the code of
B) belong. There is ¢’ such that g <@ ¢ and ¢ is (M,Q)-generic. Now
for every G C QVIF! generic over VP to which ¢’ belong, n[G] € BV'IC,
By absoluteness, also M (G N QY) = n{G' N QM) € BM{S) and hence (by
the forcing theorem) for some p € G N QM we have M |= [p g “n € B”].
Now, returning to V, by Shoenfield—Levy absoluteness there are such M’ '
in V. Let p” be (M’', Q)-generic, p’ <g p”. So similarly to the above,
p'lkg“n € B,

4) As X € 1(66,1])’ clearly for some Borel set B € I(@yg) we have X C B.

By part (5), also in V¥ we have B € I3, and trivially X C BY c BV".

6) E.g. assume B is a Borel set and it belong to I(d(éfm), then the set
Z = {p € Q : for some Borel set By we have B C By and p Ikq “n ¢ B1”,
is a dense subset of Q. But for p € Z let B} witness it, now B C BY, p I+
“n ¢ BY, ie,n ¢ (B')V®”. But the inclusion of Borel sets is absolute,
so p kg “BV® C (BY)V® and 5 ¢ (BY)V®”. Hence p kg “n ¢ BV®. As
this holds for a dense set of p € Q (i.e. p € I) clearly Ikg “n ¢ BV@”, SO
B € Iig,y- So we have shown I&(ﬁ [{B : B Borel set} C I&(y . The other
parts are even easier. LT

Proposition 7.5. 1. If a forcing notion P’ is I(q ) —preserving, then P is
weakly I(q,,-preserving. i
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2. If P is super I, ) ~preserving, then P is strongly Iq, ) —preserving. If
P is strongly I(q, n) ~preserving, then PP is [(q, n) preserving.

3. Assume that Q satisfies the c.c.c. and (Q,n) is homogeneous (see (®)
below). Then: TP is I(Q,y) —preserving z'ﬁIP’ s weakly I(Q{?) —preserving,
where
(®) (Q,n) is specially homogeneous if: for any (Borel) sets By, By €

(I(Q 77)) we can find a Borel set By satisfying B} C By, B €

(Iq, 77))+ and a Borel function F fmm By into By such that

() for every Borel set A € Iig,, F7'[AN By] € I, and this
holds even in V¥, we say this F is (I(QVZ]))JF—preserving in VP,

(B) this is absolute (or at least it holds also in V*).

4. If Q s strong explicit c.c.c.—nep forcing and N is a Q-candidate in
generic for Q, then By = {v € “Yw : v is not (Q, n)-generic over N}
is Borel and belongs to I(q,y)-

Remark 7.6. We say that the forcing notion Q [or a pair (Q,n)] is homoge-
neous when for every p, ¢ € Q we can find pq, ¢; such that p fQ P1, 4 <Q @1
and an isomorphism F from Q [ {r : p1 <g r} onto Q [ {r : p1 <g 7}
[mapping the appropriate restriction of 7 to the one of 7].

Proof. 1), 2) Easy.

3) By part (1) it suffices to show “non—preserving” assuming “not weakly
preserving”, and toward contradiction assume that this fails. So there are
p, B*, A such that B* € (I(Qm))Jr is a Borel subset of “w and

43

(a) A is a Borel set
(b) A € Iy, that is I-g “n & A”
(

c¢) v € A for every v € (B*)V. 7

plFp

Let

J={B: Be(lg,))", soa Borel subset of “w, and
for some Borel function F from B into B* we have
Fis (Ig,,)) T —preserving even in VF}.

Choose (in V) a maximal family {B; : i < i*} C J such that ¢ # j =
B;NBj € Ig,,)- As Q satisfies the c.c.c. necessarily i* < wy, so without loss

of generality i* < w. By the assumption (®), clearly, “w\ | B; € (g, )
1<3*
Let F; witness that B; € J. Let

={ne“w:ne B; and F;(n) € A, recalling F; is Borel}.
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Then A; is a (Q-name of a) Borel subset of “w and p IFp“A; € Lig” as
plFp“A € I(g,)” and the choice of F;. Hence i

pl=« U Az U (ww\ U Bz) € I(ng) ?

i< i<
(call this set A*). Now for every v € BY, F;(v) €
(¢) in the choice of p, B*, A) we have pIF“F;(v) € A’
of A; we have plF“v € A;”. So
pip “ (Yw)V = (“w\ | B)VUlJ BY € “w\ [ B)ul ] 4i e Iig "

1<a* 1<3* 1<t* 1<1*

(B*)V hence (by clause
" hence by the definition

so we are done.
4) By 6.13(1). 75

Example 7.7. 1) It is easy to find a forcing notion P which is Tigm—
preserving, but not strongly I(q,)—preserving, e.g. for Q = Cohen (see
Exaple 7.12 below). However, for sufficiently nice forcing notion P, “I @mn~
preserving” and “strongly I(q ,)-preserving” coincide, as we will see in 7.10.

(Parallel to the phenomenon that for “nice” sets, CH holds).
2) It is even easier to find a weakly g, —preserving forcing notion [P which

is not [(q,,—preserving.

Assume that for £ < 2 we have (Q,7¢) as in 7.1, e.g. Qo is Cohen forcing,
@y is random real forcing. Let Q = {0} U | {¢} x Q¢, ¥ minimal, (¢1,q;1) <
<2

(b2, q2) iff 41 = ly and Qp, = q1 < g2. We define a Q-name n by defining
for a generic G C QQ over V:

[G] i <0>A(Z70[G0]) if {0} X QoNG 75 @, and Gy = {q € Qp: (O,L]) S G}
7 (1)~ (m[G1]) i {1} x QNG #0, and Gy = {g € Qi : (1,9) € G}.

Then usually (and certainly for our choice) we get a counterexample.

Proposition 7.8. Assume that A is a Borel subset (better: a definition of
a Borel subset) of “w, M is a Q-candidate (son € M, i.e. (Yam : a <
w,m < w) € M as in Definition 6.2) and A € M (i.e. the definition).
Further, suppose that ¢ € Q™ is such that q g ‘n € A”. Then

(o) M E9lFgne A7,

(B) there is n € A which is a (Q,n)-generic real over M satisfying® q.

e n= n[G] where G is (N, Q)-generic and ¢ € G
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Proof. As for (), if it fails then for some ¢’ € QM we have
ME“q<%qdandq lkgn¢ A7,

and let r € Q be (M, Q)—generic above ¢'. So if G is a subset of @ generic
over V to which r belongs then ¢/ € G and G N QM is a subset of QM
generic over M to which ¢ belongs. Hence M(G) E“n(G N QM) ¢ A”
and n(G N QM) € “w. By absoluteness also V[G] = n[G N QY] ¢ A and
n[GNQM] € Yw. But as n € M clearly n(GNQM) = 5[G] and as ¢’ € G
also g € G, so we get contradiction to g \FNQ ‘ne A”. B

By clause () clause () is easy: we can find a subset G € V of Q" to
which ¢ belongs which is generic over M. So n[G] € Yw and it belongs to
AasM]z“qH—QgEA”. ) L

Proposition 7.9. Assume Q is correct and satisfies the c.c.c., Xg = 0 +
K94+ [BY + |I7]] + 1€2| and 1, an ord-hc-Q-name, is generic for Q. Then
the following conditions are equivalent for a set X C “w:

(A) X € I?é,g)’

(B) for some p € “2, for every Q-candidate N to which p belongs there is
no n € X which is (Q,n)-generic over N,

(C) for every p € Q for some Q-candidate N such that p € QV, there is
no n € X which is (Q,n)—generic over N satisfying q.

Proof. (A) = (B): So assume (A), i.e. X € I{Q,n- Then for some Borel

set A € I(gy) we have X C A. Let p € “2 code A. Since kg “n ¢ AVIGal»
it follows from 7.8 that
(*) for any Q-candidate N to which p belongs, N =¢ql-q n ¢ AV[Cal”
hence there is no (Q, n)—generic real n over N which belongs to X (or
even just to A). )

(B) = (C): Easy as Q is correct. That is given p € Q, by correctness there
is a Q-candidate M such that p € QM. Also there is a Q—candidate N such
that |M|U{p} € N where p witness clause (B); there is such N as ZFC,
is weakly normal (see 1.17). Now N is as required.
(C) = (A): Assume (C). Let

Z={peQ: for some Borel subset A = A, of “w

we have p I “n ¢ A,” and X C Ap}.

Suppose first that 7 is predense in Q. Clearly it is open, and we can find
a maximal antichain J of Q such that 7 C Z. As Q satisfies the c.c.c.,

necessarily J is countable. So A def N Ay is a Borel subset of W (as J
peJ
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is countable) and it includes X (as each A, does). Moreover, since J is a
maximal antichain of Q (andp € J = peZ = plg‘n¢ A" =
plbg“n ¢ A7) we have I-g“n ¢ A”. Consequently (A) holds. )

Suppose now that Z is not predense in ) and let p* € QQ exemplify it,
i.e. it is incompatible with every member of Z. Let N be a Q—candidate
such that p* € QY as is guaranteeded by clause (C) which we are assuming.
Thus p* € QN and no € X is (Q, g)fgeneric over N. Let ¢ be a member
of Q which is above p* and is (N, Q")-generic (i.e. ¢I-“G¥ N Q"N is generic
over N”). Let A def {n € “w:n is not (Q,n)-generic over N}. Now

(a) A is a Borel subset of “w.

(Why? As N is countable and 7 being generic and hereditarily countable
name, of course without 7 being generic for Q, we get only Y1, but see next
proof.)

(b) X C A.
(Why? By the choice of N according to clause (C).)

(¢) qlhgty ¢ AVICaD.
(Why? By the definition of A.)

(d) geT.

(Why? By (a)+(b)+(c)).
Thus p* < ¢ € T and we get contradiction to the choice of p*. [T

Theorem 7.10. Assume that:

(a) Q, n are as above (see 7.1), and Q is correct,

(b) P is nep-forcing notion with respect to our fixed version ZFC_,
(c) P is I(q,, —preserving, moreovers?,

(e)t if M is a P-candidate and a Q-candidate, p € P, and ¢ € QM, then
there are py € P and n € “Yw such that p <p p1, p1 is (M,P)—generic
and py Ibp “n is (Q,n)-generic both for M and for M(Gp) satisfying
q”.

(d) ZFC,, is a stronger version of set theory including clauses (i)-(v) below

for some® x

(1) (H(x),€) is a (well defined) model of ZFC,,
(i) (a), (b) and (c) and (c)* hold (with B, B, n as individual
constants), )
(iii) Q,P € H(x) and (H(x), €) is a semi P-candidate and a semi Q-
candidate with (BF) interpreted as (BF)N [H(x) and similarly for

32This follows from clause (c) if Q satisfies the c.c.c., by 7.5(4).
33but we can with more care, using several x-s weaken the demands
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Q, so (natural to assume) B, BL € H(x) (remember: “semi”
means omitting the countability demand, see 1.1(7), (8))
(iv) forcing of cardinality < x preserves the properties (i), (ii), (iii),
and x is a strong limit cardinal.
Then:
(a) if, additionally,
(e) ZFC,, is normal (see Definition 1.15(3))
then I is strongly 1(q ) -preserving,
(3) if N is a P-candidate and Q-candidate and moreover it is a model of
ZFC,, and N = “p € P” and n* is (Q,n)-generic over N,
then for some p’ we have:
(i) p<pp andp' €P,
(ii) p’ is (N,P)—generic; i.e. p' IFp “Gp NPV is generic over N7 (see
4.3),
(ili) p' ke “n* is (Q,n)-generic over N[PY N Gp]”.
(a)™ We can strengthen the conclusion of (c) to
‘P is super—I g, -preserving”.

Remark 7.11. 1) We consider, for a nep forcing notion Q
(x)1 Q satisfies the c.c.c.
We also consider

(¥)2 being a predense subset (or just a maximal antichain) of Q is K-
absolute.

By results of the previous section, (x); = (*)2 under reasonable conditions.
You may wonder whether (x)2 = (*)1, but by the examples in Section 10
the answer is not.

2) Note that in (a), (@)™ we can use only weak normality if Q satisfies the
c.c.c., see 7.14. We do not use “P is explicitly nep” so we do not demand it
(though would not mind it).

Before we prove the theorem, let us give an example for a forcing notion
failing the conclusion and see why many times we can simplify assumptions.

Example 7.12. Start with V. Let 5 = (s; : i < wy) be a sequence of
random reals over Vj, i.e. generic sequence for the measure algebra on
“1(W2). Let V1 = Vy[s], Vo = V][], r a Cohen over V; and

V3 =Vs[t] wheret= (t;:i < wq) is a sequence of random reals,
i.e. generic over Vs for the measure algebra “!(“2).

Then in V3 (in fact, already in V3), {s; : ¢ < w1} is a null set, whereas
{t; : 4 < w1} is not null. But ¢ is also generic for the measure algebra over
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Vi. So Vi, = Vi[t] is a generic extension of Vi. We have V3 = V}[r],
where 7 is generic for some forcing notion from VY, | more specifically for

R & (Cohen * measure algebra adding t)/t.

So in VY, the sets ¢ and § are not null and R makes § null, but not .
How can R do that? R uses (¢ : ¢ < wi) in its definition, so it is not
“nice” enough. | VD)

Remark 7.13. 1) In the proof of 7.10, of course, we may assume N <
(H(x),€) if (H(x),€) E ZFC,,, as this normally holds. In (a) the use of
such N does not matter. In () it slightly weakens the conclusion. Now,
(c) is our original aim. But (/) both is needed for (o) and is a step towards
preserving them (as in [25]). So typically N is an elementary submodel of
appropriate H(x).

2)  Below we use 7.5(4) to get (c)™, may consider 7.9 too.

Proof of 7.10  Clause («a): To prove («) we will use (3). So let

X C%w, X € (I(d&y))J“. Then there is a condition ¢* € Q such that

(%)1 for no Borel subset B of “w and ¢ satisfying ¢* < ¢ € Q do we have:
X CBandqlrqg“n ¢ B”.
Let x be large enough. We can find N C (H(x),€) as in (), moreover
N < (H(x), €) amodel of ZFC,, (and so a P-candidate and a Q-candidate)
[it exists because by clause (e) of the assumptions for («), ZFC,, is normal
so for x large enough any countable N < (H(x),€) to which ¢, 8% BF
belong is a model of ZFC_, and is a P—candidate and a Q—candidate, so is
as required].
€.

Towards a contradiction, assume p* € P and p* Fp“X € [ (6 ?7)”' So for

some P-name A we have
p* IFp “A is a Borel subset of Yw, X C Aand A € Ligm), 1e IFqn ¢ A”.

Without loss of generality the name A is hereditarily countable and A, p*, ¢*
belong to N. In V, let

B={ne%w: nisa (QZQ*,Z))fgeneric real over N, which means that
n = n[G] for some G C QY generic over N such that
q* € G}.

Clearly, it is an analytic set (if n was generic real then it is actually Borel;

both holds as the relevant statement follows from ZFC,,). So for some

sequence B = (B; : i < wi) wehave B = |J B;, each B; is Borel (absolutely
1<wi

as long N; is not collapsed). Let ¢ € Q be (N, Q)—generic and ¢* < ¢q. Then
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qlFg“n € B” by the definition of B and hence possibly increasing ¢, for some
i < w; we have ¢ kg “n € B;”. Since ¢* IFg“n ¢ (Yw\B;)” (as ¢lF-“n € B;”),
we may apply (x)1 to the set “w\ B; to conclude that X  “w\ B;. Choose
n* € X N B; (so it is (Q,7n)-generic over N by the choice of B and B). So
by clause () (proved befow), there is a condition p € P, p > p* which is
(N,P)-generic (i.e. it forces that Gp NPV is generic over N, generally not
necessarily Gp N N, but in our case N < (H(x), €) hence they are equal)
and such that

plFp “n* is (Q,n)-generic over N[Gp N PN).

Choose Gp C P generic over V, such that p € Gp. In V[Gp], N[Gp N
PV] is a generic extension of N (for PV!), a Q-candidate (see (d) of the
assumptions), and n* is (Q, n)-generic over N[GzNN] (and over N). As p* <
p € Gp, clearly if Gg C QVIE¥ is generic over V[Gp|, then n[Gol ¢ AlGp
in V[Gp, Ggl, simply by the choice of A. But N[GpNPN] < (H(x)VIC] )
by the choice of N, so N[Gp NPV] satisfies the parallel statement.

Since n* is (Q, n)-generic over N[GpNPY], it cannot belong to A[GpNPY],
all in V[Gp|. But easily A[Gp NPY] = A[Gp| as definitions of Borel sets
and X C A[Gp] by the choice of A as p* € Gp. But n* € X by the choice
of n*, hence, n* € X C A[Gp], a contradiction to the previous paragraph.
This ends the proof of clause (a) of 7.10.

Clause (a)": Similar to the proof of clause (). We start as there so

toward contradiction we assume p* IFp “X € I(dé 7])” but now we choose

functions r*, A*,7Z such that

(*)2 Dom(r*) = Dom(Z) is the set of all hereditarily countable canonical P—
names for elements of Q (so each is a member of Hy, (k(P) + £(Q))),
and3*

Dom(A") = {(p,q) : p € Z(g), ¢ € Dom(r")},
each A*(p,q) is a P-name,

()3 for each ¢ € Dom(r*) = Dom(Z), I(qg) is a predense subset of P above
p* such that for each p € Z(q) we have:

plkp ¢ A*(p,q) is a Borel subset of “w”,

plke  [(Q)lkg “n ¢ A*(p,g) 7,
plkp “ X C A*(p,q) 7,

plkp “ QEg¢<1"(9) "
Those functions exist by the definition of I ?6 e Without loss of generality,
the set X, and the functions r*, A*, 7 belong to N choosen as above. We

341f we change Dom(r*) to be Dom(A*) we can ask also r*(p,q) to be a hereditary

countable name.
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choose also conditions g € Q, p € P and a real n* € X and a generic filter
Gp C P over V in a similar manner as in the proof of clause («). We note
that by ()3

g €Dom(r* ) NN = “I(q) a predense subset of P”
= PNNZ(g)NGp#0,

so we can choose plg] € PV NZ(g) N Gp for ¢ € Dom(Z N N. Since n*
is (@, n)-generic over N[Gp N PV], there is G* € QN [GeriP™] generic over
N[Gp NPY] such that n* = n[G*]. By the choice of the function 7* the set

{r*[gl[Gp] : ¢ € Dom(r*)} is a dense subset of QVICrl hence also N[GpNPV]

satisfies this hence there is ¢ € NN Dom(r*) such that r f [q[GeNPN] €

G*. Now, A = A*(p[g], ¢)|Gp] € N[Gp NP"] is a Borel subset of “w and
N[Gp NPN] E“ri-g n ¢ A7, hence N[Gp NPN][G*] E“9[G*] ¢ A”. But
N[Gp NPV = “X C A7, so (H(x),€)VIC = X C A, hence V = X C A.
Therefore, recalling A C V, we have N[Gp N P|[G*] E=“X C A that is
X \ A=0". But this contradicts n[G*] = n* € X \ A (see the choice of G*
and 1*). )

Clause ((): So N,n*,Q, P, p are given; if below the use of N{(G1)(G3)
seen suspicious, we may without lost of generality assume N is ordinal
transitive, so if G C P * RY is generic over V then N(G) = N[G] and
N|G] is ord-transitive. Let N7 = N[G*] be a generic extension of N by
a subset G* € V of QV generic over N such that 7* = 7[G*], note that
G* € V exist by an assumption and N being countable (see 6.2). As
ZFC,, F “x is strong limit”, clearly the power sets of P and @ belong to
H(x). Now choose (in N) for £ = 1,2 a model M; < (H(x), €)Y such that

LIy (1) Pa@agap € My,
(i) QN € My and PV C M,,
(iii) the family of maximal antichains of P and of Q from N are included
in My,
(iv) My € N, moreover M, € H(x)",
(v) MyuPN(M;y) C Ms.

Hence, by assumption (d), clause (iii)
[ly My is a P-candidate and a (Q-candidate and

N = “My is a semi P-candidate and semi Q-candidate”.

Let Ry = Levy(Rg, |M;|)" ie. {f : a function from some n < w into M, in
N-’s sense} ordered by inclusion; of course we can replace |M;| by ||M;||V;
lastly let R = Rg, M = Mj. In V let Gg C R be generic over N = N(G*)
(note that as Nj is countable, clearly G exists) and let Ny = N;[Gg] =
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N(G*)(Gr) (note that it too is a P-candidate and a Q-candidate), by clause
(iv) of clause (d) of the assumption of 7.10. Note that
L3 77* € N; C Ns.
Note: n* is (Q,n)-generic over M too and G* is a subset of QM generic over
M (by clauses (ii) + (iii) of ;) and QY = QM, PV = PM (note that in N
the model M is countable).
Now we ask the following question:
® Is there p’ € P2 such that
Ny E“p <p p, p'is (M,P)-generic and p' I-p“n* is (Q,7)-generic
over M (Gp NPM)” 77
Depending on the answer, we consider two cases.
Case 1: The answer is “yes”.
Choose p’ as in ® and choose p” € PP, such that p’ <p p” and p” is (N, PV?)~
generic. Then we have
p"lFp ¢ in V[Gp], Gp NPN? is generic over No, {p,p'} € Gp, and
in No(Gp NPN2), n* is (Q, n)-generic over M(Gp N PMy
hence also over N(Gp NPN)”.
[Why does p” force this? As:
(A) “GpNIPN2 is generic over No” holds because p” is (Na, PV2)-generic;
(B) “p,p" € Gp” holds as p < p' <p" € Gp
(C) “in No(GpNPN2) n*is (Q, 1)-generic over M {(GpNPM)” holds because
of clause (A) and the choice of p’ (i.e. the assumption of the case and
as p' € Gp);
(D) “n* is (Q,n)-generic over N(GyNPY)” holds by clause (C) above and
clause (iii) of the choice of M that is [ .]
So, p" IFp“n* is (Q, n)-generic over N[Gp N PN)” ie., p” is as required.
Case 2: The answer is “no”.
Let ¢ (x) be the following statement:
be z is (Q, n)-generic real over M and there is no p’ satisfying:
peEP, P ED <P, pis (M,PM)-generic and p’ IFp“z is a (Q,n)-
generic real over M (Gp NPM)”.

So 1 is a first order formula in set theory, all parameters are in N C N; =
N(G*) C Ny = N(G*)(GRg,), and by the assumption of the case

N(G")(Gry) = D]

As Gr C R is generic over N; = N(G*) for R, necessarily (by the forcing
theorem), for some r = ry € Gg we have

NG™) 7 )
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Since R is homogeneous we may assume that r = (). So necessarily, for some
g€ G C QY =QM we have

N = (qlkg [rFr ©(n[Gg))])-
Now R =Ry € N (by its definition, as M € N) so

5 N | ((g.7) IFaxr ¥ (1Gal))-

For the rest of the proof we can forget n*, and derive, eventually, a contra-
diction thus finishing. Next, we deal with Ry, let Gg, C R:"™ be generic
over N hence over Ms. For a time everything said on NN holds for M as
well, so N(Gg,) is a generic extension by a “small” forcing of N which is
a model of ZFC_,, so N(GR,) satisfies (i), (ii) and (iii) of the clause (d)
of the assumptions. Note that N =“M; is a semi Q-candidate and a semi
P-candidate”, see clause (d)(iii) of the assumptions and the choice of M,
so also N(GR,) satisfies this. Moreover, N(Gg,) =“ M; is countable”, so
N(Gr,) E=“M; is a Q-candidate and a P—candidate”. Hence by assumption
(d)(ii), that is in (c¢)™ there are p*,n®, G% € N(GR,) such that:

Clg N(Gg,) E“ p'€P, p<ppi, p'is (My,PM) generic and
ptIFp [0® is a (Q,n)-real over M;[Gp NPM]
and over M satisfying ¢]
more explicitly, p; IFp “n® = y(G%)”, where
Gg C QM is a generic set over M; such that
q € G%”.

[Why such p', n®, G exist? As N(Gg,) satisfies the assumption (c)¥,
(apply clause (iv) of the assumption (d) to R;).]

As said above, wlog in [Jg we can replace N by My and in particular
pl,n@’,G% belong to M. Let pl,g®,G8 € N, moreover € M, be Ri—
names such that 1%(Gg,) = 7%, G = G§(Gr,) and p'(Gg,) = p', and
some r; € Gg, forces all this. Now, without loss of generality, r = (g
(again by homogenity of R) so in N we have

[l rilbr, “ 0% is a #(Q,n)-generic real over M satisfying ¢ and p! € P
“and p! forces (IFp) that )
n® is also (Q, n)-generic over My (Gp NPM1) satisfying ¢,
and GS is a subset of QM1 generic over M1, 17® = n[Gg]”.

Let G, C Rg be a generic over N (GRg,), to which 2 belongs, N[Gg, |Gy, ]
is a forcing extension of N[Gg,|. So both are generic extensions of N by a
small forcing and Gg, x Gy, is generic for Ry x Ry over N.

Now G% is essentially a complete embedding of Q[ (> ¢) in N into Ry

(by basic forcing theory, see the footnote to 1.15(1)(d)); and we can use the
value for 0 of the function |J{f : f € Gg, } to choose ¢, ¢ < ¢’ € QV = QM2
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recalling 1 = (). Hence, in N, possibly increasing ¢, for some Q-name
R* = R} we have (Q[(> q)) * R* is Ry, more exactly Ry [{r : r is above
some member of Z} for some non empty subset Z of R;. So Gg, = G% * Gs

for some Gr+~ € N(Gg,), where R* = R*[G%], R* a QV-name. So we
can represent N(Gg,)(Gf,) also as N? 3 N(G%MG]’M)(GRI); i.e., forcing
first with QV (> ¢), then with Ry, lastly with R*(G%). Now let N? <
N (Gg )(G,), so N? is a generic extension of N and N* is a generic extension
of N? (both by “small” forcing), and in N3 we have p' and n® = g(G%’)
and Gg. But GS x G, is a generic subset of (QN] > q) x Ry over N, so
essentially a generic (over N) subset of QY x Ry to which (g,72) belongs,
hence (by [5 above) N? = ¢(g(G8>). Therefore by the choice of ¢ above
(see Ei) we have
X, there is no p’ € N2 such that®°:
(M) N2 = [p e Pis (M,PM)-generic, p < p’ and p IFp“n® is (Q,n)-
generic over M (Gp NPM)"].
Recall that p’, G%, 17®, R* belong to M>. Now in N(GS}, the forcing notion
R*(G%) has cardinality at most ||M]||".
So N(GS> = “the cardinality ofP(R*(G(%)) is < 2IMill see [ (iii) hence
if we force with Ra, we can find a generic for R*(G%’>”.
Hence there is G’ € N(G(%}(GR2> = N? such that N? |= “G’ is generic
of B*(G%) over N <G8>, i.e., it is a directed and meet all relevant dense

subsets”.
So in N2, G% is a generic subset of Q™2 over My, to which ¢ belongs and

G’ is a generic subset of ]R*(G%’> over My [Gg], hence Gr, = G%’ * G* is a
generic subset of Ry over Ms, and so M5 def Ms[GR,] € N? satisfies

e M5 is countable and a P-candidate and a QQ-candidate and a generic
extension of M for R;.

Cl; e Gg € M; is a subset of QM2 generic over Mo,
q € Gg,
n%(Gg,) = g(G%% call it 7/,
°p] = p1<GR1) belong to PMz and is (M, PM)-generic,
e My = [pi IF “n" is (Q,n)-generic over M;(Gp NPMiy7],
[Why? See [g.]
Now in N2, by [, M2(Gg,) is countable and a P-candidate (see the
assumptions) so there is p} which is (M (G, ), PM2(G21)) _generic and p* <p

-
350f course, we can use a weaker demand on Gg.
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p5. Now p3 contradicts [lg, that is GS x Gr, € @ x Ry is generic over N
and (q,72) belongs to it, but by 7 above N(G(%))(G]%Q) = [n®] where
n® = 77~®<G%)> hence p; can serve as the “no p'” in the definition of ¥(x) ,
see Dfp. So we are done. 710

Proposition 7.14. Assume (a),(b),(c) and (d) of 7.10 and
(e) ZFC,, is weakly normal,
(f) Q is c.c.c. and simple (for simplicity) and correct,
(g) Ro = 0% F &%+ [|BY] + |a.(¢)],
(h) 7 € “w is a generic for Q.
Then P is super I(q ) —preserving.

Proof. First note by 7.4(7) that I @mn =1 ?6717)' Now, if the conclusion fails

in 'V as witnessed by a set X, then, by 7.9, the statements (A), (B), (C) of

7.9 fail in V. Hence, by =(A), X € (I 77))jL and by —(C) there are p € P

and a hereditarily countable canonical P-name y such that

plFp © y € Hex, (Q) and for no Q-candidate M to which y, p belong
there is v € X which is (Q, n)-generic over N[Gp|”.

As ZFC,, is weakly normal we can find a model N of ZFC,, which is a
P-candidate and a Q-candidate and to which y and p belong. Let n* €
X C%w (in V) be (Q,n)-generic over N (exists by the negation of (B) of
7.9). By (f) of 7.10 there is ¢ € P such that p < ¢, ¢ is (N, P)-generic and

ok

qFp“n* is (Q, n)-generic over N[Gp]”, a contradiction. Wy

Conclusion 7.15. Assume (a), (b), (¢) of 7.10. Let P,Q be normal K-

good for K = {R : R a forcing notion of cardinality < J,..\(k*)} where

k' = 0% + 00+ ||BF|| + ||BY| + |ax(€)| for n(*) large enough (3 suffices)

and

(¢)* if x is large enough and M < (H(x), €) is countable and P,Q,n € M
and p € PONM, g € QN M then there are py,n such that p, € P is
(M, P)—generic, n is (Q,n)—generic over M satisfying q and py IF“n
is (Q,n)-generic over MI[Gp)| satisfying q”.

Then

(o) P is super I(Q@) —preserving,

(B) for x large enough, if N < (H(x),€) is countable (and €, %Q,‘BPJJ €
N) and N |=“p € P” and n* is (Q,n)-generic over N then for some q
we have

(i) p<q, qeP,
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(i) q is (N,P)-generic; i.e., qFp “Gp NPV is generic over N7,
(ili) qlFp “n* is (Q,n)-generic over N[PN N Gp)”.

Proof. Let x; be a large enough strong limit, and xo = Ju(x1), X3 =
Ju(x2), and repeat the proof of 7.10 (that is of clause (o)) using N <
(H(x3), €) to which €, B B and P, Q, 0, x1, x2 belong. m

Observation 7.16. Assume Q is strong c.c.c.-nep. and n generic for Q.
Then in 7.10 we can omit assumption (c)* as it follows.

Proof. Let M, p,q be given. Choose p; € P which is (M, P)—generic and is
above p, and let G C P be generic over V such that p; € G. In V|G|, M(G)
is a P-candidate, hence by 7.5(4) the Borel set By = {v € Yw: v is (Q,n)-
generic over M (Gp NPM)} satisfies “w \ By € I(g,). Let ¢, ¢ < ¢ € Qv
be (M, Q)-generic in V, the Borel set By = {v € Yw : v is (Q,n)-generic

+
(Qn

notion P is I(g,)—preserving, so BY ¢ 1@y ™ Vi As Yw\ By € Igy

over M and is above ¢'} belongs to I - But as (by clause (c)) the forcing

necessarily BY N By # (), and choose n* € BY N By, lastly, some p} € Gp
which is above p; (hence p) forces this so we are done. W

We can conclude (phrased for simplicity for strong-c.c.c. nep).

Conclusion 7.17. Assume that

(a) Q is strong c.c.c. explicitly nep (see Definition 6.12) and simple and
correct,
(b) n e “Yw generic for Q, a hereditarily countable Q-name.

If Py is nep, I,y —preserving and I-p, ‘P1 is nep, I, -preserving”, then
Po * Py is (nep and) I(q,,)—preserving. ]

The reader may ask: what about w-limits (etc.)? We shall address these
problems in the continuation [21] and [22].

The point is to combine the results here with, e.g., the proof say in [25,
XVIII, §3]. The following example is characteristic for many cases, and is
central in itself

Conclusion 7.18. Assume Q = (Pi, Q; i < ) is a nep-CS-iteration, and
forcing with Q; does not make “2 null (forcing over V¥ but normally this

is absolute). Then forcing with P, = Lim(Q) preserve non—nullity of any
X C¥2 (from V).
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Proof. See [15]. 718

8. Non-symmetry

The following Hypothesis 8.1 will be assumed in this and the next section.
Sometimes (including the main Theorems 9.11-9.15) we assume snep (i.e.,

8.2).

The F'S iteration we use is from the end of Section 6.

Hypothesis 8.1. Q is correct c.c.c. simple, strongly c.c.c. nep, 7 is a heredi-
tarily countable name of a generic real for Q, so (Q,7) € K (see Definition
6.2; by 6.5 the assumption that 7 is generic real for Q is not a great loss)

and ZFC, and ZFC™ (and the properties above) are preserved by a forcing
of cardinality < x*, |QN0 < x*, for all the Q-candidates we shall consider,
e.g., x* is an individual constant.

Hypothesis 8.2. Like 8.1 with snep.

Definition 8.3. Let Q,7 be as in 8.1 and let « be an ordinal.

1.

w

Let Qo be P,, where (Pi,@j ci < a,j < a)is a FS iteration and
Q,=QVPl.

. We let y[a] be (n; 1 i < «), where n; is 7 “copied to Q.” (see 8.4(1)

below).

. (Q<a>,g(a>) is defined similarly as a F'S product.
. For a finite set © C o with n < w elements we define the function

F = F(S " from Q" into Q'® by induction on n naturally.

. The FS iteration Q = (P;, @j,yj 11 < a,j < i) of nep means (@j,gj) €

K.

Proposition 8.4. 1. In Definition 8.3(4), for finite u C o, F = F(S“

RN ol A

is a complete (<—) embedding, as “p < q”, “p,q compatible”, “p,q

incompatible”, “p, : n < w) is predense set above q” are upward

absolute from Q-candidates (holds as Q is strongly c.c.c. by 8.1). So

Na 18 F(S’{a}(g) if @ € u.

QY satisfies the c.c.c.

The same holds for Q(®.

(Q[a],g[a}) for a < wy are as in 8.1, too.

If “n is generic for Q” is absolute, then 17[0‘] is generic for Qe (and
(

n

@)

is generic for Q).
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6. Similarly for non constant sequence of such (definitions) of forcings
(so we have F(g’u)

Proof. For example:

3) It is enough to prove it for finite o, and this we prove by induction on
a for a« = n + 1. For the c.c.c. use “incompatibility is upward absolute” for
forcing by Q"™ so we can use the last phrase in 8.1.

4) The main point here is the strong c.c.c.-nep, so let N be a Q-candidate
(and « + 1 C N) and

N | “Z C Q* is predense 7.

Let Gl C Q@ be generic over V and for 8 < a, GIPl = Gl 0 QIF). Show
by induction on 3 that GI® N (QP)N is a generic subset of (Q)N over
N <G[m>. This is clearly enough. [

Definition 8.5. 1. We say that @ is [n]-symmetric whenever:
if (nf : £ < n) is generic for QI = (P, Q,yme : £ < m) and 7 is a
permutation of {0,... ,n — 1},
then (Nr(e) : £ < n) is generic for (Pr,Q,,ne: £ < n).

2. It (Q, ), (Q',7n") are as in 8.1, we say that they commute whenever:
if ' is (Q',n')—generic over V and " is (Q", n")-generic over V[r'],
then ' is (Q',n')-generic over V[r]. )

(Note that 7 is (Q”,n")-generic over V is always true by 6.6.)

3. For (Q,7), (Q",n") we say that they weakly commute if (Q'](>
7). n'), (Q" (= ¢"),n") commute for some ¢ € Q' and ¢" € Q”.

4. Similarly for a set or sequence of such pairs.

Proposition 8.6. 1. “Commute” is a commutative relation.

2. For n > 2 we have:
Q is [n]-symmetric  iff
Q,Q" 1 commute and Q is [n — 1]-symmetric  iff
Q is [2]-symmetric.

3. If P,QM commute, m < n, then P,Q" commute. Similarly, if P,Q
commute and Q' < Q, then P, Q' commute.

4. In part 3) we can replace [—] by (—).

5. If (Q, 7)), (Q",n") weakly commute and Q', Q" are strongly homoge-
neous, then they commute.

6. (Qi,n:) i < i*) commute iff for every i < j < i* the pair (Q;,m;),
(Qj,m;) commutes.

7. Similarly for a sequence (Qg : £ <n), ((Qe,ne) : £ < w).



PROPERNESS WITHOUT ELEMENTARICITY 267

Proof. 1) Let (Q,7'), (Q",n") be as in 8.1. Then “(Q',7'), (Q",1") com-
mute” says Q' * Q" = Q" x Q', which is symmetric.
2) For the second “iff”, use “the permutations m; = (¢,£+ 1) for £ < n

generate the group of permutations of {0,... ,n —1}".
3)-7) Left to the reader. [
Proposition 8.7. 1. If Q¥ and Cohen do not commute, then for some

n < w, Q" and Cohen do not commute.
(The inverse holds by 8.6(3), second phrase.)

2. If Q) and Cohen do not commute, then for some n < w, Q™ and
Cohen do not commute.

Proof. 1) Since Cohen and Q! do not commute, there is a Q“-name
7 of a dense open subset of Cohen (i.e. of (“72,<)) such that for some
condition (p,q) € Cohen * @[”] we have

(p, @) = “ n°°"" has no initial segment in Z ”.
Without loss of generality (possibly increasing p) for some n* < w we have
P IFcohen Dom(Q) - {0, R ,n* — 1} ”,

Let Z’ be the Q" l—name for the following set:
{n €“>2: for some p' € Q) p'In* € Ggimne and o IFq “n € 27}
It should be clear that g+ “Z" is a dense open subset of (“~2,<)”. We

interprate Z also as a (Cohen *@[n})fname naturally. Now we ask the fol-
lowing question.

Does (p, g) H_Cohen*Q[n*] « ﬁCohen Fn §é Z/ foreach n < w ”?

If yes, we have gotten the desired conclusion (i.e. Cohen and @W} do not

commute). If not, for some (p’, ¢') such that (p,q) < (p',¢’) € Cohen * (N@["*]
and for some n < w and v € "w we have:

(p/,g/) H_Cohen*(@["*] « Z]Cohen rn —ve -Z/ "

So (by the definition of Z) for some (p”,q") € Cohen * Q" above (' q)
for some 7 € (Q¥HV we have (0", ¢") 40,7 In") € Gegpensginn” and
7 kg “v € Z7. So wlog p” I- QW = [rn* < q"]. Then (p”,¢" Ur[[n* w))
forces (in Cohen x* @M) that n“°"" [n = v € Z, a contradiction.

2)  Similar to part (1), just easier (replacing Q™ Q! by Q™ Q) and q

by q).
g 7
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Proposition 8.8. 1. If Q" and Cohen do not commute (Q as before),

then Q and Cohen do not commute in vaer for some m < n (we get
“do not commute in V" if both “absolutely”).
2. The following conditions (for nep forcing notion Q as in 7.10) are
equivalent:
(i) Q commutes with Cohen,
(ii) IFg ““2)V is not meagre”,
(iii) (VA)[V = “A C¥2 non-meagre” = Ikg “A is non-meagre”]
(all three clauses are interprated “absolutely”, i.e., not only in the
present universe but in its generic extensions too, for all set forcing or
jgust for large enough K ).
3. In part (2) we can replace Cohen by others to which 7.10 applies and
are homogeneous (see 7.5).

Proof. 1) Assume toward contradiction that Q@ and Cohen commute when
forcing over V@™ for every m < n (i.e., the conclusion fails). Let n €
W9 be a Cohen real over V. Let Gy, C QVI[Go-Ge—1ml pe generic over
V[Gy,... ,Gy_1,n] for £ < n, and let n, = n[G¢]. We now prove by induction
on ¢, that n is a Cohen real over V|G, .. -, Gy—1]. The induction step is by
the assumption “Q and Cohen commute in V@™ The net result is that
n is a Cohen real over V[no,... ,n,—1], contradicting the assumption.

2) The second clause implies the third by 7.10. The third clause implies
the second trivially.

Let us argue that the implication () = (i¢) holds.

Add X; Cohen reals {n; : ¢ < wi} and then force by Q, i.e., let Gg C
QVlti<wn)] be generic over V[(n; : i < wy)], and n = ng[Gg]. Then (i)
implies that for every j < w; we have: n; is Cohen over V[(m D < wi, i #
7),m]. Hence in V[(n; 1 i < wi),n] = V[(n; : i < w1)][Ggl, the set {n; : i <
w1} is not meagre and consequently (ii) holds.

Lastly, assume (ii) and let v € “||Q|| be generic for Levy(Ro, ||Q|]). Let n
be (Q, n)-generic real over V[v]. By (ii), we can find in V[v] a real p € “2
which is in no meagre Borel set from V5] (note that there are countably
many such meagre sets from the point of view of V[v]). Now we easily
finish.

3) Same proof. [

9. Poor Cohen commutes only with himself

Definition 9.1. 1. We say a (J-name z of a subset of some countable
a* € V is [somewhere] essentially Cohen if Bs(Q,z) is [somewhere]
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essentially countable; i.e., [above some p| has countable density; on
B3(Q, z) see 6.5.
2. We say (Q,n) € K™ (a non-Cohen pair) if:
(a) (Q,n) is as in 8.2,
(b) (Q,n) (see Definition 6.5) is nowhere essentially Cohen (i.e. above
every condition).

Hypothesis 9.2. In addition to Hypothesis 8.2 x is regular large enough
cardinal, and (Q,7n) € K™ will be fixed as in 9.1, and ZFC,  is normal (see
Definition 1.15).

Definition 9.3. 1. D = Dy, (H(x)) is the filter of clubs on [H(y)]=™o.
2. Co ={a:a < (H(x),€) is countable, and (Q,n) € a (i.e. their defini-
tions) so a, i.e., (a, €) is a Q—candidate}.

Definition 9.4. We say that ¢ € QQ is influential on a € Cy if:

(®)q,q the set {p € aNQ: p, ¢ are incompatible in Q} is dense in the (quasi)
order Q[a.

Proposition 9.5. 1. For every a € Cy there is ¢ € Q which is influential
on a.
2. Moreover, for every p € Q and a € Cy there is q influential on a such
that p < qq.

Proof. 1) Follows by 2).

2) Let p,a be given. Clearly Gg Na is a Q-name of a countable subset of
an old set Q N a, so it can be considered as a real. We restrict ourselves to
be above our fix p € Q. Note that

(¥)1 Gg Na is not somewhere essentially Cohen.

[Why? Toward contradiction assume that this fail, say above ¢, ¢ > p.
From Gg Na we can compute n (as 7 € a, i.e., the relevant (countably
many, countable) maximal antichains belong to @), so 7 can be considered
a Bs[Q,Gg N al-name. But “any (name of) a real in an essentially Cohen
forcing notion is essentially Cohen itself”, so 7 is essentially Cohen ()—name,
contradicting Hypothesis 9.2.] )

Consequently, p IFg“Gg N a is not a generic subset of Q[a (over V).
Thus there are ¢ and Z such that:

(i) p<qeq,

(i) Z € QNa is a dense open subset of Q[a,

(ili) ¢lFg“Gg is disjoint to Z7.
But this means that
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()2 ¢ is incompatible with every r € 7.

[Why? Otherwise q I “r ¢ Gq” ]

So {r € anQ : q,r incompatible (in Q)} is a subset of Q N a including 7
hence it is dense in Q [a. [

Choice 9.6. We choose p = (p, : a € Cp) such that p, € Q is influential on
a (possible by 9.5).

Definition 9.7. 1. For R C Q let A[R] = {a €Cy : p, € R}.

def
2. Dy =Dg; 2 {RCQ: A[R] € D}.

The family of Dp—positive sets will be denoted Dg (so for aset S C Q,

we have S € Dy iff RN S # 0 for each R € Dy).

3. For RC Q and q € Q let R[q] def {p € R : p,q are incompatible in Q}

(so R[q] is in a sense the orthogonal complement of ¢ inside R).

Fact 9.8. 1. Dj is an Ny—complete filter on Q.
2. For R C Q we have R € Dy < A[R] € DY.

Proof. Immediate as a € Cy = p, ¢ a and for some C; € D, C; C Cy and
(pa : a € C1) is without repetitions. ]

Proposition 9.9. If R € D;{ then the set

R® ¥ (g€ Q: Rlg eD}}

is dense in Q.

Proof. Assume not, so for some ¢* € ( we have
(%)1 there is no ¢ € Q such that ¢* <q € Q & R]g| € Dg.
Thus
¢"<qeQ = RlgJ=0modD; = A[R[g]] =0 mod D
= for some club C, C Cy of [H(x)]=™0 we have (Va € C;)(q € a)
and (Va € Cy)[pa ¢ R[q], i.e., pa,q are compatible].
Let C* ={a€Cy:¢" €aand (Vq)[¢ <qg€eanNQ = a €y} Aseach
C, is a club of [H(x)]=™ clearly C* (as a diagonal intersection) is a club
of [H(x)]=™, ie., C* € D. Since R € D by 9.8 we have A[R] € DT, so
together with the previous sentence we know that there is a* € A[R] N C*.
By the choice of p (see 9.6, and Definition 9.4) as ¢* € a*NQ (see the choice
of C*) for some g we have:

¢"<gea* and pg,q are incompatible.
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Now this contradicts “a* € C,”. My 9

Definition 9.10. Assume y; = (2X)* (so H(x) € H(x1)) and N is a
countable elementary submodel of (H(x1), €) to which {x,Q, p} belong (so
Dy € N).

1. We let Coheny = Coheny,g be (D, D) N (so this is a countable

atomless forcing notion and hence eg{fivalent to Cohen forcing).
2. If Gy € Gen(N, D&ﬁ) e {G : G C Coheny is generic over N for the
partial order ((D&ﬁ, D) N)} (possibly in a universe V’ extending V),
then let py[G] be the sequence (i.e., in “w or just member of “6(Q))

such that for each £ < w and v
(eN[GND)(O) =7 < (AR e G)(Vp € R)[p(f) =1].

Proposition 9.11. Assume (9.2 and, additionally), Q is Souslin c.c.c.
(i.e., the incompatibility relation is $1)36. If x1,N and G € Gen(N, ’D(Eg)
are as in 9.10 (so G is possibly in some generic extension Vi of V but
Coheny is from V), then

(a) pn[G] is an w-sequence (i.e. for each £ there is one and only one ),
(b) pn[G] € Q,
(c) pN[G] is influential on N (which belongs to Co).

w

Proof. For every p € Q there is v, € “w which witnesses p € Q, i.e.,

pxuy € lim(TéQ). So choose such a function p — v,. Now in V, for n < w
the function p, — (pa [n, v, [ 1) is a mapping from {p, : a € Co} € Dy with
countable range. Since Dj is Ni—complete

()1 in V,if R e D; and n < w then for some R’ C R and (™, ") we have
R'eDy and (Yp€ R)[(pIn,vpln) = (", v")].

This is inherited by N, so wlog the function p — v, belongs to N, hence
pn|[G] satisfies clauses (a), (b) (in fact

v[G] = U{u* : for some n < w and R € G we have (Vp € R)[vp [n=v"]}
is a witness for py[G] € Q). Also for each ¢ € QN N the set

Ty = {R € Dg‘ . for some ¢’ € Q stronger than g we have:
(Vp € R)[p, ¢ are incompatible (in Q)]}

36If we have more absolutness, we can omit this.
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is a dense subset of (DF, D) (remember p, is influential on a; use normality
of the filter D). Clearly J, belongs to N, so by the demand on G we know
that G N J; # 0. Choose Ry € GN J, and let ¢ € QN N witness it, so

R, eDf NN and (Vp € Ry)[p,q are incompatible].

Now “incompatible in Q” is a £1-relation (belonging to N) hence as above,
PN [G], ¢’ are incompatible. As ¢ was any member of QN N we have finished
proving clause (c). My 11

Proposition 9.12. Assume 9.2 and let Q be Souslin c.c.c. Then Q! (see
8.3) and Cohen do not commute.

Proof. Assume that Q) and Cohen do commute. Let x be large enough,
N < (H(x), €) be countable such that (Q,7) € N (as in 9.10 and we whall
use freely 9.6, 9.7, 9.10). Now we can interpret a Cohen real v (over V) as a
subset of D;{ NN called g,. Thus it is Coheny g—generic over V so py [gv] is

well defined, and it belongs to QY (by 9.11). Moreover, in V[v] we have:
{q € QY :qand pn(gn) are incompatible in Q } is dense in QY.

Let (1 : £ < w) be generic for (Q“), nl“!) over V and let v be Cohen generic
over V[(n, : £ < w)]. For each ¢, clearly 7, is (Q,n) generic also over V,
so let 7, = n[Gy], where Gy C Q is the unique such generic set over V.
Clearly G,N N is a subset of QV generic over V (by “Q is strongly c.c.c.”).
So (G¢ N N, gy) is a subset of Q¥ x (Dj NN, D) generic over N. By 9.11,
for any ¢ € QY and R € (Dg N N), for some R' C R and ¢’ we have
R € (D;,‘ NN), N E“g<q € Q" and

N | (Va € R')(pa,q" are incompatible).

So look at the set

i~ {(¢,R) € Q" x (DF NN) : (Va € R)(pa,q are incompatible)}.
By the previous sentence, this is a dense subset of QY x (D]E+ NN, D). Hence
there is (¢, R) € (G¢ N N) x g, which belongs to it. Hence, as in 9.11, for
each ¢, pn[g,] is incompatible with some ¢ € Gy.

By the assumption that the forcing notions commute we know that (n, :
¢ < w) is generic for (@[“’],g[“’]) over V[v]. Necessarily (by FS + genericity)
for some ¢ we have F(g’{g} (pnlgn]) € Gol(ne : £ < w)]; a contradiction to the
previous paragraph.

My 12
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Conclusion 9.13. Assume 9.2 and let Q be Souslin c.c.c. Then (Q,n) does
not commute with Cohen but possibly only in some generic extensions of V

(by Q™) (even above any q € Q).

Proof. If we restrict ourselves above qg € QQ, the Hypothesis 9.2 still holds
so we can ignore this. By 9.12 we have (Q“),7[“]) does not commute with

Cohen. So by 8.7 we have that, for some n, (@[”],17["}) does not commute
with Cohen and by 8.8 we finish. Ny 3

Proposition 9.14. If Q is Souslin c.c.c., (Q,n) € K¢, then Q satisfies
9.2 for suitable ZFC, .

Proof. Let p € “2 be the real parameter in the definition of Q. Let ZFC,
say:
(a) ZC (i.e. the axioms of Zermelo satisfied by (H(Jy), €)),
(b) Q (defined from p which is an individual constant) satisfies the c.c.c.,
(c) for each n < w, generic extensions for forcing notions of cardinality
< 3, preserve (b) (and, of course (a)).

The “strong” comes for “being a maximal antichain is absolute from Q-
candidates”. Now the desired properties are easy. My 4

Conclusion 9.15. If Q is a Souslin c.c.c. forcing notion which is not “w-
bounding (say Ik “ there is an unbounded ne “Yw 7). but adds an essentially
non-Cohen real, then Q does not commute with itself.

Proof. By 6.5(2)(9), wlog 7 is the generic of Q and Q is as in 9.5 if Q is.
By [24], Q adds a Cohen ~real; now by the assumptions, for some Q—name

n, (Q,n) € K. By 9.13 we know that Q and Cohen do not commute, so

by 8.6(3) we are done. N5

Conclusion 9.16. If Q is a Souslin c.c.c. forcing notion adding a non-
Cohen real, then the forcing by Q makes the old reals meagre.

10. Some absolute c.c.c. nicely defined forcing notions are not
nice enough

We may wonder can we replace the assumption “Q is Souslin c.c.c.” by
the weaker one in §8 and in [24]. We review limitations and then see how
much we can weaken it.
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Proposition 10.1. Assume that n* € Y2 and Xy = N%W]. Then there is a
definition of a forcing notion Q (i.e. ¢) such that
(a) the definition is X1 (with parameter n*), so p € Q, p <% q, “p,q
incompatible”, “{p, : n < w} C a is a mazimal antichain of Q” are
preserved by forcing extensions,
(b) Q is c.c.c. (even in a forcing extension; even o—centered),
(c) there is hc-Q-name n of a generic for Q,
(d) n is everywhere not essentially Cohen (preserved by extensions not
collapsing Ny ), in fact has cardinality Ny,
(e) Q@ commutes with Cohen.

Proof. For notational simplicity we ignore n*.

A condition p in Q is a quadruple (E,, X, up,w,) consisting of:
a 2-place relation E, on w, a subset X, of w, a finite subset u, of X, and
a finite subset w, of w such that:

N, & (w, Ep) is a model of ZC™ +V =L (let < be the

canonical ordering of N,, we do not require well foundedness)
such that:

(Np, Xp) E “ (a) every z € X, is an infinite subset of w,
(B) if  # y are from X, then x Ny is finite,
(7) if x € X, then there is no y satisfying

y<Ma & (Vz € Xp)(= <P r=any finite) &
(y an infinite subset of w) &
A Vzrzm € X)) (AN 2 <t 2= (3*m<w)(mé¢yu U 2)).
n<w (=1 (=1
The order is defined by:
p < ¢ if and only if (p,q € Q and) one of the following occurs:

(A) p=gq,

(B) there are Y Cw and a € Ny and f € Y, such that:
i) zreY &N, E“yea”] = yev,

(i) [Ny Etk(z) =y” &yeY] = =ze€V,

(iii) Np E9k(z)=y" & zeY = yev,

(iv) the set {z : N, =“2 an ordinal”, ¢ Y} has no first element by
E,, ie., if Ny = “y is an ordinal ,y ¢ Y”, then for some z € w\Y
we have N, = “o <y, x is an ordinal”.

(v) Ny =“a is a transitive set”,

vi) f is an isomorphism from N, [Y onto N, [{b: N, = b € a},

(vii) f maps X, NY onto X, N Rang(f),

(viii) f maps u, NY into u, N Rang(f),

(ix) wp € wg,
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(x) if n € wy\wp and = € uqy \ f"(up), then N, =“the n-th natural
number does not belong to z”.

The reader can now check (note that w = (J{w? : p € G} is forced to be an

infinite subset of w almost disjoint to every A € A, A a reasonably defined

MAD family in L); see more details in the proof of 10.4. W1

Remark 10.2. Is Q nep? Not; let N be a Q-candidate, A € A\ N, and
let w* C w be such that for some G C QN generic over N, w* = w[G], and
w* N A = (. Clearly there is no ¢ which is which is (N(G), Q)—generic. Is
there such G’? If N € L[*] and G C Q¥ is generic over N, they will do.

The following show that we cannot improve too much the results of [22]
(compare with the conclusion in the end of Section 7).

Proposition 10.3. Assume V =L. There is Q = Qo * Q, such that:

(a) Qo is as nep c.c.c. not adding a dominating real,

(b) IFqq “Q, is as nice as in 10.1, in particular, c.c.c. not adding a domi-
nating real”,

(¢) Q adds a dominating real,

(d) in fact, Qo is the Cohen forcing (so in any V1 it is c.c.c. and strongly
c.c.c., correct, very simple nep (and snep), and it is really absolute,
i.e., it is the same in V1 and V, and its definition uses no parameters),

(e) moreover, Q1 = Qu s defined in L, really absolute, and in any Vi it
is c.c.c. (and even snep). In Vi, Q1 adds a dominating real iff (“w)¥
1s a dominating family in V1.

Proof. Let @y be Cohen. We shall define (97 in a similar manner as Q in
the proof of 10.1.

A condition in Q, is a triple (£, up, wp) such that Ej, is a 2-place relation
on w, up is a finite subset of w and wy, is a finite functlon from a subset of

w to w and:

N, def (w, Ep) is a model of ZFC™ +V =L (let <™ be the

canonical ordering of N,, we do not require well founded-
ness); so in formulas we use €.

[What is the intended meaning of a condition p? Let
M, = N, [{z : (Tc(z)Nr, E, | Tc(x)r) is well founded},

where Tc(x) is the transitive closure of . Let M), be the Mostowski collapse
of M, and hy, : M, — Mz,> be the isomorphism. Now, p gives us information
on the function w = (J{w, : p € G} from w to w, it says: w extends the
function w, and if x € M, Nwu, is a function from w to w then for every
natural number satisfying n ¢ Dom(w,) we have z(n) < w(n). Note that
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hp(z) is a function from w to w iff M, =* z is a function from w to w ” iff
N, [=“ x is a function from w to w "]

The order is defined by: p < ¢ if and only if one of the following
occurs:

(A) p=gq,

(B) there are Y Cw and a € Ny and f € Y, such that
(i) zeY& N, EFyezx] = yev,

(i) [Ny E“vk(z) =y" &yeY] = zev,

(iii) [Ny Etk(z) =y &z €Y] = yev,

(iv) the set {z : N) = “x an ordinal”, z ¢ Y} has no first element (by

EP)?
(v) Ng [=“a is a transitive set”,

(vi) f is an isomorphism from N, [Y onto N, [{b: N, = b € a},

(vii) f maps u, NY into uy N Rang(f),

(vill) wp C wy,

(ix) if n € Dom(w?)\Dom(w?) and = € u,, N, =“z is a function from
the natural numbers to the natural numbers” and z* = f(z), so
in particular € Dom(f) =Y, then N, |=“if y is the n-th natural
number then wi(y) > z(y)”.

Clearly Q is equivalent to Q' = (the Hechler forcing)¥, just let us define,

for p € Q1, g(p) = (wP, FP) where FP = {hy(z) : x € wP? C M,}. Now, g is

onto Q' and

QUEr<e = QlFgp <9l =
=(3p")(p <9 p' & P, q are incompatible in Q).

The rest is left to the reader. M3

Proposition 10.4. 1. Assume that:
(a) @ = (vo(z),v1(z,y)) defines, in any model of ZFC,, a forcing
notion Qg with parameters from Ly, , but we may write v <, y
instead of p1(x,y) (or, say, x <, y in N),
(b) for every B < wy such that Lg = ZFC,, for every x,y € Lg we
have:

L L. . L . L
[$€Q¢B & r€Qz"'] and [x<ym@¢5 & z<yinQz"],

(c) for unboundedly many o < wy we have Ly, = ZFC,,

(d) any two compatible members of Qg”l have a lub,

(e) like (b) for compatibility and for existence of lub.

Then there is a £ forcing notion Q equivalent to QI‘;” ; the relations

have just the real parameters of ¢ and are actually Borel.
2. We can use a real parameter p and replace L, by Ly [p].
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Proof. It is similar to the proof of 10.1. Let @Q be the set of quadruples
p = (Ep,np, 0p, Gp) such that:

(o) Ep is a two-place relation on w,
def

(B) Np = (w, Ep) is a model of ZFC, +V =L,
(v) for some n = n, we have
ap = (apg: b <y, ap = (ape: £ <ny,
(6) Np E“apyis an ordinal, apy € La, ,, La,, | ZFC,, and for k < £ <n

we have Lo, , = ¢o(apk), ape <y @per1”, and
(6) if m <k <l <nthen Ny = La,, = ©1(apam; apa;) "

The order is given by:
po <@ p1 if and only if (pg,p1 € Q and) for some Yy, Y; C w and f we have:

(i) for £ =0,1: Y, is an E,-transitive subset of N,,, and
(Va € Np,)(z € Yo = 1k () € Y7),

(ii) f is an isomorphism from N, [ Yy onto Np, [Y7,

(iii) in {x € Np, : ¢ ¢ Yy, Ny, ="x is an ordinal” } there is no E,-minimal
element,

(iv) f maps {apye: € <n*} NYp into {ay, , 1 £ <ny, } N YA,

(v) if f(apmk) = 0py,m then Np, =« Lapl,m F 1 (f(apo,k)> apl,m) 7.

Claim 10.4.1. Q is a quasi order.
Proof of the claim: Check.

Now for every p € Q define Ny, M), hy, MI’, as in the proof of 10.3.
Claim 10.4.2. The set

Q def p € Q: N, is well founded, n, > 0}

is dense in Q.
Proof of the claim: Check.

Define g : Q) — Q;wl by g(p) = hp(apn,—1)-
Claim 10.4.3. g is really a function from Q' onto Q;wl and and for pg,p1 €
Q' we have

po<op = Q"1 g(po) <y 9(p1),
po, p1 are incompatible in Q' = g(po),g(p1) are incompatible in Qlw1.

Proof of the claim: The first statement is trivial, the second is immediate
by clause (v) in the definition of <. For the last clause recall clause (e) of
the assumptions.

Now 10.4 should be clear. Mgy
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We may consider possible “inputs” to 10.4. Instead of looking at the case
NlL[n] = N; we may look at other cases in which N; is not large in inner

models. For example:

Proposition 10.5. Assume that ¢ = @(x,y) is such that

(i) ZFC, F “for every infinite ordinal x € X aof {a:a=worw*=a
(ordinal exponentiation)}, there is a unique A,, an unbounded subset
of x of order type x such that p(x,A;), and Y¥(-) defines a set S C X
not reflecting”,

(ii) ZFC, F if p1 < po are from X then A, € A,

(ili) wn = sup{e : Ly = ZFC[ }, and the truth value of “6 € A,, f € S”
is the same in Ly for every a < wy for which L, = ZFC_,

(iv) the set S, i.e. {8 < wi : (Fa)(La | ZFC, & ¥(0))}, is a stationary
subset of w1
[this is close to saying “NY 18 below first ineffable and is not weakly
compact in L” |.

Then for some @ as in the assumptions’” of 10.4, and n we have:
(a) ngl is a c.c.c. forcing notion,
(b) ne W2 is a generic real of @;“’1, and is nowhere essentially Cohen,

(c) Qg‘“l commute with Cohen.

Proof. Let pr(a,3) = (o + B)(a + B) + «, it is a pairing function. By
coding, without loss of generality

(ii)" if @, 21,... , 2, are distinct cardinals in Ly, , then A, € (J As,.
/=1
[Why? E.g., letting
A/a = {pr+(n7prn(ﬂ17 ce. ’ﬂn)) n< w, {ﬁla o 7571} g Aoc}7

where pri(8) = B, pro+1(B1,- .., Bnt1) = pr(pra(Bi,--- s 0Bn)s Bnt1)). So
replacing A, by A/, we have (ii)’.]

For § € X let fo(6) = min(X \ (0 + 1)) and let f1 be the first (in the
canonical well ordering of L) one-to-one function from fy(d) onto §; exist
by the definition of X. Let Cs be the first club of § disjoint to S. For
a € [w,wi), let 04 = sup(X Na) and let

B! ={prs3(e,(,§) :e €Cs,,, (= f(;la(a), e As, ande>(, > &}
Note that

(¥) B} is an unbounded subset of d, such that
(a) feSNna = [>sup(Binpi),

3750 we can “translate” it to be Borel
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(b) if a1,...,an € [w,w1) \ {a} then B} \ |J B}, is unbounded in J,.
(=1

Qy

[Why? For (a), suppose that f € SN« is a counter example. Trivially,
min(B%) > min(Cy,), so v = sup(Cs, N F) is well defined. But Cs, NS =0
whereas § € S, hence 8 ¢ Cs,. Also f < do = sup(Cs,) and hence
necessarily 4 > sup(Cs, N ) = 7. Now,
B,NpBC{prs(e,¢.6) e <yand (£ <e} C(v+y+7)' <5
(see the definition of B} and note that ¢ < pr3(e, (,€); the last inequality
follows from the fact that 8 € X). To show (b) suppose that 79 < d, and
choose £ € Ay \ | Aq,. Let ¢ = félu(a) and let € € C5,, be large enough.
(=1

So prs(e,(, &) € J_B(j (by definition) and pry(e,(,&) ¢ Bj, (use the third
coordinate) and prs(e,(, &) > e > 9.
Let I, be the ideal of subsets of B}, generated by

{BiNBs:w<fB<wy, B#a}U{B,NB:B<da}
Let Q be the set of finite functions p from w; \ w to {0, 1,2} ordered by:
p < q if and only if p C ¢ and:
if w < a € Dom(p), B € Dom(q) N B} \Dom(p)
then ¢(5) = p(e) Vv ¢(B) = 2.

Claim 10.5.1. Q is a partial order.

Claim 10.5.2. For each a € [w,w1) the set I, = {p : « € Dom(p)} is
dense in Q.

Proof of the claim: Let p € Q and suppose that @ ¢ Dom(p). Let
q=pU{{a,2)}.
Let f be the Q-name defined by I+ f = J G-
Claim 10.5.3. For a € [w,w1).
b “ for some £ < 3, for any m < 3 we have
{B € B : f(ﬂ) =m} #0 modZ, iff me {2,4} 7.
Proof of the claim: Take p € G such that a € Dom(p) and let
B = B, \ Dom(p)

so B € I,. Clearly, pI-=*if 8 € B}, \ B, then f(8) € {2,p(a)} 7, hence

plkg “if m € {0,1,2}\ {2,p(«)} then m ¢ Rang(f [(BL\ B))”.
Now, if B" € Z,, and p <q ¢ then there is v € A, \ B'\U{B} : 7 €

Dom(q) \ {a}} and hence qU {(v,p(a))} as well as ¢ U {(v,2)} belong to Q
and are above ¢q. Reflecting we are done.
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Claim 10.5.4. One can define f from flw € “3.
Proof of the claim: Define f I by induction on o € X using 10.5.3.

Claim 10.5.5. The forcing notion Q is nowhere essentially Cohen.

Proof of the claim: For every a* < wp and for every large enough v <
w1, the condition qg = {(v,2)} is compatible with every ¢ € Q such that

Dom(p) C o, but q% = {(v,1)} is incompatible with it. Together with
10.5.4 we are done.

Claim 10.5.6. The Q-name f (for a real), hence ffu, 18 nowhere essen-
tially Cohen.

Proof of the claim: By 10.5.4, 10.5.5, as obviously [ is generic, i.e.,
G={p:pC [}

Claim 10.5.7. The forcing notion Q satisfies the demands in 10.5.
Proof of the claim: Check.

Claim 10.5.8. The forcing notion Q satisfies the c.c.c.

Proof of the claim: ~ Use “S C w; is stationary” and clause (a) of (*),
(that is, if p, € Q for a < wy, for each limit o € S we let

Yo = sup ({BjNa: 3 € Dom(p) \ {a} and 3 > w} U {Dom(ps) N a}),
so by (*)(a) we have 7, < «, hence for some stationary S’ C S we have
aesS = Vazfy*&par@:pi

and wlog f < a € 8 = Dom(ps) C a. Now if ag,as € §’, then
D = Pay U Pay € Q is a common upper bound of p,,, pa,, as required. Wig s

Remark 10.6. 1. Of course, such forcing can make Ny to be N%[n]. But it
seems that we can have such forcing which preserves the L, —cardinals
(and even their being “large” in suitable senses). For this it should be
like “coding the universe by a real” of Jensen, Beller and Welch [1],
and see Shelah and Stanley [27].
2. Instead of coding N;—Cohen we can iterate adding dominating reals or
whatever.

Definition 10.7. 1. We say that forcing notions g, Q1 are equivalent if
their completions to Boolean algebras (BA(Qp), BA(Q;)) are isomor-
phic.

2. Forcing notions Qg, Q1 are locally equivalent if
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(i) for each pg € Qg there are g, 1 such that

Po<q0 € Qo & ¢1 € Q1 & BA(Qo [ (> q0)) = BA(Q1[(= ¢1)),
(ii) for every p; € Q; there are g, 1 such that

90 € Qo & pr < @1 € Q1 & BA(Qo [ (= q0)) = BA(Q1 (= ¢1))-
Now we may phrase the conclusions of 10.4, 10.5.

Proposition 10.8. 1. Assume @1 = (o}, p1) and @ = (p3,p3) are as
in 10.4. Then we can find @ as there, only with the parameters of
P1, P2 and such that:
(a) if in Ly, there is a last cardinal p (i.e., XY is a successor cardinal

in L), then Qg:l is locally equivalent to
U{Qé? cpu < a, Ly = uis the last cardinal},

(b) if in Ly, there is no last cardinal (i.e. XY is a limit cardinal in

L), then Qliwl is locally equivalent to

U{@L“ *: Ly, F a a cardinal}.

2. In 10.4, 10.5(1) we can replace Ly, by L, [n*], n* € “w.
3. In 10.4, 10.5(1) we can replace Ly, by Ly, [A] where A C wy but have
N1 -snep instead of Ng-snep.

Proof. Let ¢30(x) say
(i) z = (@, B%,a",b"), a® = (af : £ < n®), (87, : k < kf) : £ < n%),
aw:<<a;’k-k<kg> U<y, G = (af £ < T, B = (b2 : £ < n?),
(i) af <Bfg <Bfy...,and Lg =“al the last cardinal”,
(iif) L ): P1 o(bg)”7 op,, Frp20(ap)” for £ <n,
) L
) L

(iv <, =" is a cardinal”,
(v af, ):“90%<a£7aé+1) :
Let G(x ) =x. Let p31(z,y) say:

t

(04 2 S ﬁnw

(B) {az ¢ <n® and Lgy =“af is a cardinal”} is a subset of {af : £ <n¥},

() if aj,) is maximal 113 {af = ¢ < n Lgs, E“af is a cardmjﬂ”} then
at [ l(x) = a¥ [ l(x), BU[L(x) = BYTL(x), a® [L(x) = a¥ [L(), " [ L(*) =
YT L(x),

(0) afy = ag(*)v 1 ,

(&) Bige) < iy and Ligy 1= 06,1 (b by )
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Now check. LIS

Remark 10.9. Compare with 6.14.

Are such forcing notions nep? Generally not. E.g., (for Q from 10.3), if in
V, (Yw)¥ is not bounded (by any function from V) then for any candidate
N, there is an increasing sequence 1 € (Yw)¥ not dominated by any f €
(Yw)N; let n* € “Yw be defined by n*(0) = 0, n*(n+1) = n*(n(n)+1). Then
there is v < n*, v € [] (n(n) + 1) which is Cohen over N. So N[v] is a

n<w

candidate, N[v] FlFp “n does not dominate v”. But
V Elbp “n dominates n* hence v”.

Probably this is a general phenomena.

11. Open problems

Problem 11.1. 1. Can we in [24] weaken the assumptions (from Souslin
c.c.c.) to “Q is nep and c.c.c.”? (See [22, §2] for partial answer.)
2. Similarly in the symmetry theorem.
3. Similarly other problems here have such versions too.

Problem 11.2 (von Neumann). Is every c.c.c. “w-bounding atomless forc-
ing notion a measure algebra? We may now rephrase: is the non-existence
consistent?

A relative of the von Neumann problem is a problem which Fremlin [7]
stresses and has many equivalent versions (see [7] on its history). Half way
between them and our context is the following.

Problem 11.3. Assume Q is a Souslin c.c.c. “w-bounding forcing notion.
Is every Q—name of a new real essentially a random real?

Problem 11.4. 1. Is it consistent that every c.c.c. forcing notion adding
an unbounded real adds a Cohen real? (See Blaszczyk and Shelah [5]
for a proof of the o-centered version).

2. If P satisfies [24, 1.5], does it imply P adds a Cohen real?

Problem 11.5. Are there any symmetric (or (< w)-symmetric) c.c.c. Souslin
forcing notions in addition to Cohen forcing and random forcing?
[“Yes” here implies “no” to 11.3 so not of present interest.]
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Problem 11.6 (Gitik and Shelah [8], [9]). 1. Assume [ is an Rj—complete

ideal on x such that P/I is atomless. Can It (as a forcing notion) be
a c.c.c. Souslin forcing generated by a real?

2. Replace Souslin by “definable in an (H<,(0), €,B)”, B has universe
k or Heo(k), and I is (6 + k)T —complete (see [8]).

3. Generalize the results of the form “if P(x)/I is the measure algebra
with Maharam dimension p (or is the adding of u Cohen reals) then
A is large enough”, see [9], [10] for those results.

4. Combine (2) and (3).

Problem 11.7. When do iterations (CS,FS) of Souslin c.c.c. forcing no-
tions not adding a dominating real have this property? Is each almost “w—
bounding? (See [28]; generally try to continue 7.10, replace “n* is generic
real for (N, Q,7)” by less.)

Problem 11.8. 1. Is there a pair (Q,r) such that:

(a) IFg“r € “2 is new no-where Cohen”,

(b) if P is a Souslin c.c.c. forcing notion with no P-name 7’ of a real
such that the forcing notion Bp(r’) is “w-bounding but P adds a
nowhere essentially Cohen real,
then forcing with P adds a (Q,r) real, i.e. for some P-name 1" for
a real we have I-p“for some G” C QV generic over V, "'[Gp| =
r[G.

2. As above, P is o—centered.
3. If P is a Souslin c.c.c. forcing notion adding new reals but not adding

a real 7’ with Bp(r’) being “w-bounding,

then forcing with P adds a new real " such that Bp(r”) is o—centered.

Problem 11.9. Develop® the theory of “definable forcing notions” when
we allow an ultrafilter on w as a parameter.

Problem 11.10. Does nep#snep? (The case § = k = Xy, of course.)

Problem 11.11. Try to generalize our present context to A—complete forc-
ing notions (see Rostanowski and Shelah [20], [17]). Is AT-c.c. preserved by
(< A)—support iterations of such forcing notions?

Problem 11.12. When does QV < QVIP?

38But see [27].
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Problem 11.13. Does Ax,, [(Rq,R1)-nep] imply 2% = Ry?
Or does Ax,,, [nep] imply 280 = Ny?
[The parallel question for Souslin proper was formulated in Goldstern and

Judah [12]]
Two other relatives of 11.3 are

Problem 11.14. Assume @Q is a Souslin c.c.c. forcing notion which is snep
and even “x € Q”, “z <@ y”, “{p, : n < w} predense above ¢'” are i
relations. Does Q add Cohen or random real?

Problem 11.15 (Judah). Can a Souslin c.c.c. forcing notion add a minimal
real? (Note: this is of interest only if the answer in 11.3 is NO and/or the
answer to 11.16 is NO.)

We may also ask:

Problem 11.16. 1. Let Q be a Souslin c.c.c. forcing notion and I-q “r €
w27 1Is Ba(Q,r) also a Souslin c.c.c. forcing notion?
2. Similarly for nep c.c.c.
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List of defined concepts

A[R]
absolute
absolute nep
absolutely through (8, p, 0)
absolutely upward
K-absolutely
cin K¢
Co
cl (Cll, 012, 013)
candidate
set—candidate
class—candidate
semi candidate
Q-candidate
c.c.c. nep
strong c.c.c. nep
c.c.c.-simple-FS-iteration
c.c.c.-nep-FS-iteration
Coheny
(somewhere) essentially Cohen
commute
weakly commute
correct
D, a filter, D = D<y,(H(x))
Dy
essentially explicitly (N, Q)-generic
explicit
explicitly predense
explicitely nep/snep
equivalent (forcing)
explicitly (M, Q) generic
frame
good (ZFC; is good, K—good)
G generic
N(G)
(G
generic / (M, Q)—generic
hc, hereditary countable
hc—k—P—name

9.7(1)

4.4

1.1(14)
1.1(13)
4.4

9.1

9.3(3)

5.1, 5.7
1.1(3),(11)



286

S. SHELAH

I(Q{I)

Z (26,17)
I@y)
impolite
influential
K (family of forcing)
KC family of pairs (Q,n)
Joex -
IC_\C
local
nep
snep
name
nep
nep iteration
real nep
straight nep
nice
ZFC, nice to

operation (Borel operation)

normal
semi normal
weakly normal

pair (on (Q,7))

Q

Q is nep

(Qn)

Q

Q

Qle

Ql

pd

pdac

polite

predence anti-chain above p

preserving
T(q,y)-preserving
strongly T(q,y)-preserving
weakly I(Qm):preserving

super Z(q,,)-preserving
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R[q]
simple
very simple
snep
Souslin proper
straight
strong
symmetric ([n]-)
temporary, temporarily
nep
snep
witness
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[10]
[11]
[12]
[13]
[14]

15
16

[17]
[18]

[19]

[20]

21]
22]

[23]
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