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Abstract. This paper proposes an inductive method to construct bases
for spaces of spherical harmonics over the unit sphere 224 of C?. The
bases are shown to have many interesting properties, among them or-
thogonality with respect to the inner product of L?(Q2,). As a bypass,
we study the inner product [f, g] = f(D)(g(2))(0) over the space P(C?)
of polynomials in the variables z,z € C?, in which f(D) is the differen-
tial operator with symbol f(Z). On the spaces of spherical harmonics, it
is shown that the inner product [-, -] reduces to a multiple of the L*(Qz,)
inner product. Bi-orthogonality in (P(C?), [-,]) is fully investigated.

1. Introduction

This paper considers spaces of polynomials in the variables z and z of C9,
q > 1. The unitary space C? is assumed to be accompanied with its usual
inner product

(z,w) 1= 21W1 + 20W3 + - - - + 24Wq, 2z,w € CY, (1.1)
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where we are writing z = (21,22,...,%¢) and w = (wy,ws,... ,wy). The
major polynomial space considered here is P(C?), the unitary space of poly-
nomials in the independent variables z and z of CY. Elements of this space
can be written in the form

p(2) :=p(z,2) Z Z Pa, 32" z° Papg €C, a,feZl, (1.2)
la|<m |B|<n

for nonnegative integers m and n, where standard multi-index notation is in
force. The subspace of P(C?) composed of polynomials that are homogeneous
of degree m in z and of degree n in Z will be denoted by Py, ,(C9). The
dimension of Py, ,,(C?) is given by ([2, p.17])

= () () s

The subspace of Py, ,,(C?) composed of harmonic elements, that is, elements
that are in the kernel of the complex Laplacian

Ngg =4 ——— (1.4)
1

will be denoted by H,, ,(C9). Elements of this space play the role played
by the solid harmonics in analysis on real spheres.
Next, we introduce spaces of polynomials restricted to the unit sphere

Qo :={2€C?: (z,2) =1}. (1.5)

The symbol Py, ,(€224) will stand for the space obtained from P,, ,(C?) by
restricting its elements to da,. Finally, Hy, n(€Q24) will denote the space of
complex spherical harmonics of degree m in z and degree n in Z, that is, the
set of restrictions of elements of Hyy, ,,(C?) to Q4. The space Hp, n(Q24) has
dimension d(q,m,n) given by ([2, p. 17])

d(qg,m,n) =46(q,m,n) —d(g,m —1,n—1), m,n#0, (1.6)
(q,m,0) =6(q,m,0), and 6(q,0,n)=0(q,0,n). (1.7)

This paper was motivated by the following three results: the orthogonal
decomposition ([2])

mAn
Pmn QQq @ Hm —J,n— ](QQq) (18)
7=0
the dimension formula ([2], [8])
d(g;m,n) =Y "> dlg—1,k1), q>2, (1.9)
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and the fact that some elements of H,, ,,(€224) can be constructed from given
elements in Hy,— g n—1(Q24), £ < m, I < n, by multiplying them by special
elements of Hy, ;(C?) (see proof of Theorem 5.1 in [3]).

Looking at the real version of (1.8) in either [1, p. 76] or [9, p. 139]
one observes that the proof there requires a special inner product on spaces
of homogeneous polynomials. In the first half of the paper, we endow our
polynomial spaces with the following similar inner product

.9 = fogla = FD) (9()) (), fgeP(CD),  (110)

D::(8 o .. a)) (1.11)

and extract a number of interesting properties. Among them, we show that
there is a positive constant C, depending on m, n and ¢, such that

[f,91 = C{f.9)2,  f,9 € Hinn(S29)- (1.12)

The inner product in the right-hand side of (1.12) is the usual one in L?(y,),
that is,

in which

(fr9)2 = ; f(2)g(2)dog(2),  f.g € L* (), (1.13)

where o, is a positive Borel measure invariant by isometries of C? and
uniquely determined by the condition

27

0q($22g) = -1 (1.14)

The other properties we obtain are related to the Funk-Hecke formula ([5],
[6]) and with properties of bi-orthogonal systems in the polynomial spaces
endowed with the inner product in (1.10). All the results mentioned above
form the contents of Sections 2 and 3.

Formula (1.9) suggests that one should be able to construct a basis for
Himn(Q2q) from given bases for the spaces Hy(Q24-2), k = 0,1,...,m,
I =0,1,... ,n. We prove this is the case using the special polynomials
introduced in [3, p. 3| as a generating function. In addition, we discuss
orthogonality and representing properties that are implied by the result,
completing the list of results forming Section 4.

2. The inner product [-, ]
To begin this section, we observe that the spaces H, ,,(€224) are pairwise

orthogonal with respect to the inner product (-,-)2 ([3]). Throughout the
paper, orthogonality will always refer to this inner product.
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If O(2q) is the group of isometries of C? that fix the origin then o, is
O(2q)-invariant in the following sense: o4(pB) = 04(B) if p € O(2¢) and B
is a Borel subset of {25,. As a consequence, the following invariance property
holds:

(fop.gop)a={fg)2 f g€ L*(g), peO(2q). (2.1)

The following well-known result establishes the O(2¢)-invariance of complex
spherical harmonics.

Lemma 2.1. The space Hmn(Sl2q) is O(2q)-invariant, that is, if f €
Hmn(Q2q) and p € O(2q) then fop € Hpn(Qag)-

Proof. It will be left to the reader. O
Next, we return to formula (1.10).

Lemma 2.2. Formula (1.10) defines an inner product in P(CY).

Proof. It is very easy to see from the definitions that if (i, ) # (k,[) then

the spaces P; j(C?) and P ;(C?) are orthogonal with respect to [-,:]. In
particular, we have
131 — (4.5
[zazﬁ ZVZ] O‘B (aaﬂ) (’Ya ) (22)
0, (0 #(7,0).

Now, let f,g € P(C?). There are pairs of indices (k,!) and (m,n) in Z2
such that

k1 m n
z) :ZZfi,j(z)7 g(z> :Zzgu,u(z)

i=0 j=0 u=0rv=0
fij €Pii(CY),  guu €PLL(CY). (2.3)

Hence,
k I m n kAm IAn
g] = Z Z Z Z[fi,jagu,u] = Z Z[fu,u»g,u,u]' (2-4)
=0 j7=0 pu=0rv=0 p=0 =0

Expanding fup and g, in the form

fu, Z Z aaﬁz Z gu, Z Z b (;Z'YZ

le|=p |8|=v [v[=p |6|=v
Qg 3, b%(j S (C, (2.5)

we finally deduce that
kAm IAn

g=3.> > D oflassbas (2:6)

#=0v=0|al=p |B|=v
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Using this representation, it is now easy to verify that [-, -] defines an inner
product in the space P(CY). O

As an example, we observe that the set

U {j;;; ol =m, ] = n} (2.7)

m,n€l4
is an orthonormal basis for (P(C?),[-,-]). Another remark at this time is
that formula (1.10) reduces to
f.9)= (D) (92)) (2.8)

when the space P(CY) is replaced with its subspace Py, ,(C9). At last, we
observe that formula (2.6) is a complex extension of that appearing in The-
orem 5.14 in [1].

Lemma 2.3. The inner product [-,-] possesses the following invariance
property
[fop fopl=1[ffl, f€Pmn(C), peO(2q). (2.9)

Proof. Since every element of P, ,(C?) is a linear combination of elements
of the form 2%%?, it suffices to verify the formula in the statement of the
lemma for elements of this type. However, since

%27 0 p, 277 0 p] = [2% 0 p, 27 0 p][ZP 0 p, 2 0], pEO(29), (2.10)

it suffices to prove the formula in the case in which f(z) = 2% and g(z) = 27,
|a| = |v|, and in the conjugate case of this one. Let p € O(2q) be described
as

q q q
Zaljzj,Zagjzj, . ,Zaquj NS C, zecCu (2.11)
j=1 j=1 j=1

If f and g are as above then the formula to be proven is
q
[fop.gopl =]]Dre(2), (2.12)
=1
where

0
Dy:=ap— +ap— -+ alqa?, [=1,2,...,q. (2.13)
q

071 (‘32

First consider the case o = 7. Using the relation

q . .
0 if!
E ajRay, = {1 £ f] (2.14)
k=1 - .]7
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it is easily seen that

DM p(2)" =aplp(z) ™, 1=1,2,... ,q. (2.15)
It follows that [fop,gop] = a! = [2%, 2%]. If a # v, we can assume without
loss of generality, that o; > «y; for some j. In this case, D?j ,o(z)7 = 0, that
is, [f o p,g0p] =0=[z%27]. The conjugate case is dealt with in a similar
manner. O

Next, we employ the vector space isomorphism
f € Hmﬂ’b(cq) — f’QQq € Hm,n(QQq) (216)

to bring the inner product (1.10) into the space Hp, n(Q2q). If f € Hun(S224)
write f to denote the unique element of Hy, ,,(C?) such that f|q,, = f. Then
the formula

[f,9):=1f.9],  f.9 € Hinn(Q2) (2.17)
defines an inner product in Hyy, »(Q24)-

Theorem 2.7 below will reveal that the spaces (Hmn(Q24),[-¢]) and
(Hmn(Q2q), (-, -)2) are isomorphic. The following results will be helpful
in proving that theorem. Details about them can be found in [2]. The proof
of the first one can also be adapted from results proved in [6, p. 17]. From
now on, the symbol ¢; will stand for the vector of C? having 1 in its gt
component and zeros elsewhere.

Lemma 2.4. If W is a nonzero finite-dimensional O(2q)-invariant space
of continuous functions on Qg then there ezists a unique f in W\ {0} such
that fop=f, when p € O(2q) and p(e,q) = €4.

Lemma 2.5. Let f be in Huy,n(Q2q). The following assertions are equiva-
lent:

i) fop=fifpeO(2q) and p(eq) = gq;
i) There exists a complex number C such that

J(2) = Cem | (z, ) = BRI (2] 2, ) - 1),
2 €Dy (2.18)
in which 6 is an argument of (z,e4) in [0,27).

Proposition 2.6. Let N be a subspace of Humn(Q2q). If N is O(2q)-
invariant then either N = {0} or N' = Hp n(Q2q)-
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Proof. If N # {0} then H,, »(Q2,) = NGNL, in which A is the orthogo-
nal complement of N in Hy, ,,(Qa,). Obviously, N is O(2¢)-invariant. The
rest of the proof will show that N = {0}. Indeed, if not, we may use
Lemma 2.4 to choose f € A\ {0} and g € N'*\ {0} such that fop = f
and go p = g, when p € O(2¢) and p(eq) = 4. Lemma 2.5 furnishes a
complex number C such that f = Cg. It follows that f = g = 0, a clear
contradiction. O

Theorem 2.7. There exists a positive constant C, depending on m, n and
q, such that

[f,91=C{f,9)2,  f,9 € Himn(Q2q)- (2.19)

Proof. Since F := {f € Hun(Qaq) : (f, f)2 = 1} is a compact subset of
Hm,n(£224), the continuous function

feF—I[f,fleR (2.20)
attains its maximum in a point fy of F'. It follows that,
£, 1] < Uos JollF fas - F € Hunn(Qg). (2.21)
We will use this information to show that the bilinear form
0t Hmn(Qag) X Himn(Q2q) — C (2.22)
given by
e(f,9) = [fo, fol(f, 9)2 = [f> 9], [.9 € Hmn(S2q) (2.23)
is identically zero. Equivalently, we will show that
N ={f € Hnn(Q2q) : o(f,9) =0, g€ Hmn(Q2)} (2.24)

is the whole space Hy, n(€24). Since N is a subspace of Hy, n(€Q24), Propo-
sition 2.6 tells us that it suffices to show that N is nonzero and O(2q)-
invariant. Let p € O(2¢) and f € N. Due to (2.21), ¢ is positive definite.
Hence, we may apply Schwarz’s inequality [4, p. 375] to obtain

lo(fopg)> <o(fop fop)e(a.9), g€ Hmn(Qa). (2.25)

However, Lemma 2.3 and property (2.1) imply that ¢(fop, fop) = o(f, f) =
0. It follows that fop € N. Since a similar argument shows that ¢( fo, g) = 0,
G € Humn(Q2q), it is clear that N is nonzero. O

Corollary 2.8. There exists a positive constant C' such that
[fs 9] = C(flaug: 9lasy)2: [, 9 € Hinn(CY). (2.26)

Next, we compute the constant C in Theorem 2.7. The following lemma
is taken from Rudin’s book [8, p. 16].
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Lemma 2.9. For multi-indices o and 3 we have
0 if o # B
/ 227 do,(2) = 2mial L (2.27)
i Gol+q-11 "%
Take f(z) = g(z) = 21"Z2" in the space H,, ,,(C?). Formula (2.2) implies

that [f, g] = m!n! while Lemma 2.9 produces
2mimIn)

90 = o
This proves the following theorem.

(2.28)

Theorem 2.10. The constant C in Theorem 2.7 equals to (m +n + q —
1)!(2r9)~L,

We close the section by showing that Theorem 2.7 cannot hold in the
bigger space Ppn(Q2q). In fact, if h(z) = 21"Z1" then [h, h] = m!n! while
Lemma 2.9 yields (h,h)s = 27%(m + n)!/(m + n + ¢ — 1)!. Now, it is
easily seen that the equality [h,h] = C(h,h)2 holds if and only if C' =
mn!(m +n+q —1)1(279) 71 /(m + n)!. This is not the value of C' we have
encountered in Theorem 2.10.

3. Bi-orthogonality in (P(C9),[-,-])

In this section we investigate orthogonality in the space (P(C9),[,]). We

begin with a result related to basic elements of (P, ,(C?),[,-]).
Theorem 3.1. Let {f, : pn = ,0(g,m,n)} and {g, : v =
1,2,...,6(¢;m,n)} be bases for (P mn(Cq)a[7 Do A fpgel =0, p # v

then

4(g,m,n)

(z,w)™(w, z2)" = mln! Z Ju(2)9u(w) 9 (w)

C1. .
[fmgu] , Z,WE (3.1)

Proof. Since {f, : p = 1,2,...,0(¢,m,n)} is a basis for P, ,(C9), there
are polynomials p,, p=1,2,...,6(g,m,n) such that
3(gmn)
(z,w)™(w, z)" = Z pu(w)fu(z), zweCL (3.2)
=1
Due to the hypothesis,
d(q,m,n)

()™ (w, ) gl = Y pu(w)fus 9]

p=1
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:pl/(w)[fl/agl/]a V:172)"' 75(q7m7n)7 we(cq
On the other hand, writing g, in the form
z) = Z Z Ca 27’ (3.3)
|laj=m |B|]=n

and computing, we obtain

[<’ > < 7'> 791/ —m'n' Z Z Z Z?ﬁc‘l’ﬁ ZWZCSZ ZB]

Iyl=m [6|=n |a|=m|B|=n

=m/!n! Z Z mwawﬁ

la|=m |8]=n
=mlnlg,(w), v=12,...,6(m,n).

Thus,
mInlg,(w) =p,(w)[fo,q], v=1,2,...,6(q,m,n), weCI (3.4)

and, in particular, since each g, is not identically zero, [f,,g.] # 0, u =
1,2,...,d(m,n). Concluding,

pu:m!n![fi, w=1,2,...,6(m,n) (3.5)

and the result follows. ]

If we let z = w in the previous theorem we get the Pythagorian identity

5(q,m,n)
(2: Z m+n f“ a
. 3.6
min! Z fl“gu , 2€C (3.6)
When z € (g, it reduces to
d(g,m,n) —_—
1 — fu(z)gﬂ(z). (37)
il = 2= (gl

If both bases in the previous theorem are equal and orthonormal with re-

spect to [+, -] then we deduce the addition formula
d(g,m,n)
(z,w)™(w, z)" = m!n! Z Ju(2) fu(w), zweCL (3.8)
pn=1

This formula has a structure very similar to that of the addition formula for
complex spherical harmonics ([2]). Finally, the following extension of (3.1)
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can be proved in a similar manner:

q,m n

z,u) ™, 2)" = m!n! w Z, U,V q
(z,u)™ (v, 2)" 'vgg Food Ju,v € CO. (3.9)

Here, g, (u,v) is obtained from g,(u) = g.(u, @), substituting @ by v.

In our next result, we establish a Funk-Hecke type theorem for elements
in the space (P(CY),[-,]).

Theorem 3.2. Let f be an element of Py, ,(C?) and g an element of P(C).
Then, for each w € C4, the map z € C? — g((z,w)) belong to P(C?). In
addition, there exists a nonnegative constant A, depending on m and n, such
that

[9(Cyw)), [l = A f(w), weCh. (3.10)

Proof. For each pair (k,[), we will denote by {9;:,1 cpn=1,2,...,8(q, k, 1)}

an orthonormal basis for (Py;(C?), [, ]). Assume g has degree « in z and
degree ( in Z. Recalling Theorem 3.1, we can write
« ﬂ 5 q,kl

=D > > Kilgh(2)gp,(w), zweC (3.11)

k=01=0 p=1
We can find complex numbers a; such that

5(g,m,n)

Z anmn (312)

It follows that

l9((-, Z
7j=1

> K@ gpt (w)[gh s )
pn=1

KNG g (0)0km0inbyg,  w € T

Thus,
m!n! f(w), a>mand f>n
(-, f] = ( | (3.13)
0, otherwise,
completing the proof of the theorem. O

Corollary 3.3. The following formula holds
[<_,w>m<w7_>n7 <’C>m<c7>n] = ml! n|<<7w>m<w7c>n7 w7C € (Cq' (314)
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The following theorem is a converse of Theorem 3.1.

Theorem 3.4. Let {f, : p=1,2,...,6(q,m,n)} be a linearly independent
subset of P, n(C9). Assume there is a subset {g, : p=1,2,...,6(¢,m,n)}
of P(CY) such that [fu, gu] #0, p=1,2,...,6(q,m,n) and

" fu()gu(w)

(z,w)™(w, )" = m!n! Z IR 2w e CY (3.15)

Then {f,:p=1,2,...,0(¢,m,n)} and {g, : p=1,2,...,6(g,m,n)} are
bases for Pp, n(C?) satisfying [fu,g9,] =0, p # v.

Proof. The use of (3.15) yields

4(g,m,n) _
m!n! Z M:@,)\w)m()\w,z)”
= (Az,w)™(w, Az)"
W ()gu)
Nzl [fu’g,u]
d(g,m,n) _
=minl Y o de@n®) v ee
le [f,uvgu]
Hence
d(g,m,n)
> (9u0w) = X" NG, (w)) ) o L wect, aec. (316)
u=1 [fuvgu]

Since the set {f, : p=1,2,...,6(q,m,n)} is linearly independent, it follows
that

gu(Ow) = A™X"g,(w) =0, weC!, ANeC, (3.17)
that is, g, € Ppn(C?), p = 1,2,...,0(g,m,n). To conclude the proof we
apply Theorem 3.2 and formula (3.15) appropriately to obtain

D 1) 9]
[fuv gu]

q7m7n

5
mln! f,(2) = [(-,2)"(z, >n’ﬁ] =ml!nl Z
pn=1

)

v=12...,0(g,m,n).

The linear independence hypothesis allows us to conclude that [f,, g,] = 0,
WFE . O
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Corollary 3.5. If a linearly independent subset {f, : p = 1,2,...,
d(g,m,n)} of P, n(C?) satisfies

d(g,m,n)

(z,w)"™(w, )" = m!n! Z fu(2) fu(w), z,weC, (3.18)
pn=1

then it is orthonormal with respect to [-,-].

Proof. It suffices to observe that, under the given hypotheses, the denom-
inator in the sum on the right-hand side of the last equation in the proof of
Theorem 3.4 disappears. O

4. Generating bases

This section presents a method to construct bases for the space
Hmn(2g). The method is inductive over the dimension of the sphere,
that is, it presupposes the knowledge of a basis for Hy, 5, (224—2). We begin
with a technical lemma that exhibits a very special kernel in H,, ,,(C?). As
we said before, the idea behind the use of this kernel comes from the proof
of Theorem 5.1 in [3].

For a fixed ¢; € {1,2,...,q} we will employ the decomposition C? =
Wi @ Vit where Wi ={2€C?:2;=0,j=q+ 1,1 +2,... ,¢} and
Vit ={zeCl:2;=0,j=1,2,... ,q1}.

Lemma 4.1. Let w € W% N Qo and v € VIT1 N Qyy. Then
Gon(z) =z, v +w)" (v —w, )", z€C! (4.1)

is an element of Hy, »(CY).

Proof. First observe that

0 e _ o0y o —w ) ey =12, ¢
0zj n(z,w +v)™ (v —w,2)" " tv; J=a+lLqa+2,...,q

Next, notice that

(4.2)

>

Jj=q1+1

azja* Comin =~ Z azjaz]

It follows that Agy(Gmy) = 0. The homogeneity of Gy, with respect to 2z
and 7 is clear. ]
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If ¢ = ¢ — 1 in the previous lemma then W91 N o, is a copy of dgg_a.
In other words, elements of W71 N Qy, are of the form @w = (w,0) with
w € Qog_a. Denoting the elements of C? by Z = (2, z,), 2 € C471, and taking
v=2¢g4=(0,0,...,0,1), the function in the previous lemma takes the form

G (2) = ((z,w) + 2)™ (= (w, 2) +2)". (4.3)
From now on, we will adopt the following simplified notation: Gy, ,, := Gﬁ’ffl.

The main result of this section is as follows.

Theorem 4.2. Let {g; : j = 1,2,...,d(¢,m,n)} be a linearly indepen-
dent subset of Up—o Uj—o Hk,1(Q2g—2). Then there exists a subset {f; : j =
1,2,...,d(g,m,n)} of Hy, n(C9) such that

q’m ’I”L

Z fi(Z )y Z=1(2,29) €CI, w e Qgqo. (4.4)

Proof. Initially, we expand the right-hand side of (4.3) to write

N m! n! 4 .
Grn(2) = Z o ZZé‘w Z Tﬁ!(—w)ﬁzﬁzg, zeCl (4.5)

lal+u=m B|+v=n
Since |a| < m and |5] < n, ahelp of (1.8) allows us to find constants a;(c, 3)
such that

d(g,m,n)
v (—w)’ = > aj(a,B)gi(w), we Qg a. (4.6)
j=1
Hence,
Gonn(2)
d(g,m,n) m |
= Z Z Z aj(a 'a|z zg%'ﬁ!fﬁfg gj(w). (4.7)
J=1 lo|+p=m |B]+v=n

We now show that the expression

m' n!
0%
Z Z a;(a lalza H,/lﬁl Zg» (4.8)

laf+p=m |B[+v=n

defines an element of H,, ,(C9), for j = 1,2,... ,d(q, m,n). The homogene-
ity of f; of degree m with respect to z and of degree n with respect to z is
obvious. Applying the Laplacian in (4.7) we deduce

d(g,m,n)
0= AZ(Z( Z A2q fj (w), zeCl we qu_z. (49)
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The linear independence of the g; implies that Ag,(f;) = 0. O

The following lemma describes an integral operator that reproduces com-
plex spherical harmonics. It is a complex version of the famous Funk-Hecke
formula. A proof for this version can be found in [5] and [7]. In the statement
of the lemma, B|0,1] is the closed unit disk in C, dy,(z) is the normalized
Lebesgue measure given by

-1 _
dvg(z) = == (1—2%—y»)? “dedy, z=xz-+iye€ B[0,1],  (4.10)
T
LP9(B|0, 1]) is the class of complex functions that are p-integrable in B0, 1]
with respect to v, and Pﬂ,;n? is the disk polynomial of degree m+n associated
with the integer g — 2.

Lemma 4.3. Let Y be an element of Hyn(S2g), and K an element
of LY(B[0,1]). Then for every w in Qa,, the mapping z € gy —
K((z,w))Y(z) is in L*(Q2,) and

; K((z,w))Y (2)dog(z) = )\%;g(K)Y(w), w € Qaq, (4.11)
in which -
g2 = 2)PL2(2)dvg(2). .
M= Ty [ K@BR GG @)

Theorem 4.4. Let {g; : j =1,2,... ,d(qg,m,n)} be a linearly independent
subset of Upo Uj—o Hi,i(Q2g—2) and let {f; : 5 =1,2,... ,d(q,m,n)} be as
in Theorem 4.2. If the set {g; : 7 = 1,2,... ,d(q,m,n)} is orthonormal then
{fi:7=12,...,d(g;m,n)} is an orthogonal basis for (Hy ,(C?),[-,]).

Proof. In the first step of the proof we show that [G},, GSan] = K((C,w)),
for some function K. Indeed, recalling the hat notation introduced in the
beginning of the section, we see that

(G 1 Gl = DT (¢, 2) 4+ 29)™] Dy [(—(2,C) + 29)"] (4.13)
in which 5 9 9 5
D1 = W W 4 — 4 4.14
1 w1871+w2872+ + W1 zq_1+8zq (4.14)
and P P o 0
Do i=—wj— —wWyg— — - — Wy — + —. 4.1
2 i 071 w2 0z9 Ya lﬁzq_l + 024 (4.15)
However,
D"({¢, 2) + z)™ = m!((C,w) +1)™ (4.16)
and

D3 (=(2,0) + 2¢)" = n!({w, () +1)" (4.17)
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so that
(G s Gl = min!((Cw) + 1)™((w, ) + 1) := K({¢,w)),
w,( € ng_g. (4.18)

Next, we use the previous theorem to deduce that

d(g,m,n)
[G;Un,,na ng,n] = Z pl(w)gl( )7 va € QZq—27 (419)
=1
in which
d(g,m,n)
pi(w) = > [fi filgj(w), we Qaqs. (4.20)
j=1

If the g; form an orthonormal set we can apply the previous lemma to obtain

()5 (w) = / K((¢,0))g5(Q)dog-1(C) = py(w),

Qag—2

j:172?"' 7d(q7m7n)7 (4'21)
in which A(j) is a positive constant depending on g; and K. Thus,

d(g,m,n)
(Gl Gl = D AD@(w)gr(Q), w,¢ € Qagoa. (4.22)
=1
A comparison with (4.19) yields the relation
d(g,m,n)
ADgi(w) = Y (£, filgs(w),
j=1
w e Qg o, 1=1,2,...,d(qg,m,n). (4.23)

It is now evident that [f;, fi] = 0, 7 # [ and that [f}, fi] = A(I), I
1,2,...,d(g,m,n).

o

Example 4.5. Let m = n =1 and ¢ = 3. Due to Lemma 2.9, the polyno-
mials

g1(w) = E7 g2(w) = gt g3(w) = o2 ga(w) = w1,

gs(w) = T, (4.24)

V3 3__
ge(w) = w1z, gr(w) = —Wiwy and

V6

g8(w) = o (w11 — wow3)  (4.25)
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define an orthonormal subset of Hgyo(ﬂzl) U H071 (94) U H170(Q4) @] Hl,l (94)
The kernel GY, (%) takes the form

2323 — Z123W1 — Z223W2 + 2123 W1 + 2223 W2 — Z122W1W2 — 21 22WW1
— 21Z21W1W1 — Z2222W2W2.

Computing the coefficients a;j(c, 3) in (4.6), here written as a;(a; 3), we
obtain

V2

T
. = /2 1.0:1 = —— 1.0:1 = —— (4.2
a1(0,0;0,0) Vo, a1(1,0;1,0) 5 ag(1,0;1,0) NG (4.26)
ﬂﬁ s
1:0,1) = ——— 1:0,1) = — i1 = — 4.2
a1(0, 707 ) 2 ) G’S(Ou 707 ) \/6’ CLQ(0,0, 70) T, ( 7)
T
a4(1,0;0,0) = @, a5(0,1;0,0) = m, ag(0,1;1,0) = —— (4.28
1(1,0:0,0) 5(0.1:0,0) (0.1:1,0) = —To (@29
T
a7(1,0;0,1) = ———, a3(0,0;0,1) = —m, 4.29
7( ) 7 3( ) (4.29)
while all the others equal zero. Looking at (4.8), we encounter
R \/§7T _ _ . ~ __
f(z) = N (—2171 — 2222 + 22323),  f2(2) = —m237,
fg(g) = —T2322, (430)
T
Z) = 72173, Z) = w2973, Z) = ———=2971, 4.31
Ja(2) 123, [f5(%) 223, f6(2) 320 (4.31)
and
R T N s _ _
f7(2:) = ——=2129, fg(z) = — (—2’121 + 222’2). (4.32)

V3 V6

Theorem 4.4 implies that {f; : j = 1,2,...,8} is an orthogonal basis for
(H11(C3),[,]). The isomorphism (2.11) provides us with an orthogonal
basis for Hi 1().

Corollary 4.6. Assume the hypotheses in Theorem 4.4. If {g; : j =
1,2,...,d(g,m,n)} is orthonormal then

f](/Z\) = pj(zq)gj(z)v S QQq—Qv j - 17 27 cee ’d(Q7 m, n)a (433)
in which {pj : j =1,2,...,d(g,m,n)} is a subset of P(C).
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Proof. If {g; : j=1,2,... ,d(q,m,n)} is orthonormal, we can use (4.4) to
deduce

£2) = /Q G (2) g5 (w) dog 1 (w), =€ Doy . (4.3)

Expanding G}, ,, in the form

)m!n! e —
-3y e M K (7)), (435)

,uOVO ’I’L—l/)'q

where K, ,((z,w)) = (z,w)*(w, 2)”, using Lemma 4.3 and arranging we
obtain

= (SX | 6

pn=0v= 0
A ng,Q, (436)

where the bj(u,v) are constants produced by the Funk-Hecke formula.
Defining

In!
ZZ “min! 10 (p, )2, 2 e C 0 (437)

o Ou'y'm wln —v)!

concludes the proof. O

Corollary 4.7. Assume the hypotheses in Theorem 4.4. If {g; : j =
1,2,...,d(qg,m,n)} is orthonormal then

d(g;m,n)

(Cw) + )" ((w, () +1)" =D Z (fi> fi)2gi(w)g; (C),

7=1

w, C € QQq—Qv (438)
in which D = (m +n + q — 1)!(2r9m!n!)~!

Proof. First we manipulate the sum in the right-hand side of (4.38) to
obtain

d(g,m,n)
Z <fmfu>29u(w)gu( )
pn=1
d(g,m,n) d(q,m,n)

- X X (/ fOTE daqu) o ()9,(0)
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d(g,m,n) d(g,m,n)
- /Q Y @) Y F(2)6u(0) dog(?)
2q pn=1 v=1

= [ G L(3)Ghn(Z) dog(3), w,C € Qago.
Qay

Recalling Lemma 4.1, Theorem 2.7 and Theorem 2.10, we conclude that

S = 265
ot wy Ju/29u\W gN - (m+n+q_ 1)' m,n’ ~m,nl
w,( € QQq_Q. (439)
Finally, (4.18) reduces (4.39) to
d(g,m,n)
> (fur F)29u(w)gu(Q) = DTH(C, w) + )™ ((w, ¢) + 1),
pn=1
w,( € ng_g, (440)
with D as described in the statement of the corollary. O

By letting w = ¢ in Corollary 4.7 we deduce the following identity

d(g,m,n)
omAn+laq pip)
2
= € Nog_o. 4.41
; o fudalgu(@)l’ = (o 2 T w € Qg (441)

We close this section presenting two independent results, one giving an
estimate for the sum ZZ@{”’”)( fus fu)2 and the other explaining why the

construction in Theorem 4.2 preserves bi-orthogonality.

Corollary 4.8. Assume the hypotheses in Theorem 4.4. If {g; : j =
1,2,...,d(qg,m,n)} is orthonormal then

d(g,m.n) 2m+n+27.r2q—1
file ——— .

Proof. First apply the Cauchy-Schwarz inequality to obtain

Gmn(2)Gh 0 (2) <(2,2)"((w, 1), (w,1))"(Z,2)"((—w, 1), (—w, 1))"
<gmtn(z aymin . 2l w e gy s,

Integration yields

2m+n+1ﬂ.q
Grn(2)Gi n(2)dog(2) < 2" / dog(2) =

Qaq Qs (-1’
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w € ng_g. (443)

On the other hand, if {g; : j = 1,2,... ,d(q,m,n)} is orthonormal, the
arguments at beginning of the proof of Corollary 4.7 imply that

d(g,m,n)

9 2m+n+1ﬂ_q
S gi)P{f fi)e € ———0 wE Dyga. (4.44)
= (¢ —1)!
Finally,
d(g,m,n) d(q,m,n)
S Unfe= > e [ lgw)de, )
j=1 j=1 {22
2m+n+1ﬂ.q 2m+n+2ﬂ.2q71
< — dog_1(w) = ————,
ST 0
completing the proof. O

Corollary 4.9. Let {g; : j = 1,2,...,d(g,m,n)} and {g; D j =
1,2,...,d(g,m,n)} be orthonormal subsets of Jj—oUj—o Hi,i(Q2g—2) and
let {f; : 5 =1,2,...,d(g,m,n)} and {f]/ 27 =1,2,...,d(g,m,n)} be the
corresponding sets resulting from the use of Theorem 4.2. If <gj,g;c)2 =0,
J # k. then [fi, fi] =0, 5 # k.

Proof. We use Corollary 4.6 to write

[i(Z2) =pj(29)9i(2), 2z€Qag—2, j=1,2,...,d(g,m,n), (4.45)

and

[2) =pj(20)g;(2), 2 € Qoga, j=1,2,...,d(g;m,n),  (4.46)

in which {p; : j = 1,2,... ,d(g,m,n)} and {p; cj=1,2,...,d(g,m,n)}
are subsets of P(C). It follows, with a help of Theorem 2.7, that

£+ frla =P <£q> (M) (95 9k g—1

_m+n+q— 1)! 0 ——— /
= Gy Dj <(f‘)zq (pk(zq)) <9j79k>2~

The conclusion in the statement of the Corollary follows. O
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