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Abstract. The purpose of this paper is to study the weak and strong
convergence of an new implicit iteration process to a common fixed
point for a finite family of asymptotically nonexpansive mappings in
Banach spaces. The results presented in this paper extend and improve
important known results in [1], [2], [4]-[9], [11]-[15] and others.

1. Introduction and preliminaries

Throughout this paper we assume that F is a real Banach space and
T: FE — E is a mapping. We denote by F(T) and D(T') the set of fixed
points and the domain of T, respectively.
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Recall that F is said to satisfy Opial condition, if for each sequence {z,}
in F, the condition that the sequence x,, — x weakly implies that

limsup ||z, — z|| < limsup ||z, — y||
n—oo n—oo

for all y € E with y # x.

Definition 1.1. Let D be a closed subset of £ and T': D — D be a map-
ping.

1. T is said to be demi-closed at the origin, if for each sequence {z,}
in D, the conditions z,, — xg weakly and Tz, — 0 strongly imply
Tx(] =0.

2. T is said to be semi-compact, if for any bounded sequence {z,} in D
such that ||z, — Tx,|| — 0 (n — o0), then there exists a subsequence
{zn,} C {xn} such that z,, —» z* € D.

3. T is said to be asymptotically nonexpansive [4], if there exists a se-
quence {ky,} C [1,00) with lim,, . k, = 1 such that

| T"x — T"y|| < kpllz —y|| Yz,y € D, n>1.

Proposition 1.1. Let K be a nonempty subset of E, {I;}Y,: K — K
be N asymptotically nonexpansive mappings. Then there exists a sequence
{kn} C [1,00) with k,, — 1 (n — 00) such that

Hjinl ,'ZznyH <— k”Hl y||7 VT >_ 17 (11)
or att T c K,i= 2,... .
f Il Y ’ » 17 ) 7N

Proof. (1) Since for each i =1,2,... ,N, T;: K — K is an asymptotically
nonexpansive mapping, there exists a sequence {kh(f)} C[1,00), with k,(f ) 1
(n — o0) such that

117w — 17yl < kP|lz —yll, Yo,y €K, ¥n>1,i=1,2,... ,N.
Letting
Ky = max{k(M k@ kY
then we have that {k,} C [1,00) with k, — 1 (n — 00) and
1T = Tyl < k) llz = yll < kallz = yll, VR >1,

for all z,y € K, and for each i =1,2,... | N. ]
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Definition 1.2. Let K be a nonempty closed convex subset of E with
K+ K C K, g € K be any given point and {71,T%,... ,In}: K — K
be N asymptotically nonexpansive mappings. Let {a,} and {3,} be two
sequences in [0,1], {uy} and {v,} be two bounded sequences in K. Then
the sequence {z,} defined by

{wn = (0= )01+ QT gyt + (12)

is called the implicit iterative sequence with errors for a finite family of
asymptotically nonexpansive mappings {T;}¥ ;.

Especially, if {T1,T5,... ,Tn}: K — K be N asymptotically nonexpan-
sive mappings, {a,} be a sequence in [0, 1] and xg € K be a given point,
then the sequence {x,} defined by

Tn =1 —ap)rn-1+ O‘nTg(modN)xna Vn >1 (1.3)

is called the implicit iterative sequence for a finite family of asymptotically
nonexpansive mappings {7;} ;.

Recently, concerning the convergence problems of an implicit (or non-
implicit) iterative process to a common fixed point for a finite family
of asymptotically nonexpansive mappings (or nonexpansive mappings) in
Hilbert spaces or uniformly convex Banach spaces have been considered by
several authors (see, for example, Bauschke [1], Chang and Cho [2], Goebel
and Kirk [4], Gérnicki [5], Halpern [6], Lions [7], Osilike [8], Reich [9], Schu
[10], Sun [11], Tan and Xu [12], Wittmann [13], Xu and Ori [14] and Zhou
and Chang [15]).

The purpose of this paper is to study the weak and strong convergence
of implicit iterative sequence {x,} defined by (1.2) and (1.3) to a common
fixed point for a finite family of asymptotically nonexpansive mappings and
nonexpansive mappings in Banach spaces. The results presented in this
paper not only generalized and extend the corresponding results in [1], [2],
[4]-[9], [11]-[15], but also give an affirmative to the open question suggested
by Xu and Ori [14]. Moreover the results even in the case of u,, = v, =0
or 3, =0, v, =0, Vn > 1 are also new.

In order to prove the main results of this paper, we need the following
Lemmas:

Lemma 1.1 ([3, 5, 12]). Let E be a uniformly convex Banach space, K be
a nonempty closed convex subset of E and T: K — K be an asymptotically
nonexpansive mapping with F(T) # 0. Then I — T is semi-closed at zero,
i.e., for each sequence {x,} in K, if {x,} converges weakly to ¢ € K and
{(I =T)xn} converges strongly to 0, then (I —T)q = 0.
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Lemma 1.2 ([3, 12]). Let {an}, {bn}, {cn} be three nonnegative real se-
quences satisfying the following condition:

ant1 < (1 +bp)an +cn,  Yn > mng,
where ng is some nonnegative integer, > o> cp < 00 and Y oo b, < 00.
Then

(1) the limit lim,, o a,, exists.
(2) In addition, if there exists a subsequence {an, }C{an} such that a,, —0,
then a, — 0 (n — 00).

Lemma 1.3 ([10]). Let E be a uniformly convex Banach space, b, ¢ be two
constants with 0 < b < ¢ < 1. Suppose that {t,} is a sequence in [b,c| and
{zn}, {yn} are two sequence in E. Then the conditions:

limp oo [[(1 = tn)@n + tayn|| = d,

limsup,, o ||zn|] < d,

limsupnﬂoo ||yn|| S d7

imply that limy, . ||Tr, — yn|| = 0, where d > 0 is some constant.

Lemma 1.4. Let E be a real Banach space, K be a nonempty closed convex
subset of E with K+K C K, {T1,Ts,... ,In}: K — K be N asymptotically
nonexpansive mappings with F = (X, F(T;) # 0. Let {a,} and {8,} be
two sequences in [0,1], {un} and {vy} be two bounded sequences in K and
{kn} be the sequence defined by (1.1) and o = sup,~; k, > 1 satisfying the
following conditions: -

(1) S0 (kn — Ve, < 00;
1
(ii) 7 =sup{ap: n>1} < P

(i) D02 [funll < oo, 32554 [vnl] < occ.
If {zn} is the implicit iterative sequence defined by (1.2), then for each
pe F =Y, F(Ty) the limit lim,, .o, ||, — p|| exists.

Proof. Since F = ﬂﬁ;l F(T;) # 0, for any given p € F, it follows from
(1.2) and Proposition 1.1 that
|zn = pll = [[(1 = an)(@n-1 = ) + an(Tmoa nyYn — P) + tnl|
< (1= ap)l|zn-1—pll + Oén||T;Ll(modN)yn = pl[ + [[unl|
n

= (1 - an)Hxn—l _pH + aTLHT;LL(modN))y" - Tn(modN)pH + HUNH
< (1= an)llen—1 — pll + anknllyn — pl| + [|unl]- (1.4)
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Again it follows from (1.2) and Proposition 1.1 that
lyn =PIl = [(1 = Bu)(2n = P) + Ba(T}mod 5y Tn — P) + vnl|
< (1 = Bo)llzn = Il + Bl Tmoa nyTn — Il + ||vn]|
= (1= Bp)llzn — pll + 57ZHT7?(modN)x” - T:zl(modN)pH + [|vnl]

< (1 = Bo)llzn = pll + Buknllzn — pl + [|vnll

< Enllzn = pll + ||vnl|- (1.5)
Substituting (1.5) into (1.4), we obtain that
|z — pll <(L—an)llen—1 — pl| + anky ||z, — pl]

+ ankn|lvn|[ + [[un].
which implies that

(1- ankﬁ)Hﬂ?n —pll < (1 = an)l[zn—1 = pll + tin, (1.6)
where
tin = ankn||vn]| + [|un|].

By the condition (iii) and the boundedness of the sequences {ay,} and {k,}

we know that
o0
D tin < o0,
i=1

From the condition (ii) we know that
ankg <70’ <1 and so l—ank,% >1— 702 > 0,

hence from (1.6) we have

I —ay, Hn
ol < /" N 4 —
(k2 — Day,
— (14 V" % L
( * 1 — ank2 01 p|‘+1—7'0'2
(k%_l)an Hn
<14+ -—F— 11—
_< L p— 1201 p"+1—7-02
— (Lt bo)lfent — 2l + . (1.7
where
(k2 — Doy, fn,
K L B g

By conditions (i) and (iii) we have that

an— 022
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1 o0
=5 D (kn+ 1)(kn — Do,
1—170 —
1+o >
< — 2z:(k:n—l)ozn<oo
l1—70 —
and
o0 (o)
ch = 1 Hin B} < 00.
n=1 n=1 - To

Taking a,, = ||xn—1 — p|| in inequality (1.7), we have
ani1 < (L+by)ag +cpy,  Vn > 1.

and the satisfy all conditions in Lemma 1.2.  Therefore the limit
lim,, o ||zr, — pl| exists. Without loss of generality we may assume that

lim ||z, —p||=d, peF. (1.8)

where d > 0 is some constant. This completes the proof of Lemma 1.4. [

2. Main results

We are now in a position to prove our main results in this paper.

Theorem 2.1. Let E be a real Banach space, K be a monempty closed
convez subset of E with K + K ¢ K, {T1,Ts,... ,Iny}: K — K be N
asymptotically nonexpansive mappings with F = ﬂf\il F(T;) # 0 (the set
of common fized points of {Th,Ts,... ,Tn}). Let {an} and {B,} be two
sequences in [0,1], {un} and {vy} be two bounded sequences in K, {k,} be
the sequence defined by (1.1) and 0 = sup,,~1 kn > 1 satisfying the following
conditions: -

(1) 2nzy (kn — Dan < oo;

1
(ii) 7 =sup{an:n > 1} < —;

o
(iil) D2y unll < oo, 32024 [Jnl| < oo.
Then the implicit iterative sequence {z,} defined by (1.2) converges strongly
to a common fized point p € F = ﬂfil F(T;) if and only if

liminf d(z,, F') = 0. (2.1)

n—oo
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Proof. The necessity of condition (2.1) is obvious.
Next we prove the sufficiency of Theorem 2.1. For any given p € F, it
follows from (1.7) in Lemma 1.4 that

|2n — oIl < (1 +bp)||#n—1 —pl| + 0 YR > 1. (2.2)
where )
(kn — Dan Hn
b = 1"_ To? and - cn = 1—r70?
with Y% b, < oo and Y 2| ¢, < co. Hence, we have
d(xn, F) < (1 +bp)d(zp-1,F) +c, Vn>1. (2.3)

It follows from (2.3) and Lemma 1.2 that the limit lim, o d(x,, F') exists.
By the condition (2.1), we have

lim d(zp, F)=0.

n—oo
Next we prove that the sequence {z,} is a Cauchy sequence in K. In
fact, since Y 2 by < 00, 1+t < exp{t} for all ¢ > 0, and (2.2), therefore
we have
[lzn — pl| < exp{bn}||lzn—1 —pll + cn. (2.4)
Hence, for any positive integers n, m, from (2.4) it follows that

[ Tn+m — Pl <exp{bnim}|Tntm—1 = pll + cnim
< GXP{bn+m}[eXP{bn+m71}| |xn+m72 - p|| + Cn+m71] + Cpiam
= eXp{bn+m + bn+m71}| |Tntm—2 —pl| + eXP{bnﬂn}Cnerfl

+ Cn+m
<...
n—+m n—+m n+m
SeXp{ > bi} l|zn — pl| +exp{ > bi} > e
i=n+1 i=n-+2 i=n-+1

oo
<Wllzn —pl[+W > a
i=n+1
where W = exp{>_>> ; by} < 0.
Since limy, o0 d(zp, F) =0 and Y7 ¢, < 00, for any given € > 0, there
exists a positive integer ng such that

oo
€ €
d < —1—— i < ——, VYn > ng.
@ B) < gy 2o G < g Yz
1=n+1
Therefore there exists p; € F' such that
€
d — VYn>
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Consequently, for any n > ng and for all m > 1 we have

|2Zn4m = @nll < ||Zngm = prll + |l2n — pal]

< (14+W)||ley —pr|| + W Z Ci

i=n-+1

g g

— (1+W)+ W ——

<2(W+1)( W)W o
=E.

This implies that {z,} is a Cauchy sequence in K. By the completeness
of K, we can assume that z,, — z* € K. Since the set of fixed pints of
a asymptotically nonexpansive mapping is closed, hence F' is closed. This
implies that z* € F, and so z* is a common fixed point of 11,75, ... ,Tx.
This completes the proof of Theorem 2.1. O

Theorem 2.2. Let E be a real uniformly convexr Banach space satisfying
Opial condition, K be a nonempty closed convex subset of E with K + K C
K, {Th,Ts,... ,Tn}: K — K be N asymptotically nonexpansive mappings
with F = NN F(T;) # 0. Let {a,} and {8,} be two sequences in [0,1],
{un} and {v,} be two bounded sequences in K, {ky} be the sequence defined
by (1.1) and o = sup,;> kn, > 1 satisfying the following conditions:

(1) 2202y (kn — Dan < oo;
1

(ii)) 0 <7 =inf{ay:n > 1} <sup{ap:n>1} =7 < ol

1
(i) 0 < p=sup{fBp:n>1} < —;
o

(iv) 2oiy lunll < oo, 32074 [Jon]| < ooy
(v) there exists constants L > 0 and o > 0 such that, for any i,j €
{1,2,... ,N} with i # j,

|T7x — T]y|| < Lz —yl|*, VYn>1,
forallxz,y e K.

Then the implicit iterative sequence {xy} defined by (1.2) converges weakly
to a common fized point of {T1,Ts,... ,Tn}.

Proof. Since F' = ﬂf\il F(T;) # 0, for any given p € F, it follows from
(1.2) and (1.8) that

[|zn=pll =[|(1=an) [#n—1=pFunl+Bn[Tmoa nyyn—PFunl[| = d  (n—00),
peF. (2.5)
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From (1.8) and the condition (iv) we know that

limsup ||xp—1 — p + uy||

n—oo
< limsup ||zp—1 — p|| + limsup ||u,|| =d, p€EF. (2.6)
n—oo n—oo

It follows from (1.5) and the condition (iv) that
limsup || T 04 vyYn — P+ Unl|
n—oo

< lim sup kp||yn — pl| + limsup |[u,||

n—oo n—oo

= lim sup ky||yn — p||

n—oo

< limsup ky{kn||zn — p|| + ||vn]|}
n—oo

< limsup k2||z,, — p|| + limsup &y, ||v,||
n—oo n—oo

=d, peF. (2.7)
Therefore, from the condition (ii), (2.5)—(2.7) and Lemma 1.3 we know that
Jim [T 0d 3y = Zn-1]| = 0. (2.8)
Moreover, since
e = 2ncall = llon (T o yn — 1) +
< anl[ T moa NyYn = Tn1| + [[unll; (2.9)

hence, from (2.8) and the condition (iv) we obtain

lim ||z, —2p—1]|=0 Vj=1,2,... N (2.10)
n—oo

and so
lim ||z, — 2p44]| =0 Vj=1,2,... N. (2.11)
n—oo

On the other hand, we have
||$n - T??(modN)"EnH §||$n - Jjn*lH + ”:L'nfl - Tr?(modN)ynH
+ HTg(modN)yn - Tq?(rnodN)an' (212)

Now, we consider the third term on the right side of (2.12). From the
Proposition 1.1, (1.2) and the condition (iii) we have

HTZLL(modN)y” - Tg(modN)an < anyn - .’L‘nH (213)
< o|1Bn(Tamod NyTn — Tn) + vl
< UﬁnHTZLL(mOdN)fUn — zp|| + o |vnl|

< O':LLHT:(modN)xn - IEnH + O-HUHH
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Substituting (2.13) into (2.12), we obtain that

120 = Tomod vy@nll <ll2n = Znall + |01 = Timoa ny¥nl|

+ Tl mod ) Zn — Tnl| + o l|vnl] (2.14)
Hence, by virtue of the condition (iv), (2.8), (2.10) we have
limsup [[zn — T}moa n)Znll < oplimsup ||z — Ti0q vy Znll (2.15)
n—00 n—00
that is
(1 —op) - limsup [[zn — T}(0q vy @all <0 (2.16)
n—oo

From the condition (iii), 0 < ou < 1, hence from (2.16) we have
lim ||zn — Tmoq vy Znl| = 0. (2.17)

n—00
By the condition (v), we have
1T ma iy = Tty moa 3y =11 < Ll|zn — @] (2.18)
From (2.10), (2.17), (2.18) and Proposition 1.1 that
|20 = To(mod N)Znl| <20 = Timoa vy Znll + [ T5 mod 5 Zn — T(mod N)Znl|
<[lzn =T, n(mod ) an“‘leTgmodN) — ||
<[l — Tymod 5y Znll
+ kl{HT:;nlod N)Tn — T(nf1 ) (mod Ny Tn—1]
+ HT& 11)(mod]v)xnfl — Tp—1|| + ||[zn—1 — zal|}
<|lzn — n(modN an + k1 Ll|wn — 2p|®
+ kT3, ! J(mod Ny Tn—1 — Tn—1]|
+ k1l|zn—1 —zn]| = 0 (n — o0),
which implies that
[lzn = Th(mod NyZn|l = 0 (n — oo) (2.19)
and so, from (2.10) and (2.19), it follows that, for any j =1,2,... | N,
15 — Tr(mod N)+j%nl| <lTn — Tntjll + Tntj — To(mod Ny+iTn+ll
+ [T (mod Ny+j%n+j — Tn(mod N+ %nl

§| ’.len - xn—l—j” + Hxn-‘f-j - Tn(mod N)-i—jxn-l-jH
+ kil|zng; —xp]| = 0 (n — o0). (2.20)
Since E is uniformly convex, every bounded subset of E is weakly com-

pact. Again since {z,} is a bounded sequence in K, there exists a subse-
quence {zp, } C {z,} such that {z,, } converges weakly to ¢ € K.
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Without loss of generality, we can assume that ny = j(mod N), where
j is some positive integer in {1,2,...,N}. Otherwise, we can take
a subsequence {zn, } C {xp,} such that ny, = j(modN). For any
Il € {1,2,...,N}, there exists an integer ¢ € {1,2,...,N} such that
ni + i = l(mod N). Hence, from (2.20) we have

lim ||z, — Tjzy,|| = 0. (2.21)
k—o0

By Lemma 1.1, we know that ¢ € F(7;). By the arbitrariness of [ €
{1,2,...,N}, we know that ¢ € F' = ﬂ;vzl F(T}).

Finally, we prove that the sequence {z,} converges weakly to ¢. In fact,
suppose this not true. Then there exists some subsequence {xn;} C {z,}
such that {x,;} converges weakly to ¢1 € K and q; # ¢. Then by the same
method as given above, we can also prove that ¢ € F = ﬂjvzl F(T;).

Taking p = g and p = ¢; and using the same method given in the proof
of (1.8), we can prove that the following two limits exist and

lim ||z, —q|[=di, lim ||z, —q| =d>
n—00 n—oo

where d; and de are two nonnegative numbers. By virtue of the Opial
condition of E, we have

dy = limsup ||z, — q|| < limsup||z,, — q|| = d2
g —00 T} —00
— timsup| [z, — q1]] < limsup |z, — gl| = di.

This is a contradiction. Hence ¢; = ¢. This implies that {z,} converges
weakly to ¢q. This completes the proof of Theorem 2.2. ]

Theorem 2.3. Let E be a real uniformly convexr Banach space satis-
fying Opial condition, K be a nonempty closed convex subset of F,
{T1,Ts,... ,Tn}: K — K be N asymptotically nonexpansive mappings with
F = ﬂf\il F(T;) # 0. Let {a,} be a sequence in [0,1], {k,} be the sequence
defined by (1.1) and o = sup,,>; kn, > 1 satisfying the following conditions:

(1) Y opiq(kn — 1)ay, < oo;
1
(ii)) 0 < =inf{ay: n > 1} <sup{ap:n>1} =7 < ﬁ"

(iii) there exists constants L > 0 and o > 0 such that, for any i,j €
(1,2,...,NY with i # j,

T/ — T]y|| < Lijz — yl|*,  Vn >1,
forallz,y € K.

Then the implicit iterative sequence {xy} defined by (1.3) converges weakly
to a common fized point of {T1,Ts,... ,Tn}.
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Proof. Taking 5, = 0, u, = v, = 0, Yn > 1 in Theorem 2.2, then the
conclusion of Theorem 2.3 can be obtained from Theorem 2.2 immediately.
This completes the proof of Theorem 2.3. 0

Theorem 2.4. Let E be a real uniformly convexr Banach space, K
be a mnonempty closed conver subset of E with K + K C K,
{Th,Ts,... ,Tn}: K — K be N asymptotically nonexpansive mappings with
F = ﬂfil F(T;) # 0 and there exist an T;, 1 < j < N, which is semi-
compact (without loss of generality, we can assume that Ty is semi-compact).
Let {an} and {B} be two sequences in [0,1], {u,} and {v,} be two bounded
sequences in K, {k,} be the sequence defined by (1.1) and o = sup,,~, kp > 1
satisfying the following conditions: -

(1) 2nzy (kn — Dan < oo;
1

(i) 0 < =inf{ay: n>1} <sup{ap:n > 1} =1 < pol

1
(iii) 0 < p=sup{fp:n>1} < —;
o

(iv) 20ty [lunll < oo, 32024 [fon]| < oo;
(v) there exists constants L > 0 and a > 0 such that, for any i,j €
{1,2,... ,N} with i # j,

T/ — T]y|| < Lljz — yl|*,  Vn >1,
forallz,ye K.

Then the implicit iterative sequence {z,} defined by (1.2) converges strongly
to a common fized point of {T1,Ts,... , Ty} in K.

Proof. For any given p € F = ﬂf\il F(T;), by the same method as given in
proving (1.8) and (2.21), we can prove that

lim ||z, —p|| = d, (2.22)
n—oo
where d > 0 is some nonnegative number, and

klim l|zn, — Tixn,||=0, VI=1,2,... N. (2.23)
—00

Especially, we have
lim ||zp, —Tizp,|| = 0. (2.24)
k—o0

By the assumption, 77 is semi-compact, therefore it follows from (2.24) that

there exists a subsequence {zy, } C {zn,} such that x,, — 2* € K. Hence
from (2.23) we have that
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which implies that
N

x* € F=)F(T).
i=1
Take p = z, in (1.8), similarly we can prove that
lim ||z, — z*|| = di,
n—oo

where d; > 0 is some nonnegative number. From Tny, — z* we know that
d; =0, i.e., x, — x*. This completes the proof of Theorem 2.4. O

Theorem 2.5. Let E be a real uniformly convexr Banach space, K be a
nonempty closed convex subset of E, {T1,Ts,... ,Tn}: K — K be N asymp-
totically nonexpansive mappings with F = ﬂf\;l F(T;) # 0 and there exist
anTj, 1 < j < N, which is semi-compact (without loss of generality, we can
assume that Ty is semi-compact). Let {ca,} be a sequence in [0,1], {k,} be
the sequence defined by (1.1) and o = sup,,~, kn, > 1 satisfying the following
conditions: -

(i) 2onti(bn — an < 00;
(i) 0 <1 =inf{ay: n > 1} <sup{lap:n > 1} =1 < %’.
(iii) there ezists constants L > 0 and o > 0 such that, for any i,j €
{1,2,... ,N} with i # j,
Tz — T'yl| < Lljz —y||*, VYn>1,
forallz,y e K.

Then the implicit iterative sequence {z,} defined by (1.3) converges strongly
to a common fized point of {T1,Ts,... ,Tn} in K.

Proof. Taking 38, = 0, up, = v, = 0, Yn > 1 in Theorem 2.4, then the
conclusion of Theorem 2.5 can be obtained from Theorem 2.4 immediately.
This completes the proof of Theorem 2.5. O

Remark 2.1. Since 0 < (k, — 1)aw, < k,, — 1, therefore, it is easy to see
that if condition (ii) is replaced by (ii’):

(i) Y opti(kn — 1) < oo,
then the conclusion of Theorem 2.1-2.5 all are holds.

Remark 2.2. It is pointed out Xu and Ori [14] that is unclear what as-
sumptions on the mappings {77, 7s,... ,Tn} and / or the parameters {ay,}
are sufficient to guarantee the strong convergence of the sequence {z,}.
However, Theorem 2.4 and Theorem 2.5 answered this open question to
some extent.
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Remark 2.3. Theorem 2.2 improves and extends Theorem 3.1 of Chang
and Cho [2] in its two aspects:

(1) The key condition “>°°°  (k, — 1) < o0” is replaced by more weak

n=1
condition “Y">° | (k, — 1)ay, < 00”.
(2) The implicit iterative process {z,} in [2] is replaced by the more gen-
eral and new implicit iterative process {x,} with errors defined by

(1.2).

Remark 2.4. Theorem 2.2 improves and extends Theorem 1 of Zhou and
Chang [15] in the following ways:

(1) The key condition “>°°  (k, — 1) < o0” is replaced by more weak

n=1
condition “Y">° | (ky, — 1)ay, < 00”.

(2) The condition (v) in [15, Theorem 1]: there exists a constant L > 0
such that for any 7,7 € {1,2,... ,N}, i #j

T = Tyl < Llle —yll, Vn>1, Ve,yeK

is replaced by the more general condition (v) in Theorem 2.2.

(3) The implicit iterative process {z,} in [15] is replaced by the more
general and new implicit iterative process {x, } with errors defined by
(1.2).

Remark 2.5. Theorem 2.4 improves and extends Theorem 3 of Zhou and
Chang [15] in its three aspects:

(1) The mappings {T1,T5,... ,Tn}: K — K be N semi-compact in [15,
Theorem 3] is extended to requiring only one member 7" in the family
{T1,Ts,... ,Tn} to be semi-compact.

(2) The class of nonexpansive mappings is extended to more general
asymptotically nonexpansive mappings.

(3) The implicit iterative process {z,} in [15] is replaced by the more
general and new implicit iterative process {x, } with errors defined by
(1.2).

Remark 2.6. Theorem 2.1-2.5 generalize and improve the main results of
Bauschke [1], Halpern [6], Lions [7], Reich [9], Wittmann [13], Xu and Ori
[14] in the following aspects:

(1) The class of Hilbert spaces is extended to that of Banach spaces sat-
isfying Opial’s or semi-compactness condition.

(2) The class of nonexpansive mappings is extended to that of asymptot-
ically nonexpansive mappings.

(3) The implicit iterative process {x,} is replaced by the more general and
new implicit iterative process {x,} with errors defined by (1.2).



STRONG AND WEAK CONVERGENCE OF IMPLICIT ITERATIVE PROCESS 281

(4) The methods of the proofs used in this paper are different from those

of used in the papers of [1], [6], [7], [9], [13] and [14].

Acknowledgements. The author sincerely thanks the referees for their
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