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Abstract. The notion of the resolvability of a topological space was
introduced by E. Hewitt [8]. Recently it was understood that this no-
tion is also important in the study of w-primitives, especially in the
case of nonmetrizable spaces. In the present paper a criterion for the
resolvability of a topological space at a point (“local resolvability”) is
given. This criterion, stated in terms of oscillation and quasicontinuity,
permits to conclude, for instance, that on irresolvable spaces no posi-
tive continuous real-valued function has an w-primitive. The result is
strenghtened in the case of Sl-spaces. It is also shown that every non-
negative upper semicontinuous function on a resolvable Baire space has
an w-primitive.

1. BASIC DEFINITIONS AND PRELIMINARIES

Throughout the paper only dense-in-themselves topological spaces will
be considered. Let X = (X,7) be a topological space. To each function
F: X — R one associates the upper and lower Baire functions

M(F,): X =R, m(F,-): X —R (1)
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defined by
M(F2)= inf  swp F(e), 2)
U(z)ETe ceU(x)
m(F,x) = sup inf F(§) (3)

U(z)er, €U ()

where U (z) ranges over a neighborhood base 7, for the topology 7 at z € X.
One can easily check that these values are independent of the choice of 7.

It is well known that M(F,-) is upper semicontinuous while m(F,-) is
lower semicontinuous on X.

Recall that a function ¢: X — R is said to be upper (lower) semicontinu-
ous if for each a € R the set {z € X: p(z) < a} (resp. {r € X: ¢(x) > a})
is open.

We will use the abbreviations USC and LSC for “upper semicontinuous”
and “lower semicontinuous”.

Definition 1. The value
w(F,z) = M(F,z) —m(F,z) € [0, o0]. (4)

is called the oscillation of F' at a point .

Regarding definition (4), we adopt the convention: 400 — (—00) = +00,
and 400 —a = +00, a — (—00) = 400 for a € R. Note that (4) can also be
written in the form

w(F,z) = inf sup (F(z') — F(2")). (5)
U(@)€e o/ 2/ U (z)

Definition 2. Let X = (X, 7) be a topological space and a USC function
f: X — [0,00] be given. If there exists a function F': X — R such that

Ve e X: w(F,z) = f(z)

then we call F' an w-primitive for f.

Note that f may take the value +oo while, according to our definition,
an w-primitive should be finite.

By the “w-problem” (on a topological space X) we mean the problem of
the existence of an w-primitive for a given USC function f: X — [0, 00]. The
w-problem was completely solved in the case of metric spaces [5]. Namely,
the following results were obtained.

Theorem 1. ([5], Theorems 3, 4*) Let X = (X,d) be an arbitrary metric
space and f: X — [0,00) (or f: X — [0,00]) a USC function which vanishes

*Correction: in the statement of Theorem 4 in [5] the inequality —g < F' < f should
be replaced by —g < F' < co. The proof remains unchanged.
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at each isolated point of X. Then for each LSC function g: X — (0,00)
there exists a function F': X — R such that w(F,-) = f and —g < F < f
(respectively: —g < F' < o0). Such a function F can always be found in at
most Baire class 2.

It is worth noting that generally one cannot eliminate an LSC function
g > 0 without failing Theorem 1 if the inequality —g < F' < f we replace
by 0 < F < f. This will follow from Theorem 2. But first we recall some
necessary definitions from [3].

A metric space X is called:

1) o-discrete at a point x € X if x has a neighborhood which is a o-
discrete set;

2) locally o-discrete if X is o-discrete at each z € X;

3) massive if X is not o-discrete at any of its points.

It is clear that these definition are also valid for topological spaces. In [5]
it was shown that

a) Fach locally o-discrete metric space is o-discrete.

b) Fach metric space X can be written in the form of the disjoint union
X = X(X) UM(X), where £(X), M(X) are respectively o-discrete
and massive subspaces of X (one of them may be empty). Such a
decomposition of X is unique.

Observe that (X)) is open while M(X) is closed and dense in itself (if
nonempty).

Open problem. Do (or under what conditions) claims a), b) hold for non-
metrizable spaces?

Now let us prove

Theorem 2. Let X = (X,d) be a dense-in-itself metric space. Assume
that each USC function f: X — [0,00) has an w-primitive F such that
0< F < f. Then X is a massive space.

Proof. Assume that X is not massive. Then we have the decomposition
X =3(X)UM(X) with 2(X) # 0. As X(X) is o-discrete, then by Lemma
2 of [3] it can be represented in the form

S(X) = G Cp
n=1
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where AC), := inf{d(x1,x2): x1,29 € Cy, 1 # w2} > 0 for each n € N.
Consider f: X — [0,00) defined by

0 if v € M(X);
fl@)=qn+1
n

ifxeC,, neN.

Since AC,, > 0, n € N, we have that no point of (X)) is an accumulation
point of any C),, n € N. It easily follows, in view of the construction of f,
that
Vo e X(X): f(z) — limsup f(y) > 0. (6)
y—w
This obviously implies that f is USC on X. Note that since X is dense in
itself, its open subset (X)) is so too, and therefore the upper limit in (6)

exists. By assumption, there is an w-primitive F' for f such that 0 < F < f.
It follows that (cf. (1))

Ve e X:m(F,z)=0 (7)
and
Vee X: M(F,z)= f(z). (8)

Note that M (F,z) = max{F(x), limsup,_,, F(y)}. Since ' < f, we get, in
view of (6),
Vo € ¥(X): limsup F(y) < limsup f(y) < f(z).
y—z y—z

It follows by (8), that F(x) = f(z) for each € X. This implies, taking
into account the construction of f, that F(x) > 1 for each = € ¥(X), which
contradicts (7). Our argument thus shows that there should be X(X) = (.
Therefore X = M(X) what was to be shown. O

Thus 0 < F' < f cannot hold for X o-discrete. It should also be noted
that the metrizability of a space is only a sufficient condition for the ex-
istence of an w-primitive. For instance, in [4] some special classes of non-
metrizable first countable T7-spaces without isolated points were considered
for which the question of the existence of w-primitives is answered affirma-
tively.

In the present paper it will be shown, in particular, that results analogous
to Theorem 1 need not hold for nonmetrizable topological spaces. This is the
case of the so-called irresolvable spaces. To this end we will use Theorem 3.

To simplify notations, we will sometimes write X instead of (X, 7), if no
confusion could arise. The closure of a set £ C X will be denoted by E and
by Int £ we denote the interior of F.
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Definition 3 ([8]). A topological space X is said to be resolvable if there
exists a set S C X which is dense and boundary in X, i.e. S=X\S = X.
Such a set (as well as its complementary X \ S) is called a CD-set. A space
which is not resolvable is called irresolvable.

It is immediate from Definition 3 that a resolvable space is dense in itself
and the following are equivalent:

(a) The space X is resolvable.
(b) There exist two disjoint sets A, B C X such that each of them is dense
in X.

E. Hewitt pointed out in [8] that “all commonly studied” dense-in-
themselves topological spaces are resolvable. In particular, he proved that
first countable Ty-spaces without isolated points are resolvable. It follows,
by the way, that all nonmetrizable spaces considered in [4] are resolvable.
Amazingly, it was shown in [8] that irresolvable spaces do exist. Since then,
numerous research papers related to that topic have appeared (see, e.g., a
survey article by W. W. Comfort [1]).

Definition 4 ([8]). A subset E of a topological space X is said to be re-
solvable if F is resolvable as a topological space equipped with the subspace
topology.

We introduce the following

Definition 5. A topological space X is said to be resolvable at a point
ro € X if each open neighborhood of xy contains a nonempty open subset
which is resolvable.

Lemma 1 ([8], Theorem 20). A topological space X is resolvable if and
only if every nonempty open subset of X contains a set which is resolvable.

This proposition immediately implies, in view of Definition 5, the follow-
ing corollary we will use later.

Corollary 1. If a topological space X is resolvable at each point of a set E
dense in X then X is resolvable.

Observe that each nonempty open subset of a resolvable space is resolv-
able [8].
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2. A CRITERION FOR LOCAL RESOLVABILITY OF A SPACE

In this section we prove a necessary and sufficient condition for the resolv-
ability of a space at a point, what may be called as a “local resolvability”.
In Section 3 some consequences will be deduced from that criterion. Recall
the following

Definition 6 (see, e.g., [10]). Let X = (X,7) be a topological space. A
function f: X — R is called quasicontinuous at zg € X if for each ¢ > 0
and each open neighborhood W(xzy) of o there is a nonempty open set
U C W(xg) such that for each x € U we have |f(z) — f(z0)| < e.

It is obvious that each continuous function is quasicontinuous.

Theorem 3 (a criterion for local resolvability). Let X = (X, 1) be a topo-
logical space. In order that X be resolvable at a point xq, it is necessary and
sufficient that the following condition be satisfied.

There exists an open neighborhood G of o and a function F: G — R,
such that 0 < w(F,z) < oo and w(F,-) is quasicontinuous at x(.

Proof. (I) THE CONDITION IS SUFFICIENT. Fix an ¢, 0 < ¢ < w(F, x)/10.
Since M (F,-), m(F,-) are USC and LSC functions respectively, there exists
an open neighborhood W(zg) of zg, W(xg) C G, in which these functions
are finite and such that for each x € W (xg) we have

M(F,z) < M(F,z9) +¢ and m(F,x) > m(F,xg) —¢. (9)

Since w(F, -) is quasicontinuous at xg, there is a nonempty open set U C
W (xo) such that for each x € U we have

|w(F,z) — w(F, z0)| <e. (10)

Consider the following two sets:

. (11)

M(F,z) —l—m(F,x)}.
2

Our aim is to prove that each of these disjoint sets is dense in U. First we
will show that the inequalities

|m(Fa .’EH) - m(Fv [L‘/)| < 3e, (13)
|M(F,2") — M(F,2")| < 3¢ (14)
hold for all 2/, 2" € U.

A= {xe U: F(z) > M(F’x)er(F’x)},

B:{a:EU:F(:c)< (12)
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1) PROOF of (13). In view of (9), (10) we have that for each z € U

m(F,xg) —e <m(F,z) =m(F,x) — M(F,z) + M(F,x)
< M(F,x0)+e—w(F,z) < M(F,z0) — w(F,x0) + 2.

It follows that
Ve e U: m(F,z) € (m(F,z9) — e, M(F,x0) — w(F, z0) + 2¢)

which, clearly, implies (13).
2) PROOF of (14) is similar to the proof of (13). Indeed, using again (9),
(10), we may write for each x € U
M(F,x9) + ¢ > M(F,z) = w(F,z) + m(F,z)
> w(F,x) +m(F,x0) —e > w(F,x9) + m(F,xo) — 2,

whence it follows that
VeeU: M(F,z) € (w(F,x0) + m(F,z9) — 2¢, M(F,x0) +¢)

which obviously implies (14).
Finally, let us prove that the sets A, B defined by (11), (12) are both
dense in U.

3) PROOF of “A is dense in U”. Assume the contrary. Then there is a
nonempty open set D C U such that
M(F,z) +m(F,x)

Ve € D: m(F,x0) —e <m(F,z) < F(z) < 5 .

It follows by (9), (13) and (10) that

M F 1 F 7z
V' 2" € D: F(2") — F(2') < ( ,a:);m( 2")
_ M(F,2") —m(F,2") + 2(m(F,2") — m(F,a'))
2
~w(F,2") +2(m(F,2") —m(F,z"))
2

w(F,2")+6e  w(F,xq) + Te

2 < 2 ’

Since D is open, this estimate yields (cf. (5)),

—m(F,z")

<

w(F,x0) + Te

2 )
and therefore, in view of (10), we get w(F,zp) < 9¢, a contradiction, since
e < w(F,xp)/10. Thus A is dense in U.

Ve e D: w(F,z) < (15)
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4) PROOF of “Bis densein U”. Just as in the previous argument, assume
that the claim is not true. Then there exists a nonempty open set Dy C U
such that

M(F,x)+m(F,x)

Ve € Dy: M(F,x0) +e> M(F,z) > F(x) > 5 .

It follows, in view of (9), (14) and (10), that
M(F,2")+m(F, )

Va' 2" € Dy: F(2") — F(2') < M(F,2") —

2
_ 2(M(F,a") — M(F,2")) + w(F,z') - w(F, xzo) + Te
B 2 2 '
Exactly like in the preceding proof, this estimation yields
w(F,zo) + Te

Vo € Dy: w(F,x) < 5 ,
which, as we have seen, leads to a contradiction w(F,zg) < 9e, thereby
proving that the set B is dense in U.

Thus we have proved that each open neighborhood W(xg) of the point
xo contains an open resolvable subset U (observe that, given any open set
O > zp, we may obviously always choose W (zg) C GNO).

This means that the space X is resolvable at zg (cf. Definition 5), what
was to be shown.

(IT) THE CONDITION IS NECESSARY. To prove this, denote by D the
union of all resolvable open subsets of X. Since X is resolvable at xg, the
set D is obviously nonempty. It is also clear that it can be written in the
form

D= U U57 (16)

SES

where every Uy is open and resolvable. Observe that from the definition of
D it follows that this set is maximal in the sense that there are no open
resolvable sets which are not contained in D.

First let us show that D is resolvable. Let €2 C D be a nonempty open
set. It is clear from (16) that there is sp € S such that Us, N Q # 0. Since
Us, is resolvable, the set Us, N2 is resolvable too. Since () was an arbitrary
nonempty open subset of D, it follows by Lemma 1 that D is resolvable.

Next let us prove that zyp € D. Assume this is not the case. Then
79 € X \ D, and X \ D is obviously an open neighborhood of xq. Since X
is assumed to be resolvable at g, there is a nonempty open set V C X \ D,
which is resolvable. Since V' ND = (), we have that D is a proper subset of
a resolvable open set DUV, which contradicts the maximality of D. So, we
conclude that zy € D.
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Now we will construct a function F': G — R with the required properties.
Since D is resolvable, there exists a CD-set A C D (in the subspace topology
of D). Put G = X and define F': G — R letting

F(m):{l ifreA

0 ifzxgA
Since A and X \ A are both dense in D, it is easy to see that
1 ifzeD
w(F,z) = Leer (17)
0 ifx¢gD.

Since x¢ € D, we have, of course, w(F,x¢) = 1, and it is trivial that w(F,-)
is quasicontinuous at zg because each open neighborhood of z( intersects D
where the oscillation of F' equals 1 in view of (17). Thus F is the required
function. O

3. IRRESOLVABLE SPACES AND w-PRIMITIVES

In this short section we deduce some almost immediate consequences of
Theorem 3. In particular, we will see that on every irresolvable space X
there are USC functions f: X — [0,00) which have no w-primitives. In
this connection we also consider Sl-spaces which form a special class of
irresolvable spaces.

Theorem 4. Let X = (X, 1) be a dense-in-itself irresolvable space. Assume
that there exists a USC function f: X — [0,00) and a dense set E C X
such that the following conditions are satisfied:

(a) f is quasicontinuous at each x € E;
(b) f(z) >0 for each x € E.

Then f has no w-primitive.
In particular, no continuous function f: X — (0,00) has an w-primitive.

Proof. Suppose that f has an w-primitive F': X — R. Then conditions
(a), (b) imply that all assumptions of Theorem 3 are satisfied for F' and
each € F (with G = X). Therefore X is resolvable at each point x € E.
Since E is dense in X, we conclude by Corollary 1 that X is resolvable.
This contradiction completes the proof. O

Corollary 2. Let X be a dense-in-itself topological space. If there exists
a continuous function f: X — (0,00) having an w-primitive, then X is
resolvable.
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Definition 7. Let X be a topological space. We say that X is w-regular
at xg € X if there exists an open neighborhood U of zy such that each USC
function f: U — [0,00) has an w-primitive F': U — R.

Observe that Definition 7 simply describes the localization of the w-
problem.

Theorem 5. Assume that a topological space X = (X,7) is w-reqular at
each point of a set E C X dense in X. Then X is resolvable.

Proof. First note that X is dense in itself what is immediate from assump-
tions in view of Definition 7. For each x € FE there is a neighborhood
U, € 7, in which the w-problem is solvable. Now for each x € E we let
f: Uy — [0,00) be equal to 1. Clearly, f is USC on the subspace U,. Since
X is w-regular at x, f has an w-primitive Fy: U, — R. Now it is obvious
that all assumptions of Theorem 3 are satisfied, hence X is resolvable at
each x € F. Since F is dense in X, it remains to apply Corollary 1. O

Open problem. Assume that a topological space X is w-regular at each
of its points. Is the w-problem solvable on X7

But of course the main open problem is whether the w-problem is solvable
on each resolvable space.

Definition 8 ([8]). A dense-in-itself topological space X is called an SI-
space (or, simply, SI) if X has no resolvable subsets.

In [8] it was shown that Sl-spaces exist and each SI-space is irresolvable.

Theorem 6. Let X be an SI-space. If a USC function f: X — [0,00)
18 quasicontinuous and positive at some point rog € X then f has no w-
primitives.

Proof. Indeed, if f had an w-primitive then by Theorem 3, X would be
resolvable at xg which is impossible because X is an Sl-space. O
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4. w-PROBLEM FOR RESOLVABLE BAIRE SPACES AND QUASICONTINUITY

First we will show that each boundary subset of a resolvable space can
be extended to a CD-set.

Theorem 7. Let X be a resolvable space. Then for each boundary set E C
X there exists a CD-set A C X such that E C A.

Proof. If E = X then obviously it suffices to put A = E. So, assume
that Int (X \ E) # 0. Since X is resolvable, Int (X \ E) is resolvable too.
Therefore there exists a CD-set S C Int (X \ E) (in the subspace topology
of Int (X \ E)). It remains to check that A = F'U S is the required CD-set.

1) ProoF OF A = X. Suppose this is not the case. Then there is a
nonempty open set D C X such that DN A = () (we may take D = X \ A).
Then obviously D N E = (), whence we get

P#<#DCX\ECInt(X\E)=DNS#0
(because S is dense in Int (X'\ £)). But this contradicts the equality DNA =
(). Consequently, A = X.

2) PrRoOOF OF X \ A = X, or, what amounts to the same, Int A = ).

Suppose on the contrary that Int A # (). Then we will prove that
SNint A=0. (18)

Assume that this equality does not hold. Then, since S C Int (X \ E), it
follows that

W=Int ANInt (X \ E) # 0,
(observe that W C A = E U S). We then have
DAW CInt AN(X\E)=(Int A)\ECA\E=S5,

a contradiction, because Int S = (). Thus (18) holds.
Recall that we have supposed that Int A # (). Then by (18) we get

£t A=AnInt A= (FUS)NInt A=ENInt AC E.

In other words, we have () # Int A C E, whence Int E # (), a contradiction,
since F is a boundary set. Thus the equality X \ A = X is true too, and
we conclude that A is the required CD-set. O

Theorem 8. Let X = (X, 1) be a resolvable Baire space. Then every USC
function f: X — [0,00) has an w-primitive.
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Proof. Let D(f) denote the set of all points at which f is not continuous.
The set D(f) is of first category (cf. [7]), and since X is Baire, the set D(f)
is boundary. By Theorem 7, there exists a CD-set A C X which contains
D(f). We claim that the function F': X — R defined by

) flx) ifzeA
Flz) = {0 ifreX\A (19)

is an w-primitive for f.
First of all observe that since F' < f, the function f is USC, and as X \ A
is dense in X, we obviously have
Vee X: M(F,z) < M(f,z) = f(z) (20)
and
Ve e X:m(F,z)=0. (21)

1) Let = € A. Since F(z) = f(x), we have M (F,z) > f(z). It follows, in
view of (20), (21), that

Ve e A: w(F,z) = f(x). (22)

2) Let x € X \ A. Then f is continuous at x. Fix an ¢ > 0. There exists
an open neighborhood U; of x such that

vEeUs: f(§) > f(x) —e (23)
Since A is dense in each neighborhood of x, particularly in Uy, it is imme-
diate from (23) that M(F,z) > f(z) —e. Then in view of (20), we may
write
Ve >0: f(z) —e < M(F,x) < f(x)
which clearly implies M (F,x) = f(z). Therefore, in view of (21), we obtain
w(F,x) = f(x). We conclude that

Vee X\ A: w(F,z) = f(z)
which, combined with (22), completes the proof. O

Remark 1. The above theorem generalizes essentially Theorem 3 of [2]
where it was additionally assumed that X is 77 and each x € X has a
neighborhood base 7, well ordered by inclusion relation.

Consider the following example. Assume the ZFC theory, and let X =
(R™, 74) where 74 is the usual density topology. It is well known that X
is Baire, Hausdorff, but not first countable [9]. Moreover, X is resolvable.
Indeed, it is clear that every Bernstein set B C R"™ (which exists in the ZFC
theory) is a CD-subset of X. Therefore by virtue of Theorem 8, we have
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Corollary 3. Every USC function f: (R",74) — [0,00) has an w-
primitive.

Remark 2. In [6], Theorem 2, one can find a different and direct proof of
the statement of Corollary 3.

Next result shows that we can give up on the Baireness of the space in
Theorem 8, but instead we will assume the quasicontinuity of f.

Theorem 9. Let X be a resolvable space. Then each quasicontinuous USC
function f: X — [0,00) has an w-primitive.

Proof. Proof is more simple than that of Theorem 8 because we need not
make use of Theorem 7. Fix a CD-set A C X and put F = fh where
h is the characteristic function of A. It is clear that w(F,z) = f(x) at
each x € A (the argument is the same as in 1) of Theorem 8). So, let
x € X\ A. Fixan e > 0. Since f is quasicontinuous, and A is dense in X, it
is obvious that every neighborhood U of x contains a point y € A for which
f(y) > f(x) —e. This yields M (F,z) > f(x) — ¢ and since ¢ was arbitrary,
we have M(F,z) > f(z). Since the reverse inequality M (F,z) < f(x) is
trivial, we conclude that M (F,z) = f(x). But the equality m(F,z) = 0
holds for each z € X because X \ A is dense in X. Therefore w(F,z) = f(z)
for z € X \ A. We conclude that F' = fh is an w-primitive for f. O

Remark 3. Theorem 9 generalizes, for instance, Theorem 1 of [2] which
was proved for continuous f.
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