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Abstract. In this paper, we study fixed points of solutions of the dif-
ferential equation
[ "+ A1) f +A(2) f=0,

where A; (z) (#0) (j =0, 1) are transcendental meromorphic functions
with finite order. Instead of looking at the zeros of f (z) — z, we proceed
to a slight generalization by considering zeros of g (z) — ¢ (z), where g is
a differential polynomial in f with polynomial coefficients, ¢ is a small
meromorphic function relative to f, while the solution f is of infinite
order.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna’s value
distribution theory and with the basic Wiman Valiron theory as well (see
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(7], [8], [10], [13], [14]). In addition, we will use A (f) and A (1/f) to denote
respectively the exponents of convergence of the zero-sequence and the pole-
sequence of a meromorphic function f, p (f) to denote the order of growth
of f, A(f) and X (1/f) to denote respectively the exponents of convergence
of the sequence of distinct zeros and distinct poles of f. A meromorphic
function ¢ (2) is called a small function of a meromorphic function f(z) if
T (r,o) =0(T (r,f)) as r — 400, where T (r, f) is the Nevanlinna charac-
teristic function of f. In order to express the rate of growth of meromorphic
solutions of infinite order, we recall the following definition.

Definition 1.1 ([2], [12], [16]). Let f be a meromorphic function. Then
the hyper order ps (f) of f(z) is defined by

oo (f) = T ogleT(nf) (11)

r—-+00 logr

Definition 1.2 ([2], [9], [12]). Let f be a meromorphic function. Then the
hyper exponent of convergence of the sequence of distinct zeros of f(z) is

defined by
- 1
loglog N <r, f)
A2 (f) = lim

r—-+oo log r

, (1.2)

where N (r,1/f) is the counting function of distinct zeros of f(z) in

{lz] < r}.
Consider the second order linear differential equation
P+ A1) f +40(2) f =0, (1.3)

where A; (2) (#0) (j =0, 1) are transcendental meromorphic functions with
finite order. Many important results have been obtained on the fixed points
of general transcendental meromorphic functions for almost four decades
(see [17]). However, there are a few studies on the fixed points of solutions
of differential equations. It was in year 2000 that Z. X. Chen first pointed out
the relation between the exponent of convergence of distinct fixed points and
the rate of growth of solutions of second order linear differential equations
with entire coefficients (see [2]). In [15], Wang and Yi investigated fixed
points and hyper order of differential polynomials generated by solutions of
second order linear differential equations with meromorphic coefficients. In
[11], Laine and Rieppo gave improvement of the results of [15] by considering
fixed points and iterated order. In [3], Chen Zongxuan and Shon Kwang
Ho have studied the differential equation

AL (2) e f + Ay (2) e f =0 (1.4)
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and have obtained the following results:

Theorem A ([3]). Let A;(z) (#0) (j =0,1) be meromorphic functions
with p(A4;) <1 (j=0,1), a, b be complex numbers such that ab # 0 and
arga # argb or a = ¢b (0 <c<1). Then every meromorphic solution
f(z) # 0 of the equation (1.4) has infinite order.

In the same paper, Z. X. Chen and K. H. Shon have investigated the fixed
points of solutions, their 15¢, 2°d derivatives and differential polynomial and
have obtained:

Theorem B ([3]). Let A;(z) (j =0,1), a, b, ¢ satisfy the additional hy-
potheses of Theorem A. Let dy, di, da be complex constants that are not all
equal to zero. If f(z) Z0 is any meromorphic solution of equation (1.4),
then:

(i) f, f', f" all have infinitely many fized points and satisfy
AMf=2)=A(f'—2)=X(f"—2) =+,
(ii) the differential polynomial
g(2) =daof" +dif' +dof
has infinitely many fized points and satisfies A (g — z) = +o0.

In this paper, we study the relation between the small functions and
solutions of equation (1.3) in the case when all meromorphic solutions are
of infinite order and we obtain the following results:

Theorem 1.1. Let Aj(z) (#0) (j =0,1) be transcendental meromorphic
functions with finite order such that all meromorphic solutions of equation
(1.3) are of infinite order, let d;j (j =0,1,2) be polynomials that are not
all equal to zero, ¢ (z) (Z0) be a meromorphic function of finite order
satisfying

(di — d2 A1) ¢’ —(do AT — (do A1) — doAg — di Ay +do+dy) p £0.  (1.5)

If f # 0 is a meromorphic solution of equation (1.3) with A(1/f) <
+o00, then the differential polynomial g (z) = dof” +dif + dof satisfies

A(g — @) = +o0.

Theorem 1.2. Suppose that A;(z) (£0) (j =0,1), ¢ (2) # 0 satisfy the
hypotheses of Theorem 1.1. If f(z) # 0 is a meromorphic solution of (1.3)
with p (f) = +oo and pa (f) = p, then f satisfies

Af=9)=A(f'—¢)=A(f"—¢) =p(f) =400, (1.6)
(f—@)=X(f—¢) =X (f"—¢)=p2(f) =p. (1.7)
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Corollary. Let Ag(z) be a transcendental entire function with p(Ap) < 1,
let dj (j =0,1,2) be polynomials that are not all equal to zero, ¢ (z) (£ 0)
be an entire function of finite order. If f is a nontrivial solution of the
equation

ff+ef + A (2) f =0, (1.8)
then the differential polynomial g (z) = dof” + dif' + dof satisfies

A(g — @) = +o0.

2. AUXILIARY LEMMAS
We need the following lemmas in the proofs of our theorems.

Lemma 2.1 ([6]). Let f be a transcendental meromorphic function of finite
order p, let T = {(k1,71),(k2,j2),---, (km,Jm)} denote a finite set of
distinct pairs of integers that satisfy k; > j; > 0 fori =1,... ,m and let
g > 0 be a given constant. Then the following two statements hold:
(i) There exists a set E1 C [0,2m) that has linear measure zero, such that
if ¢ € [0,2m)\E1, then there is a constant Ry = Ry () > 1 such that
for all z satisfying argz =1 and |z| > Ry and for all (k,j) € T,
we have
¥ (2)
) (2)

(ii) There exists a set Ey C (1,4+00) that has finite logarithmic measure

lm (Ez) = /1+Oo Xelly,

< ’Z‘(k*j)(P*HS) ) (2.1)

t
where X, s the characteristic function of Es, such that for all z
satisfying |z| ¢ E2 U[0,1] and for all (k,7) € ', we have
¥ (2)
90 (2)

< ’z|(k—j)(P—1+€) ) (2.2)

Lemma 2.2. Let Aj (j =0,1) and Az (#0) be meromorphic functions
with p(A;) <1 (j =0,1,2). We denote 1 (2) = A9+ Are™*.  Let o,
oo  have the form of ¥, and ¢ £ 0 be a meromorphic function of finite
order. Then

(i) 2 (2) + Age2* £ 0;

/

(i) %1% g + Age P 20
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Proof. Suppose that the claim fails. As for (i), if Age™2* 4 Aje™*+ Ay = 0,
then

1
2T (r, e*Z) <T (7’, Age*QZ) +T (7’, Ag)

1
=T (7“, Ae % + AO) +T <’r, Ag)
2
< T(T, e—z) +ZT(T, A]) +O(1), (23)
=0
hence p(e7%) < 1, a contradiction. As for (ii), the left hand side can be

written as follows
/

1#21% + thg + Age™*

/

/
= Ago + Am% + <A10 + Ani) e + Age %, (2.4)

where Agg, Ao1, A1, A11 are meromorphic functions of order < 1. Since ¢
is of finite order, then by the lemma of logarithmic derivative ([7])

m (r, i) = O (Inr). (2.5)

Therefore, by a reasoning as to above, but using the proximity functions
instead of the characteristic, a contradiction p (e”*) < 1 again follows. [

Lemma 2.3 ([4]). If Ao(z) s a transcendental entire function with
p(Ap) < 1, then every solution f(z) # 0 of equation (1.8) has infinite
order.

Lemma 2.4 (Wiman-Valiron, [8], [14]). Let f(z) be a transcendental en-
tire function, and let z be a point with |z| =r at which |f (z)| = M (r, f).
Then the estimate

9 ()
f(2)

holds for all |z| outside a set Es of v of finite logarithmic measure, where
v (r, f) denotes the central index of f.

k
_ <V(7; f)) (140(1)) (k> 1 is an integer), (2.6)

To avoid some problems caused by the exceptional set we recall the fol-
lowing lemma.
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Lemma 2.5 ([5]). Letg: [0,+00) — R and h: [0,+00) — R be monotone
non-decreasing functions such that g (r) < h(r) for all r ¢ E4U[0,1], where
Ey C (1,+00) is a set of finite logarithmic measure. Let o > 1 be a given
constant. Then there exists an ro = ro (o) > 0 such that g (r) < h(ar) for
all r > rg.

Lemma 2.6. Let f(z) be a meromorphic function with p(f) = 400 and
the exponent of convergence of the poles of f (z), A(1/f) < +oo0. Let d; ()
(1 =0,1,2) be polynomials that are not all equal to zero. Then

g(2)=da(2) f" +di (2) [+ do () (2.7)
satisfies p (g) = +o0.

Proof. We suppose that p(g) < +oc and then we obtain a contradiction.
First, we suppose that ds(2) Z 0. Set f(z) = w(z)/h(z), where h(z)
is canonical product (or polynomial) formed with the non-zero poles of
f(z), A(h) = p(h) = A(1/f) < +o0, w(z) is an entire function with
p(w)=p(f)=—4oc0. We have

/ /
W
f (Z) - h h2 ) (2 8)
w” n (h/)Q R .

f” (Z) :7 — 2@’[1/ + (2 h3 — ﬁ w

and
w" B B 2 h”
&) =T =3+ <G(h§ ‘3h2> v
Wh (h/)3 N

Hence

f(z)  w h
B R ( h/)3 '
+6 12 —6 3 — 7, (2.10)
f// (Z) w” B ow' (h/)Q B
— _ 97 49 - 2.11
72w Chw TR T (2.11)
/ / /
fz) w0 (2.12)

fz) w h
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Differentiating both sides of (2.7), we obtain
g =dof" + (dy+ d) f" + (dy + do) f' + dp f. (2.13)
Writing ¢’ = (¢'/g)g and substituting g = do f” + d1 f' + do f into (2.13), we
get
g g g
daf" + <d’2 - gdg + d1> "+ <d’1 — ;dl + d0> f+ <d{) — gd0> f
= 0. (2.14)
This leads to
P (e L (8- L) Lo (o)
do— 4+ |(dy—=do+dy )| —+|dy —=d1+do | =+ | dy — —dp
f >y f oy fo\U% g
= 0. (2.15)
Substituting (2.10)—(2.12) into (2.15), we obtain

w//l h/ w/l (h/)2 h// w/ h/h// (h/)3 h///
@<w‘“hw+<6m‘*h w O T
/ " B (h/)2 B
dy— Ldgtdy ) [ 22 o0
+ ( 27 2+ 1) (w h o + 2 5

/ / h/ /
+ <d/1 - %dl + d0> <12Uu - h) + <d6 - Zd0> =0. (2.16)

By Lemma 2.1 (ii), there exists a set Ey C (1,+o00) that has finite log-
arithmic measure, such that for all z satisfying |z| = r ¢ E; U |0, 1], we
have

’

g (2)
9(2)

h(j)(z)
h(z)

= 0@, =00 (j=1,2,3), (2.17)

where 0 < a < 400 is some constant. By Lemma 2.4, there exists a set
E, C (1,+00) with logarithmic measure Im (E3) < 400 and we can choose
z satisfying |z| =7 ¢ Ey U[0,1] and |w (z)| = M (r,w), such that

wl) (2) (y (7, w)

w(z) z

>] 1+0(1) (G=1,23). (2.18)

Now we take point z satisfying |z| = r ¢ E1UE,U[0, 1] and w (2) = M (r, w),
by substituting (2.17) and (2.18) into (2.16), we get

v(r,w) =0 (rﬁ) , (2.19)

where 0 < 8 < 400 is some constant. By Lemma 2.5, we conclude that
(2.19) holds for a sufficiently large r. This is a contradiction by p (w) = +o0.
Hence p (g) = +o0.
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Now suppose do = 0, d; #Z 0. Using a similar reasoning as above, we get
a contradiction. Hence p (g) = +oc.

Finally, if do = 0, d1 = 0, dp # 0, then we have g (z) = do (2) f () and
by dp is a polynomial, then we get p(g) = +oo. O

Lemma 2.7 ([1]). Let Ao, A1,...,Ar—1, F # 0 be finite order meromor-
phic functions. If f is a meromorphic solution with p(f) = 400 of the
equation

FO + A fE D 4 A f + Aof = F, (2.20)
then A (f) = A(f) = p(f) = +oc.

Lemma 2.8. Let Ay, A1,... ,Ax_1, F Z 0 be finite order meromorphic
functions. If f is a meromorphic solution of the equation (2.20) with p (f) =
o0 and pa (f) = p, then f satisfies X (f) = Ao (f) = p2 (f) = p.

Proof. By equation (2.20), we can write

1 1 [ f® fk=1) f!
f—F<f+Ak_1 7 —|—---+A1?+Ao . (2.21)
If f has a zero at zg of order a (> k) and if Ay, Ay, ..., Ax_1 are all analytic

at zg, then F' has a zero at zy of order at least @ — k. Hence,

n <r, }) <k <'r, }) ‘o <r, ;) + jz;::n (r, A)) (2.22)

and

N <r, }) < kN (r, }) + N <r, ;,) - kiN (r,A;). (2.23)

j=0
By (2.21), we have

L : f(j) S A 1 O(1 2.24
SED — ]+ : — o
m <r, f) < j:1m i —i—jzom (r, Aj) +m <r, F) +0(1). (2.24)
Applying the lemma of the logarithmic derivative (see [7]), we have

1) .
m T,T =O(ogT (r,f)+1logr) (j=1,...,k), (2.25)

holds for all  outside a set £ C (0, 4+00) with a finite linear measure m (E) <
+oo. By (2.23), (2.24) and (2.25), we get

T (r, f) =T <r, J1”> +0(1)
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k—1
<kN <r, }) +) T (r,Aj))+ T (r,F) + O (log (rT (1, £)))
=0
(lz|=r ¢ E). (2.26)
Since p (f) = 400, then there exists {r},} (r], — +00) such that

logT (7]
im 08T f) _ (2.27)
rh—+oo  logr!
Set the linear measure of E, m (E) = § < 400, then there exists a point
rn € [rl,r, +0+ 1] — E. From

loa T (ra, f) 18T (1}, f)
logr,  ~log(rl, +d+1)

d+1Y\’
log !, + log (1 + il )
,

/
n

it follows that
logT
lim 08T S) (2.29)
rn—+oo  logry,
Set 0 =max{p(4;) (j=0,...,k—1),p(F)}. Then for a given arbitrary
large B > o,

T (rn, f) > 1) (2.30)
holds for sufficiently large r,. On the other hand, for any given & with
0 <2 < (-0, we have

T (rn, Aj) < Tg+a (j=0,....,k=1), T(rp,F)<r
(2.31)

for sufficiently large r,,. Hence, we have

T (rn, F) T (rn,4;) . } rote
max , 17=0,...k—=1), < — 0,
{T(Tnaf) T(T’Vlaf) ( ) 7“,’2
Tp — “00. (2.32)
Therefore,
1
T naF _7T n )
(s F) < 15T (s )
1
)< — 1 =0,... — .
T(rd) € gDl f) (=0 k=1) (239

holds for sufficiently large r,,. From
O (logry +10g T (rp, f)) = o (T (rn, f)) , (2.34)
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we obtain that

O (log -+ 108 T (ra, £)) < =57 (ras ) (2.35)

also holds for sufficiently large r,,. Thus, by (2.26), (2.33), (2.35), we have
mejjgkw+3ﬂv0%}>. (2.36)

It yields A2 (f) = A2 (f) = p2 (f) = p. O

3. PROOF OoF THEOREM 1.1

First, we suppose d2 #Z 0. Suppose that f (# 0) is a meromorphic solution
of equation (1.3) with p(f) = +oo and A (1/f) < +00. Set w =g — ¢ =
dof" +dyf'+dof — ¢, then by Lemma 2.6 we have p (w) = p(g9) = p(f) =
+00. In order to the prove A (g — ) = +00, we need to prove only A (w) =
+00.

Substituting f” = — A1 f' — Ao f into w, we get

w = (d1 — dQAl) fl + (do — dng) f — . (3.1)
Differentiating both a sides of equation (3.1), we obtain
w = (dQA% — (dQAl)/ — doAg — d1 A1 + do + dll) f,

+ (da Ay Ag — d1Ag — (d2Ao) + dy) f— &' (3.2)
Set
ayp =dy — da Ay,
ag = do — da Ao,

Bi = do A — (do A1) — doAg — di Ay + do + df,
Bo = daA1Ag — d1Ag — (d2Ao) + dj.
Then we have
arf' +aof =w+ g, (3.3)
Bif' +Bof =w' +¢.
Set
h =ai16y — Brao. (3.5)

We divide it into two cases to prove.
Case 1. If h =0, then by (3.3)—(3.5), we get

aw’ — frw = —(ar’ — Brp) = F. (3.6)
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By the hypotheses of Theorem 1.1, we have a1’ — 19 # 0 and then F' # 0.
By a1 #0, F' # 0, and Lemma 2.7, we obtain A (w) = A (w) = p (w) = +o0,
ie, A(g— ) =+o0.
Case 2. If h # 0, then by (3.3)—(3.5), we get

ar(w’ +¢') = fi(w + ¢)

f= - . (3.7)

Substituting (3.7) into equation (1.3) we obtain

%w///+¢2w//+¢1wl+¢ow

_ are’ — fp\” are' — e’ a1’ — By
() e () e (M)

=F, (3.8)

where ¢; (j=0,1,2) are meromorphic functions with p(¢;) < +oo
(j =0,1,2). By the hypotheses of Theorem 1.1, we have a1¢’ — B #Z 0
and by
/
arp’ — by

it follows that F # 0. By Lemma 2.7, we obtain A (w) = A (w) = p(w) =
+o0, i.e., A(g — @) = +o0.

Now suppose do = 0, di # 0 or do2 = 0, di = 0 and dy # 0. Using a
similar reasoning to that above we get A (w) = A (w) = p(w) = +oo, i.e.,

Ag — @) = +o0. 0

><+oo,

4. PROOF OF THEOREM 1.2

Suppose that f # 0 is a meromorphic solution of equation (1.3) with

p(f) = +oo and p2 (f) = p. Set w; = fU) —p (j =0,1,2). Since p(p) <
+00, then we have p (w;) = p(f) = +o0, pa (w;) = p2(f) = p (7 =0,1,2).
By using a similar reasoning to that in the proof of Theorem 1.1, we obtain
that

M=) =2 —¢) =A(f"—¢) =p(f) = +o0 (41)
and by Lemma 2.8, we get

5\2(f—80):5\2(f,—%0):5\2(f”—90):ﬂ’2(f)zp~ (4.2)
O
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5. PROOF OF COROLLARY

Suppose that f # 0 is a solution of equation (1.8). Then by Lemma 2.3,
f is of infinite order. Let ¢ # 0 be a finite order entire function. Then by
using Lemma 2.2, we have

¢
dy —d —

— (doe™* — (d1 + dy — d2) e — doAg + do + d})) Z 0. (5.1)

Hence,

(d1 — dgefz) o'

— (dae™ — (dy +dy — do) €% — doAg +do + d}) ¢ £ 0. (5.2)
By Theorem 1.1, the differential polynomial g (2) = da f"+d; f'+do f satisfies
Mg — @) = +o0. 0
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