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Abstract. Motivated by Gupta [9] and Garcia-Huidobro, Gupta, Man-
asevich [5], the solvability of multi-point boundary value problems con-
sisting of higher-order differential equations and multi-point boundary
conditions are studied in this paper, respectively. Results show us that
known theorems are complemented and improved. Numerical examples
are presented to demonstrate the main theorems.

1. INTRODUCTION

In [13], [14], [15], [16], Liu and Yu studied the solvability of multi-point
boundary value problem at resonance consisting of the second-order differ-
ential equation

" (t) = f (t,z(t),2' (1) +e(t), 0<t<l1, (1)
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and one of the following boundary value conditions
l
x/(O) =0, x/(l) = Zﬂix/(ni)’
i=1

l
2(0) =0, /(1) =>_ B’ (n),
=1

(11)

(12)

where 0 < 1; < 1, and 3; € R and f is continuous and e € L'[0,1]. The

following results were proved.

Theorem LY; ([14, Theorem 3.8]). Suppose S._, i = 1 and S '_, Bimi

#1 and

(L1) There is M > 0 such that for each x € D(L) if |xz(t)] > M for all

t € [0,1] one has

l 1
Zﬂi/ (f (t,2(t),2'(t)) + e(t)) dt # 0.
i=1 i

(La) There is M* > 0 such that

4y B /1 (f(t,d,0) +e(t))dt >0

for all |d| > M* or

! 1
dZ@-/ (f(t,d,0) + e(t)) dt < 0
i=1 i
for all |d| > M*.
(L) There exist functions a,b,c,r € L'[0,1] and 0 € [0,1) such that
£t 0)] < alb)e] + Byl + el + 700

f (82 9)| < a(t)|z] + 0Oyl + c@)yl + (D).

Then problem (1) and (11) has at least one solution if ||al|1 + ||bll1 < 1/2.

Theorem LY; ([14, Theorem 3.6)). Suppose S._, i = 1 and S '_, Bimi

# 1, (L) holds and

(Ly) There is M > 0 such that for each x € D(L) if |2'(t)] > M for all

t € [0,1] one has

l 1
Zﬂi/ (f (t,z(t),2'(t)) + e(t)) dt # 0.
i=1 i
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(Ls) There is M* > 0 such that

l 1
4y B / (f(t,dt,d) +e(t))dt >0

for all |d| > M* or

l 1
dZﬂi/ (f(t,dt,d) +e(t))dt <0
i=1 i

for all |d] > M*.
Then problem (1) and (12) has at least one solution if ||ally + ||b]|1 < 1/2.

Consider problem

() = —0[2'(1)]® + p(t)2' () + q(t)z(t) + r(t), 0<t<1,

m *
#(0) = /(1) = 3 B’ ) =, ™
i=1
where 6 > 0, Zlizl B; =1 and Zizl Bin; = 1, and problem
1 1
2'(t) = §x'(t) + Zac(t) +r(t), 0<t<l,
1 3 (x4)
z(0) =2'(1) + §x’ — ZZx’ =0.

It is easy to see that problem (x) and problem (%) can not be solved by
Theorems LY; and LY since

flt2,y) = =0y + p(t)y + q(t)x + r(t)
in problem (%) and f does not satisfy (L3), and
1 1
fta,y) = gy + gz +r(t)

in problem (%) and ||a||1 +|b||1 < 1/2 does not hold. Furthermore, it is not
easy to test the conditions (L) and (Ly4) in Theorem LY; and Theorem LY5,
respectively. We also find that the solvability of problem (1) and (1;) and
problem (1) and (12) were not settled when Zlizl B; =1 and Zlizl Bimi =1,
for example, see problem ().

In recent paper [9], Gupta studied the solvability of the following non-
resonance problem

[0 /()] = f (t,x(t), 2/ (8) + e(t), te(0,1),
S / (2)
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where ¢ is an odd increasing homeomorphism from R on to R and > | o
# 1. We find that the case where > ;" a; = 1 is not considered in [9]. If
Yoty a; # 1, Gupta proved the following theorem:

Theorem G (]9, Theorem 3.1]). Assume that there is functions p,q,r €
L0, 1] such that

[f (&2, y)| <p@)lz] + q(@)ly] +r(2).
Then problem (2) has at least one solution if ||p||1 + ||¢|[1 + 7 < 1, where

7 = min { ZZ}Q(%)—F 22_12(%)_ al } .
S )+ 1 )+

In paper [5], the authors studied the following problem
[6 (' (1)) = f (&, 2(1), ' (1)), t € (0,1),

2'(0) =0, 6(2'(1)) = Z b (2'(&))

which contains the problem

[0 (2'(t)] = £ (t,x(1),2' (1)), t € (0,1),

2(0) =0, o@ (1) =3 i ((&)) 3
=1

as special case, where ¢ and 6 are two odd increasing homeomorphism from
R onto R with ¢(0) = 6(0) =0, oy € R and & € (0,1) fori = 1,... ,m,
f is a continuous function. They established the existence results for prob-
lem (3) under one of the following assumptions:

(G1) 0 <>, o <1, there are non-negative functions d; (t) and ds(t) and
r(t) such that

|f(t,u,v)] < di(t)p(|u]) + da(t)p(|v]) + r(t) for t € [0,1], u,v € R,

and there are constants M > 0, A, B > 0 and a ug > 0 such that for
all u with |u| > ug, all t € [0,1] and all v € R one has

[f (&, u,0)| = M¢(Jul) — Ag(Jv]) — B.
(G2) 0 < 3" oy <1, for any K > 0, there are non-negative functions
bi(t) and ba(t) so that
|f(t,u, )| < by(t) + ba(t)p(|v]) for t € [0,1], |u| < K, veR.

It is easy to see that the cases where Y ;" a; <0 or >./", a; > 1 were not
considered in [5].
For problem (3'), the authors proved the following theorem.
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Theorem GH ([5, Theorem 11]). Suppose that the following conditions
are satisfied:

(G1) There are non-negative functions dy,da,r € L'[0,1] such that
[f(tu,0)] < di(®)o(|ul) + da()(|v]) +7(8)  fort €[0,1], u,v €R.

(G2) There is d > 0 such that for all x € C0,1] with |z(t)| > d for all
t € [0,1] it holds that

1 m &
/0 f(t2(t),2' (1)) dt—;ai/o f(ta(t),2' () dt # 0.

(G3) For every R > 0 there is |p| > R such that F(p)F(—p) < 0, where

1 m &
Flp) = /0 F(tp, 00t =3 e /0 £t p,0)dt.
=1

(G4) lda] <1 and
I'(z)

lim sup —= < 1,
z

zZ—00

where
lldy ||

o Ll
H) ¢<1—||d2||¢< ) 1—ud2u>'

Then problem (3') has at least one solution x € C[0,1].

To the best of our knowledge, there has been no other paper concerned
with the existence of solutions of multi-point boundary value problems for
higher-order differential equations with p-Laplacian at resonance, though
there was a considerable number of papers concerned with the existence
of positive solutions or solutions of second-order differential equations with
p-Laplacian at non-resonance cases [4], [7], [8], [10], [11], [12] or concerned
with the solvability of boundary value problems for higher-order differential
equations without p-Laplacian at non-resonance cases or resonance case [1],
[2], (3], [17], [18], [19], [20].

Following notations and abstract existence theorem by Mawhin [21], [22]
will be used in this paper.

Let X and Y be Banach spaces, L: D(L) C X — Y be a Fredholm
operator of index zero, P: X — X, Q: Y — Y be projectors such that

ImP=Ker L, Ker@Q=Im L, X =Ker L&Ker P, Y =Im L®Im Q.

It follows that
L’D(L)ﬂKer p: D(L) N Ker P—ImL

is invertible, we denote the inverse of that map by K.
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If Q is an open bounded subset of X, D(L) N Q # (), map N: — Y will
be called L-compact on § if QN(Q2) is bounded and K,(I —Q)N: Q — X
is compact.

Theorem M ([21], [22]). Let L be a Fredholm operator of index zero and
let N be L-compact on 2. Assume that the following conditions are satisfied:
(i) Lz # ANz for every (x,\) € [(D(L) \ Ker L) N 9] x (0,1);
(ii) Nz ¢ Im L for every x € Ker L N 0%Q;
(iii) deg (/\QN|Ker > 2N Ker L,0) #0, where A: Y/Im L — Ker L is the
isomorphism.

Then the equation Lz = Nx has at least one solution in D(L) N §).

Theorem M is reported to be the most classical method to approach
the boundary value problems at resonance case for second order or higher
order differential equations. In this method, one decomposes the space as
the direct sum of subspace, one of which is Ker L, and then to work with
the corresponding projections on these spaces. For instance see papers [4],
[7], [13], [14], [15], [16] for BVP of second order differential equations and
[17], [18], [19], [20] for higher order differential equations and the references
therein. There is no paper concerned with the solvability of multi-point BVP
for higher order differential equations with p-Laplacian since the methods
used in [4], [7], [13], [14], [15], [16], [17], [18], [19], [20] can not be copied to
discuss these kinds of problems.

Motivated and inspired by papers [5], [9], [13], [14], [15], [16] and the
reason mentioned above, we are concerned with the following higher-order
differential equation with p-Laplacian

[o (N—U(t))}':f(t,x(t),x'(t),... AV0), 0<t<l, ()

subjected to one of the following multi-point boundary value conditions

2 (0) =0 fori=0,1,...,n—2,

¢ (2D Zﬁz ( (n=1) Uz)) =0, (5)
2@ (0) =0 fori=0,1,... ,n—3,
x(n_l)( ):0’

o (01 ZM((’” m)) =0, (©)

where n > 2, 0<n; <1, 8, € Rforalli=1,... ] and f is Caratheodory
functions, and ¢ is an odd increasing homeomorphism from R onto R with
#(0) = 0, whose inverse is written by ¢~ 1.
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The purpose of this paper is to establish the existence results, by using a
transformation, for the solutions of BVP (4)—(5) in the case 22:1 B; = 1 and
BVP (4)—(6), respectively. Our results generalize and complement those in
[5], [9], [13], [14], [15], [16]. Problem (x) and problem (xx) can be solved
by theorems in this paper. Even when ¢(z) = z, we do not require the
assumptions 2521 B; =1 and Zizl Gini # 1.

This paper is organized as follows. In Section 2.1, the existence results
for solutions of BVP (4)—(5) are established. We will present the existence
results for solutions of BVP (4)—(6) in Section 2.2. Results show us that
known theorems are complemented and improved.

2. MAIN RESULTS

To obtain solutions of BVP (4)—(5) and BVP (4)—(6), let x1(t) = z(t),
22(t) = ¢ (z(*~V(¢)). Then BVP (4)—(5) becomes

") = ¢ (12(1)) 0<t<l,
Zh(t) = f (t,xl(t), N Gl O W (xg(t))) L 0<t<l,
217(0) = 0, i=0,....m—2 (O

l
wa(1) =Y Biwa(mi) = 0,
i=1
)—(6) becomes

and BVP (4)-
"D (1) = 67 (aa(t) , 0<t<l,

{xg(t) —f (t,:cl(t), 2T (), 6! (xg(t))) L 0<t<l,
29(0) = 0, i=0..n-3 g
1‘2(0) = 0,

!
22(1) = > Biwa(n;) = 0.
=1

It is easy to show that if (z1,22) € C™71[0,1] x C1[0,1] is a solution of
BVP (7) or BVP (8), then z; is a solution of BVP (4)—(5) or BVP (4)—(6),
respectively.

Let X = C"2[0,1] x C°[0,1] be endowed with the norm

el = || (1, 22)" |

— (n—2) ‘
= max {Org%xl |z1(t)],. .. ) 2%, ‘xl (t) ) max, |z2(t)], }
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for x = (71, 22) € X, then X is a Banach space. Let Y = C°[0,1]xC°[0, 1] x
R™ be endowed with the norm

10, 2(8), a0, n1)"|| = max (s, o)1 laol, s lan-11}
for y = (y1,92,a0,... ,an—1) € Y, then Y is a Banach space. Set D(L;) =

D(Ly) = C™10,1] x C1[0,1].
Define the line operator Ly: D(L1) N X — Y in D(Ly) by

7" ()
it

B I
z 2(0)

2o(1) = YOI, Biwa(ns)

the linear operator La: D(La) N X — Y in D(Lsa) by

"0 ()
2
T
n(t)) _ : or (z1,x
Ly (xz(t)> - x(”—5>(0) for (z1,22) € D(L2).
1
1‘2(0)

2o (1) — S0, Biwa(ns)

Define the nonlinear operator N: X — Y by

¢! (2(t))
f (tv fI,'l(t), cee 7x(1n_2) (t)7 (bil (xQ(t)))
z1(t)\ _ 0
N <:c;(t)> = } for (z1,20)T € X.
0
0

It is easy to see that (x1,x2) € D(L;) is a solution of (7) if and only if
(z1,72) is a solution of operator equation L(z1,72)T = N(x1,22)T in D(Ly).
(x1,m2) € D(Lg) is a solution of (8) if and only if (x1,xz2) is a solution of
operator equation L(x1,22)" = N(z1,22)" in D(Lg).
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2.1. Existence results for BVP (4)—(5).

In this subsection, the existence results for BVP (4)—(5) will be estab-
lished. Since the case when Zizl B; # 1 was considered in [9], we will study

the case when 22:1 Bi; = 1. The corresponding linear problem of BVP (7)
is

(2" D(t) =0, 0<t<l,
x’z(t) =0, 0<t<l,
29(0) =0 fori=0,1,...,n—2,
z
2a(1) =Y Biwa(mi) = 0
=1

Lemma 2.1. The following results hold.
(i) Ker L; = {(xl(t),xg(t))T = (0,07, te[0,1], ce R}.

(ii) Im L1 = { (yl,yg,ao, . ,an_l) S Y,

1 ! ni
/0 ya(s)ds — ;ﬂl/o ya(s)ds = anl}.

(iii) Ly is a Fredholm operator of index zero;

l
(iv) There exists a positive integer k so that 1 — Zﬂmk £ 0.
i=1
(v) There are projectors P: X — X and Q: Y — Y such that Ker L; =
Im P, Ker @ =1Im Ly, X =Ker Li ®Im P and Y =Im L, ®Ker Q.
Furthermore, let Q@ C X be an open bounded subset with QND(Ly) # 0,
then N is Li-compact on €.

Proof. The proofs of (i)—(v) are similar to those of lemmas in [13], [14],
[15], [16] and are omitted. We write down the projectors P: X — X and
Q:Y — Y and the generalized inverse K,: Im L — D(L) NIm P. Let
x = (x1,22) € X and y = (y1,y2,0a1,... ,a,) €Y, we have

P(L‘(t) = (07-7;2(0))7

1 l i
Qy(t) e <0’ fO y2($)d8 - Zzli O77 yQ(S)dS — an_ltkfl’ O, e ;0) )

Kyy(t) = ( / t %yl(s)d& / t yQ(s)dS) ,
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where

1 l

The inverse isomorphism of A: Ker Ly — Y/Im Ly is A™': Y/Im L; —
Ker Ly given by A=1(0,ct*=1,0,...,0) = (0,c). The proof is complete. [

Now suppose the following:

(A1) There exist continuous function e(t) and nonnegative continuous func-
tions g;(t,z) (1 =0,1,... ,n — 1) such that f satisfies

n—1
|f (80,21, 1) < e(t) + ) gilt, ),
i=0

for all t € [0,1] and (2o, x1,... ,2n-1) € R™ and

1
hm Sup |gl( ’:C)|

=r;, fori=0,1,... ,n—1
el—oo ey @)

with oo >r; >0fori=0,1,... ,n—1;
(A2) There exists ig € {1,...,l} such that 5; > 0 for i = 1,... ,ip and
Gi<Oforalli=1dy+1,...,1
(A3) There exists a constant M > 0 such that
f (t,CCO, e axn72)¢_1(‘rnfl)) > 0
forall 2, >0 (i =0,... ,n —2) and ¢ *(z,,_1) > M or

f (t,fI,'(),. .. 7$n—27¢71(xn—1)) <0

forall z; <0 (i =0,...,n—2) and ¢~} (z,_1) < —M.

Theorem 2.1. Assume (A1), (A2) and (A3) hold. Then BVP (4)—(5) has

at least one solution provided

n—1

d o<l (9)

i=1

Proof. We note that if (x1,x2) is a solution of (7), then z; is a solution of
BVP (4)—(5). It suffices to obtain a solution (z1,x2) of BVP (7). To apply
Theorem M, we will do the following steps.
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Step 1. Let Q; = {x € D(L;) \ Ker Ly, Lyz = ANz for some X € (0,1)}.
We prove that €2y is bounded. For x € €y, we get

2"V = Ao (29(1) O<t<t<l,
wh(t) = Af (ar(®), 2P (1), 67 (@2(1)), 0<t<1,
29(0) =0, i=0,...,n—2

(10)

l
- Zﬂﬁﬂz(m) =0
=1
If =1 (22(t)) > M for all t € [0,1], then

. t _ e\n—1—2
0 =2 [ o wale) ds 20, =0 -2

Thus from (As) we get
f (t,xl(t), N Gl O W (x2(t))) >0 foralltelo,1].
Hence x2(t) is increasing on [0, 1]. So we get from (As) that
l l
1) = Biwa(m) < Y Biwa(mig) = wa(mig) < wa(1),
i=1 i=1

a contradiction. Similar discussion shows us that ¢! (29(t)) < —M induces
a contradiction. Then there is tg € [0,1] so that ¢~ (Jza(to)]) < M. Tt
follows from (10) that

Zh(t) = Af (t,xl(t), 2 ), ¢! (xg(t))) L 0<t<l.

Integrating it from ¢ to ¢, we get from (A;) that

|z2(t)] =

xa(to) + )\/tt f (8,:131(5), .. 7335"*2)(8)’ ¢! (;(:2(8))> ds
+ /1 ‘f s, x1(s), ... ,xgn_m(s),(b_l (xg(s))) ‘ ds
s [ its

/‘gnlsﬁb (z2(s |d8

It is easy to get

l21| < 2™ D) < g7 (laall) for i =0,...,n—1.
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It follows from (9) that there is € > 0 so that

n—1
Srit+e) <1
i=0
For this e, we get 6 > 0 so that
lgi(t,z)| < (ri +e)p(|x|) forallte|0,1], |z| >4, i=0,...,n—1.
Let, for: =0,1,... ,n— 2,

Ai={te 0], oW <o}, Agi={te 0], [2D() > 6},

; — 7 t) )
9s.i te[O{qﬁf;'S&Ig (t,z)|
and
Aln 1_{t€ ; 7¢1(’ t <5}7
Bop1 = {te[0,1], 6710 (t)) > 6},
_ 71
9sm—1 = tG[O,l}ma T(jl)<6 |gz a (‘T))‘ :
So

22 ()] <6(M /\ \ds—i—Z/

+ gsn—1+ (rn—1 + 8)/0 ¢ (¢ (|z2(s)))) ds

1 n—1
s [lelds + Y gs,
0 =0
n—2

+ 3 (ri+ )¢ (67 (l22]l00)) + (rami +€)l|22 ]l

1=0
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1 n—1
<o)+ [ lelds + 3 s,
=0

n—2

+ ) (ri+o)lezlloo + (ra—1 +&)l|22]l0o-
i=0
Hence

1 n—1 n—2
22llee < H(M)+ / le(s)lds+ 3" gai+ 3 (7€) [2lloo+ (F1+2)]22] -
0 i=0 i=0

We get

n—1 1 n—1
(1 > (ri+ 5)) [#2(5)]loo < #(M) +/O le(s)lds + > g
=0

i=0
By the definition of £, we get there is constant M; > 0 so that ||z2||c < M.
Now, we see that

a1 oo < 0~ (llz2lloc) < 7' (M02) fori=1,...n—2.
This implies that there is B > 0 so that |(z1,z2)| < B. Hence Q is

bounded. This completes the Step 1.

Step 2. Let Q3 = {x € Ker L: Nz € Im L}. For z € Qy, then z(t) = (0,a)
for some ¢ € R. Nz = (qb_l(a),f(t,o,... ,O,¢_1(a)) ,0,... ,0) € Im L
implies that there are functions uq, uo so that

"V t) = ¢ 1(a), 0<t<l,
uh(t) = f (£,0,...,0,07(a)), 0<t<]1,

u\7(0) = 0, i=0,...,n—2
l

us(1) =Y Biua(mi) = 0,
=1

Case 1. If ¢7'(a) > M, we know from (A3) that z4(t) =
f (t,O, ...,0, qb_l(a)) > 0, then x5 is increasing on [0, 1]. It follows that

l l

ug(1) = Biug(n;) < Biua(niy) = ua (i) < ua(1),
i=1 i=1
a contradiction.
Case 2. If $~1)(a) < —M, similar argument induces a contradiction. It
follows from above discussion that €29 is bounded.

Step 3. Let
Qs ={reKer L: Asgn(A)Az+ (1 —N)QNx =0, A €[0,1]},
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where A is the isomorphism given in the proof of Lemma 2.1. We will prove
that Qg is bounded. For z € 3, then z(t) = (0,a). It follows from the
definition of A and

QN(0,a)

_ <0 fol f (t)oa e 705 ¢_1(a)) dt_Zizl ﬂl 0771' f (t)oa e 705 ¢_1(a)) dttk,1
- 9 A 9

This implies

l 1
sgn (A)AXa® = —(1 — ) Zﬂi/ af (£,0,...,0,¢7*(a)) dt.
i=1 i

If A\ =1, then a = 0.
If A€ [0,1) and ¢ !(a) > M, then f (¢,0,...,0,¢ '(a)) > 0. Hence

l
sgn (A)Ada = —(1 - ) Zﬁl /1 af (£,0,...,0,¢ " (a)) dt
i=1 i

l 1
< —(1—)\)2@-/ af (¢,0,...,0,¢ " (a)) dt

Nig

1
= —(1- )\)/ af (¢,0,...,0,¢ (a))dt <0,
Nig
a contradiction.

If A € [0,1) and ¢~ '(a) < —M, then sgn (A)Aa® < 0, a contradiction.
From above argument, we see that ()3 is bounded.

In the following, we shall show that all conditions of Theorem GM are
satisfied. Set () be a open bounded subset containing 0 of X such that
Q2D U?Zl ;. By Lemma 2.1, L; is a Fredholm operator of index zero and
N is Li-compact on Q. By the definition of Q, we have © D Q; and Q D Qo,
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thus L1z # ANz for z € (D(Ly) \Ker L1)NoQ and A € (0,1); Nx ¢ Im L,
for x € Ker L1 N 0Of).

Step 4. We prove deg (QN |ker 1,, 2NKer Ly1,0) # 0. In fact, let H(x,\) =
+Asgn (A)Az+(1-AN)QNz. According the definition of 2, we know Q D 3,
thus H(z,\) # 0 for z € 90Q2NKer Ly, thus by homotopy property of degree,

deg (QN|Ker L1,Q2NKer Ly,0) = deg (H(-,0),2NKer Ly,0)
=deg(H(-,1),Q2NKer L1,0) = deg (XA, Q2N Ker Ly,0) # 0.

Thus by Theorem M, L1z = Nz has at least one solution (1, x2) in D(L1)N
(2, then z; is a solution of BVP (4)—(5). The proof is completed. O

Similarly to the proof of Theorem 2.1, we can prove the following theorem:

Theorem 2.1’. Suppose 22:1 Bi # 1. Assume (A1) holds. Then BVP
(4)—(5) has at least one solution provided (9) holds.

2.2. Existence results for BVP (4)—(6).

In this subsection, we establish the existence results for BVP (4)—(6). We
do not require any restriction on ;. The corresponding linear problem of
BVP (8) is

;

A"V (1) = 0<t<l,
’2'():0 0<t<1l,
29(0) =0 for i =0,1,... ,n—3,
.%'2(0) :0’
l
wa(1) = > Biwa(mi) =0
=1

Lemma 2.2. The following results hold.
(i) Ker Ly = {(:cl(t),xg(t))T = (at"2,0)7, t€[0,1], a € R}.

(11) Im L2 = { (ylayQaa’Oa cee 7an71) S Y)

/0y2 dS-Z@/ y2(s)ds = an— 1}

(iii) Lo is a Fredholm opemtor of index zero;

l
(iv) There exists a positive integer k so that 1 — Z Bin* £ 0.
i=1
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(v) There are projectors P: X — X and Q: Y — Y such that Ker Ly =
Im P,Ker Q@ =1Im Lo, X =Ker Lo®Im P and Y =1Im Lo®Ker Q.
Furthermore, let 2 C X be an open bounded subset with QND(Ly) # 0,
then N is Lo-compact on .

Proof. The proofs of (i)—(v) are similar to those of Lemmas in [13], [14],
[15], [16] and are omitted. We write down the projectors P: X — X and
Q:Y — Y and the generalized inverse K,: Im L — D(Ly) NIm P. Let

x = (r1,22) € X and y = (y1,y2,0a1,... ,a,) € Y, we have
(n—2)
Pa(t) = (2O 2 o)
(n —2)!

fol ya(s)ds — 34, B; /m ya(s)ds — ap—1
Qy(t) = |0, 10 th=10,...,0],
1k (1= S, gk

st = ([ U= gas, [ mtsyas)

The inverse isomorphism of A: Ker Ly — Y/Im Ly is A™1: Y/Im Ly —
Ker Lo given by

ATH0,at*7L,0,...,0) = (at™2,0).

The proof is complete. O

The following assumptions are used in Theorem 2.2.

(A4) There exist continuous function h (¢, xg, x1,... ,2n—1), e(t) and non-
negative continuous functions g;(¢t,z) (¢ =0,1,... ,n — 1) such that f
satisfies

n—1
f(t)xO)xl)' .. 7xn71) - G(t) + h(t,CCO,CCl, cee 73’4’”,1) + Zgl(taxl)a
=0

and also that h satisfies
Qb(xnfl)h (ta Loy, L1y -- ,Jﬁn,l) S 0

for all t € [0,1], (xg,x1,... ,xn—1) € R™ and g;(t, z) satisfies

(T
hmsup |gl( ,QE)|

=r; €[0,400) fori=0,...,n—1.
x—+00,t€[0,1] ¢(|SE|) '
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(As) There exists M > 0 such that for all z € C"~1(0,1] with |z~ (¢)| >
M for all t € [0,1] and for each A € (0,1) it holds that

/ ' <t,x(t), a2, lxm—l)(t)) dt

; X

- iai /Om f (t,x(t), oz, %ﬂ"”(t)) dt # 0.
=1

(Ag) ¢ satisfies that there is a constant p > 0 such that ¢(z + y) <
p(p(x) + ¢(y)) for x > 0, y > 0. For p-Laplacian operator ¢,(x)
|z|P~2x for x # 0 and ¢(0) = 0 with p > 1, since (z+y)* < Cq (2 +y%),
x>0,y >0, where

1 a=1
C — b b
“ {2a—1, a>1

it is easy to see that ¢, satisfies (Ag).
(A7) There exists a constant M* > 0 such that

a,[/1 f (t,at”_Q,a(n — D" 3 a(n — 2)!,0) dt
0

l )
- Zﬁi /n f(t,at" 2 a(n —2)t" 3, ... Ja(n —2),0) dt] >0
i=1 0

for all |a] > M* or

1
a[/ f (t, at" % a(n — 2)t" 73, ... La(n —2)!, 0) dt
0

for all |a| > M*.

Theorem 2.2. Assume (Az), (A4), (A5), (46), and (A7) hold. Then BVP
(4)—(6) has at least one solution provided

n—2 1
,u%ri + 1 < 3 (11)
1=

Proof. Since (z1,x2) is a solution of (8) implies that z; is a solution of BVP
(4)—(6). It suffices to obtain a solution of BVP (8). To apply Theorem M,
we will do the following steps.
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Step 1. Let Q; = {x € D(L2) \ Ker Ly, Lox = ANz for some X\ € (0,1)}.
We prove that €2y is bounded. For x € €y, we get

2" () = AL (22(1) O<t<t<l,
2h(t) = \f (t,xl(t), 2D (), o (xg(t))) L 0<t<l,

#9(0) =0, i=0,...,n—3,
z2(0) = 0, (12)

I
2a(1) = Biwa(n;) = 0.
=1

Multiplying both sides of the equation

2h(t) = Af (t,xl(t), 2D (), o (xg(t))) , 0<t<l (13)
by x2(t) and integrating it from 0 to ¢, we get, using (A4), that
1 1 1
* (@(0) = (22(0) - 3 (22(0))”

Ji (8, z® (s)) ‘ |xa(s)|ds

N 1

+/0 1 (5,671 (22(s)))]| |z2(s)|ds
1

+ [ et aa(o)as.

Let € > 0 satisfy that

1 n—2
5> ,uzg(m +¢e)+ (rn—1+¢).
1=
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For such a £ > 0, we find from (A4) that there is a constant ¢ > 0 such that
for every i =0,1,... ,n — 1,

lgi(t,z)| < (ri +¢€)p(|x|) uniformly for ¢t € [0, 1] and |z| > 6.
Let, for i =0,1,... ,n — 2,

Ai={te 0], oD@ <o}, Ani={teo1], [20) > 6},

; = ma (),
55 te[o,ll,l)s(clsa‘gZ( )

and
Al,n—l = {t S [0, 1],
AQ,n—l = {t S [0, 1],

¢ (|za(t)| < 0},
¢ (w2 (t)]) > 6},
and

1= max i (T, “L(2)].
9sn—1 te[O,l},¢—1\x2\)§5|gZ( o} ( )‘

Then

o (5:08(9)) | za(s) s

> [, o (510 [leatoias
" /_A|9 (5.07" (x2(5)))] |22(s)lds
# o o™ o) faats)as
# [ e laats s

St S (4] st

+ (a1 + &)zl + [lelll|22].

Hence
1 n—1
ks < (Zga,i + uen) 2]
i=0

S e (21 el + s+l (1)
=0
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On the other hand, for i = 0,... ,n — 3, we have

‘x?)(t)( = 290 + /0 t:cg””(s)ds

< [N ds < [ D (s a 15
_/O ‘xl (8)‘ 5_/0 ‘:cl (8)‘ s. (15)
Hx&z) xgn—2) , 1=0,...,n—2.

It follows from (12) that

2(t) = Af (t,x(t), 2D, %ﬂ”‘”(t)) .
Then

/0 ' (t,xl(t), (), ix?”(t)) dt

i
— Zaz/ (t zy(t ,x(n 2)(t) %x(n 1)( )> dt =0

Hence we get from (As) that there is to € [0,1] so that ‘ (n=2) to)‘ < M.
Then we have
t
2 0] < oD to) + [ anD(s)ds
to
< M+ [[o® V|| < M 4 97 (2. (16)

It follows from (14) that
1

n—
—sz”2 ( 9s,i + H€H> 22|
=0

+ (Tz‘ +e)¢ (M + ¢ (lz2l) llz2ll + (rn-1 + &) |22

n
< (Zggz + ueu> Jas
=0

n—2
+ ) (it ) (d(M) |2l + pllz2l?) + (ra1 + &) [l2]|*.

1=0

3
[\

@

It follows that

n—2
E - Zu(ri +e)+ (rn-1+¢)
=0

22|
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n—1 n—2
< <Z 9o + H6H> 2l + D (ri + e)ud(M)| 2.
=0 i=0
We get there is M > 0 such that ||xs| < M. It follows from (16) that
|+
It follows that there is B > 0 so that ||(z1,22)|| < B. It follows that € is

bounded.

Step 2. Let Q9 = {xe€Ker Ly: Nz € Im Ly}. For = € o, then
z(t) = (at™2,0) for some a € R. Hence Nz = (0, f(t,at" 2 a(n —
2)t" 3, ... Ja(n — 2)!,0),0, . ,0) € Im Ly implies that there are functions
u1, Uz and ug so that

A"V ) = o, 0<t<t<l,
ub(t) = f (t,at”_Q,a(n —2)t"3 ... a(n — 2)!,0) , 0<t<1,
0

<M+ ¢ Y|z) M+ (M), i=0,...,n—2.

u;’(0) =0, 1=0,...,n—3,
UQ(O) = 07
l
up(1) =Y Biua(n) =0
i=1
Then

1
/ f(t,at" 2 a(n —2)t" 3 ... a(n —2),0) dt
0

! 7;
— Zﬂz/ f (t, at" 2 a(n — 2)t" 73, ... ,a(n —2)!, 0) dt = 0.
i=1 70

If a > M*, from (A7), we get

1
a [/ f(t,at" 2 a(n —2)t" 3 ... Ja(n — 2)!,0) dt
0

! :
— Zﬁi /77 f(tat" 2 a(n —2)t"3 ... a(n—2)1,0)dt| #0,
i=1 V0

a contradiction. If @ < —M, the same contradiction can be induced. Hence
la| < M. This implies that Q9 is bounded.

Step 3. If the first part of (A7) holds, let
Q3 ={z e Ker Ly: Asgn(A) Az + (1 -XN)QNz =0, Ae[0,1]}.
We will prove that Q3 is bounded. For x = (at"~2,0) € Q3, we get
sgn (A)ANa® = —(1 = \p)a
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1
X / f (t,at”_Q,a(n — D" 3 a(n — 2)!,0) dt
0

— Zﬁl /Th' f (t,at”_Q,a(n — 2)75”_3, cooyaln — 2)!,0) dt|.
; 0

If |a| > M*, from (A7), we see that sgn (A)AMN,a? < 0, a contradiction. If
the second inequality of (A7) holds, let

Q3 ={reKer Ly: —Asgn(A)Axz+(1-XNQNz=0, Ae|0,1]}.

Similarly, we can get a contradiction. So {23 is bounded.
The remainder of the proof is just similar to that of the proof of Theorem
2.1 and is omitted. This completes the proof. ]

Remark. It is easy to see that Theorem 2.1, Theorem 2.1 and Theorem 2.2,
by comparing them with results (Theorem LY1, Theorem LY2, Theorem G
and Theorem GH) mentioned in Section 1, complement and improve known
results in [13], [14], [15], [16] and [5], [9]. For n = 2, Garcia-Huidobro,
Gupta and Manasevich in [6] studies BVP (4)—(5) and BVP (4)—(6) in the
case Zlizl G; = 1, but all §; are required to be nonnegative. However, in
this paper, §; can be negative or positive.

3. NUMERICAL EXAMPLES

In this section, three numerical examples are studied to demonstrate the
results of the present method.

Example 3.1. Consider the multi-point boundary value problem
1 1
2(t) = =2[z'(1))® + 5:c’(zt) + ?x(t) +t+sint, 0<t<l1,
4 (17)
2/(0) = /(1) + 0.252'(0) — 2.6347x" (g) — 0,
where 6 = 2, 8) = —1/4, By = 5/4 and m; = 0, gy = 4/5 with Y, 3; =1
and 22:1 Bimni = 1, p(t) = 1/3, q(t) = 1/7, r(t) = t + sint. It is easy to
check that (As2), (A4), (As), (Ag), (A7) and (11) hold. Then, from Theorem
2.2, BVP (17) has at least one solution (see Figure 1. Solution of system

(17)).
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The numerical results are given in the following table.

[t, z ()

0 —4.03555183146479823
0.1 —4.03813108191880499
0.2 —4.04464146918810208
0.3 —4.05321116982054620
0.4 —4.06192556680713768

G 0]

0.0
—0.0485337017511533950
—0.0785548733775790764
—0.0896482571754970704
—0.0813764828110055266

0.5 —4.06882773280340704 —0.0533473878531413315

0.6 —4.07192754328307772
0.7 —4.06921407414563508
0.8 —4.05865091105910824
0.9 —4.03811677587407836

1 —4.00522717111050142

—0.00529714783353834804
0.0629521170067943864
0.151819628118628896
0.262772291729619689
0.400000000000000188

295

—4.01 4

—4.02 1

—4.03 4

—4.04

—4.05 4

—4.06

—4.07 4

0 0.2

0.4

0.6 0.8 1

FIGURE 1. Solution of system (17)
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Example 3.2. Consider the problem

(1) = %x’(t) + ix(t) + 2cost, 0<t<l,
(18)
z(0) =2'(1) + 2/ <%> — 27/ <§> =0.

It is easy to check that (A1), (A2), (A3) and (9) hold. Then, from Theorem
2.1, BVP (18) has at least one solution (see Figure 2. Solution of system

(18)).

0.7 7

0.6

0.5

0.4

0.3

0.2

0.1

FIGURE 2. Solution of system (18)

Example 3.3. Consider the problem

[ ()P (1)]' = 410 @) + 36 (' (5) + 26 (2(0)) + 7
0<t<l, (19)

210 = (1) + o (0) - 12 (1) =0,

where ¢(x) = |z2z, 0 = 4, 1 = —1/4, Bo = 7/4 and m1 = 0, 2 = 4/5,
p(t) = 1/4, q(t) = 1/5, r(t) = t2. Tt is easy to check that (As), (A4), (As),
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(Ag), (A7) and (11) hold. Then, from Theorem 2.2, BVP (19) has at least
one solution (see Figure 3. Solution of system (19)).

0.8

0.6 1

0.4

FIGURE 3. Solution of system (19)
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