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The paper concerns the asymptotic behaviour of a family of energy functionals related to the Cahn—
Hilliard theory for phase separation. Suitable boundary conditions are considered, modelling the presence
of boundary layers; in the variational limit, together with the surface energy corresponding to the interior
transition between the phases, an additional term appears, measuring the energy of the boundary layer.
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1. Introduction

According to the Van der Waals-Cahn-Hilliard theory of phase transitions for fluids, the
variational problem which leads to the stable configurations involves the functional:

Jo(u) = %/ﬂW(u(w))dm%—s/{JDuFdx

where 2 stands for the container bounding the fluid, u is the density distribution and W
is a (double-well shaped) Gibbs free energy. Here ¢ is a small parameter which weights
the smoothing effect of the gradient term. Thus, one expects that useful information on
the structure of the minima can be obtained through the asymptotic analysis, as ¢ — 0,
of J. (see [17, 19]).

On the line of [21] and [22], in [24] the asymptotic behaviour of an alternative sequence
of energy functionals is studied:

(%) F.(u,v) = é/QW(u)da; + % /Q(u —v)2dx + a/Q | Dv|*d,

where the gradient term is taken with respect to a new variable v which is related to the
phase variable u through the L?-distance between u and v (weighted by a coefficient ).

In this paper we consider the behaviour of F,, as € — 0, in case that suitable boundary
conditions are added, obtaining in the limit equilibrium configurations which satisfy a
minimal interface criterion modified to account for the presence of boundary layers.
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Let us recall that both the sequence J; introduced above and the sequence F. in (x) give
rise, in the limit, to a minimal area problem, but with different values of the “surface
tension” (see [17, 19, 24]). We notice that the surface tension arising in the limit problem
for F. is strictly related to the one obtained in the asymptotic analysis of a family of
nonlocal functionals, where the gradient term is replaced with a nonlocal term penalizing
the spatial inhomogeneity, weighted with an influence kernel (see [13], [2], [3]).

The problem of imposing boundary conditions to J. was studied in [20] in the form of
prescribed boundary values (Dirichlet problem) and in [18] by adding an integral term
which accounts for the contact energy between the fluid and the container walls. Here we
first tackle the problem of Dirichlet data for F.; more precisely, in §2-5 we shall consider
the functionals

1
Fo(u,v) = g/QWW)dHg/g(u—v)?dws/ngﬁdx it v e HY(Q), vloa = he
+00

otherwise,

where « is a real positive parameter, and h. is a converging sequence in H %(89). Notice
that the constraint is imposed to the function v since this naturally lies in H*({2), while
the functional does not impose any regularity constraint on the phase variable w.

A common feature shared with the result of [17] and [20] is that the limit consists of a term
measuring the energy associated with the interior interfaces between the phases, as in the
unconstrained problem, and an additional term measuring the energy of the boundary
layer. Then, the minimizers or quasi-minimizers converge, as ¢ — 0, to the characteristic
function of a subset E of ) with finite perimeter in €2, such that the perimeter is minimal
under the additional condition that the angle between the interface OE and 02 (contact
angle) is a prescribed function of z € 90Q (see §6, and [20, Proposition 5.2]). These
problems are connected with the theory of capillary surfaces and other physical models
(see, e.g. [12], [18] with the references therein, and also §6).

In §6 we shall consider, following the approach of L. Modica (see [18]), the case when a
term of “contact energy”, penalizing the difference with a given function defined on 0f2,
is added directly in the functional. In the limit, we get again a functional of the same
form, with a different energy density at the boundary.

We notice that the selection criterion of the equilibrium configurations induced by the
sequence of “two-variable” functionals with Dirichlet conditions gives, as in [24], a different
surface tension with respect to the one induced by the sequence J. modified by boundary
terms, and moreover a different constraint on the contact angle. The energies obtained
in the asymptotic analysis of the functionals related to J. can be recovered by taking the
limit of the corresponding two-variable energy when the coupling parameter a goes to
+00.

Let us notice that a key role is played by the study of the profile problem which provides
the optimal connection (in term of the unscaled energy corresponding to e = 1) between
the phases and the boundary data. We point out that a number of technical details in
our proofs depends on the fact that, due to the presence of two variables, here we can not
dispose of simple characterizations for the solutions of the profile problems.

Finally, we note that the close connection between functionals of type F., depending on
a phase variable and on an order parameter v, and nonlocal functionals, suggests that
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through this approach it could be possible to give an interpretation of boundary contact
terms also for nonlocal models.

Notation and preliminaries. The Lebesgue measure in R” and the (n—1)-dimensional
Hausdorff measure are denoted respectively by £" and H" !; we also use the notation
|E| instead of L£"(F). The open ball with centre x and radius r is denoted by B, (z), and
S"~1 is the boundary of Bj(0).

Functions of bounded variation and sets of finite perimeter. For the general theory of this
topic we refer to [10, 11, 4]; here we recall some definitions and properties we shall use in
the sequel.

Given an open subset 2 of R", a function u: {2 — R is said to be of bounded variation
(v e BV(Q)) if u € L'(Q) and its distributional derivatives D;u are Radon measures with
finite total variation in (2.

If u € Lj,.(Q) we say that z € R is the approzimate limitof uin z € Q (z =ap-lim,_, u(y))
if

lim p"/ lu(y) — z| dy = 0.
Bp(x)

p—0

The set S(u) of points where this property does not hold is called the approzimate dis-
continuity set of u. The set S(u) is a Borel set, and |S(u)| = 0. If uw € BV (Q2), then S(u)
is countably (n — 1)-rectifiable, and there exist Borel functions v,: S(u) — S™! and
ut,u": S(u) — R such that for H" -a.e. z € S(u)

i [ ) -t @ldy =0, e [ July) — w(@)ldy o
p—0 B} (z)NQ =0 B, (2)NQ

where Bf (z) = {y € B,(v) : (y — z,vu(z)) > 0} and B, (z) = {y € B,(z) : (y —
x,v,(x)) < 0}.

If u € BV(£2) we denote by Vu the density of the absolutely continuous part D®u of
the vector measure Du with respect to the Lebesgue measure. Let D®u be the singular
part of Du, and define D'u = Du L S(u) and Dy = Du L (Q\ S(u)) (the jump and
Cantor part of Du, respectively). We say that wu is a special function of bounded variation
(u e SBV(Q)) if D°u = 0; in that case the following decomposition of Du holds:

Du = Vul" + (ut —u ), H* 1 L S(u).
If E is a Borel subset of R"™, the essential boundary 0*E of E is defined as

O'E ={x €R" : limsupp "|B,(z) N E| >0, limsupp "|B,(z) \ E| >0 }.
p—0 p—0

It turns out that the discontinuity set of the characteristic function xg coincides with
O*E, ie. S(xg) = 0"E. It can be proved (see [11]) that for any open subset © of R

/ |Dxgldr = H*™ 1 (QNO*E). (1)
Q

In particular, if F is a bounded Borel subset, then xg € BV (Q) if and only if H*~ (2N
O*F) < 400 (in such a case, E is said to have finite perimeter in 2).
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I'-convergence. We recall the notion of T'-convergence (we refer to [7], [9] for a complete
analysis of the subject). Let (X,d) be a metric space, F.: X — R (¢ > 0) a family of
functionals, and F': X — R. We say that {F.} I'-converges to F at x € X as ¢ — 0 if:

i) for every infinitesimal sequence {¢;} and for every sequence {z,} converging to x in
X, we have F(z) <liminf; . F. (z;);

i1) for every infinitesimal sequence {¢;} there exists a sequence {x;} converging to x in
X such that F(z) = lim; . F;,(z;).

If 7) and i) hold for every z € X we say that {F.} I'-converges to F' in X, and F =

I — hme_,o Fg.

Remark 1.1. The I'-lower limit and the I'-upper limit of {F.} are defined as follows:

F'(z) = inf{liminfF. (z;): & —0, z; — x}

J]—00

F"(z) = inf{limsup F.,(z;): &; — 0, z; — x}.

Jj—00

The functionals F” and F” are lower semicontinuous, and {F.} I'-converges if and only if
F' =F".

2. Setting of the problem. Dirichlet boundary conditions
Let F. be the functional introduced in §1, defined on [L'(£2)]? by:

1 1

- Wud:v+—/u—v2dx+€/ Dvl?dz if ve HY(Q
Pt~ 2 [ W2 [0 1D @

400 otherwise,

where

W:R — [0,+00) belongs to C°(R) and W (¢) = 0 if and only if ¢ € {0, 1}; moreover
W has at least linear growth at 4o0;
Q) C R" is bounded, open, connected, and the boundary 952 is of class C2.

Given a sequence {h.} in H?3(99Q), we consider, for every & > 0, the functionals F, with
the boundary Dirichlet condition tr v = h.; more precisely, the functional F°: [L'(Q)]? —
[0, +00] is defined by

1
F°(u,v) = g/QWW)der%/ﬂ(u—v)%+a/ﬂ|m|2dx if ve HY(Q), v|gg = he
oo otherwise,

(3)

a being a real positive parameter.

We study the asymptotic behaviour of the sequence { F°}, under some suitable hypoteses
on the sequence {h.}. More precisely, we require:
1 uniformly bounded;

(h1) he: 90 — R, he € CO(89Q) N H3(99Q), with |[he]| e + [kl 3

h2) the distributional derivative 2= where o is a surface parameter in 99, belongs to
do
L>(09), and | 9=

< ce™" for some r < 1.




M. Solci / Boundary Contact Energies for a Variational Model in Phase Separation 5
(h3) 3 h: 0Q — R, h € L®(9Q) N H2 (9N, such that
he(x) — h(z) pointwise for H" '-a.a. z € 9.

We start by giving some definitions. Since we shall be concerned with the problem of
connecting the phases 0 or 1 with the boundary values, the following “optimal profile”
problem can be considered. Fixed a > 0, for i € {0,1}, and A € R, we set:

(i, \) = inf{fg(go,z/;) L pEXi, bEXiNY, (0) = )\} (4)

where F2(p, %) = fEOO(W(go) + a(p — ¥)* + (¢)?)ds is the one-dimensional unscaled
functional on the half-line, the set X, is defined as

X; ={u: (—00,0) - R measurable s.t. lim wu(t) =},

t——o0

and Y denotes the space of the functions u € AC(—00,0) such that u' € L*(—00,0). As
n [24], the connection between the two phases is related to the following minimization
problem:

cw(a) =inf{fa<so,¢) peX,pexnyl, (5)
where Fo(¢,0) = [(W(p) + (e —¥)* + (¢')%)ds, the set X is defined as

X ={u: R — [0,1] measurable s.t. lim wu(t) =0, lim wu(t) =1},

t——00 t——+00

and Y, with a slight abuse of notation, denotes in this case the space of the functions
AC(R) such that v’ € L*(R).

Remark 2.1. The generalization of the previous definitions to the case where the mini-
mum points of W are a and b instead of 0 and 1 is obvious. We point out the dependence
on a and b only in §6, in order to make a comparison with the results obtained in [18].

Now we can state the following

Theorem 2.2. Let the hypotheses (hl) — (h3) hold. The sequence {F?} TI'-converges, as
e— 0, to F°: LY() x LY(Q) — [0, +00| defined by:

cw ()H" (S (u)) + /m O (u(x), h(z))dH" () if ue SBV(Q),
F°(u,v) = u=wv € {0,1} a.e.

+00 otherwise,

(6)

where 4 stands for the trace of u on the boundary.

Remark 2.3. Let us notice that, as we precise in the sequel, to prove the I'-liminf
inequality we shall use only the pointwise a.e. convergence of h., and as to the set (Q it
will be sufficient to assume that the boundary is of class C*.

Clearly, it is enough to establish the result when o = 1, the general case following with W
replaced by W/a. To shorten the notation, when « is equal to 1 we omit the dependence.
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It is not difficult to prove, applying rearrangement arguments, as in the proof of the
corresponding result for the functionals without Dirichlet conditions (see [24, Proposition
2.2(b)]), that

h(z)

lim (i), h(z))dH" *(z) = 2/

a=100 /o0 BQ‘ i(z)

v W(s)ds‘dH”_l(a:).

Notice that this value is exactly the boundary energy which arises in the I'-limit of the
classical functionals of Modica and Mortola with prescribed Dirichlet conditions (see [20,
Theorem 2.1]).

Remark 2.4 (Compactness). The compactness result for the functionals {F°} follows
a fortiori from compactness for {F.}, by the inequality F. < F?. This result can be
proven by an application of [24, Lemma 3.5, which establishes the precise connection
between the two-variable and the nonlocal model, and of the compactness theorem for
the corresponding nonlocal functionals (see [2, Theorem 3.5]).

As a consequence, the stability of minimizing sequences (see, e.g., [1, §3]) implies that
a minimizing or quasi-minimizing sequence for F?° is relatively compact in [L'(2)]?, and
every cluster point (u,v) minimizes the I-limit F°.

3. The one dimensional case

The proof of the I'-lim inf inequality in the general n-dimensional case relies on the slicing
method, which considers functionals obtained by suitable restrictions of F° to parallel
lines. Thus, this Section is devoted to show the one dimensional version of Theorem 2.2.

The proof of the one dimensional result (and the construction of the recovery sequence
in the boundary layer near 02 in the n-dimensional case, as we see in §4.2) relies on the
analysis of the optimal profile problem for the functional F°, introduced in (4); concerning
this problem, we state here only the properties which we apply in the proofs of the I'-
convergence results.

We introduce, for T' > 0, the sets:
X (T)=X,Nn{u : u(t)=1i for t<-T}, and X'= U X (T).
>0

Now, we can state the following lemma
Lemma 3.1. Leti € {0,1}.

1) The function ®(i,-): R — R is continuous.
2)  Forevery \€ R:

O, ) = inf{F°(p,¢) : pe X, ve X NY, ¥(0)=A\} .
— lim mf{F(pd) 1 pe XIT), v e XAT)NY, p0) = A} )

T—+o0
The limit is uniform if X\ varies on compact sets.
3)  For every A € R and n > 0, we can find Rfﬁ >0 and
(a) @\ € X;(R:) monotone,
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(b) ¥l € XF(RIAM)NY piecewise C' in [—R;*, 0], strictly monotone with |(¥7,)| >
c(n) > 0 in (=R, 0), and ,(0) = A,
such that
Felovl) < @30, A) +

N3

The proof of this results relies, in particular, on some rearrangement and approximation
arguments which ensure that in (4) we can take the infimum on monotone functions, even
when the minimum value is not attained; the uniformity of the limit in 2) follows from the
translation invariance of the one-dimensional functional F. Notice that the construction
of the recovery sequence in the boundary layer relies on the properties of the functions
provided in 3) (see §4.2).

Let I = (a,b) be an open and bounded interval. We can prove a I'-convergence result for
the functionals F°: [L'(I)]* — [0, +-00] defined by:

I

é/jw(u)deré/j(u—v)deJrs/(v’)?dx if ve H'(I)

F2(u,v; 1) and v(a) = he(a),  (8)
v(b) = he(b)
—+00 otherwise,

where {h.(a)},{h-(b)} are given sequences, converging respectively to h(a) and h(b).
Theorem 3.2. The sequence of functionals {F°}, as ¢ — 0, T'-converges in [L*(I)])?
to the functional F°: [L'(I)]* — [0, +o0] defined by:

Fo(u,v) = { cw#S () + ®(i(a), h(a)) + ®(@(b), h(b)) if u € BV(I),u=v € {0,1} a..
7 +00 otherwise.

It is clearly sufficient to prove the result for I = (—1,1). We denote F2(-,-;I) by F2(-,-).

Proof. I'-liminf inequality.
Let u,v € L*(—1,1); then, for every {u.}, {v.} such that u. — u, v. — v in L'(—1,1),
we show that:

liminf F2 (ue, v.) > F°(u,v). 9)

e—0

We can suppose that u. € L*(—1,1) and v. € H'(—1,1) with v.(£1) = h(£1); moreover,
that liminf. o F°(ue, v.) is a limit and is finite. We can assume, up to subsequences, that
the convergences are pointwise a.e..

Since F? > F., where Fy is the one-dimensional functional corresponding to (2), the result
obtained in [24, Proposition 3.3] allows to deduce:

u=wve€{0,1}, and wuwe BV(-1,1).
Hence, S(u) = S(u) N (—a,a) for some a € (0,1).
Since liminf. o F.(uc, ve; (—a,a)) > cw#S(u), we obtain:

lim ioan;(uE’ ve) > cw#S(u) + lim ioanE(uE, ve; (—1, —a)) + liminf F, (u., ve; (a, 1)).

e—0
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Now, let us consider the subset (a,1). Up to a slight modification, it is possible to assume
us(a) = v.(a) = w(1). Then, setting u.(x) = u.(z + 1), and v.(z) = v.(x + 1) :

F.(ue,ve; (a,1)) = Fe(ue,ve; (a — 1,0))

— /11 (W(ﬂs(€y>> + (@ (ey) — @s(éy))Q + (Ua(ﬁy))a)dy

€

a—1
= F1 (e, ¥e; (

70))7

where ¢.(y) = u-(ey), and ¢¥-(y) = v.(ey). Hence
F2 (ue, ve; (0, 1)) = (a(1), he(1)).
Taking the lower limit as € goes to 0, the continuity property of Lemma 3.1 1) yields:
lim inf F2 (e, ve: (a, 1)) > (i(1), h(1)) = B(i(b), h()).

For the term F_(uc, ve; (—1, —a)) we can argue in a completely similar way, and (9) follows.

I'-limsup inequality.

Let n > 0 and {¢;} be a positive infinitesimal sequence. We prove that for every u,v in
L'(—1,1) there exist sequences {u;},{v;} converging, in L*(—1,1) as j — oo, to u and v
respectively, and such that:

lim sup F7 (uj,v;) < F°(u,v) 4. (10)

Jj—00

It is enough to prove the I'-limsup inequality (10) for u = v € {0,1}, u € BV (—1,1).
Let a € (0,1) be such that S(u) = S(u) N (—a,a). The one-dimensional I'-convergence
result obtained for the sequence {F.} ensures the existence of {u;}, {v;} converging to u
in L'(—1,1) such that

limsup F;, (u;,v5; (—a,a)) < F(u,v; (—a,a)).

j—too
On the other hand, since the sequence {h.,(1)} is bounded, Lemma 3.1 2) gives T,, > 0
and sequences {¢; }, {¢; } in X7, (T}) and X7, (T;))NY respectively, with ¢} (0) = h.,(1)
and 0

Foef ) < @(a(1), he, (1)) + 5.

In the same way we determine {; }, {¢; } in X7 _, (7)) and X

2 y(T;)NY (we can assume
the same T}, as above) with ¢, (0) = h.,(—1) and

For ¢; < =2 we set:
i T,

uj(z) = uj(x) if —a<z<a
ef (=) if a<a <1,
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and in the same way we define v;. We notice that v; € H'(—1,1), and v;(£1) = he,(£1);
it is easy to see that the sequences {u;} and {v;} converge in L' to u. Moreover:

FZ (ug,05) < cwtS(u) + @(a(=1), he; (=1)) + S(a(1), he, (1)) + 1.

An application of Lemma 3.1 1) gives (10). O

4. The I'-lower inequality

Let Q2 C R™ be open, bounded, connected and of class C!, and let {h.} be a sequence in
H?2(052), pointwise converging H" '-a.c. in 9 to a function h € L=(9Q).

Proposition 4.1. For every u,v € L'(Q)
(F°) (u,v) > F°(u,v).

The proof follows the steps outlined in [6]; the application of the slicing method in this
case needs some further regularity properties of 0€2, since the boundary data are involved.

4.1. Some preliminary remarks on regularity

For £ € S"! we consider the projection 7¢: 92 — &+ defined by:
Wf(x) =T — <$7€>§

We choose in R™ a basis {¢, e%, o ,e?‘l}, where {eé, . eg_l} is an orthonormal basis of

¢1: in this way ¢+ is naturally identified with R"!. Since 9 is a C'-submanifold of R",
and 7¢ is a C'-map, for any Borel A C 9 we can write the co-area formula as:

/AJ*(Wg)dHn_l =/ HU(ANTE (y)dH" (y), (11)

where

J* 7T§ \/det dﬂ'g dﬂ'g) )
and (dme),: T,(0Q) — R™! denotes the differential map. Clearly, J*(m¢) = [(¢, V)]

Denoting by C' the set of the x in 02 such that rank(dme), < n —1, ie. J*(m)(z) =0,
we have

CN(me) Hy) =10 H" ' —aa. yc&t (12)

Notice that, if x € 9Q and y € &+, then z € C'N ()~ (y) if and only if r(&,y) C T2(0N),
where T%(012) is the affine tangent space applied in z, and (£, y) is the line:

r(&y) ={tE+vy : teR}

This result is essentially the C! version of the Sard Theorem (see, e.g., [23, p. 56]). For
further details, we refer to [23].

Moreover, we have that
/ J*(me)dH" ! < 400,
o0

and from (11) we deduce that 9Q N (7¢) "' (y) is a finite set for H"'-a.a. y € R" 1.
This proves the following:
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Lemma 4.2. For £ € S™ 1

1. for H" '-a.a. y € &% the set {t : t&+y € 00} is finite;
2. for H" '-a.a. y € &+ r(€,y) ¢ THON) for every .

Hence, we deduce that for every ¢ € S" ! and for H" l-a.a. y € &+ the set Q%Y is a finite
union of intervals with disjoint closure, and 9(Q%Y) = (9€2)%Y.

4.2. Proof of Proposition 4.1

In order to apply the slicing method to obtain a lower bound for the I'-limit, let us
consider, for every e > 0, £ € S ! and y € &+, the function h&Y: (9Q)%Y — R defined by
h&Y(t) = h.(t€ +vy). The convergence hypothesis for {h.} implies that, for every £ € S"~1
and for H" '—a.a. y € &

REY(t) — hSY(t) = h(tE +y) as e =0 Vi€ (99Q).

For J C R open and bounded, we set:

%/]W(gp)dt—l—é[}(@—w)2dt+e/](¢’)2dt it veH (),
B (.03 ) = 4= hEV in 0T N (D)

+0o0 otherwise

If J is a finite union of intervals with disjoint closures, then an immediate generalization
of Theorem 3.2, with the boundary condition imposed only on 9.J N (92)%¥, allows to say
that ¢&¥ T-converges to:

cw#S(p)+ D (1), k() if p,¢ € BV(J),
tedJN(ON)s-y
O (p, 1 J) = o =1 € {0,1} ae.

+00 otherwise
Now define, for every (u,v) € [L'(2)]? :

(FO (u,v) = [ o8 (usY, o5 Q8)dH" " (y). (13)

€
é‘L

For every v € L'(Q2) and v € HY(Q), with v = h. on 99, we can write (F°)*(u,v) as an
integral over €2 by applying Fubini’s Theorem and taking into account Lemma 4.2. We
get

(F)E (u, v) = é/ﬂW(u)d:c + é/ﬂ(u _ o)z + a/Q (D, &) dz.

Therefore (F°)* < F?; it follows, by Fatou’s Lemma, that for every & € S"! and for

every (u,v) € [LY(Q)]?
(F°) (u,v) > (F°)¢(u,v),
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where
(F°)*(u,v) :/ &Y (uSY, v&Y: QS AH T (y).
gL
Thus, if (F°)(u,v) is finite, then u = v € {0,1}, u*¥ € SBV (Q%Y) for a.a. y € £+, and
#S(u)dH" " (y) < +oo,
gl

Le.
DSOS IH ) < +oo:
éL
we deduce that if (F°) is finite, then u,v € SBV () and u = v € {0,1} a.e.. For such
pairs (u,v) :

<wﬂww=/c#a ndH (y)
l ST @), htE + y)dH (y).

te(oQ)sy

Then, applying the co-area formula we can deduce:

wwWWFW@AN@MMmW”%@+AWW@M@H@W@WWH@)

Q

Therefore, the I'-lower limit

(F°)(u,v) =T — liminf F2 (u,v)

e—0
is finite only if u,v € SBV(Q2) and u = v € {0, 1} a.e.. Moreover, F°(u,v) > cH"*(S(u))
(thus, finite only if H"~!(S(u)) is finite).
Then, for u = v € SBV(Q;{0,1}), we consider in A(R™) = {A : open subset of Q} the

set function

pu(A) = (F°) (u, v; A);
if g;: R™ — R is defined by:

cw| (& vu(@))] if ze€S(u)
gi(z) =< ®(u(x), h(x))|(&, v(z))| if =€ N
0 otherwise,

where {&;} is a dense sequence in S"7', and A = H" ™! L (S(u) UdQ), then

pu(A) > sup/ gidA\.
A

%

The function p is superadditive on disjoint open sets of R” when u = v € SBV (€, {0, 1}),
and we can conclude, applying a property of the supremum of a family of measures (see
e.g. [6, Proposition 1.16]):

pu(A) = / sup gid.
A

i
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Since {¢;} is dense in "1 :

Cw it v e S(u)
g(x) =supg;(x) =< P(a(z),h(z)) if x €I
‘ 0 otherwise.

In particular, choosing A = R™ :

w ([ ewligmlare !+ [ o), me)lig mre ) = we)

z/ﬂ@ﬁzwwﬂﬂw+/@WﬁmmWWW)

oN
Then:
(F°) (u,v) > CWHn_l(S(U)) +/(I>(ﬂ(:v),h(x))d7-(”_1(x). (15)

o0
This concludes the proof of the I'-lim inf inequality.

5. The I'-upper inequality

In this Section we conclude the proof of the I'-convergence result by showing the inequality
for the I'-upper limit of {F°}.

Proposition 5.1. Let Q C R" bounded, open, connected, with boundary of class C?.
Under conditions (hl) — (h3), for every u,v € L'(Q) :

(F°)" (u,v) < F°(u,v). (16)
We shall prove Proposition 5.1 by exibiting, for every n > 0, a recovery sequence {(u, v.)},
converging in [LY(Q2)]? to (u,v), such that v. € H(Q), tr v. = h. on 99, and

lim sup F? (ue, v.) = limsup Fi(ue,v.) < F°(u,v) + . (17)

e—0 e—0

5.1. Regularity and density results

We introduce the following notation: given a subset S of R” and o > 0 define

S,={x eR": d(x,5) < o}.

If G is a bounded open subset of R” with C? boundary, then there exists o > 0 such that
the function A: G x (—p, 0) — R defined by:

Az, t) =z + tvg(x),

is injective, where vg: OG — S™ ! denotes a unit normal field to dG. Then we can define
the projection 7g: (0G), — OG which maps x to the unique minimizer in 0G of the
function y — d(z,y). Moreover (see [5, Theorem 3.1]), by the implicit function theorem,
we can choose o so that A is a local diffeomorphism; as a consequence, 7o is C'. For
convenience, we simply set m = mq and v = vg, where vq is the inner normal field.

We prove the I'-lim sup inequality, by using a density argument. We recall the steps of
this procedure (see, e.g., [6, p. 97]):
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1. find a subset 7 of the domain of F*° such that for each (u,v) in the domain of F*°
there exists a sequence {(u;,v;)} in 7T satisfying u; — u, v; — v in LY(Q), and
Fo(u,v) = lim;_,o F°(uj,v;);

2. prove that (F°)"(u,v) < F°(u,v) for each (u,v) € 7.

The lower semicontinuity of (F*°)” entails, for every (u,v) in the domain of F*:

(F°)"(u,v) < lminf(F°)"(uj,v;) < lim F°(uj,v;) = F°(u,v).
j—o0 j—o0

It is clear that F°(u,v) is finite if and only if u = v = xg, where E is a subset of R”
having finite perimeter in €.

In order to define the set 7', we need the following definition (see [16, §3.2, p. 74]):

Definition 5.2. Let M, N be C'-submanifolds of R". We say that M is transverse with
respect to N (or that M and N are mutually transverse) if:

VeeMNN T,M®&T,N=R"

Now, we define 7 as the set of the pairs (xg, xg) where F is the intersection with € of
an open subset of R™ of class C'*°, whose boundary is transverse with respect to 0€2, i.e.:

T ={(xe,xe) : E €S},

where
S={E=QNA : ACR" open, such that A of class C*° transverse to J2}.

The required density of 7 in the domain of F° follows from Lemma 5.3 and Lemma 5.4.

Lemma 5.3. Let €2 C R"™ open, with compact and Lipschitz boundary. Given E C ()
with finite perimeter in §2, there exists a sequence {E;} of subsets of R™ with boundaries

of class C™ in a neighbourhood of Q, such that the sequence {E;} defined by E; = BN
approzimates E in L' (), i.e. |[EAE;| — 0 as j — +00. Moreover:

1. |Dxg|(Q) — |Dxsl(Q);
2. S(Ej — >~<E m LI(GQ, Hn_l L 89),

where Xg,, Xg stand for the traces of xg, and xg respectively.

Proof. Except for the assertion 2, the proof is the same of the Proposition 4.7 in [6]. To
prove 2, recall that
XE; = XE strictly in BV (Q)

(see [4, Definition 3.14, p. 125]). Since, for 2 open subset of R™ with bounded Lipschitz
boundary, the trace operator is continuous between BV (€2), endowed with the topology
induced by strict convergence, and L'(9Q; H"~! L 99Q) ([4, Theorem 3.88, p. 181]), the
assertion 2 follows. O

Lemma 5.3 proves the density in the domain of £ of the set
T={(xe;,xg) : ECQ st. E=QNA forsome A of class C*}.

The required density of the set 7 in the domain of F*° follows from the application of the
transversality lemma below to the smooth sets A which define the element of 7.
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Lemma 5.4. Let Q be a bounded subset of R™ with boundary of class C*. If A C R™ is
bounded and of class C*, for everyn > 0 there exists f: A — (0,400) of class C* such
that the set

A = AU{z +tva(z) : t€]0, f(x)), v € 0A},

where vy stands for the outer unit normal field, satisfies the following properties:

1. 0Ay is transverse with respect to 0€2;
2. [(AAAF) NQ| <

[1Dxa,|(2) = [Dxal(9)] < m;

4. X4, — Xallzroa) <,

where X4, and Xa denote the trace of xa, and xa on 9 respectively.

co

Proof. Given A a bounded subset of R™ with C'*° boundary, its boundary can be repre-
sented by the injection i4: 0A — R™ of class C™°. As observed at the beginning of this
subsection, the regularity hypothesis allows us to find 4 > 0 such that the projection
ma: (0A)s — OA is well-defined and smooth.

We set G = {g: A — R" of class C*}, endowed with a C''-type topology, which relies
on the uniform convergence of the functions and their differentials on compact sets. More
precisely, this is the compact-open C'-topology, and, since A is compact, it coincides
with the strong C'-topology (for the precise definitions and further details, we refer to
[16, p. 34-35]).

We construct a neighbourhood U of i in G such that g(0A) C (0A)s for every g € U,
and moreover for every ¢ € U we can find f: A — (—6,0) of class C* such that
g(0A) = {x + f(x)va(z) : x € 0A}. Indeed, since DA is compact, the subset of G such
that the differential of 74 0 g has rank n—1 for every point of 0A is open in G and contains
14. This defines the set U. It follows that 74 0 g, for g € U, is a topological covering map.
Moreover, it has degree one: indeed, the signed distance labels the branches, and the
monodromy is trivial. Since, for g € G, the composition 74 o ¢ is globally invertible, the
implicit function theorem allows to find the required f.

Now, for an open neighbourhood W C U of i4, we consider the subset W of the elements
g in W such that the image of the corresponding f is in (0, ). Let us notice that for such
f we can define

Ap=AU{z+tva(z) : €A, te0,f(z))},

and clearly A C Ay.

The set W is an open subset of G, then [16, Theorem 2.1, p. 74| ensures the existence of

age W such that G(0A) is a submanifold transverse with respect to 0€2; we denote by f
the corresponding function.

Fixed > 0, the neighbourhood W can be chosen such that, for every g in W (then in )7\//),
the corresponding f satisfies || f||c1(94) < 1. Then, the set Az, which is by construction
transverse with respect to 0f2, satisfies the assertions 2, 3, 4. O
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Figure 5.1: Internal and boundary layers

5.2. Recovery sequence

Now, it is sufficient to prove (16) for (u,v) € 7 : let A be an open subset of R” with C'*
boundary transverse with respect to 0€2 and such that u =v = xg, with £ = AN .

Let o > 0 and 6 > 0 be such that the projections
m: (0), = 0N, ma: (0A)s — 0A
are well-defined and smooth.

Let n > 0 be fixed, R, > 0 and 7T}, be positive values which will be chosen in the sequel:
eR, and €T, will be respectively the width of the transition layer between one phase and
the boundary data, and between the two phases.

4

Then, for ¢ < min{}%, T_n}’ we set (see Figure 5.1):

I, = (0A), NQ ={xcQ : d(z,0F) < T},
Se = (00)er, NQ={z € Q : d(z,00) <eR,}.
Moreover, we define the set:
Q. =A{r(z) + tv(n(z)) : t€(0,eR,), z € . NS}

(see Figure 5.2), where we recall that v and 7 are respectively the inner normal field to
0§ and the projection on 0f2 (see §5.1). Obviously, Q. includes I. N S..

The transversality and the assumption Q of class C? allow to deduce that there exists a
constant v > 0 such that, for ¢ sufficiently small,

Q: C(OANIN),.NQ={zecQ : dxz,04ANN) < e}
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‘R, 00

Figure 5.2: Intersection between internal and boundary layers

Remark 5.5. The property does not hold without the transversality hypothesis on A. As
an example, if Q@ = {(x,y) € R?*: y > 0} and E defined by E = {(x,y) € R? : y > 2%},
it is clear that d((\/R_ne, R,e), (0,0)) > \/R_ns Then, for every v > 0 there exists ¢
sufficiently small that \/R_ns > e, and Q. ¢ M,.(OE N Q).

We denote (OENJN),. N by M.. Since IENJSL is a n—2 submanifold without boundary
and of class C?, for instance from [4, Theorem 2.104, p. 110] we get:

M| = O(%)c0.- (18)

Connection with the boundary data. In order to define the recovery sequence in
the boundary layer near 0f), we give a preliminary construction, based on Lemma 3.1 3).

The hypothesis (h1l) on {h.} ensures the existence of m, M finite such that

M > max{1, sup max he(z)}, and m < min{0, 1r€1fg£r€%r§12 he(x)}.

From Lemma 3.1 3) we get, choosing A = m and A = M, functions ¢;,,, ¥/, and ¢!, !,

respectively, satisfying the properties enumerated in the Lemma.

For i € {0,1} and h € [m, M|, recalling Lemma 3.1 3), we define by translation (see
Figure 5.3):

e (W)Y (h) +1) if i<h<M
pilhit) = 1 if h=i
ol (W) (h) + 1) if m<h<i,

i (( ZM>_1(h) +t) if i<h<M
Yi(h,t) = i if h=i
D)"Y R)+ 1) i m < h<i,

i,m i,m
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A
M

0,M
RS 0
Figure 5.3: One-dimensional optimal profile

From translation invariance properties of the functionals, it follows that:
fo((pz(h7)7wz<h7)) < (I)(Zah> + 1. (19>

By choosing R, sufficiently large, we can construct functions ¢;(h, -),1;(h,-) identically
equal to the constant value ¢ also in a right neighbourhood of —R,; in the sequel, we
will use this property to glue together the partial constructions and obtain the recovery
sequence.

Moreover, we note that the function ¢); is Lipschitz in [m, M] x [-R,,0].

Now, we can define the recovery sequence in the boundary layer S; \ Q.. Setting:
Se=(8\Q)NE and  S7=(S:\Q:)\E,

we define, for x € S, \ Q.:

Q) = d P (ﬁs(x),de(x)) if zeS!
«(@) { @o(h=(z),d-(z)) if z€5? (20)
() — Uy (he(z),d-(2)) if z € S}
(7) = { wo(ﬁg(x),dg(a:)) if zes? (21)
where, to shorten the notation:
he(z) = ho(m(z)) and d.(z) = —@.

Since 7 is Lipschitz and |Vd(x,09Q)| = 1 a.e., the Lipschitz property of ¢; and the hy-
pothesis (h2) on h. give:

— 2
|82¢1(h5(:2), de(x))| + 6_; if z € 81
| Do ()] < (22)

0200 (e (), de ()|

e2

c
: 0
+€2T itz € ST,
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where 091); stands for the derivative of 1); with respect to the second variable, and ¢, as
in the sequel, denotes a positive constant which does not depend on €.

Since S1 N SO = (), and |Dyefy| is bounded (recalling that +; is Lipschitz), it follows that
Do, € L=(SUS?), and

|Do.(x)| < g aa. r€SusS

Moreover, we observe that the sequence 0. is uniformly bounded in L*°.
Recalling the co-area formula, and the fact that |Vd(z, 0Q)| =1 a.e., we obtain:
1

1
~ [ W(a)dz + - / (e = 0.)°dz +e [ |Doc*de
€ Js1 St

e Ja
: /_R,, /{d:ss}mssl W (1 (he(x), 5))dH"™ (x)ds
i /—Rn /{d—sa}ﬂsal ((Pl<h5(13)7 S) N wl(h& (l‘), S)) dH"™ <$)ds

0
T / / 1Bths (Fe(), ) P (x)ds + e,
—Ry, J{d=se}nS}

where d stands for the distance d(z, 052).
An application of the change of variables formula gives:

1 1
- W (t.)dz + - / (e — 0.)%dx + ¢ | Do, |*da
g€ Js1 Sl

£

IA

e Js1
/ / W (1 (he(x), 5))dH" " (x)ds
—Ry J{d=0}nS}
L 10—t
+/Rn /{d:o}msg |02t)1 (he (), 5)["dH" " (2)ds 4+ o(1)—0

= [ F o). ) @) R @) + oD
NNoS}
By (19), we obtain:
F.(U., v 551) < / d(1, ha(x))dH"_l(x) +cen+ o(1)e—p.
H0NIS!
The same arguments give:
F.(U., v Sg) < / (0, hg(:t))dH"_l(x) + cen+ o(1)e—p.
H0NHSO

Since ®(i,-) is continuous, and h.(x) converges to h(x) H" - a.e. in 01, the Lebesgue
Theorem gives:

limsup £ (i 5 5. \ Q.) < /a (). @) dH ) + o (23)

e—0
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Connection between the two phases. To construct the recovery sequence in the
boundary layer between the two phases, we consider the I'-convergence result for the
functionals F., in particular, Proposition 3.6 in [24] (I-limsup inequality) yields, for
every n > 0, a family {(u.,v.)} which we rename as {(@., )}, such that 4.,0. — w in
LY(), satisfying the following properties:

0<4a.,0. <1, Dv.€ L>®(Q), and |Di.| <c/ea.e. in Q;
. =0, =lin{x € E: d(x,0A) > T}, 4. = 0. = 0in{z € Q\E : d(x,0A) > T, },

and
lim sup F. (7, 0; ) < e H (S (u) N Q) +n. (24)

e—0

Notice that, choosing T;, suitably, we can assume . and v, taking the values 0 and 1 also
in a neighbourhood of 1. N (2.

To connect the previous constructions, we define:

oy ) i ren,
ua($)_{ ae(qj) if xESE\Qs
) if z e Q.

<
o)
~~
S
SN~—
I
—N—
N

>

e(z
(z) if e S\ Q-

It is easy to see that the sequence v. is uniformly bounded in L*°; moreover, we recall
that |Do.| < ¢/e a.e. in S!US?, and |Do.| < ¢/e a.e. in (.. Since, by construction,
U. = 1 in a neighbourhood of {z € S! : d(z,00Q) = ¢R,} and . = 0 in a neighbourhood
of {w € S?: d(z,0Q) = eR,} we can deduce that Dv. € L>(Q\ Q.), and moreover:

| Do ()] <

(LI e

a.a. €0\ Q.. (25)

Now, in order to extend the definition of the functions to the whole €2, let us consider, for
every ¢, the following problem:

(26)

AH. =0 in Q
tr H. = h, in 09,

which has, since h. € C°(0Q) N H%(99), a unique solution H, € C°(Q) N H'(Q). The
maximum principle and the uniform boundedness of {h.} give:

[Hel[zee < [lhellr < ¢ (27)
for some constant ¢ not depending on €. The solution of (26) minimizes the functional
Jo IDH|? in the class of the functions in H'(§2) with fixed trace, i.e.:

/]DHE\de—min{/|DH|2dx . H e HY(Q), trH:hE}.
Q Q

Since there exists a continuous operator 7: H3(9Q) — H'(Q) such that, for every g €
H3(09Q), tr 7(g) = g, it follows, recalling the uniform boundedness of {h.} in H2(052),
that

/ |DH_|*dx is uniformly bounded. (28)
Q
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We can finally give the definition of the recovery sequence. We set:

ue(z) = { u.(x) if z€Q\ M,

0 otherwise in (2,
Ue(x) if xeQ\ M.
d(z, M, d(xz, M.)_ .
ve(z) = (1 — %)Ha(x) + %va(:v) if ©e M.\ M.
H.(x) if e M,

Thanks to the estimates (27) and (28), we easily obtain:

1 M,
- Hfdx+6/ |DH_|*dx < M—i—cg.
e o . £

Since |M.| = O(e?)._o, it follows that:

lim F_(ue,v.; M) = 0. (29)

e—0
Recalling (27) and the uniform boundedness in L of 7., it is easy to see that:

1 Mo\ M,
_/ v (z)de < M
€ M25\M5 €

Moreover, we have:
1 1 _ _
|Dv.| < |DH.| + %|HEHVd(x7Ma)| + %WEHVCZ(% Me)| + | Dve|.
Since |Vd(x, M.)| = 1 a.e., we can use again the uniform boundedness in L*> of 0. and

H., and the estimate | Dv.| < ¢/¢, to obtain |Dv.| < |DH.|+ ¢/e; this inequality and (28)
immediately imply:

5/ |Dv,|* < ce/ |DH_|> +
Mo\ M. Mo\ M

and since | My, \ M.| = O(g?)._, we conclude that

c|Mse \ M| <ost c|Ms. \ M|
€ - € ’

liII(l) F.(ug,ve; Mo \ M) = 0. (30)

By construction, u.,v. — u in L'(Q); since the restrictions of v. to the subdomains are of
class H', and the traces on the common boundaries coincide, then v. € H'(Q). Recalling
that tr H. = h. on 0%, and tr 7. = h. on 92\ M., the property tr v. = h, easily follows.

Splitting the domain 2 as the previous construction suggests, estimates (23), (24), (29)
and (30) easily give the result:

lim sup F7 (ue, v.) < F°(u,v) + cn,

e—0

and this concludes the proof of Proposition 5.1.
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6. The boundary contact energy

In this Section we analyze the asymptotic behaviour of a sequence of two-variable func-
tionals where a term representing the contact energy between the fluid and the container
walls is taken into account, instead of the boundary Dirichlet conditions. The classical
Modica-Mortola functionals modified by a boundary contact energy term have been con-
sidered by L. Modica in [18]: the result proven in [18, Theorem 2.1] can be read as a
[-convergence theorem for the sequence of functionals {G. + I,,}, where I,,, is the mass
constraint, i.e. Ip,(u) = 0 if [, u =m, and I, (u) = 400 otherwise in L'(2), and

1/I/V(u)dx—i—é/ ]Du|2dx+/ o(@)dH"™" if we HY(Q) and u>0
Ge(u) = ¢ Jo Q o9

+00 otherwise,

with @ standing for the trace of u, W being a double—well potential with the minimum
points in a and b, 0 < a < b and o continuous and positive. These assumptions on W and
o are coherent with the fact that the function u stands for a density distribution, hence
is naturally positive, and with the equilibrium configurations of the Gibbs free-energy per
unit volume W.

Fixed m € (a|Q|,0Q|), the T-limit in L'(Q) is finite only if v € BV (Q; {a b}) with

Jou = m, and in this case has the form G(u) = CyH" '(Sun Q) + [,,o(w)dH",

where
b
C“,‘[;”:2/ VW(s)ds and o(t) = mf +2)/ v W dT :3>0}

On the line of the problem dealt with in Theorem 2.2, here we present a convergence
result for the functionals

~ Fg(u,v)+/ o(@)dH" " if ve HY(Q)
o0

F.(u,v) = (31)

400 otherwise,

where we recall that F(u,v) = [, W(u)dz+ 1 [ ,(u—v)*dz+e [, |Dvf*dz if v € H (),
and v stands for the trace of v. The posmve constramt u,v > 0 will be easily recovered
(see below, Remark 6.3).

Relying on the results of the previous sections we prove the following theorem

Theorem 6.1. The sequence of functionals {F.}, as e — 0, D-converges in [L*()]? to
the functional F: [L*(Q2)]*> — [0, +oo] defined by:

ewH (S (u) N Q) +/ g(a)dH™ " if u,v € BV(Q)

o9
F(u,v) = and u=wve€{0,1} a.e.
400 otherwise,

where, for i € {0,1} :
o(i) = inf{o(h) + ®(i,h) : h € R}.
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Outline of the Proof of Theorem 6.1. One-dimensional result.
Let Q© = (—1,1). Note that, as usual, this case is sufficient to conclude for an arbitrary
finite union of bounded intervals with disjoint closure.

1. I-liminf inequality.
Since F. > F., it is not restrictive to assume u = v € BV ((—1,1);{0,1}).
Let {u.} C L*(—1,1), {v.} C H'(—1,1), both converging in L'(—1,1) to u. Since
u € BV(—1,1), we can suppose that a > 0 is such that v = @(1) and v = a(—1)
n (a,1) and (—1, —a) respectively. Following exactly the steps of the proof of (9),
and recalling the definition of &, we immediately obtain:

ﬁa(uaavs) ZFS(ué‘?UE;(_a? ))—|—CI)(~<—1) (
+0(ve(=1)) + ®(a(1),v:(1)) + o (v=(1))
> F(ue, vei (—a, @) + 5(3(—1)) + 5(a(1)).

Since liminf F,(u.,v.; (—a,a)) > cw#S(u), the lower inequality for the I'-liminf
follows.

2. [-lim sup inequality.
Clearly, we can assume v = v € BV((—1,1);{0,1}). Setting h(£1) =arg min{o(s)+
O(u(£1),s) : s € R}, we choose {(ue,v.)} as the recovery sequence for the sequence
Fe with ho(£1) = h(£1).
From (10), it follows that

e—0

< cw#S(u) + ®(a(1), (1)) + o (h(1))
+@(a(-1)) + o(h(=1)) + 17
< F(u,v) + 1.

limsup, o F.(uz,v.) = limsup F°(uz,v.) + o(h(1)) + o(h(=1)) + 17
(

The lower inequality.

Note that, if the sequence {(u.,v.)} converging to (u,v) satisfies the further property
that the traces of v. converge pointwise H" !-a.e. to a bounded function h, the lower
inequality

liminf F. (u., v.) > F(u,v)

e—0

follows from the corresponding inequality for F? (with h. =tr v.) and from the continuity
of o.

The proof of the general case can be obtained again applying the slicing method. We
omit the details, since it is closely similar to the proof of the Proposition 4.1.

The upper inequality.
As in the proof of the Proposition 5.1, it is sufficient to prove the inequality

F"(u,v) < F(u,v)
for pairs (u,v) such that u = v = yg, E € S, recalling that

S={E=0QNnA : ACR" with boundary of class C* transverse w.r.t. 992}.
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We set, for i € {0,1}, h; = argmin{o(s) + ®(i,s) : s € R}, and define:
h(z) = { ho if () :?

Fixed n > 0, there exist:

1) aneighbourhood I, of 9A NI in 9N, with H"~(I,) < n;
2) Ry 0Q — R, of class C*(99), such that min{hg, b1} < h, < max{hg, h1}, and

hy=h in 0Q\ I,

Thus, for each pair (u,v), let {(u.,v:)} be the recovery sequence converging to (u,v) for
the sequence {F?}, with the Dirichlet data h. = h, (see Proposition 5.1). It follows that

limsup Fz(uz,v.) < e ' 1(S(u) NQ)

e—0

*L;¢@@xmm»+om4@MH“%@+n-

The choice of h, and the continuity of ® and o imply that:
[ @) hy@)ire @)+ [ olhye)in @) < e
I”I IT]
where ¢ is a positive constant not depending on 7. Therefore,

| atate)m@)an @+ [ ot @)

o0N

< /89 O (a(x), h(z))dH"  (x) + / o(h(x))dH" " (x) + en,

o0

and the definition of h allows to conclude:

lim sup FL(ue, v.) < e H" (S (u) N Q) + /ag &(u(z))dH"  (z) + (c+ 1)n.

e—0

]

We can refine the construction of the recovery sequence, in order to take into account the
mass constraint. For m € [0,|9|], let {(ue,v-)} as in the proof of the upper inequality in
Theorem 6.1. It is easy to check that

Ae =m — /QUE = 0(&)e—o- (32)

Then, setting
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clearly @, 0. — w in L'(Q), and [,0. = m for every e. Moreover, (32) implies the
convergences * [,(0. — v.)? — 0 and i'(}a' Jolue —v| — 0, as ¢ — 0, recalling that

Ue,v. — w in LY(Q). Then

1 1

- /(ﬂ6 — ) == /(ue —0.)% 4 o(1)—o.
Q 0

Thus, the continuity of o gives

lim sup ﬁe(ﬂe, Ue) = lim sup ﬁs(us, Ve),
e—0 e—0

and setting I,,,(u,v) = I,,(v) we have the following

Corollary 6.2. The sequence {F.+ I,,} T-converges in [L*(Q)]? to the functional F + I,,.

Since the compactness for the sequences {F.} and {F. + I,,} follows as an immediate
consequence from the corresponding result for { F.}, the stability of minimizing sequences
implies that a minimizing or quasi-minimizing sequence satisfying the mass constraint is

relatively compact in [L!()]2, and every cluster point (u,v) minimizes F with the same
mass constraint.

Remark 6.3. Assume that the double-well potential W vanishes in a and b, with a, b > 0;
correspondingly, add the constraint u,v > 0 to the functionals F. defined in (31). The
['-convergence of the resulting functionals can be easily obtained by a slight modification

in the proof of Theorem 6.1; the I'-limit functional, denoted by F *, is finite only on
pairs (u,v) such that v = v € BV(Q;{a,b}), and has the form cZ*H"'(S(u) N Q) +
Joq, O (@)dH" ", where, for i € {a,b}, the role of modified contact energy is assumed by

(i) = inf{o(h) + (i, h) : h >0}, (33)

According to Remark 2.1, ®(a, h), ®(b, h) and ¢};* are the same as ®(0, h), P(1,h) and ¢y,
respectively, with 0 and 1 replaced by a and b.

We are now in a position to compare the result of Modica in [18] (which we recalled at
the beginning of this Section) and the result just stated for the functionals F. with the
positivity constraint. Both of them lead to a minimization problem, in the limit, of the
form

(P) min{Po(E) +v H*" Y O*ENON) : ECQ, |E|=u},
with p = (m — a|Q])/(b — a), and

5(b) — & -
o M for the I'-limit of F,

a,b
w

_6(b) — 6(a)
O’

The problem (Fy) is known as the liquid-drop problem, and for 2 bounded and |y| < 1 it
always admits at least a solution (note that a proof of this existence result can be given

for the I'-limit of G..
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via [-convergence). For this topic, and the interpretation of the geometrical meaning of
the parameters, we refer to [14], [15] and [18]. In particular, the condition |y| < 1 is
in correspondence with the geometrical meaning of v, which represents the cosine of the
contact angle between one phase and the container walls.

Now, let us consider the minimum problem associated to the I'-limit functional F° ob-
tained in the asymptotic analysis of the functionals with Dirichlet boundary conditions
(with a = 1), i.e.

min {CWHn_l(Su) + /

O(a(x), h(z))dH" (z) : ue BV( {0,1})}.
o9
The boundary term [, ®((x), h(x))dH" " (z) is clearly similar to [,, o((x))dH" " (z),
where the integrand function assumes only two values.

As in [20, §5], dealing with the case Q C R?* we can prove that the second term in
the I'-limit stands again for a prescribed contact angle between the interface S(uy) and
the boundary 9. An adaptation of the proof of [20, Proposition 5.2], which relies on
the arguments used in [12, §1.5 and 1.6] to derive the contact angle condition for the
capillary problem, gives the following property for a minimizer u in BV (€2;{0,1}) : if h
is continuous in z, then the contact angle J(x) between S(ug) and 02 at z is given by

©(0, h(z)) — (1, h(z))

Cw

cos¥(z) =

Notice that the translation invariance and approximation arguments imply that, when
h(z) > 1 or h(z) < 0, the interface between the phases is tangent to the boundary 0€2;
this is consistent with the nature of the equlibrium configurations (for the so-called wetting
phenomenon, we refer to [8], [18], [20]).

Acknowledgements. I would like to thank Giovanni Leoni for suggesting the problem. I am
grateful to Andrea Braides and Enrico Vitali for many helpful discussions and comments on this
subject.
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