Journal for Geometry and Graphics
Volume 28 (2024), No. 1, 41-54

The Splitters and Equalizers of Triangles

Sadi Abu-Saymeh

Concord, NC, U.S.A.

ssaymeh@yahoo.com

Abstract. The splitters of a triangle are the lines that bisect its perimeter and
the equalizers are those lines that bisect both its perimeter and area. In recent
studies, it is proved that a triangle can have either one, two or three equalizers
that pass through its incenter. The studies, mainly, concentrate on the existence
of the equalizers. Our approach, in this article, is more elementary and algebraic
in terms of the side-lengths ¢ > a > b of AABC' and it provides a comprehensive
overview on the equalizers of the triangle. It is based on the fact that a cevian
from a vertex and through the Nagel center is a splitter. So if, say AA’ is a Nagel
splitter, then a line joining two points, M of A’'C and N of AC" is an equalizer if
and only if A’M = AN = z and 22? + (a +b— 3¢)x — ¢(b—¢) = 0. So, by finding
all possible solutions, we proved that every triangle can have either one, two or
three equalizers, their distribution and locations on the sides are determined, and
their geometric construction by compass and ruler is shown. A summary of these
results is given in the conclusions section and to make these results more feasible,
a visual diagram that predicts the number of equalizers according with the side-
length is drawn. For a scalene AABC, we proved that there are no equalizers
that cut the smallest two sides, there is only one equalizer cutting the smallest
and largest sides, and a maximum of two equalizers that cut the largest two sides.
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1 Preliminaries

The problem of bisecting a triangle by a line into two polygons having equal areas or having
equal perimeters has been of interest by mathematicians for some time; see [2, 5-7]. So, a
splitter is a line that bisects the perimeter of a triangle, a Nagel splitter is a splitter through
the Nagel center, and a cleaver is a splitter that joins the midpoint of one side and the point
that bisects the broken chord of the other two sides. An equalizer is a splitter that bisects its
area.
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Figure 1: Construction of a general splitter

A well known special splitters are the three cleavers that are attributed to Archimedes in
his Broken Chord Theorem and each joins the midpoint of one side and the point that bisects
the broken chord of the other two sides. The three cleavers intersect at the incenter of the
medial triangle of AABC, see [7].

Another known special splitters are the three Cevians AA” BB', and C'C’ that intersect
at the Nagel center where A’, B’ and (', are the points of contact of the three excircles of
AABC with the sides BC, AC, and AB, respectively, see [7].

In what follows, let AA’", BB’, CC’" be the Nagel splitters and let the side-lengths of
ANABC bec>a>b.

A more general type of splitters is obtained by taking a point M of, say A’C' and let the
length of A’M = x. Then we construct by compass the line segment AN of the side AB
that has the same length x of A’M, as seen in Figure 1. Therefore M N is a splitter. Since
0<x<AC=s5-bs= CJF%H’, there are infinite number of splitters from A’C' to AC’. Note
that MN = AA” when x = 0 and M N is a cleaver when M is the midpoint of BC'.

2 Equalizers

Most recent studies on equalizers have proved that every equalizer of AABC' passes through
its incenter and that every triangle can have either one, two or three equalizers by using the
concept of an envelope( a curve tangent) to a family of lines that bisect the area of a triangle
and that the number of equalizers depends on the location of the incenter with respect to
the regions bounded by three hyperbolas and the three medians, see [4, 10], or to rotate a
line through the incenter from a normal to an angle bisector and to spot the positions for
which the line bisects the area of AABC, see [8]. It is worth mentioning here that there is a
kind of similarity in these two studies; in one the three hyperbolas, three medians, and the
incenter played an essential role while in the second study the three angle bisectors, three
normal lines, and the incenter played a similar role to prove the existence of either one, two,
or three equalizers. We will see also in our study that the three Nagel spliters and the three
medians will play a basic role. Other approaches and generalizations appeared in [1, 3, 9].

Before proceeding with our search for equalizers of AABC, let ¢ > a > b denote its
side-lengths,  the inradius, and [*] the area of any polygon. Let E, F'; H be the midpoints
of BC, C'A, AB, respectively, and AA’, BB', CC" be the Nagel splitters of AABC'. Then it
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Figure 2: Ilustrating the proof of Lemma 1

is clear that
BA'=AB'=s—¢, CB =BC'=s5—a, and AC'=CA' =s5-1
b 1

where s= a—i—2—|—c’ A’ lies in BE, B in FA, C' in HB. @
So, let M N be a general splitter of AABC from A'C to AC’ such that A’C = AC' = x as
shown in Figure 2. Then it follows from (1) that the midpoints E, H lie on the segments A’'C,
AC', respectively. Since AE and C'H are medians and they bisect [AABC], it follows that
the splitter M N is an equalizer if and only if M is a point of EC, N is a point of AH, and
[ABMN]| = [ABAE] Thus M N is an equalizer if and only if AM || NE. But AM || NE if
and only if = BN fand since BN =c—xz, BE =5, BM = s—c+xand EM = BM — BE,
we have EM 2“ €. Therefore a splitter

MN is an equalizer <= 22+ (a+b—3c)x —c(b—c)=0, 0<z<s—0b.

Next, we show that a splitter M N is an equalizer if and only if M N passes through the incenter
of AABC'. So let an angle bisector, say BR meet M N at R, the distances from R to BA, BC
be h and from R to AC be k. Then [AABC] = Q[ABMN] (BN + BM)h = “F2rh By
also, [AABC| = [ARAB|+[ARBC|+ [ARCA] = CM + % Therefore a+b+c)h = (a+c)2h+bk
and hence h = k and R is the incenter of AABC.

Also, conversely let M N be a splitter of AABC' that passes through the incenter R. Then

(BM—FBN)T' But BM + BN — (a—l—b+c)'
2 2
and [AABC]=2[ABMN]. Thus MN is an equalizer.

(a+b+)r

[AABC] = and [ABMN] =

(a+b+c)r

Therefore [ABMN] = 1

Thus we have proved:

Lemma 1. Let E, F', H be the midpoints of the sides BC', AC, AB of NABC, respectively
and let M N be a general splitter of the NABC' that joins, say M of EC', N of AH, and let
c>a>b, AM =x=AN. Then

(i) M N is an equalizer of ANABC' if and only if

AM | NE < CON | MH <= 22*+(a+b—3c)r—c(b—c)=0,0<z<s—b (2)
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(i) MN is an equalizer <= MN passes through the incenter R of AABC. (3)

Next, by using this basic Lemma, we proceed searching for the number of equalizers of a
scalene AABC' and their distribution and exact locations on its sides.

2.1 Searching for Equalizers of Scalene Triangles

Let AABC be a scalene triangle such that ¢ > a > b > 0 and E, F', H be the midpoints of
BC, AC, AB, respectively. Then it follows from (1) that

BA'—BE:s—c—g:b;C, C’B/—C'Fzs—a—;:C;a and
4
AC —AH=s—p-C=""0 .
2 2

(i) First, we show that there is only one equalizer cutting the largest and smallest sides.
So, referring to Figure 3(a), let M N be an equalizer of AABC from the point M of the
segment C'B to the point NV of the segment C'F such that C'M = CN =x < CF = % Then
by (2) of Lemma 1 and the permutation (a, ¢, b), we have

b
202 + (c+a—3b)x —bla—b) =0 and O<x<§. Hence

3b—c—a 3b—c—a)2+8bla—1>b
x:< >:F\/( 1 ) ( ) But a > b; so,

\/(3b—c—a)2+86(a—b)>\3b—c—a!,

and hence

o (30— c—a)+/(3b—c —a)2 + 8b(a — b) .
= 1 al

<~
b
T<y = (3b—c—a)*+8b(a—0b) < (2b— (3b —c—a))?
<~

8b(a —b) < (c+a—b)*— (3b—c—a)? = 4b(a + c — 2b)
<— a+c—26—2a+2b=c—a > 0.

x>0

But ¢ > a. Thus we conclude that: There is only one equalizer M N cutting the largest and
smallest sides AB, AC' such that

(30— c—a)+\/(3b—c — )2+ 8b(a — b)
4

xr=C'M=CN = <s—a, and NH | CM

()

as required.

2.2 Geometric Construction of MN in (i) by Compass and Ruler
Since
a+c—b+2x—20+2x
2
a+c—3b+dr  \/(3b—c—a)*+8b(a—b)

= = >0
2 2 ’

AM — AN =(s—b+x)—(b—x) =
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Figure 3: Construction of M N

we have AM > AN. Thus by angle bisector theorem we get that RM > RN. So, by
reflecting the AAN M about the angle bisector AR, we get AALD = AANM. Therefore
[AANM] = [AALD] = ;|[AABC]. But we just proved that there is only one equalizer that
cuts internally AB and AC'. So, LD intersects AC produced at D as shown in Figure 3(a) and
it is clear that RM > RN = RL < RD, ZLDN = ZNML < 90° and hence the quadrilateral
NLMD is cyclic,

\/(3b— c — a)2 + 8b(a — b)

AN = AL, ND=LM =AM — AN = 5

and the perpendicular bisectors QO and KO of LM, N D, respectively meet the angle bisector
AR produced at the center O of the circle  that passes through N, D, M, L. But

2
Ak a0 an s NP V@b —c—a)? +-8b(a—b) 4b—(3b—c—a) s
2 4 4 2

Therefore @ is constructed as the midpoint of AB produced by the length of BA" and then QO
is constructed as the perpendicular to AB at () and meets AR produced at center O. Since
RD = RM,0D = OM, we have ZODR = ZOMR. But ON = OM. So, Z/OMR = /Z0ONR
and hence ZODR = ZON R and the quadrilateral ODN R is cyclic and by symmetry OM LR
is cyclic. So, by applying Fuclid’s proposition 36 of Book III, on the cyclic quadrilaterals
LMDN and ROML we get (AT)* = (AM)(AL) = (AO)(AR). But (AT)? = (A0)*—(OT)?.
Therefore (OT)? = (AO)? — (AO)(AR) = (OA)(OR) and hence A and R are inverse points
with respect to the inversion circle Q. Since ZATO = 90° and (OT)? = (OA)(OR), it follows
by the inverse of Fuclid’s proposition 36 of Book III that OT is tangent to the circumcircle
of AART and hence ZOTR = ZT AR by the alternate segment theorem. Thus RT L AO.
So, the radius of €2 is constructed by drawing a semicircle with diameter AO and then a
perpendicular RT to AO that meet the semicircle at T'. Thus the circle €2 with center O and
radius OT will intersect the sides AB and AC' at the endpoints M, N of the equalizer M N.

So, the geometric construction of M N by compass and ruler is complete.

(7i) Next, we show that there are no equalizers cutting the smallest two sides C'A, C'B.
So, referring to Figure 3(b), let M be any point of the segment B’A and N be a point of the
segment BA’ such that B'M = BN = z. We claim that NF }f BM. For CF = %, FM =
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FB +x,CN = § + EN, and NB = z. Therefore g—]\}; = Fg/’i-ac and % = “/2# But

b« ¢ <24+ ENand FB + 1 > z. Thus £ < £% and hence NF }f BM for every

0 <z <s—c. So, we conclude that:

There are no equalizers cutting the smallest two sides AC' and BC' (6)

(7i) Finally, we show that there are either no equalizers, one equalizer, or two equalizers
cutting the largest two sides AB, BC' and we show how these equalizers can be geometrically
constructed by compass and ruler. So, referring to Figure 4, let M N be an equalizer of
AABC joining M from the segment EC to N from the segment AH. Then it follows from
(2) of Lemma 1 that

c+a—2>

202+ (a+b—3c)x —c(b—c)=0 and O<z<s—b= 5

Hence

o (BC—a—b):F\/(3c—a—b)2—80(c—b)

4

Since ¢ > a > b, we have 3c —a — b > 0. So,

>0 < (3c—a—b)*>—8c(c—b) >0 <= there exists an a such that

0 <c—b<a< minimum of (3¢ —b — /8c(c —b),c).

But
c—b<3c—b—/8(c—b) <= 8c(c—b)—4c® =4clc—2b) <0 < 2b>c,
and
3c—b—4/8c(c—b) >c < (2¢—b)*> —8c(c—b) = b+ 4dbc — 4c* > 0
— b>2(vV2-1ec
Thus
x>0 when §<b<2(\/§—1)c and b<a<3c—b—/8c(c—b)<c
or when 2(v2-1)c<b<a<c
So, let
(3c—a—b)—\/(BC—a—b)Q—Sc(C—b)
€Ty = 4 )
(3c—a—b)+\/(3c—a—b)2—80(c—b)
To — .
4

Then 0 < a1 < zy for every ¢ > a > b such that £ < b < 2(vV2—1)cand b < a <
3¢ —b—/8c(c —b) < cor when 2(v/2 —1)e < b < a < c. Next, we show that

2(a+c—b) (3c—a—b)+\/(3c—a—b)2—80(c—b)
s—=b—xy= 1 — 1 > 0.
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Figure 4: Illustrating the proof of (iii-2)

Since a > b > §, it follows that 2(a + ¢ —b) — (3¢ —a — b) = 3a — b — ¢ > 0. Therefore,
(3¢ —b—c))> - (3c—a—b)*+8c(c—b) =8(a+c—b)(a—c)+8c(c—b) =8ala—b) >0,

and hence z; < x93 < s —b.
Thus we conclude that:
(ili-1) There is one equalizer M N cutting the largest two sides when z = z; = 29, b < a =

3c—b—/8c(c—b)<c, £<b<(2v2—2)c, AM = AN =z = /9452,
(iii-2) There are two equalizers M;N;, MyNy, when A'M; = 1 < 29 = A'Ms, b < a <

3c—b—/8c(c—b) <c, £ <b<(2v/2—2)c, or when 2(v/2 — 1)c < b < a < ¢ where

(BC—a—b):F\/(BC—a—b)2—80(c—b)
1 ;

X1, Ty =

(iii-3) There are no equalizers cutting the largest two sides when b < £, or £ < b < (2v/2—2)c
and ¢ > a > 3c—b— /8c(c—b) > b.

2.3 Geometric Construction of Equalizers by Compass and Ruler

(1) Since the one equalizer M N in (iii-1) passes through the incenter R and

a+b—c c(c—10)

BM =BA +AM=s—c+xz= 9 + 2
and a = 3¢ — b — 1/8c(c — b), it follows that
BM =c— C(C;b) —c—2=BN

and MN | BR. Thus MN is constructed by drawing the perpendicular to the angle
bisector BR at the incenter R.
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(2) Construction of the two equalizers in (iii-2). Since BM; = s — ¢+ x1, BNy = ¢ — a9,
T+ Ty = 3¢ = b we have BM; — BNy = s+x1+x2—2c¢ = 0. Thus BM; = BN, < BN,
and similarly BN1 = BM,. But M;N; and MyN, intersect at the incenter R. Thus
M5 Ny is the reflection of Ny M; with respect to the angle bisector BR of ZB. Therefore

RM; = RNy, RN, =RM,, ARMyM; = ARN{Ny, LM{NiNy= ZNyM>M;.

(7)
Since ZM{N1Ny = ZNyMsy M, it follows that the quadrilateral M;Ms NN, is cyclic.
Let €2 be the circle passing through M, M,, N;, No. Next, we show that the center
O of Q) lies on BR produced and the circle can be constructed. Since BM; < BNy, it
follows by the angle bisector theorem that RM; < RN;. But RM; = RNy, RNy = RM,
by (7). So, RM; < RM,, RNy < RN; and hence the angles RM;M; and RNy N, are
equal and acute. Thus the perpendicular bisectors of the segments M; My, N1 Ny meet
BR produced at the center O of €2, as seen in Figure 4. Let ), K be the midpoints of
MMy, N1N,y, respectively. Then

To — X1 T2 + T
= Ss—c+ 5

Thus BQ = BK = <t So, the center O of Q can be constructed, by compass and
ruler, by producing BA by the length of AB’ to get a length s whose midpoint is K.
Then the perpendicular KO to BK meets BR produced at the center O of (). Next,
we show also that its radius can be constructed. Note that OM; = ONy = OM,;. Thus
ZOMR = ZONsR = ZOMsR and hence the quadrilateral OM;M; R is cyclic and
similarly ON; N>R is also cyclic. Let BT be a tangent to the circle 2. Then

(BT)? = (BMy)(BM,) = (BR)(BO) = (BNy)(BNy) and (BT)* = (OB)* — (OT)”.
So (OT)* = (OB)* - (BR)(BO) = (OB)(OB — BR) = (OR)((OB).

M1M2 = T2— 1, BM1 = S—C—l—{]}l, BQ = BK = s—ct+xi+

(8)
Therefore B and R are inverse points with respect to the inversion circle 2. So, as in
Section 2.2, the circle €2 with center O and radius OT can be constructed by compass
and ruler and the points of intersection of €2 with the sides BC and B A are the endpoints
of two equalizers M7 N, and My Ns.
Thus the geometric construction of the equalizers of scalene triangles by compass and
ruler is complete.

2.4 Searching for Equalizers of Isosceles Triangles

Let AABC be an isosceles triangle such that BC' = a = ¢ = BA and FE, F, H are the
midpoints of BC', AC, AB, respectively. Then
2a+b7 s—azs—c:é, s—b= 2a—b7 and b < 2a = 2c.
2 2 2
(9)
(1) First, we search for equalizers of triangles with side-lengths a = ¢ > b and refer to
Figure 5(a) and prove that:
(i-1) The median BF' is the only equalizer cutting AC. For if M N is an equalizer, say
from F'C to BC’, then We have by Lemma 1 that FM = BN and NF | BM. But
AN > AH > AF. Thus o > £ and hence NF' }f BM, contradicting the assumption.
Also, by symmetry, there are no equalizers from A'B to AF.

BF' is a equalizer, s=
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(ii-1) There are at most two equalizers from from HA to CE. Let M N be an equalizer from

HAto CE. Then by Lemma 1 and (9) we have, C'M = CN =z, 0<x < s—b= 2“24’,
CM || NH. Therefore 21 = BN But BM = s —a+x = 2% BN = a — z and hence

e = 5% So, we have 22° + (b — 2a)z 4 a® — ab = 0. Thus

2a — b F /b2 + 4ab — 4a?

X1, Ty = 4

But a=c¢>0> 0, and
P4dab—4a? <0 < b< (2v2—2)a and b +4ab—4a> >0 < b> (2v/2—2)a.

Therefore there are no equalizers from HA to CE if and only if b < (2v/2—2)a < a = ¢
and hence an isosceles AABC such that c=a > b

has one equalizer the median BF <= 0<b<2(vV2—1)c<a=c (10)

Thus

b? + 4ab — 4a*> = (2a — b)* = 8a(a —b) >0 <= b>2(vV2—1)a, s—b=

and  (4(s — b) — dws) = (2a — b) — \/(2a — b)? — 8a(a — b).

So, if b > 2(v/2 — 1)a, then

2a2_b:s—b:C’A:CA’,

AM1 :l'QZCNQ, AMzzl'l :CNl

T1<Te<S—b, x1+1x9=

Therefore a AABC such that a = ¢ > b has two equalizers from HA to C'F if and only
if b > 2(v/2 — 1)c and hence such a AABC has

three equalizers the median BF and M{Ny, MyNy <~— 2(\/5 —le<b<a=c,
where 1z, = C/Ml _ Qafbf\/bjleaw Ty = C/MQ _ 2afb+\/b?4+4aw7

)

and MyNs is the reflection of M;N; with respect to BF'.

(11)
Note also that if ¢ = a > b = 2(v/2 — 1)c, then z; = 5 = 2“4_b = C;A = CTA’ and hence
there is only one equalizer M N from HA to CE where M, N are the midpoints of C’'A,

CA’, respectively. Thus a AABC such that a = ¢ > b has

two equalizers the median BF and MN <= 0<b=2(v2—-1)c<a=c,

12
where M, N are the midpoints of C'A, CA’, respectively. (12)

Note that the two equalizers BF and M N can be constructed by compass and ruler,
M N passes through the incenter R, and BM = BN. So, M N is normal to the angle
bisector BR and in this case

sinZ =v2—-1 and B = By~ 48.94°. (13)

2
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2.5 Geometric construction of the two equalizers M;N;, and MyN,

Referring to Figure 5(a), we have

% + b — VB + dab — a2
BM, —=s—a+z — 2" \/4+ O &, = BN,,

BN, = BMy; = BMi+xz5—x1 > BM;, and BR bisects /B, we get RM; = RNy, RM,; = RNy,
M Ms; = Ny Ny, and by angle bisector theorem RNy > RM; = RN,, RM; > RNy = RM, and
hence ARM My = ANRNoNy, ZMyNoNy = LN MMy, ZRM My > ZRMsM,, ZRNyNy >
ZRN1Ny. Thus ZRMsM, = ZRN; Ny < 90° and the perpendicular bisectors QO, KO of
My Ms;, NiNy, respectively, meet BF' at O and since /My NoNy = Z N1 M Ms, it follows that
the quadrilateral M;MsN; N, is cyclic and O is the center of the circle ) that passes through

M17 MQa N17N2'
But
- 2 b
BK:BQ:BM1+SU2—DC1ZS—a—i-:El—l—xQ2m1:s—a—i—xQ—;xl: az— :%

So, K, @ are the midpoints of BC, BA produced by the lengths CF; AF, respectively. Thus
O can be constructed by compass and ruler.

Finally, we show also that if BT is tangent to {2, then the radius OT of 2 can be
constructed. Since OM; = ONy; and RM; = RN,, we have ZON,R = ZOM;R. But
ON, = OM,. So, ZON\R = ZOM;R. Thus ZON,R = ZON;R and hence AORN,N;
is cyclic and by symmetry about BF we have also AORM; M, is cyclic. So, by applying
FEuclid’s proposition 36 of Book III on the cyclic quadrilaterals M; M, N1 Ny and Ny N RO, we
get

(BT)? = (BN)(BN,) = (BO)(BR).

But (BT)?> = (BO)? — (OT)?. Therefore (OT)? = (BO)? — (BO)(BR) = (OB)(OR) and
hence B and R are inverse points with respect to the inversion circle {2. So, as in Section 2.2,
the circle 2 with center O and radius OT can be constructed by compass and ruler and the
points of intersection of €2 with the sides BA and BC' are the endpoints of two equalizers
M{N; and MsNs.

(77) Finally, in searching for equalizers of triangles with side-lengths b > a = ¢ and
referring to Figure 5(b), we prove that every such triangle has three equalizers. To see
this let M;N; be an equalizer from, say EB to AF such that A’M; = AN, = x. Then
AM, || NiE by Lemma 1. Since CN; =b—2, CE=§,CM, =5s—b+x = W, we have

CN, _ CE __b—zx _  a
CA = car = - = 2a—iy3.- Lherefore

b
222 + (2a — 3b)x +b* —ab= (22 — b)(x —b+a) =0 and hence =g or r=>b-—a.

But s = Q“TH’, AB=a—-(s=0b) = g = AF. So, if x = g, then M{N; = BF and if z = b — a,
then the second equalizer is M;N;. Since BM; =s—b+b—a = g =CFand CN,=b—z =
a = CB, it follows that ABFC = AN;M;C and hence NyM; 1. BC,N;M; = BF. So by
symmetry we have the equalizer My N5 from F'C to BH where My N, is the reflection of Ny M,
with respect to BF', MyN, | BA, MsNy = MiN; = BF, and M, Ny, F' are the points of
contact of the incircle with the sides of AABC.



S. Abu-Saymeh: The Splitters and Equalizers of Triangles 51

Figure 5: Construction of equalizers of isosceles triangles

Note also that if b =a = ¢, then A’ = F and for t = b —a =0 we get M;N; = AE and
MQNQ == HC
Thus we conclude that every triangle with side-lengths b > a = ¢ has three equal

14
equalizers and can be constructed by compass and ruler. (14)

Next, in the conclusions section, a summary for the conditions on the side-length for any
AABC to have either one, two, or three equalizers and their distribution and exact location
on the sides is given. To make this summary more feasible, a visual diagram (Figure 6) is
constructed that predicts the number of equalizers according with the side-length of AABC.

-———
- -

o
D

QS
P(—1,0) B(0,0) K(0.18,0) D(0.5,0) A(1,0)
— AK =2V2-2

Figure 6: Illustrating the conclusions

3 Conclusions

First, the construction of the visual diagram (Figure 6).
Since every triangle A*B*C* with side-lengths ¢*, a*, b* is similar to the AABC" with

side-lengths c=1,a =%, b = g— and they have the same number of equalizers, we place the

c*

AABC in the coordinate plane so that B = (0,0), A = (1,0), C = (x,y), CA=1b, CB = a.
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Let P = (—1,0), K(3 —2v2,0) =~ (0.18,0), D = (0.5,0) and AP be the semicircle with
center B and radius 1 and let E be the point of the semicircle AP so that the central angle
ZEBA = 60°. Then every scalene AABC with ¢ = 1 > a > b has vertex C interior to the
region bounded by the line segments AD, ED, and the circular arc AE. Also every isosceles
AABC with ¢ = a = 1 has vertex C' at the open semicircle AP. Next, we draw the circular
arcs GD with center A and radius 0.5 and FK with center A and radius 2v/2 — 2 ~ 0.82 that
meets ED at H, arc AE at F, and AB at K. Since AF = 2v/2 —2 and BF = AB =1, we
get sin(££24) = /2 — 1. So, by (13) LFBA = £B, ~ 48.94°. Also we draw the segment
F'D of the curve f defined by the parametric equations

T =9 Tt+2(t—3)v2 2,
Y=\ (B—t—VE—SE2— (9—Tt+2(t—3)V2I 202 05<t<(2V2—2),

that represents all positions of the vertex C(z,y) such that

CB=a=3-b—+v8—-8h, 05<b=CA<(2V2-2), AB=1, t=CA=b.

Next, the side-lengths of triangles that have either one, two, or three equalizers are stated
and they can be easily predicted by referring to the visual diagram (Figure 5) where the label
of each region stands for its interior and for the number of equalizers.

So, let AB = ¢ = 1 and the Cevians from the vertices of AABC, through the Nagel
center, meet the opposite sides at A’, B’, C". Then we conclude from, (5), (iii-2), (10), (11),
(12), and (14) that:

(1) AABC has only one equalizer M N in the following cases:
(i) c>a>bandc—a <b<$ (ie Cisa point of region |1]or the open GD; the
hat accent stands for the circular arc connecting G and D),
(i) e>a>b £<b< (2v/2—2)cand 3c —b— /8c(c —b) < a <c, (ie. C isa point
of region (D). Note that in both cases M, N lie on the largest and smallest sides
and

3b—c—a+/(3b—c—a)?+8b(a — b)
4 Y
(iii) b<a=cand 0 < b </2£\/§ — 1)e. (i.e. MN is the median from vertex B and C
is a point of the open AF).
(2) AABC has two equalizers My Ny, M N in the following cases:
(i) c>a>b,£<b<(2v/2-2)c,a =3c—b—/8¢(c —b) < ¢, and so BM; = BN; =
c— 0(027_6), MiN; L BR and M;N; can be constructed by compass and ruler and
M N with endpoints on the largest and smallest sides AB and AC such that

C'M =CN =

3b—c—a+/(3b—c—a)?+8b(a — b)

'M =CN =
C C i

(i.e. C'is a point of the open segment F'D of the curve f),
(ii) b= (2v/2 —2)c < a = c. (i.e. C is the point F and /B = 48.98°). The equalizers
are the median from B and M N where M, N are the midpoints of C'A, C'A’. So
BM = BN = 2“T+b and MN | BR can be constructed by compass and ruler.
(3) AABC has three equalizers in the following cases: -
(i) (2v2—2)c<b<a<c (ie Cisa point of region @) or the open F'H)
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(i) £ <b< (2v2—-2)cand b < a < 3c—b—/8c(c —b) < c. (i.e. C'is a point of region
[3). MyNy, MyN, are equal in either (i) or (ii), have endpoints on the largest two
sides and M, N5 is the reflection of M;N; with respect to the angle bisector BR,
see Figure 4,

30—a—b—\/(3c—a—b)2—8c(c—b)
4 Y
3c—a—b+\/(BC—a—b)2—80(c—b)
4 )

A/Ml == ANl =

A'My = ANy =

and M N with endpoints on the largest and smallest sides AB and AC' such that

C/M:CN:3b—c—a+\/(36—40—@)2+8b(a—b)'

(iii) 2(v2—1)c<b<a=c (i.e. Cis a point of the open FE). The equalizers in this
case are the median from B, M;N; such that

2a — b — /b + 4ab — 4a?

C/M1:ON1:SC1: 1

and, MsN, such that

2a — b b2 + 4ab — 4a?
O/MQZONQZCL’QZ a +\/4+a aa

where My N, is the reflection of M;N; with respect to angle bisector of /B, see
Figure 5(a).
(iv) c=a =" (i.e. C is the point F). The equalizers are the three medians,
(v) b>c=a (i.e. C isa point of the open EP).
Note, as we have shown, that all equalizers that exist for a given AABC' can be con-
structed by compass and ruler.
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