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1 Introduction

In differential geometry, we have always been interested in the study of the curvatures of
surfaces in 3-dimensional spaces. In general the surfaces having a constant Gaussian curvature
or a constant mean curvature in 3-dimensional spaces have been studied in [4-7, 10, 12—
14, 17, 20, 23, 26, 28].

In particular in [1, 2, 8, 9, 16, 18, 19, 21, 22| the authors classify translation surfaces in
3-dimensional spaces.

It is well known that the surface S is called as flat or minimal surface if the Gaussian
curvature or the mean curvature vanishes, respectively. In [3, 11, 27, 29] we can see that the
study of flat or minimal surfaces have found many applications in differential geometry and
physics.

Recently on the one hand L. Belarbi in [6] classifies (G;);—1_o-invariant surfaces of the
Heisenberg group Hj with constant extrinsically Gaussian curvature K, including extrin-
sically flat Gy-invariant surfaces. On the other hand in [15] A. Kelleci gets the complete
classification of Translation-Factorable (TF) surfaces with vanishing Gaussian curvatures in
3-spaces.

In [25] and [24] N. Rahmani and S. Rahmani have showed that, modulo an automorphism
of the Lie algebra, the 3-dimensional Lorentz Heisenberg group Hjs has the following classes
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of left-invariant Lorentz metrics:

g1 = —da? +dy? + (zdy + dz)?
go = do? +dy? — (zdy + dz)?
g3 = da* + (wdy +dz)* — [(1 — ) dy — dz]*.

They proved that the metrics g1, g2, g3 are non-isometrics, and that gs is flat.
In this paper, we classify flat translation surfaces in Lorentz Heisenberg group Hs endowed
with flat metric gs.

2 Definition of Translation Surfaces in (Hj, g3) and Their Types

2.1 The Lorentz-Heisenberg Space Hj

In this paragraph we recall that the Heisenberg group Hj is a Lie group which is diffeomorphic
to 3-dimensional real space R?® and the group operation is defined as

(JZ,y,Z)*(T,y,Z) = (w+T,y+@,z+§—x@)

The identity of the group is (0,0, 0) and the inverse of (z,y, z) is given by (—x, —y, —xy — 2).
The left invariant Lorentz metric on Hs is

g3 =d2® + (vdy + d2)® — [(1 — ) dy — dz]*.

The following set of left-invariant vector fields forms pseudo-orthonormal basis {e;, es, €3} for
corresponding Lie-algebra

R R SR
B 2= o2 eg_@y Yoz

The characterizing properties of this algebra are the following commutation relations:
[e2,e3] =0, ez er] =eg—e3, [ea,e1] =€z — e

with
gser,er) =1, gslez,e2) =1, gs(es,e3) = —1.
If V is the Levi-Civita connection and R is the curvature tensor of V, we have
Velel = Veleg = Veleg = 0,
vegel = Ve3€1 = €3 — €3,

V2 = Ve,e3 =Ve,eg = Ve e3 = —ey.

Let (S,7) be a surface in the 3-dimensional Lorentz Heisenberg group Hs. If (S,r) is
parametrized by an immersion

r(s,t) = (ri(s,t),ra(s,t),r3(s,1t)). (1)
Thus, the basis of the tangent space 7,5 is
or ar
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Therefore, the coefficients of the first and second fundamental forms are

E == 93(7"377”3)7 F = 93(r57rt)7 G = 93(7at77"t>

and
L= g3(v7’5r57N)7 M = 93(v7’srt7 N); N = gS(V'I‘trhN)

where N is a unit normal vector field on S that satisfies the following system

gs (Tsa N) = 07
g3 (Tta N) =Y
gs (N, N) =1
The Gaussian curvature K is defined by
LN — M?
K = 2

where W = /|EG — F?|.

2.2 Translation Surfaces

In this paragraph, we would like to give the definition of the translation surfaces in (Hs, g3)
defined in [19]. In the Lorentz-Heisenberg space Hjs, a translation surface is parametrized by
r(x,y) = 71(x) * 12(y), where 1 and ~, are two planar curves lying in planes, which are non

orthogonal and * denotes the group operation of Hs.

Definition 1. A translation surface (S,7) in Hj is surface parametrised by i (x) * v2(y),

where ;: I C R — Hs, 75: J C R — Hjs are curves in two coordinate planes of R3.

We distinguish six types of translation surfaces in Hs.

2.2.1 Translation Surfaces of Type 1 and Type 2

Let the curves 7, and 7, be given by

n(s) = (5,0, f(s)) and 7a(t) = (0,2, 9(¢)).

We have two translation surfaces S(7y1,72) and S(v9, 1) parametrized by, respectively,

r(s,t) = 71(s) * 72(t) = (5,1, f(s) + g(t) — st)

and
r(s,t) = 7(t) *n(s) = (s,t, f(s) + g(t)),

(7)

(8)

where f and g are two smooth functions. The surfaces given by (7) and (8) are called the

translation surfaces of Type 1 and 2.
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2.2.2 Translation Surfaces of Type 3 and Type 4
Let the curves v; and 7, be given by

n(s) = (s,0,f(s)) and 7(t) = (9(1),1,0).

We have two translation surfaces S(71,72) and S(v,, 1) parametrized by, respectively,

r(s,t) = m(s) * 72(t) = (s + 9(1),t, f(s) — st) 9)

and
r(s,t) = 72(t) * n(s) = (g(t) + s, t, f(s)), (10)

where f and g are two smooth functions. The surfaces given by (9) and (10) are called the
translation surfaces of Type 3 and 4.

2.2.3 Translation Surfaces of Type 5 and Type 6

Let the curves v, and 7, be given by

n(s) = (0,8, f(s)) and  7(t) = (£, 9(1),0).

We have two translation surfaces S(v1,72) and S(79, ;1) parametrized by, respectively,

r(s,t) = 71(s) * 72(t) = (£, 9(t) + 5, f(s)) (11)

and

r(s,t) = 72(t) x m(s) = (t, g(t) + 5, f(s) — st), (12)
where f and g are two smooth functions. The surfaces given by (11) and (12) are called the
translation surfaces of Type 5 and 6.

3 Classification of Flat Translation Surfaces in (Hj, g3)

In this section, we would like to investigate the vanishing Gaussian curvature problem for
each type of translation surfaces in the Lorentz-Heisenberg space (Hs, g3). As well known,
the surfaces with vanishing Gaussian curvature are called flat, and then, we examine when it
vanishes. Finally, we give the complete classification of the translation surfaces with vanishing
Gaussian curvatures.

3.1 Case of Flat Translation Surfaces of Type 1

Let S(71,72) be a translation surface of Type 1 which is parametrized as in the formula (7).
Thus the basis of the tangent space 7,5 is

rs = e+ (fo — t)ea — (fs — t)es, (13)
re = grea + (1 — gi)es. (14)
Therefore, we get
s —t 1—
N = _Y )61 + ( gt)€2 + e, (15)

w w w



R. Medjati et al.: The Flat Translation Surfaces in the 3-dimensional. . . )
where N is the normal unit vector field on S(71,2), which satisfies the following system
g3 (r57 N) = 07
g3 (rtv N 07
gs (N, N) =-1

(16)

with W = /|EG — F?| = \/|29t — (fs —t)?2 — 1|, where E, F and G are the coefficients of
the first fundamental form I of S(71,72) which is defined by

I = Eds® + 2F dsdt + G dt?

where
E = g3(rs,ms) =1, (17)
F = 93(Ts>rt) = fs - t, (18)
G = g3(ry, 1) =29, — 1. (19)

To compute the second fundamental form of S(71,72), we have to calculate the following:

T'ss = vrsrs = f3562 - fsse?)a
st = Vrsrt = 07 (20)

Ty = Vi, Tt = —€1 + guea — gues.

Which imply the coefficients of the second fundamental form of S(v1,72) are given by

fSS
L = = — 21
gS(VrsrsaN) Wa ( )
M = g3(V,.r,N) =0, (22)
+ S _t
N = g3(V,,m,N) = gttmi (23)

By (17), (18), (19), (21), (22), (19) and (6), the Gaussian curvature K of translation surface
S of Type 1 is given by
fss(gtt + fs - t)
2g: = (fs —1)* = 1]>
Now, we would like to investigate the vanishing Gaussian curvature problem, thus we
examine translation surfaces of Type 1, whose Gaussian curvature is identically zero.

Let S(71,72) be a translation surface of Type 1. Thus, from (24), it is clear that it is
sufficient that

K=

(24)

fss(gtt + fs - t) = 0 (25)

Let us consider on the following possibilities:
Case 1: If g;; = 0, so (g = byt + by), from (25) we get f = a1 + ap, which gives the
surface S(71,72) parametrized as

r(s,t) = (s,t,a18 + byt — st + as + bo) (26)

where aq, as, by, by € R.
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Case 2: If f;s =0, so (f = ays + az), then, the Equation (25) is trivially satisfied for all
smooth function g and we obtain

r(s,t) = (s,t,a15 + g(t) — st + a) (27)

where a; ay € R.

Case 3: If fyg1 # 0 from (25)) we find
fs =1t —gu. (28)
Therefore, both sides have to equal a nonzero constant, namely
fs=a=1t—gu (29)

then fy, = 0, which is not possible.
As Case 1 is a particular cases of Case 2, we have the following result:

Theorem 1. Let S(v1,72) be a translation surface of Type 1 in the Lorentz-Heisenberg space
(Hs, g3). Then, S(v1,72) is a flat surface if and only if it can be parametrized by

r(s,t) = (s,t,a1s + g(t) — st + az) (30)

for all smooth functions g, and a1, as € R.

3.2 Case of Flat Translation Surfaces of Type 2

By (8), for a translation surface of Type 2, the basis of the tangent space 7,5 is
rs = €1+ fse2 — foes, (31)
re=(s+g)es+ (1 —s—gi)es (32)

and the normal unit vector field N on S(~1,72)

s 1—s— s+
N = _I{lvel + ( W gt)@g + ( Wgt)€3 (33)

with

W = \JIEG — F?[ = \/|2(g + 5) — 1 — (£.)2]. (34)
Therefore the coefficients of the first fundamental form are
E=1 F=f, G=(Q2g+2s—1). (35)

To compute the second fundamental form of S(71,72), we have to calculate the following:

Tss = vrsrs = fsse2 - fsse?)u
roo = Vi, = €3 — €3, (36)

T = Vi, It = —€1 + gues — gues.
Then the coefficients of the second fundamental form of S(v1,72) are

fss 1 f3+gtt
L=="= M=— N= .
W W W (37)
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By (35), (37) and (6), the Gaussian curvature K of translation surface S of Type 2 is given
by
— fss(fs+gtt)_1
2(9: +5) =1 = (fo)*?
Now let S(71,72) be a translation surface of Type 2. Thus, from (38), it is clear that it
is sufficient that

(38)

fss(fs +9u) —1=0. (39)

It is clear that if fs; = 0, Equation (39) is never satisfied, so we consider the following cases:
Case 1: If g; = 0, so g = byt + b3, from (39) we get f = :I:%(Qs + al)% + as, which gives
the surface S(7v1,72) parametrized as

r(s,t) = (s,6,+£1(2s + a1)? + bot + as + by), (40)

where ay, ag, by, b3 € R and s > —4-.
Case 2: If g;; # 0. From (39) we have

fss(fs + gtt) —1= Oa (41)
1— ss.Js
Jit = fsfsf (42)
therefore, both sides have to equal a nonzero constant, namely
1— ssJs
g = b1 = # (43)
[os
Then
fSS(fs + bl) =1 (44)
and ;
g= §1t2 + byt + bs (45)
where b; € R* and by, b3 € R.
After solving (44), we find
=425+ a)? —bis +a (46)

where a1, a € R, by € R* and s > —4. This gives the surface S (71,72) parametrized as

3
r(s,t) = (s,t,23(25 4+ a1)2 + %t* 4 bat — bys + as + bs). (47)

As Case 1 is particular case of Case 2, then have the following result:

Theorem 2. Let S(v1,72) be a translation surface of Type 2 in the Lorentz-Heisenberg space
(Hs, g3). Then S(v1,72) is a flat surface if and only if it can be parametrized by

r(s,t) = (s,t, j:%(Qs + al)% + %tQ + bot — bys + ag + bs), (48)

where ay, as, by, by, b3 € R and s > —%-.
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3.3 Case of Flat Translation Surfaces of Type 3
Let S(71,72) be a translation surface of type 3, by (9), Thus the basis of the tangent space
T,S is

rs=e1+ (fs —t)ea — (fs —t)es, 1= gie1 + es, (49)
and the normal unit vector field N on S(71,72)

(fs_t) (gt(fs_t)—‘f_l) +gt(fs_t)

N = W €1 — W €9 W

€3 (50)

with W = \/[(f, — ) +2g,(f — 1) + 1].
Therefore the coefficients of the first fundamental form are

Ezl, F:fs+gt_t7 G:(gt)2_1 (51)
The covariant derivatives are:

Tss = Vrsrs = f5562 - fsse?n
Tst = Vrsrt = 07 (52)
ry = Ve, = (g — 1)er + grea — gies.

Then the coefficients of the second fundamental form of S(v1,72) are

s v o= D=0 —g]

L:
w w

M =0, (53)

By (51), (53) and (6), the Gaussian curvature K of translation surface S of Type 3 is given

by
—Jss —1 S —1)—
K — f [(Qt; )(f ) gt]Q' (54)
[(fs - t) + 29t(fs - t) + 1]
Let S(71,72) be a translation surface of Type 3. Thus, from (54), it is clear that the
equation of flat surface is

fss[(gtt - 1>(fs - t) - gt] =0 (55)

so we consider the following cases:
Case 1: If g, = 0, so g = b, by following the same steps as Case 1 of translation surface
of Type 1, from (55)) we obtain the same result, which provides that the surface S(v1,72) is

r(s,t) = (s +b,t,a1s + az — st) (56)

Case 2: If g = 0, so g = byt + by, by following the same steps as Case 2 of translation
surface of Type 1, from (55) we obtain the same result, which provides that the surface
S(71,72) is

r(s,t) = (s + byt + ba, t,a18 + ag — st) (57)
where aq, as, b1, by € R.

Case 3: If f,, =0, so f = ays + as. Then, the Equation (55) is trivially satisfied for all

smooth function g and we obtain

r(s,t) = (s+g(t),t,a18 + ay — st) (58)



R. Medjati et al.: The Flat Translation Surfaces in the 3-dimensional. . .

where a1, a9 € R.
Case 4: If fig94 # 0. from (55) we obtain

fss[(gtt - 1)(fs - t) - gt] = 07
(g — V)(fs — 1) = g

Since we cannot have both g, = 1 and ¢, = 0, so g # 1, which implies

fs: gt +t.
g — 1

Therefore, both sides have to equal a nonzero constant, namely

fs:alz gt
g — 1

+1

which implies f,s = 0, which is a contradiction.

As Cases 1 and 2 are particular cases of Case 3, we have the following theorem:

Theorem 3. Let S(v1,72) be a translation surface of Type 3 in the Lorentz-Heisenberg space

(Hs, g3). Then, S(v1,72) is a flat surface if and only if it can be parametrized by

r(s,t) = (s + g(t),t,a1s + ay — st)

for all smooth function g, a; € R* and ay € R.

3.4 Case of Flat Translation Surfaces of Type 4
Let S(v1,72) be a translation surface of Type 4, by (10), we obtain

rs = €1+ fs€2 - fs€37

e = gier + (g + s)es + (1 — g — s)es.

and normal unit vector field N on S(71,72)

s s +1_ - S +S_s
N:—vael—(fgt Wg )€2+(9 ngt)€3

with W = \/[2(g + 5 — fuge) — (fo)2 — 11.
Therefore the coefficients of the first fundamental form are

E=1, F=/f,+g, G:(gt)2+29—|—23—1.
The covariant derivatives are:

Tssg = vrsrs - f5562 - fsse?n
Tst = VIt = €2 — €3,

T = Vi1t = (gu — 1)e1 + 2gie2 — 2g€3.
Then the coefficients of the second fundamental form of S(~;,7,) are

fss 1 29t - (gtt - 1)fs
L=2% M=— N-= .
w’ w’ w

(63)

(68)
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By (67), (69) and (6), the Gaussian curvature K of translation surface S of Type 4 is given
by
_ fss[290 — (gu — 1) fs] — 1
2(9 + 5 = fsge) — (fs)* — 1]

Let S(71,72) be a translation surface of Type 4. Thus, from (70), it is clear that the
equation of flat surface is

(70)

fss[zgt - (gtt - ]-)fs] —1=0. (71)
It is clear that if f,s = 0, equation (71) is never satisfied, so we us consider the following
cases:
Case 1: If g, =0, s0 g = b, from (71) we get

fSst =1L (72)

After solving (72), we find
3
f= j:%(25+a1)5 + ay (73)

which gives the surface S(71,72) parametrized as

3
2

r(s,t) = (s+b,t,j:%(23+a1) + ay), (74)

where a1, az, b € R and s > —%-.
Case 2: If g,y = 0, so g = byt + by. Then, the Equation (71) becomes

fos(fs +201) = 1. (75)

After solving (75), we find
f==%b2s+a)? —2bis +a (76)

where a1, as,b1,bo € R and s > —%, which gives the surface S(7v1,72) parametrized as
2 g

7’(8, t) = (blt + s+ bQ, t, :l:%(28 + al)% — 2b18 + ag). (77)

Case 3: If fyg1 # 0. Taking partial derivative in (71) with respect to ¢, we find

2g1t — guefs =0 (78)
whence 5
Gttt
£ - it 79
f S Gt ( )
Then both sides have to equal a nonzero constant, namely
2 Gttt
S g =2 80
f s Gt ( )

which implies f,s = 0, which is a contradiction. As Case 1 is particular case of Case 2, we
have the following result:

Theorem 4. Let S(71,72) be a translation surface of type 4 in the Lorentz-Heisenberg space
(Hs, g3). Then, S(v1,72) is a flat surface if and only if it can be parametrized by

r(s,t) = (bit + 5 + by, t, £1(25 + a1)? — 2bys + as) (81)

where ay,az,by,by €R, and s > —%-.
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3.5 Case of Flat Translation Surfaces of Type 5

In this case, the translation surface S(71,72) is parametrized as in (11), thus the basis of the
tangent space 1,95 is

rs = (fs+t)62_ (fs+t_1)€3a (82)
re = e1 + tgiea + (1 — t)gees. (83)

Therefore, the normal unit vector field N on S(7,72) is

_ f;[g/hel (s +Mt/— 1)62 n (ﬂv;;t)eg (84)

N

with W = /|2(f, +1) — (f)2(g)2 — 1].
Therefore the coefficients of the first fundamental form are

E=2(f,+t)—1, F=(f¢+2t—1)g, G=2t—1)(g)+1 (85)

To compute the second fundamental form of S(v1,72), we have to calculate the covariant
derivatives:

Tss = —€1 + fss€2 - fsse?n (86)
Tst = —gi€1 + €2 — €3, (87)
T = —(gt)2€1 + (29t + tgtt)€2 - (29t + (t - 1)gtt)€3- (88)

These imply the coefficients of the second fundamental form of S(71,72) are given by

Jss = [5Gt M — 1_fs(gt)2 N — 2gt_fsgtt_fs(gt)3‘

L =
w7 w ’ w

(89)

By (85), (89), (6), the Gaussian curvature K of translation surface S of Type 5 is given by

K = fss(2.gt - fsgtt - fs(gt)3) + (f5)2gtgtt -1
2(fs +1) = (f)*(g:)* — 1]

Let S(71,72) be a translation surface of Type 5. Thus, from (90), the equation of flat
surface is

(90)

fss (290 — fsgu — fs(90)%) + (fs)*gegu — 1 = 0. (91)

It is clear that if f,g; = 0, equation (91) is never satisfied, so we us consider the following
cases:
Case 1: If f;s, =0, s0 f = a1+ as with a; # 0, then, the Equation (91) becomes

1
gt = a?‘ (92)

After solving (92), we obtain

Nl

2/2
gzia21<a2t+01> + c2 (93)
1
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where as, ¢1, co € R, ap € R* and t > —@; which gives the surface S(v1,7,) parametrized
as
ai [ 2 3
r(s,t) = t,i2<a2t+cl> + s+ co,a18+ as |. (94)
1

Case 2: If g;; = 0, so g = byt + by with by # 0, then, the Equation (91) becomes

1
fss(2 - b%fs) = bf (95)
1
After solving (95), we obtain
1 3 2
f = :tig(dl — 2()18)2 + 55 + dg (96)
where by di ds € R, by € R* and s < ;—bll; which gives the surface S(71,72) parametrized as
T(S,t) = (ta b1t+5 +b27y(5)) (97)
such that . 5
y(s) = £ 5 (di — 2b15)2 + 55 + da. (98)
2by by

Case 3: Here, fysgi # 0. If one takes

U= U1€1 + U2€2 + U3€3 (99)
such as
U, = 2&7 (100)
[s
Uy = _fss<fsgtt + fsg§)7 (101)
1 — 2
Us = fuulfuga + o)) + —— 20090 (102)
fs+t
From (99), (84) and (91), the surface S(v1,72) is flat if and only if ¢3(U,N) = 0.
Therefore we have U = 0 or U € T},S.
1) If U =0, from (100) we have U; = 2’}5‘: = 0, which is a contradiction.
2) If U € T,,S, there exist «, § € R, such as
U = ars + pry. (103)

Therefore, from (99), (82) and (83) we obtain the following system of ordinary differential
equations

2% =5, (104)
Uy = a(fs +1t) + By, (105)
Uy LI 1) 4 50— g (106)

fs+1t
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Combining Equations (105) and (106) yields

1 - (fS)Qgtgtt = (a+ Bg:)(fs +1). (107)
Taking the partial derivative of (107) with respect to s gives
—2fsfssgrgn = (o + Bgr) fss- (108)
Since fssgtt 7é 07
o+ Byt
s = — : 109
/ 29194 (109)
Then both sides have to equal a nonzero constant, namely
o+ Byt
=0=— 110
/ 29t 91t (110)

We infer f,s = 0 but this is not possible.
Then we have the following result:

Theorem 5. Let S(y1,72) be a translation surface of Type 5 in the Lorentz-Heisenberg space
(Hs, g3). Then, S(v1,72) is a flat surface if and only if it can be parametrized as one of the
followings:

1. S(v,72) is a regular surface in the Lorentz-Heisenberg space (Hs, g3) parametrized by

2

9 3
r(s,t) = (t,i% (225—1—01) + s+ co,a18 + ag) (111)
ay

2
where ay, ¢1, ¢c; € R, ay € R* and t > —=2.

2. S(m1,72) is a reqular surface in the Lorentz-Heisenberg space (Hs, g3) parametrized by

1 ;2
(dy — 2b18)? + —5 + do) (112)

r(s,t) = (t,blt—i-s—i-bQ,j:Tb? ¥

where by, di, dy € R, by € R* and s < 2%11'

3.6 Case of Flat Translation Surfaces of Type 6

For the translation surface of Type 6, by (12), the basis of the tangent space 7,5 is
Ts :fs€2+(1_f8)637 (113)
re =e1+ (tgr — s)ea + (s — tgy + gi)es (114)

and the normal unit vector field N on S(~1,72)

(fson _Migt + 5)61 n (1 a/f8>62 + I{%‘/eg (115)

N:

with W = \/|2fS — (fsgr — tge +5)? — 1].
Therefore the coefficients of the first fundamental form are

E=2f—-1 F= (fs +t-— 1)gt -5, G=1- (9t)2 + 29t(t9t - 5)- (116)
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To compute the second fundamental form of S(vq,72), we have to calculate the covariant
derivatives:

Tss = —€1 + f5362 - fsse?)a (117)
T'st = —gt1, (118)
T = _(gt>261 + (2Uy + yvyy)€2 — (29¢ + (t = 1)gu)es. (119)

which imply the coefficients of the second fundamental form of S(v;,7,) are given by

ss ~ Js t -
;o Jss = fsg g —s

W ?
M= _ (fsgt _é{it + S)Qt’ (120)
N — —(fsge — tge + $)(9e)* + 2g¢ + tgu — [sgu

W
By (116), (120), (6), the Gaussian curvature K of translation surface of type 6 is given by

K = ml/ﬂt[(fss — P)(2g: + tgu — fsgu) — Pfss(g0)] (121)

where P = f.9; — tg; + s.
Let S(v1,72) be a translation surface of Type 6. Thus, from (121), the equation of flat
surface is

(fss — P)(2g1 + tgu — fogu) — Pfss(gt)2 =0. (122)
Remark 1. 1t is clear that if g, = 0, Equation (122) is satisfied, for all smooth functions f.

So we us consider the following cases:
Case 1: If f;, =0, so f = a, from (122) we get

(tg: — 5)(2g: + tgue) = 0. (123)
As tg; # s, we have
29 + tgy = 0. (124)
After solving (124), we obtain
g="g5;+b (125)

where by € R* and b, € R, t # 0 which gives the surface S(v1,7,) parametrized as
r(s,t) = (t, %57 + 5+ by, a — st). (126)
Case 2: If fo, =0, s0 f = a1+ ag with a; # 0, then, the Equation (122) becomes
P(2gt + tgtt — algtt) =0. (127)

There exist two cases.
1) If P =0, we obtain
(t —ai)ge = s. (128)

The left hand side in (128) is either a constant or a function of ¢, while other side is a function
of s. That is not possible.
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2) If P #0, we get
29t + (t — al)gtt =0. (129)

After solving (129), we obtain
g =Eg-(a1 —1)> + b, (130)

where aq, by € R* and by € R, which gives the surface S(v1,7,) parametrized as
r(s,t) = (t,iﬁ(al —t)? + 5+ by, a18 — st + ay). (131)
Case 3: If g; = 0, so g = byt + by with by # 0, then, the Equation (122) becomes

(b%fs +5— 2)fss + 2(b1f5 + S)
(blfss + 2)
The left hand side in (131) is either a constant or a function of s, while other side is a function

of t. That is not possible.
Case 4: Here fy,g,4 # 0. If one takes

= bit. (132)

V= ‘/161 + ‘/262 + ‘/363 (133)
such as
Vi= —fss(gt)2 - (2gt + 19 — fsgtt)a (134)
Vo = fos(20: + tgu — fsgu), (135)
Vs = —fss(29: + tgu — fsgu). (136)

From (133), (115) and (122), the surface S(v1,72) is flat if and only if g3(V,N) = 0.
Therefore we have V =0or V € T,S.
1) If V=0, from (133) we have

2 t
fs — gt + Jtt ' (137)
9t
Then both sides have to equal a nonzero constant, namely
2 t
fo—a— gt + tGu (138)
Gt
which implies fss = 0, which is a contradiction.
2) If V € T,5, there exist a, f € R, such as
V = ars + pry. (139)

Therefore, from (133) and (113) we obtain the following system of ordinary differential equa-
tions

fos(90)? + 290 + tgu — fsgu) = —B (140)
fss(290 +tgu — fsgu) = afs + B(tge — s) (141)
fss(2g: + tgu — fogu) = a(fs — 1) — B(s — g + gr). (142)
Combining Equations (141) and (142) yields
B = —a (143)

then g;; = 0. This is not possible.
Then we have the following theorem:
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Theorem 6. Let S(v1, 72) be a translation surface of Type 6 in the Lorentz-Heisenberg space
(Hs, g3). Then, S(y1,72) is a flat surface if and only if it can be parametrized as one of the
followings:

1. S(v1,72) is a regular surface in the Lorentz-Heisenberg space (Hs, g3) parametrized by

r(s,t) = (t,b+s, f(s) — st), (144)

where b € R and f any smooth function.
2. S(v1,72) is a reqular surface in the Lorentz-Heisenberg space (Hs, g3) parametrized by

r(s,t) = (t, %57 + 5+ by, a — st) (145)

where by € R*, a, by € R and t # 0.
3. S(v1,72) is a reqular surface in the Lorentz-Heisenberg space (Hs, g3) parametrized by

r(s,t) = (t,i%(al — )% + 5+ by, a15 — st + a) (146)

where a,b; € R* and as, by € R.
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