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Abstract. In this paper, we prove that ruled surfaces generated by the Bishop
frame are naturally developable in Euclidean 3-space. Moreover, the position
vectors of such surface are investigated for the first time.
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1 Introduction

In the classical differential geometry [4, 12, 13], a surface is said to be “ruled” if it is generated
by moving a straight line continuously along a curve in Euclidean space. These lines are called
rulings, and each curve that intersects all the rulings is called a base curve. Ruled surfaces
are a prominent topic of surface theory, they are of great interest to many applications and
have contributed in several areas, such as mathematical physics, kinematics and Computer
Aided Geometric Design (CAGD).

Ruled surfaces which can be transformed into a plane without any deformation and dis-
tortion, are called developable surfaces. They form a relatively small subset that contains
cylinders, cones, and the tangent surfaces [1, 3, 5, 8, 9]. The notion of developability is one
of the most important properties of ruled surfaces.

Our point of interest is study of ruled surfaces according to different frames. In [10], we
have defined special couples of ruled surfaces that we called partner ruled surfaces and then
studied their simultaneous developability in £3. One of the moving frames that interests us
also is the Bishop frame or parallel transport frame. It is an alternative approach of defining
a moving frame that is well defined even when the curve has vanishing second derivative. We
can parallel transport an orthonormal frame along a curve simply by parallel transporting
each field of the frame. The parallel transport frame is based on the observation that, when
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given the unit vector T for a given curve, we may choose any convenient arbitrary basis
{M LM 2} for the remainder of the frame, , 50 long as it is in the normal plane perpendicular
to T at each point. If the derivatives of {M LM 2} depend only on T and not each other we
can make M 1 and M o vary smoothly throughout along the path regardless of the curvature
[2].

In this paper, we consider the position vector of a unit speed curve according to its Bishop
frame in Euclidean 3-space and then construct the special family of three ruled surfaces
generated by Bishop frame vectors, we present our main theorem that gives the position
vectors of the well-known ruled surfaces and proves that these are all naturally developable.
Finally, we give an example to show that kind of surfaces in R3.

2 Preliminaries
In the Euclidean 3-space £, we consider the usual metric given by
(,) = dzy + dry + das,

where (21,79, 73) is a rectangular coordinate system of E3.
Let ®: (s,v) € I xR — «(s) + UX)(S), be a ruled surface in E* where I is an open
interval of R.
Let denote by m = mi(s,v) the unit normal of the ruled surface ® at a regular point, so
we have o
5 P, ND, (o +vX )N X
TR NS (o X A X

where @, = 2% and ®, = 2
Bs ov

The ﬁrst I and the second I fundamental forms of ruled surface ® at a regular point,
are defined respectively by

I[(®,ds + ®,dv) = Eds* + 2F dsdv + G dv?,
II1(®,ds + ®,dv) = eds® + 2f dsdv + g dv?,

where

E= ”(I)8H27 F= <(I)87(I)v>7 G = H(I)vH27
€= <<I>357T_ﬁ>a f = <(I)vsam>a g = <(I>vv777n)> = 0.

The Gaussian curvature K of the ruled surface ® at a regular point is defined by

f2

K=—Fc—p

Theorem 1 ([11]). A developable surface is a ruled surface with vanishing Gaussian curva-
ture.

Definition 1. A tangent surface is a ruled surface whose ruling direction is the unit tangent
vector of its base curve.

Theorem 2. A tangent surface is developable.



S. Ouarab: Position Vectors of Developable Surfaces. . . 189

When o = a(s) is a unit speed curve with non-vanishing second derivative a(s) # 0,
there exists the Frenet- Serret frame denoted by {7'(s), N(s), B(s )}, where T( ) a/(s) is
the unit tangent, N(s) = -2 is the unit principal normal and B(s) = T'(s) A N(s) is the

llo (s)ll
binormal vector. The derivative formulas of Frenet-Serret frame are expressed as:

z/(s) 0 k(s) 0 i(s)
N'(s) [ =|=r(s) 0 7(s)| | N(s) |,
B'(s) 0 —7(s) 0 B(s)

where £ is the curvature and 7 is the torsion of the curve « [6, 7].

In the case when a curve a has vanishing second derivative, we can still consider “the
Bishop frame” or “the parallel transport frame”, as an alternative approach to define a moving
frame. One can express parallel transport of an orthonormal frame along a curve simply by
performing the parallel transport of each field of the frame. Therefore, in such a frame, the
tangent vector 7' and any convenient fields {M 1, M 2} that make an orthonormal basis can
be used. Therefore, the derivative formulas of Bishop frame {T M 1, M 2} are expressed as:

T'(s) 0 hi(s) ka(s)) [ Z(s)
Mis) | = [=k(s) 0 0 ||3i(s)] 1)
My (s) —ka(s) 00 J\My(s)

where k1 (s) and ko(s) are called the first and the second Bishop curvatures, respectively [2].
The relation between the Frenet frame, the Bishop frame is given as follows:

N (o o o\(T
N|=|0 cos6 sino||M 1l
B 0 —sinf cosf Mz
or R R
T 0 0 0 T
M| =10 cosf —sinf||N|, (2)
]\—j2 0 sinf cosf B

where 6, ki, ko are such that 6 = arctan(%) can be determined from 6 = [7(s)ds, k3 =

kcosl, ky = ksind or, vice versa, k = [k} + k3, T = 2.

3 Position vectors of developable ruled surfaces according to the
Bishop frame in E3

In this main section, we investigate new theorem which states that a family of three ruled
surfaces generated by Bishop frame are developable. Moreover, the theorem gives the position
vector of such a special surfaces.

Theorem 3. Ruled surfaces generated by Bishop frame are developable and their position
vectors are given by

OMaw=M@+wﬂ@—U%@mmm+m m>[/<><>w+mﬁwx
'(s,0) = ao(s)T(s) ~ | Mi(s).
W

/ao(s)k:l( )ds + ¢ + o] M (s) — s)ds + di]
(5) = [ ao()ka(s) ds + o] M (s) - [/aa@ 2(s) ds + da + 0] Mas),

2®(s,v) = ap(s)




190 S. Ouarab: Position Vectors of Developable Surfaces. . .

where o is a C?-differentiable function of s € I C R and cy, ¢1, ca, do, di and dy are
constants.

Proof. Let a: s € I C R+ a(s) be a C?-differentiable unit speed curve whose Bishop frame
is given by {7'(s), M1(s), M2(s)}. Then the position vector of the curve a(s) according to its
Bishop frame is expressed as follows

a(s) = ag(s)T () + a1 (s)M1(s) + az(s) M), (3)
where g, aq, oy are the differentiable functions of s € I, defined respectively by
ag(s) =(als), T'(s)), au(s) ={a(s), Mi(s)), aa(s) = {als), M2(s)).
Differentiating (3) with respect to s and using Bishop frame formulas (1), we get
o/(s) = ()T (s) + i (s)M(s) + ab(s)Ma(s) + ao(s) [k (s)M1(s) + ka(s) Ma(s)]
— ar(8)k1(8)T'(8) — aa(8)ka(5) T (5).

By replacing o/(s) with ?(s), we get

T(s) = [ap(s) — aa(s)ki(s) — aa(s)ka(s)]T(s) + [0 (5) + co(s)ka ()| M1 (5)

by identification, we get
ag(s) — a1(s)ki(s) — aa(s)ka(s) =1
ay(s) + ao(s)ki(s) =0, (4)
ay(s) + ap(s)ka(s) =0

The family of three ruled surfaces generated by Bishop frame of the curve «a(s) are given by:

T (s) + on(s)M1(s) + aa(s)Ma(s)) + vT(s),

1®(s,v) = (a(s)T'(8) + ar(s)M1(s) + an(s)My(s)) +vM(s), (5)
T(s) 4+ a1 (s)M1(s) + aa(s)Ma(s)) + vMa(s).

It is clear that the first ruled surface °®(s, v) is developable because it is a tangent surface.

Then, by using the properties (4), we get the position vector of such a developable ruled
surface as follows

%9 (s,v) = (ao(s) +0)T(s) - ( / aols)ka(s) ds + o) M (s) — / co(s)ka(s) ds + do) Ma(s),

| =l
| =l 5

Now, let us search under which conditions our second ruled surface '®(s,v) could be devel-
opable.

Differentiating the second line of (5) with respect to s and v, respectively, and using the
Bishop frame formulas (1), we get

(6)

1(b5 = (066 — Oélkl — Odgkz — Ukl)? + (Oéll + Oéokl)ﬁl + (OZIQ + Oéokg)]\_jg,
1(1)11 = Ml-
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By taking the cross product of both vectors '®, and '®,, we get the normal vector on the
ruled surface '®(s,v):

1(1)5 ><1 (I)v = —<Ck/2 -+ Oéokg)? + (046 — Oélkl — OéQk’Q — 'Uk1>j\—i2,
so under regularity condition, the unit normal vector takes the following form:

1(I>s ><1 q)v —(O/Q—FOZ()]%’Q)?—F (046—&1161 —Oégk’g _Ukl)MQ

||1(D8 x1 (I)UH N \/(0/2 + a0k2)2 -+ (046 — Oélkl - 052/{?2 - 'Uk'l)2

(7)

From (6) and (7), we get the components of the first fundamental form of the ruled surface
'®(s,v), at regular points, as follows

lE = (&6 — 061]{71 — Oégk'g — ’Uk?l)2 + (O/l -+ Oé0k1>2 + (0/2 + Oé()k'g)2
1F = 04,1 + Oéokfl (8)
G =1

On the other hand, differentiating !®, and '®, with respect to s and v, respectively and using
the Bishop formulas (1), we get

Yo, = [af — ark] — okl — 2(aiky + k) — (K2 + K3) — vki]?

+ [of + 2apky + aok] — k1(arks + agks) — vk;f]]\_/f)l

+ a + 2apky + aoky — ka(ark: + asgks) — vk ko] Mo, (9)
1D, = kT,
'o,, = 0.

Hence, from (7) and (9), we get the components of the second fundamental form of '®(s, v)
at regular points:

1 —(ah + agksy)[ag — arky — asky — 2(aky + apks) — ao(kT + k3) — vk]
a \/(0/2 + apks)? + (af) — anky — agks — vky)?
(o — anky — agky — vky) [ + 2ah ks + okl — ko(a1ky — aioks) — vkiko]
\/(0/2 + agks)? + (o) — anky — agky — vkq)? ’ (10)
ki(ady + agks)
\/(0/2 + apks)? + (af — anky — agky — vkl)z7
g = 0.

_|_

From (8) and (10), we get the Gaussian curvature of the ruled surface '®(s,v) at regular
points as follows

k’l(Oé/Q + Oéo]fg) 2

1
K=— .
(O/Q + 010]{32)2 + (056 — Oélk‘l — Ckgk’g — Uk’l)Q

(11)

We deduce that the second ruled surface '®(s,v) is developable if and only if k; = 0 or
oy + apka = 0. The second equation is satisfied because of the third property of (4).
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Consequently, from the properties (4), we conclude that the ruled surface '®(s,v) is
developable and its position vector is expressed as follows

10(s,0) = ag(s)T(s) — (/ ao(s)ki(s) ds + ey +v) M (s) - (/ co(s)ka(s) ds + d ) Mas),

Now, let us consider the third ruled surface >®(s,v), but above all, we can remark that
this one plays a similar role as the second one, so by replacing the index 1 by the index 2 in
the expression (11), we get the Gaussian curvature of ruled surface 2®(s,v) as follows

k’Q(O/l + Oéok?l) 2
(Oéll + Oéok51)2 + (&6 — Oélkfl — Oégkg — ’Uk?g)2 '

2K=—[

Similarly, we deduce that ruled surface 2®(s, v) is developable if and only if ks = 0 or o +
apky; = 0, which is already satisfied due to the second property of (4).

Consequently, from the properties (4), we conclude that the ruled surface 2®(s, v) is also
developable and its position vector is expressed as follows

26 (s, v) = ap(s)T(s) — (/ ao(s)ka(s) ds + c2) M (s) — (/ ao(s)ka(s) ds + da +v) Ma(s). O

Ezample 1.. Let Con.sider the unit speed curve a(s) = %(Sin%is), —COS%ES),S). The Frenet
frame of this curve is

cos(v/2s) N — sin(v/25)

R 1 R — cos(v/2s)
T(s) = 7 sin(v/2s) | ;5 N(s)=| cos(v2s) |; B(s)=
1 0

—sin(v/2s) |,
1

Sl

k(s) =7(s) = 1.

Then, from (2), the Bishop frame is given by

- | cos(v/2s) N — cos(s) sin(y/2s) + %sin( 5) cos(v/2s)
T(s) = 7 sin(v/2s) |, My(s) = | cos(s )cos(\/_s) Tz sin(s)sin(v2s) |,
1

f sm( )

. — sin(s) sin(y/2s) — —cos( ) cos(v/2s)
My(s) = | sin(s )cos(\/_s) cos( )sin(v/2s) |,

f cos(s)

0(s) = [7(s)ds = s + ¢ where ¢ is a constant taken here as ¢ = 0, k; = cos(s), ks = sin(s).
In this case, it is simple to find that

S

5 1 cos(s) + ssin(s)); ay = 1(— sin(s) + scos(s)).

@0 = 5 2

a1 =
One can dlscover the shape of developable surfaces accordmg to Bishop frame of such a curve:
Figure 1 is the T — developable surface, Figure 2 is the Ml— developable surface and Figure 3
is the Mg—developable surface.
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Conclusion

Ruled surfaces generated by the Bishop frame in Euclidean 3-space are developable. Fur-
thermore, their position vectors are described by the means of Bishop frame and Bishop
curvatures of their base curve.

Our results could be applied in various fields of mathematics, in mechanics, robotics,
architecture and similar.
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