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Triangular Lie bialgebras
and matched pairs for Lie algebras
of real vector fields on S*

Frank Leitenberger

Communicated by K. Schmiidgen

Abstract: Real Lie bialgebras and matched pairs for a Lie algebra of formal
vector fields and for Lie algebras of smooth vector fields with fixed zeros on
the circle are constructed.

1. Introduction

The construction of a quantum group generalization of the group Diff, (S!)
(the group of orientation preserving C*°-diffeomorphisms of S') is an open prob-
lem. On the classical level we have the corresponding problem of the construction
of Poisson Lie groups or of matched pairs for the diffeomorphism group (cf. [D],
[Ta]).

There is some progress in this direction on the Lie algebra level. In [B-M],
[M] and [T] various matched pair structures for certain Lie algebras of complex
vector fields on S! are obtained. The choice of different function spaces for the Lie
algebra of vector fields sheds a different light on the problem. In [M] the author
considers polynomial vector fields and recursive sequences for the dual Lie algebra.
In [B-M] certain spaces of analytic functions are considered. However, these
structures are not compatible with the subalgebra of real vector fields. Therefore,
they do not admit an integration to the matched pair group level because there is
no complexification of Diff | (S') (cf. [P-S]).

In this article we classify additional Lie bialgebras and matched pair struc-
tures and obtain the structures of [B-M], [M] as special cases. Every structure is
parametrized by a subalgebra h and by a moment b of h (or [h,h]) of the Lie
algebra g for which the bilinear form h x h 3 (x,y) — b([z,y]) is invertible. The
inverse plays the role of the classical r-matrix. In the case h = ¢g the matched
pair structures are self-dual. For the Lie algebra of vector fields we first choose a
space of semi-infinite formal power series. Such completions of the Witt algebra
occur in conformal field theory (cf. [W1]). We give an explicit description of the
structures and single out the real structures. Next we choose Lie algebras g. of
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smooth functions with fixed zeros. These function spaces allow the construction
of real matched pairs. These Lie algebras correspond to Lie groups G, with fixed
points of a certain order (see the Remark after Definition 4.2). The structures cor-
respond to subalgebras A{™ and certain moments. We hope that some matched
pairs allow an integration to matched pairs for the Lie groups G..

The paper is organized as follows: In Section 2 we generalize the foundations
of the finite-dimensional situation to the infinite-dimensional case. In Section 3
we classify Lie bialgebra and matched pair structures for the case of semi-infinite
formal vector fields on the circle. In Section 4 we obtain matched pair structures
for smooth vector fields with fixed zeros on the circle.

I would like to thank the referee for his helpful comments concerning this

paper.

2. Preliminaries

In this section we generalize some well-known results about Lie bialgebras
and matched pairs (cf. [B-M], [D]) to the infinite-dimensional case.
2.1. Construction of matched pairs of Lie algebras. The goal of this subsec-
tion is to introduce matched pair structures for dual pairs of infinite-dimensional
vector spaces without any topology. The constructions of Propositions 2.3 and 2.4
provide the foundation of Section 4.

Definition 2.1.  Let g be a (possibly infinite-dimensional) Lie algebra. We say
that ¢’ is a dual of ¢ if and only if

(i) there is a bilinear form (—, —) : g X ¢’ — C such that g, ¢, (—, —) forms a
reflexive pair of vector spaces (i.e., g and ¢’ separate the points of ¢’ and g
respectively).

(i) the coadjoint action K of g on ¢’ is well-defined
(e, Vo € gy € ¢, T2z = adly = —K,y € ¢ given by (ad,u,y) =
(u,2) Yueyg).

Definition 2.2. A matched pair (g1, ge, @, 3) is a pair of Lie algebras g1, go
with the Lie algebra representations « : g1 X go — g2 and 3 : g2 X g1 — g1 such
that, for all x,y € g; and u,v € gs,

e ([u, v]) = [ow(u), v] + [u, @ (0)] + ap, @) (U) — @p,@)(v),

and

ﬁu([x7y]) = [5u<x>7y] + [x75u<y)] + 50zy(u)<x> - 50éx(u)<y)

We say that (g1, 92, a,3) is a coadjoint matched pair if there is a bilinear form
(—,—), such that (g1;¢92;(—,—)) is a dual pair of vector spaces and «a, 3 are the
corresponding coadjoint actions.

Further we say that the linear map w : g — ¢’ is a 2-cocycle, if and only if
the bilinear form w : g x ¢ — C specified by (z,y) — (w(z),y) is antisymmetric
and a 2-cocycle, i.e., w([p, g],7) +w(lg, 7], p) + w(lr,p,¢) =0 Vp,q,reyg.
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Matched pairs can be constructed by invertible 2-cocycles (cf., [W2, page
49]).

Proposition 2.3.  Let g be a Lie algebra, g’ a dual to g, and w a 2-cocycle for
g. Further suppose that w has an inverse map r: g’ — g. Set

[z,yly = w(lr(@),r(y)]) zyed,
e = —ad? e€g,
0 = T Q)W r€E€qg.

Then (g,9',, 3) forms a coadjoint matched pair of Lie algebras.

We remark that r : ¢ — g is a Lie algebra isomorphism and g is self dual
with respect to the bilinear form (w(—),— ). Therefore we can identify g and ¢’
and reformulate Proposition 2.3 and obtain a self-dual representation.

Proposition 2.3.a. Under the the assumptions of Proposition 2.3, if o’ :=roao
(id x w) then (g,g,d',a) with o/ = raw and (9,9, «, B) are isomorphic matched
pairs of Lie algebras.

The next proposition generalizes Proposition 2.3. We show that every
invertible r-matrix of a subalgebra allows the construction of a matched pair.
Let g be a Lie algebra with dual ¢’, and let h be a subalgebra with dual
h C ¢g'. We introduce the following notation:
L= {2 € ¢|(h,z) = 0} while h'* := {e € g|(e, ') = 0}.

Proposition 2.4.  Let g be a Lie algebra with dual ¢’ let h be a subalgebra with
dual W C ¢, and let ¢ =1 + ht and g = h + W'* be direct sum decompositions
of ¢ and g respectively, as vector spaces. Further let w : h — h' be a 2-cocycle
with inverse r: h' — h. Set

w(r(z),r(y)]) z,yehl

[z,y]y = —adly  xE€h,yeht
0 r,y € ht |
Q. = —ad! eeg,
rPyoyw(e) xeh'iech
Be(e) = P,.[r(z),e] z€h ech™t

r(aer) r€htecy.

Then (g, 9, v, B) is a matched pair of Lie algebras. Here P,,. denotes the projec-
tion to W=, and Py denotes the projection to h'.

Example 2.5. Let g =W = lin{e;|i € Z } with [e;,e;] = (j — i)e;; be the
2-sided Witt algebra with dual ¢’ = W' = lin{f;|i € Z } where (e;, f;) = 0.
Further let h, = lin{eg,e,} (n € Z ,n # 0) be Lie subalgebras with h, =
lin{ fo, fu}. Up to a nonzero scalar factor there is a unique 2-cocycle w,, = f, A fo
with inverse r, = eg A e,,. We obtain

fi fo = @n—i)ficn if 1#0
i fu] = ifi if 1#0,n
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e, fy = (20 =34)fj-i,

and
(n—j)ejen if i=0;j#-n
e i=mn;7#0,n
—neg 1=mn;7=0
] (1 —2n)eg j=i—n;i#0,n
Brei =3 e, i=7ji#0,n
0 1=0;7=—n
or 1=7j5=n
or 1#0,n; jF#i,1—n.

These structures were first obtained by Michaelis [M], then by Taft [T].

2.2. Lie bialgebras, Classical r-matrices and CYBE. In this subsection we
consider a class of infinite-dimensional graded Lie bialgebras (cf., Definition 2.9,
below) for which we have at our disposal the main results of the finite-dimensional
situation. The results of this subsection are applied in Section 3.

By a locally convex Lie algebra we mean a locally convex vector space with a
continuous Lie bracket. By ®, we denote the completed projective tensor product
of locally convex vector spaces (cf. [K2, Chapter 41]).

Let 7,ad® (for x € g), and &, respectively denote the unique continuous
extensions to g®,g and, respectively, to g®,g®,g (cf. [K2, Chapter 41]) of the
continuous linear maps 7,ad? : @ g - g®gand £ : R IR g — gRIRX g
given, respectively, by 7(z ® y) = y @z, adP(y ® 2) = [2,9] ® 2 + y ® [z, 2],
froyo:) —yo:00.

Definition 2.6. A locally convex Lie bialgebra (g; [, ]; A) is a locally convex Lie
algebra (g;[,]) with a cobracket A\, i.e. a continuous linear map A : g — ¢®,g,
which satisfies the anti-commutativity condition

TolAx=—Af,
the Jacobi identity
(14€+€) o (ABrid) A = 0,
and the compatibility condition

Az, y)) = ad® A (y) + adz(f) A (x).

Remark 2.7.  The operator A®,id is the well-defined continuous extension of
A ®id from g ® (gRr9) t0 gR:(9R,9) = §R,9R,g.

Let {V; | i € Z } be a set of finite-dimensional vector spaces. Denote by
ST V; the vector space of semi-infinite direct formal sums {[];«, e;|e; € Vi,a € Z }.
We endow Y* V; with the topology which arises from the isomorphism
STV 2 Tlheo Vo @ >on>0 V. We define the locally convex space >~ V; anal-
ogously. If V.= 1V, and if, Vi € Z , V/* is the dual space of the finite-

dimensional vector space V;, then we obtain V* =37 V.* as the continuous dual

of V; and (V,V*) forms a reflexive pair of locally convex vector spaces (cf. [KI,
Chapter 30]).
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Lemma 2.8. (i) V®,VXLV*V),
(il)) ST ViR 2T Vi®r Vi = YicigGukyi<iolok)ik<iolng) Vi © Vi @ Vi

Proof. Cf. [K2, Chapter 41]. [ |

Definition 2.9. A locally convex Lie algebra g is an upper semibounded graded
Lie algebra (G -Lie algebra) if ¢ = .7 g; where the g; are finite-dimensional
subspaces of ¢ and [g;, g;] = Gi+;-

In analogy to the finite-dimensional case we make the following definition.

Definition 2.10.  Let g be a G -Lie algebra. We say that

r= e @V € g®rg, (af @V} € g ® g;) is a classical r-matriz if it satisfies
the Classical Yang Baxter Equation (CYBE)

S (@] @b @b+ af @ b7, af] @ b + af © af @ [}, b] = 0. (1)

i7j7k7l7n

Remark 2.11.  Because of Lemma 2.4(iii) we have in the CYBE only finite
summations in the graded components g; ® g; ® g .

Classical r-matrices can be constructed by certain 2-cocycles.

Proposition 2.12.  Let g be a G -Lie algebra, let h be a Lie subalgebra, and
let w:h — h* be an invertible 2-cocycle. Further let i : h — g be the imbedding
operator. Then the extension r = iw 4’ : g* — g of w™' : h* — h is a classical
r-matrix for g.

Lie bialgebras can be given by classical r-matrices.

Proposition 2.13.  Let g be a G -Lie algebra, and let r € gR,¢g be a classical
r-matriz. Then A : g — g®.g defined by A(x) = adPr is a well-defined
continuous operator and (g;[,]; ) is a locally convex Lie bialgebra. (We call
g a triangular G -Lie bialgebra (cf. [D, page 804]).)

Finally we consider the connection between Lie bialgebras and coadjoint
matched pairs. Both concepts are equivalent in the finite-dimensional case whereas
in the infinite-dimensional situation matched pairs are more general.

Lemma 2.14. (i) Let (g;[,]; D) be a G -Lie bialgebra. Let )], := AT, let
a be the coadjoint action of g on g*, and let B be the coadjoint action of g*
on g. Then (g,9*, a,3) is a coadjoint matched pair of Lie algebras.

(i) Let (g,9%, «, ) be a finite-dimensional coadjoint matched pair. Then

(g; 1, 1g5 [,]g) is a Lie bialgebra.

2.3. Real structures. Let g be a complex Lie algebra with dual ¢’. Let
I : g — g be an antilinear involution given by x — T and let ggr := {z € g|x =T}
be the real subalgebra. We say that I defines a real structure on g. We remark
that I7 : ¢ — ¢’ defines a real structure on ¢’. We say that a linear map a : g — ¢’
is real if ao IT =T oa.
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Lemma 2.15. (i) Let g be a GT-Lie algebra (over C) and let r be an r-
matriz. Then (9wr;[,]lgr; Dlgr) % o GT -Lie algebra over IR if and only if
r 15 real.

(ii) Under the assumptions of Proposition 2.2 let I be an real structure of g.
Then (gR,g’]R,a|gR,ﬁ|g/ ) is a real matched pair if and only if r : h — K’
R
is real.

3. The case of formal power series

3.1. Construction of r-matrices. In this section we consider completions of
the Witt algebra W and of its finite dual W’ defined in Example 2.5.
Let

VVJr = ZJF Cei

W= = Z_ sz

be the spaces of semi-infinite formal linear combinations of the elements e; and
fi, respectively. W is a Lie algebra with respect to the canonical extension of
the Lie bracket of W, namely,

i<a i<b i<a,j<b

{Z aiei,Zbl-ei] = Z (j —1)abjeit;.

W~ is the continuous dual of W (i.e. W** =W~) and if we set

o0

< Z a¢€¢7zbifi> = Z a;b; :Zaibi
i=—o0 i=b i=—o0 i=b
then (W*, W, (—,—)) forms a dual pair of vector spaces.

Now we apply the Propositions 2.12, 2.13 for the construction of Lie bial-
gebras. We choose g = W+, g* = W=, h = W} = St Cey (n € NT) and
h* = W, = >7 Cfu. For h* 5 b = > bifin, (fna # 0) we consider the
2-cocycle wy : h x h — C' defined by

wy (2, y) = (b, [r,y]) = Zn(J - i)xiyjb¢+j
,J
where z = Y,z and y = Y, yi€in. According to the identity w®(z,y) =

(Wl (), y) we can view w? as a well-defined linear map wy, : h — h* given by

n
wy (emn) = > n(k — m)bgim fin-
k
Let a be an odd integer and consider the infinite system of equations in the
variables (¢;),. —a—1
=32

> ktbn =61, s=-1,0,1,2, ... (1)
k+l4+m=s
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ie.,
02704,1 ba = ]_
2
2Cfa7107a+1ba+02,a,1ba+1 = 0
) p 45—
Lemma 3.1. (i) The equation system (1) has the two solutions

(ii) Conversely every semi-infinite sequence (¢;) . —a—1 18 the solution of an equa-
=7

tion system (1) for certain (b;).

(iii) Fwvery solution of the equation system (1) is also a solution of the equation
system

Z (2l+k‘+1)bkcl:O se”Z .
k+l=s

Proof. (i) The first equation has the two solutions ¢_q1 = +,/7-. Both
2 a

solutions admit the unique successive solution of the remaining equations.
(ii) Fix (¢;) and consider (1) as an equation system for the (b;). This triangular
equation system has a unique solution.

(iii) (1) corresponds to the formal power series identity b(z)c(z)? = 1 where

b(z) = S bi2" ! and c(2) = ¥, cr2®. If we differentiate the identity b(2)c(2)? =1
and divide the result by ¢(z) we obtain the identity b'(z)c(2)+2b(2)c'(2) = 0 which
in turn yields the identities.

Z (2l+k‘+1)bkcl:0 se”Z .
k+l=s

Consider an element W’ 3 b := b,2% +b,_12* '+ ... € W’ with b, # 0. We
say that b is even (respectively, odd) if a is even (respectively, odd ).

Proposition 3.2. (i) If b is odd then w} is invertible and as the inverse the
map ry: W — W~ defined by

Il < acki-ma

i) = 2 a1

(ii) If b is even then wy is not invertible and we have dim Ker w) = 1.
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Proof. (i) It is easy to verify that rj* maps W into W~. Further we have

non 1 ClC—k—l—m—1
Whr (Fn) = w0 D5 o )

el
‘ 1 ClCf—1—m—1
=n — k)b ) 5 fin
;(] ) J+knsz2m+2l+1fJ
| — k
=Y ClC_k—l—m—lbk+jm

Ikl

Because of Lemma 3.1(iii) we have

Z (=2l —k—2m—14+k+ j)bpyjCc_p—t—m—1 =0 for se€Z.

kol
j+k+1l=s
Using this identity and (1) we obtain
wyy (fmn) = Z Clc—k—l—m—lbk—f—jm = 0j—m—1,-1 = Ojm.

J,k)l
The proof of rjw;’ = id is analogous.

(ii) For simplicity consider the case n = 1. w;, has the following matrix represen-
tation with respect to the bases e;, f;.

0 0 0 0 0 0 —6by
0 0 0 0 0 —4by —5h;
0 0 0 0 —2by —3by —4bs
0 0 0 0 —b;y —2by —3bs
0 0 2by by 0 —bsy —2by
0  4by 3by 2by bs 0 —bs

6Dy  5by  4by 3bs 2by b3 0

O o D
= o 0 —d
D, d¥ B
Let g > e =3, a;e; € Ker wy. It follows that a; = ... = a;, =0, ap =y €C and
that, for i < 0 the a; are determined by the equation system Dya’ = —~d*
where a = (...,a_s,a_1). That is, Ker w, = 1. [

By Lemma 3.1 all operators w;' are parametrized by semi-infinite sequences
(¢i)i<i (up to multiplication with —1). By Lemma 2.8(i) we can also write

1 CIC k1
T, = = Z ———€Cin N\ Cmn-

2,47 2m+ 20+ 1

As a consequence of Proposition 2.12 and 3.2 we can classify all r-matrices which
arise from invertible 2-cocycles wi on W, F. That is the content of the following
result.
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Theorem 3.3. Let (¢;)isa for a € Z be a semi-infinite complex sequence.
Then

1 ClC—f—l—m—1
n —k—l—m—
==Y e A €

2,47 2m+ 20+ 1

18 a classical r-matrix.

Now we consider two special cases.

Examples 3.4. 1. n=1: We have

1 ClC—fo— | —

1 1C—k—l—m—1

= — E ————er N epy,.
"o 21,€lm2m+21—i—1611‘C ¢

These r-matrices correspond those in [B-M, page 27]. But in their paper, instead
considering the spaces W= of formal power series, Beggs and Majid consider
certain spaces of analytic functions.

2. b= fu = fo9a—1, (¢ = £0,,): This is the simplest nontrivial case. The
summation reduces to one summation parameter. We obtain

1
TZ:—Qa—l = % Z

m

1
5 Cu—m)n A Emn-
om —u
3.2. Construction of Lie bialgebras and matched pairs. Next we describe
the Lie bialgebra and matched pair structures which arise from the r-matrices of
Theorem 3.3.

Proposition 3.5.  Set

n a1 ClCk—l—m—1 ,
Ab (62) = adg)rb = E Z m(’fnn — Z)emn+l' N €p-
k,l,m

Then (W, A) is a locally convex Lie bialgebra.

Proof.  The assertion follows from Propostion 2.13, Theorem 3.3 and the cal-
culation

1 ClCk—l—m—1
Ale) = ad, = 3 Sl e
blei) 4 1nklm2m+2l+1e ® ek
1 ClCk—l—m—1
= - iy Emn n+ €mn €iy Ckn
nklm2m+2l+1[e emn] @ e @ [ei, exnl

1 CCk—l—m— . .
- E Z 2277/ _T_ ;l + i(mn - Z)eanri @ €pn + (kn - Z>emn & €knti
k,l,m

n, T 2m+ 20+ 1
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Example 3.6. Let r=1r" We obtain

u=—2a—1"

n 1
Ab (61) = Z memn+i AN e(u,m)n.

Proposition 3.7. Let be h* =W, =37 Cf, even. Set

l
[frna fsn]W— = Z ClCp—stj—1—1 2(r— §+l))+(1)((+]s —ZlJZl +1) f]na (1)
(2jn —q) .
[frnufq]wf = ——chc,r j—l— 12j+21+1fq in if nX q, (2)
[fpafq]w— =0 lf TL* b, q, (3)
e, fi = (20— ) fj-i (4)
TePh 0 mw(e) x € h..,e € he
Bule) = P, ilre(z),e]  x€h e€h/t (5)
re(@er) € htecq, .

Then le") = (Wt W~ «, () is a matched pair of Lie algebras.

Proof. = We calculate the matched pair structure using Lemma 2.14(i). It suffices
to examine the following formula in 3 separate cases:

(eis [for fal) = (D (ei), [ ® fo) -

1 ClCk—l—m—1 .
= m(m” — 1) (OmntipOkn,g — OknpOmntig) fi (6)
k,l,m

Case 1: n|p and nl|q. In this case formula (1) follows upon taking p = rn, ¢ = sn
and 1 = jn.
Case 2: n|p but n) ¢. In this case the first summand in (6) vanishes. Formula
(2) follows upon taking p =rn and i = ¢ — jn # 0.
Case 3: nf p and nf q. In this case formula (3) follows since both summands
vanish in (6).

The formula for « follows from the fact that

(e, fjren) = (—ad] fi, er) = (f;, [ex, €]) = (i — k)0jipn-
||

Now let n=1 and choose the basis g; = wy(e;) in W~. Then the matched
pairs of Proposition 3.7 take on the following self-dual form.
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Proposition 3.8. Let be W~. Then Mb(l) = (W, W~ «, ) is given by

leiejl = (G —deir; 9951 = (G — 1) gisjs

B (m+1i—7)(i—m)
LUEDY om+ 2+ 1

DrmtitjCIC—k—1-m—1€k,
k,l,m

and
ﬁgiej = k;n (m _2‘_772 J_r 32;(—?—_1 m) bm+i+jclc—k—l—m—1gk-
Example 3.9. Consider the special case where b = fu, = f_2a—1)n (i.e.,
¢ = 0;q). Then
[frm fsn] = (T (_2;:{2;)?_2?12?“) f(r+s+u)m
o i = AT e i )4

2rn + un

and

[fpafq] =0 Zf ”*pw] .
Now let n=1. After the basis change ¢, := (u — 21)f_;i1, (ie., (€, 9;) =

—(2§+n)dit+j+n0) We get mutually non-equivalent structures parametrized by odd
integers v in a self-dual form

leise5] = (7 —1)eirs, 1995 = (7 — 1) Giry>

(2] —u)(2i + j — u)
2t +2)—u

(2] —u)(20+ j —u)
21 +2)—u

e, 95 = gi+j, and Pge; = Citj-

«, [ are not compatible with the real structure described next in section 3.3.

3.3. The real case. Consider the real structure Ie, := —e_;.
Remark 3.10.  This involution is motivated by the function space representa-
tion e, = —iexp(ikz)L.

Proposition 3.11.  (g9r, A|r) and (9w, 9w, @, B) are real if and only if ¢, =
coa VMeZ)org=—-t37 VMeZ).
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Proof.  According to Lemma 2.15 (gr, Ar) and (gr,9'R, @, 3) are real if and
only if rl()") is real.

(i) Let ¢ = £ (VI € Z ). Because of I7 fi = —f_; we have to show that
ry(f;) = —rp(f=;) (V5 € Z ). The relation is satisfied if nf j. Now let j = mn.
We have

1

(n) I aliima LG
7y (fon) n§2m+21+16kn n;2m+21+16’“"

1

1 CIC h——m—1 Iy o
“ ; “om i =10 = T Umn):

)

(ii) Let r(f;) = —r(f-;). It follows that

CICkl—m-1 — C__1Ckim
Zlkl 1 1CktmAl (g
; 2m + 20+ 1
Because the last equation is true for all m we obtain
CCkt-m-1— C 1 1Cksmt1 = 0 Vk+m,l. (1)

In other words there is a constant v € C with

¢ =71 VL (2)
¢From (1) and (2) we find that v =1, i.e., ¢ = ¢ V. u
Remark 3.12. (i) It follows from ¢, = £¢-;7 that ¢ is a finite power series.

(ii) Let 77 be real. Then the operator w = r,; ' is complex, since b = -, is an
c

infinite power series for finite c.

Example 3.13. n=1, ¢g=c_; =1. Wy has the real base

up = %(ek +e_g), v = %(ek —e_x). We obtain

r=3m W1+1<Um — () @ (Vo1 — MU —1) + 37 (Vi — ) @ (Vg — 1)
+(W1+1 + 2ml_1)(vm —1Upy) @ (V_py — 1U_p).

4. The case of smooth functions

In this section we apply Proposition 2.3 and 2.4 to obtain real Lie bialgebras
for Lie algebras of smooth functions with fixed zeros on the circle. In [B-M] the
authors obtain a class of complex matched pairs for certain Lie algebras of analytic
vector fields and indicate an obstruction for the case of real structures. These
structures are parametrisized by certain moments b € ¢’. We obtain additional
structures by restriction to subalgebras g. of g and by an enlargement of ¢’ to
g (cf. 4.1) and secondly by application of the construction of proposition 2.4 (cf.
4.2).

4.1. Matched pairs M.. First we introduce the function class D. We identify
27 (respectively, 4m)-periodic functions with functions which are defined on S!
(respectively, on S*® | the double cover of S*).
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Definition 4.1.  Let D be the class of real C*-functions c¢(z), which are
defined on the double cover S'® of S and which have the following properties:

(i) c(z+2m) = —c(z).

(ii) c(z) has zeros xy, ..., xo of orders py, ..., pox (pi € IN)
with py + pe + ... + par = 2u (u odd). (We remark that because of (i) we
have z;1p = z; + 27, pj1k = p;.)

Example 4.2.  ¢(z) =sin’ (n odd). We have k =n, z; = (j —1)2, p; =1
(7=1,..,2n).

For the following we fix an element ¢ € D. We consider the points z; also
as elements of S' (i.e., ; = xj4%).

Definition 4.3. (i) For ¢ € D, g. is the subspace of C*(S!) generated by
all real C*-vector fields f for which f(z;) = f'(z;) = ... = f®i=Y(z;) = 0
Vie{l, .. k}.

/

(ii) g/ is the vector space of C*°-functions on S' with poles at x; of order not
greater than p;.

Remark 4.4. g, is a Lie subalgebra with odd codimension of the Lie algebra
g of all real C'*°-vector fields (s. Lemma 4.6 (i)). g. corresponds the Lie subgroup
G. of Diff, (S!) with

G = {¢ € Diff (S") |p(w:) = 21, ¢/ (2;) = ... = ¢®V(z;) =0}

Now consider the linear maps w. : ¢g. — ¢. and r. : g — g. defined,
respectively, by

=2fd 2f

3 2’

we(f)

and by

Lemma 4.5. (1) we is a well-defined linear map.
(ii) 7. is a well-defined linear map.
(ill) were =idy, Tewe = id,.
Proof. (i) w. changes the zeros at z; of order > p, into poles of order < p;.

The only nontrivial case is a p;-zero at z;. Without loss of generality let z; = 0

and f(x) = ay(z)zP, c(x) = az(x)z?i (a;(0) # 0). We obtain

wlf) = (e~ 10
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—2

x°Pia3

2,1 Wi 2,1 %, 1
(pjzPi ™ aras + x P ayal, — pjx™P " aray — P ajas)

= pors

1 <_2a1(a:)a2’(:c) N 2a1’(:c)> _ )
as(x)? as(x)?

In the second line of (1) the (p; 4+ 1)-poles for the first and the third summand

cancel and so we have a p;-pole. Consequently w,. is well-defined on g..

(i) Let p € g.'. rc(p) is smooth and 27-periodic because of Def. 4.1(i). Obviously

r.(p) has at least a p;-zero at x;. That is r.(p) € g..

(iii)

werelf) = _ium (C(ﬂf) / C(y)p(y)dy) _ 122 (@)e(w) [T e(y)ply)dy

12c(2)d () [7 T e(y)p(y)dy — c(w)(c(z + 2m)p( + 27) — c(x)p(x))
4 c(x)?

1 o(x)? p(z)
and
—2fc 2f 1 qeim_9fd  2f
e f) = re( 4%+ 20y = ety [T 2 2y,
1 z+2m p
= et [ yay = et (D530 - £ — 1o
n

Lemma 4.6. (i) g is a Lie subalgebra of the Lie algebra g of all real C° -

vector fields on S*.

(ii) g. is a dual of g. (cf. Def.2.1) with respect to the bilinear form

(f(a),p(x)) = /S1 Flx)p(x)de .

(i) w, is a 2-cocycle (cf. 2.1).
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Proof. (i) One has to show that [f, g] has a zero of order p; at x;. This follows
from the formula

g 2 [ (2o
=0

(ii) Clearly g., (respectively, g.') separates the points of g./, (respectively, g.).
Then K (f)p = fp' +2f'p acts invariantly on g because if f has an r'*-order zero
at z; and if p has an s -order pol at z; then K(f)p has at most a pole of order
s—r—1>-12>—p; at x;.

(iii) We have

) 1 2f
g>=/51 foc i;gd —/51—2 fa9) + fgdy

3

= [0~ Fody=—(5.15.91).

The assertion follows from the Jacobi identity. [ ]

Remark 4.7.  We have (wy(f),g9) = —(b,[f,g]) (cf. the proof of Lemma
4.6(iii)). Because of the behavior of ¢ at the poles x;, b= 0_12 ¢ g/ and therefore

b is not a moment of g. but we can consider b as a moment of [g., g.].

Proposition 4.8.  Let ¢(z) € D, and let

2dp+cp' prtem 2dq+cq [rtm
P, dlgr = ——F— / cqdy — ———— / cpdy,

asp = fr' +2f'p,

and

g = [T IEEED g gyl [T cpay

Then M. = (g., g¢,, B) is a real matched pair of Lie algebras.

Proof.  The assumptions of Proposition 2.3 are satisfied by Lemmas 4.5 and
4.6. One calculates the above formulas by Proposition 2.3. ]

Because of [p, ¢l = we([re(p), 7e(¢)]) we can identify g. and g.'. Applying
Proposition 2.1.a we obtain a self-dual representation for M..

Theorem 4.9. Set
1 427 (3 ! /! 3 /\2 2 ! oA 2 I "
/ <fgc+f96_f9(6)+f90_fg_fg>d

/ — —
“r9= 26<x> c? c? 3 c? c c

Then (ge, g, &, &) and M, are isomorphic matched pairs of Lie algebras.
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Proof.  One calculates the above expression for o' by o/ = raw. ]

Example 4.10.  Let c¢(z) = sin 3. Then g. turns out to be the space of real
analytic functions with f(0) = 0 while ¢,/ is the space of real analytic functions
possibly having a simple pole at 0. We obtain r.(p)(x) = sin § [ET2T sin 2 f(y)dy
and

: 1 w2 (3fg' +2f'g)cosy  fg(l+2cos’y) 2f'¢' +4"f
a'rg = éc(x) —5 - — - , dy.
x sin” y sin” y sin y

Remark 4.11.  With respect to some weaker topology of the Lie algebra g. and
a certain completion ¢g.®g. of the algebraic tensor product g.® g., the matched
pairs M, correspond to r-matrices

053 = rlo) = — e eta)el). o) ={ 1 HYERD)

and Lie bialgebras (g., A : g. — g.8¢.) with

A(f) = ix(% y)(e(@)e()(f'(x) + ['(y) = f@)c (x)e(y) = fly)e(z)d ().

4.2. Matched pairs M. Finally we generalize Proposition 4.8 in the spirit
of Proposition 2.4. Fix an element c¢(x) € D and consider also ¢,(x) := c(nz)
as an element of D. Let ¢, have zeros z; of order p;, (j = 1,...,2nk) with
P1+ ... + Donk = 2nu and u odd. We have z;,, = x; + 27” and p; = pjir. We can
consider the elements z; € S'® as elements of S! (i.e., T = 7, + 27).

Definition 4.12. (i) g% is the vector space of C™-vector fields on S' with
zeros x; of order at least pj,

ii ")’ is the vector space of C®-functions on S with poles z; of order at
gc p p J
most p;,

(iii) A" is the subspace of g{™ of 2X-periodic vector fields,
(iv) A’ is the subspace of ™" of 2% _periodic functions.
Lemma 4.13. (i) g™, h{™ are subalgebras of g.

C )

(respectively, h™') are duals of g™ (respectively h™ ) (cf. Def. 2.1).

(ii) With respect to the pairing (f(x),p(z)) = Jg1 f(x)g(x)dx the spaces g’

(ili) We have the direct decompositions g™ = hi™ 4+ hW+ and g™ = B’ +
B
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Proof. (i), (ii) See the proof of Lemma 4.6(i),(ii).
(iii) Let f € g{™. The first identity follows from the decomposition

The proof of the second identity is analogous. ]

Define linear maps w(™ : h(W — hg"), and r{™ : hg"), — h{™ by setting

—2fc,’  2f
(n) noy 2
we(f) st
and
(n) 1 421
W) = —qe@) [ awp)dy.
Lemma 4.14. w™ is a 2-cocycle and (™ ,w™ are well-defined linear maps
with rMw™ = idhg") , wMr) = idhg”)l'
Proof.  See the proof of Lemma 4.5. [ |

Theorem 4.15. Let ¢ € D and set

2¢,/p+ cpp) [rtem 2¢,/q + g et
[p,q] = — /x cn(y)q(y)dy — — 1 /x cn(y)p(y)dy

427

1
[p,q) = cZpg — Z(cnq’ + 2¢,/q) / cnpdy

if p € hg”)l, q € R+,

[p,ql =0
if p,q € hIV:;
app = fp'+2fp;
and
rﬁ")Ph'%m) (x)wén)(e) x €h{ e h™
Bule) = Pyilri(z),e]  w e eehl
™ () T € hﬁ”)l, e € g,

Then MM = (g™ ", B) is a real matched pair of Lie algebras.

c JYJdc

Proof.  The proof is analogous to Proposition 4.8 and follows from Lemma 4.5,
4.6 and Proposition 2.4. [ ]
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5. Some problems

Possibly additional structures can be classified by the consideration of addi-
tional classes of subalgebras. Our method does not work in the case of subalgebras
of odd dimension (e.g. sl(2,C)) and for quasi-triangular r-matrices of subalgebras.

The next step in the direction of a quantization is the integration to matched
pairs of Lie groups and Poisson Lie groups.

Another question is whether there are extensions of matched pairs for g. to
matched pairs of the Lie algebra of all smooth vector fields on the circle.
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