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Abstract. We show that the sum of two adjoint orbits in the Lie algebra
of an exponential Lie group coincides with the Campbell-Baker-Hausdorff
product of these two orbits.

Introduction

N. Wildberger and others have recently investigated the structure of the hyper-
group of the adjoint orbits in relation with the class hypergroup of compact Lie
groups. A generalization of the notion of this type of hypergroup to non-compact
groups, for instance to nilpotent or exponential Lie groups, leads to the prob-
lem of determining a precise relation between the sum of adjoint orbits in the
Lie algebra and the product of the corresponding conjugacy classes in the group
(see [1], and [4]). In ([3]) Wildberger has shown that for nilpotent Lie groups G
the exponential of the sum of two adjoint orbits €2; + €25 is equal to the product
exp {2y -exp )y in G. In this paper we consider the same problem for exponential
groups.
Let us recall that by the definition of exponential Lie groups, the map-
pings
exp:g— G and log:G — g
are diffeomorphisms. We can transfer the group multiplication in G via exp to
a group multiplication in the Lie algebra g and we shall denote it by the symbol
x. We obtain the so called Baker-Campbell-Hausdorff multiplication in g, which
is given by
1 1

U*V:U+V+%[U,V]+E[U,[U,V]]wLE[V,[V,UHJF"‘

for small U and V in g.

Let X and Y be two elements of the Lie algebra g of the exponential
group G. We denote by A X = Ad(A)X the adjoint action of the element A of
G on X, and by

CX={X|Aeq)}
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106 ARNAL AND LuDwIG
the adjoint orbit of X . For h € G, let
C(h)y={g-h-g7"'|geG}

be the conjugacy class of h.
We show in this note that exp(“ X +¢Y) is equal to C(exp X)-C(expY).

Theorem A. Let G be an exponential Lie group with Lie algebra g. For any
elements X and Y of g we have

GX 1+ Gy =GXx xCy,

In fact in order to prove this identity, it suffices (see the end of the proof
of Theorem A, after Lemma 11) to take two elements X and Y in g and to
show that there exist C, D, K, L in the subalgebra h of g generated by X and
Y, such that

XxY =°Xx 4Py, X+Y=Fxx«ly

If we consider these identities on a purely formal level, they are almost trivial.
Indeed, if b is the free Lie algebra generated by X and Y, then we can form
the formal CBH product U %V as infinite power series in the brackets of X and
Y and we obtain in this fashion a group structure on h,. It is easy to see (for
instance [3]) that

(0.1) Do X 49V = X 4V 4 [hoo, oo) = "= X + V.
If b is nilpotent then we get from this formal identity that
(0.2) "X+ =X +Y +[hh="X+"Y

In the exponential non-nilpotent case, (0.2) is no longer true (see the first example
in the last section of this paper) and we are forced to use closures.

Theorem B. Let H be an exponential Lie group with Lie algebra §. If § is
generated by two elements X and Y , then

HEX+HY)y" =X +Y +[h,b] = (C(X)xC(Y))".

(the symbol ‘=’ here means topological closure in b ).

We see that in order to prove Theorem A we cannot use the result of
Theorem B. In fact, Theorem A is much more delicate. Its proof requires a
detailed analysis of the structure of a solvable Lie algebra generated by two
elements.

The second example in the last section shows that in general solvable
Lie groups the exponential of the sum of two adjoint orbits €2; and 2, may be
much smaller than the product of exp(2; with exp(2s.

This example allows us finally to present in Theorem C a new character-
isation of solvable exponential groups.
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Proof of Theorem A

The proof of Theorem A needs some preparations.

Definition . Let h be an exponential Lie algebra generated by two elements
X and Y. Let b be an ideal of . We denote by Sy, resp. by S;’, the set of all
pairs (C, D), resp. (K, L) in G x G, such that

(1) X+xY =°X+PY modb, resp. X +Y = XX xLY mod b.

If b= {0}, then we abbreviate Sj, resp. S;' to S*, resp. ST.

Remark . If ¢ is another ideal of g contained in b, then obviously
S C S;resp. SFC St

We need the following well known formula. For any ¢ € R define
f&)=(=t)" (e = 1).

Let us write for a linear operator ¥ on a finite dimensional vector space a

| —

k
I\II’

=

(W) = exp(¥) = 3
k=0

k1
E(—‘I’)
1

—0)"He(=T) — 1) if W is invertible).

NE

f(¥) =

>
I

~—
—~

With these notations we have

Lemma 1. Let G be an exponential Lie group with Lie algebra g, let a and
T be two abelian subalgebras of g such that [T,a] C a. Write ¥ = adT|, for
T €. Then for any T,T" € T, A, A’ € a we have

4) (T+A)*(T'+A)= T-I—T'-I—f(\I/—I-\I/')_l(e(—\I/') Cf(E)A+ fF(PAN).

In particular,

Tx f(D)A=T+A=(e(V)- f(V)A) xT.

Proof. Let ¢ = % 4 a and let us realize the exponential group C of ¢ as a
semi-direct product of ¥ with a, i. e.,

C = % x a with multiplication (T, A) - (T", A") = (T + T",exp(—¥")A + A’)
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for any T,7" € T, A, A’ € a. It is easy to see that the exponential mapping
exp: ¢ — C is given by:

exp(T + A) = (T, (V) A).
Indeed, for any a and g € R we have

(T, f(a¥)aA) - (BT, f(BY)5A)
= ((a+ B)T, exp(=pV¥) - f(a¥)ad + f(BV)3A))
= ((a+ BT, f((a+ B)¥)A).

Hence our mapping exp satisfies the functional equation:
exp(aX) - exp(BX) = exp(a + §)X.

Also,

d
7 exp(tX)j—o =X forany X €, o, € R,

Hence exp must be the exponential mapping. The inverse mapping log is thus
given by:
log(T,A) =T+ f(V) 'A, Te€%, Aca.

We can now compute the CBH product * on C. Indeed
(T + A) + (T" + A") = log(exp(T + A) - exp(T" + A"))
= log((T, f(D)A) - (T", f(U")A"))
=log((T+ T, e(—9')- f(D)A+ f(T)A"))
= (T+T)+ f(U4+T)"L (e(=T) - f(D)A+ f(T)A).

This finishes our proof. [ ]

Remark . If ac is the complexification of a then we can extend ¥, f(¥) and
e(V) C-linearly to ac; we shall use the following relations for Z = X +iY € ac:

(L1 R(¥(2)) = ¥(X), R(F(¥)(2)) = [(V)(X), R(e(P)(Z)) = e(¥)(X).

The next lemma gives us special minimal ideals in § which we shall use in the
determination of the sets S* and S*.

Lemma 2. Let § be an exponential Lie algebra which is generated by two
elements X and Y. Let m be a noncentral ideal tn . Then m contains an
tdeal b of b which is one of the following five types.

(i) b = RU is one dimensional. There exists a nontrivial homomorphism
U:h — R such that

[A, U] = W(A)U for any A € b

and U(X)#0 or U(Y) #0.
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(ii) b = RU; + RU; is two-dimensional. There exists a complex nontrivial
homomorphism ¥ of b such that

[A, Uy +iUs) = W(A)(Ur + iUz) for any A€ b

and ¥(X)#0 or U(Y)#0.

(iii) b = RU 4+ RZ is two-dimensional and Z is contained in the center
of . There exists a nontrivial linear functional ¢ : h — R, which is
a homomorphism on [h, ], and a nontrivial homomorphism ¥ : h — R
such that

[A, U] = V(AU + p(A)Z, for all A€ b

and U(X) - ¥(Y)#0, p(X)#0 or p(Y) #0.

(iv) b = RU; + RU; + RZ; + RZ; is three or four dimensional and Zi, Zs
are contained in the center of hy. We have [Uy,Us] = 0 and there exist
a nontrivial linear functional ¢:h — C, which is a homomorphism on
[h,b], and a complezx valued homomorphism V:h — C such that

and U(X) - ¥(Y)#0, o(X)#0 or oY) #0.

(v) there exists an element U # 0 in m such that (0) # [X,U], resp.,
0 # [Y,U] is contained in the center of h and b = R[X,U], resp.
b =R[Y,U].

Proof. Suppose first that there exists a minimal abelian ideal b of § contained
in m such that the intersection of b with the center 3 of b is trivial. Since b is
solvable, b must be of dimension 1 or 2. Furthermore since b is not central we
must have that [, b] # (0). This gives us the cases (i) and (ii).

If no such ideal exists then 37 = m N3 # (0), since now any minimal
ideal of f) contained in m is central. Let us choose a proper minimal ideal b in
m=~h/. It b is central in f) then b is necessarily one dimensional since it is
minimal, so we are in case (v). If b is one dimensional and not central then we
choose U’ in m such that R(U’ mod 3') = b. We have for any A € h

(A, U] = (AU’ + Za

for some ¥(A) in R and some Z4 in 3. We can assume that the e homomorphism
U of h is not trivial, since otherwise b would be central in b Hence either

U(X)#£0or U(Y)#0. If ¥(X)=0 and if Zx =0 then R(U'+ ¥ (V)" 1. Zy)
is ad(X) and ad(Y) invariant and hence is a noncentral ideal of h contained in
m, which is impossible. If U(X) =0 but [X,U’] # 0, then we are in case (v). If
U(X) # 0, we replace U’ by U = U’ 4+ ¥(X)"'Zx. Whence [X,U] = ¥(X)U
and [Y,U] = ¥(Y)U + Z for some Z in 3'. The vector Z is not 0 since then RU
would be a minimal noncentral ideal of § contained in m. Now since Y and X
generate h, we must have that [h,U] C RU + RZ. An easy computation shows
that ¢ is a homomorphism on ker ¥ D [h, h]. This is case (iii).
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Similarly, if b is two-dimensional then we can find U 1 and U} in m such
that b = span(U{,U}) mod 3 and such that for any A in b:

[A, U] + iU = U(A)(U{ + iUy + Z o

for some W(A) in C and some Z4 in (3')c. The homomorphism ¥ is not trivial
since b is two-dimensional. If ¥(X) = 0 then we are either in the case ii) or in the
case v). If U(X) # 0, we replace Uj +iUj by Uy +iUy = U] +iU4+W(X) 1 Zx
and we get for = = U; + iUs the relations

[X,E] = ¥(X)(B), [V,E] =¥(Y)(E)+ 2

for some Z in (3')c. The vector Z cannot be 0 since otherwise span(Uj, Us)

—_ =
— -

would be a minimal noncentral ideal in h. Since [=,Z] € CZ, necessarily,
0 = [X,[Z,Z]]. On the other hand, [X,[=,Z]] = (¥(X) (X))[E,Z]. Since G
is exponential, we have (U(X)+¥(X)) # 0, hence [Z,Z] = 0. This is case (iv).m

Definition .  We say that an ideal b of b is dangerous if it has the form (iii)
or (iv) in Lemma 2.

Lemma 3. (a) Let b be an exponential Lie algebra. Let Uy and Us be two
elements in b such that [Uy,Us] = 0 and such that there exists a nontrivial
complex valued homomorphism ¥ of b with

(A, Uy + iUs] = W(A) U, +iUs)

for any A in b.

Let X and Y be two elements in b and suppose that ¥(Y) # 0. Let B
be an element in b = span(Uy, Usy). Then there exists for any (a1, as) in R? an
element (1, 32) such that

(aUitazlz) x| (Bul1+62U2)y — ¥ 1 Y + B,

Furthermore there exists for any (a1, az) in R? another element (31, 32) such
that
(a1U1+a2U2)X % (51U1+52U2)Y —X4+Y +B.

(b) Let b be an exponential Lie algebra. Let U be an element in b such
that there exists a nontrivial real valued homomorphism U of § such that

[A,U] = U(A)U

for any A in b.
Let X and Y be two elements in b and suppose that W(Y) £ 0. Let B
be an element in b = span(U). There exists for any a in R an element § in R
such that
VX 40y =X +Y +B.
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Furthermore there exists for any o in R another element (3 such that

Ux 4By — X %Y + B.

Proof. (a) We must make some precise computations involving the complex-
ification hc of h. Any vector C = ~v,U; + Uz of b can be written as

C=R(-2),

where v = v, — iy, € C and where = = U; + iUy . Let us write
B = R(wE).

Now if we set a = —a1 + i, 8= —01 + iz, we get

(a1U1+a2U2)X + (B1U1+/B2U2)Y

(3.1) =X + [a1Uy + agUs, X+ Y + [81U; + B2U3, Y]
X 4V 4 R(U(X)a + U(Y)B)E).

We see now that for every « in C we find 3 in C such that V(X)a+¥ (V)3 = w,
i.e. such that

(aUitazlz) x| (Bil1+62U02)y — X 1V 4+ B,

In the same way we treat:

(a1U1—|—o¢2U2)X * (ﬁ1U1+52U2)Y

= (X + [061U1 + OéQUQ,X]) * (Y + [ﬁ1U1 + /BQUQ,Y])

= (X +R(¥(X)aE)) * (Y + R(¥(Y)SE))

= X« (R(f(T(X))V(X)aE)) * (R(e(¥(Y))f(E(Y))U(Y)SE) Y

=XxY

+R(C(X) +T(Y) " He(=TY) F(¥(X)U(X )+ fF(¥(Y))U(Y)B)E})

(by Lemma 1). Whence if we set
(3:2) f(U(X)+T(Y)"He(-(Y))f(U(X)P(X)a+ f(¥(Y))P(Y)5} =w,
then we get for every (ap,as) in R? an element (81, 32) in R? such that

(a1U1+OtzU2)X % (51U1+52U2)Y =XxY + B.

Part (b) is similar. u
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Lemma 4. (a) Let b be an exponential Lie algebra. Let Uy and Us be two
elements of b such that [Up,Us] = 0 and such that there exist a complex
homomorphism ¥, a complex linear functional ¢ of b, and a central vector
Z1+ 14y =7 #0 in b, such that

[A, 5] = ¥(A)(F) +¢(4)2

for every A in b, where = = Uy +1iU;.
Let X and Y be two elements in b so that U(X)-U(Y) # 0. Suppose
furthermore that

V(X))
| S50 e |0

Let C = R(yZ) and B = R(p=), for some v,p € C. Then there exist (o, az)
and (81, 2) in R? such that

(aUitaxUz) x o (Bilh+52U2)y — X 4V + B + C.
Furthermore there exist (w1,ws) and (11,72) in R? such that

(@ilitw2U2) y o (MUi4nU2)y — X x Y + B+ C.

(b) Let b be an exponential Lie algebra. Let U be an element of § such
that there exists a real homomorphism W and a real linear functional ¢ of b and
a central vector Z # 0 in b, with

[A, U] =V (AU + p(A)Z for any A € b.

Let X andY be two elements in by so that ¥(X)-W(Y') # 0. Suppose furthermore
that
0 O
e(X) )| "
Let C =cZ and B=1rU for some c,r € R.
Then there exist o and 3 in R such that

det

VX 4+Y =X +Y +B+C.
Furthermore there exists for any w in R another element T such that

WwWUx s« Uy = XxY +B+C.

Proof. (a) We set
a = —ay +iag, resp. 3= —F1 +if,
and have
(a1U1+a2U2)X + (51U1+52U2)Y
= X + [1U; + apUsp, X+ Y + [1U1 + B2U2, Y]
=X+ R([X,a-Z)+Y +R([Y,5-Z])
— X+ + R((aW(X) + JU(Y)) - E) + R{(ap(X) + Ap(Y))Z).
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Since det | | # 0, there exists a unique pair (, 3) in C? such that
(4.1) a¥(X) + BU(Y) = p and ap(X) + Bp(Y) = .
This means of course that

X+Y+B+C = (041U1+OtzU2)X + (,31U1+,32U2)Y.

Finally, for w = —wy +iwy and 7 = —711 + 119 € C we have
E = (w1U1—|—w2U2)X % (T1U1+T2U2)Y

= (X +R([X,w-ZF]) * (Y+§R([ T-E])
= (X +RUX)wE+T(X) ! o(X)2))*
* (Y +RUY)TE+ () 0(Y)2))
= X Rwf(T(X))¥(X) (2 +‘11(X) Lo(X)Z
* R(7 - e(U(Y)) fF(U(Y)PUY)E+T(Y)™
= X R((wf(P(X))¥(X )+T€(‘I’(Y)) (w(y
+ R(wf (T(X)p(X) + 7e(¥(Y)) f((Y))p(Y))Z).
by Lemma 1. Let us set
WF(B(X)UX) + (DY) F(U(Y)E(Y) = a

\_/
\_/
~—

—_
—
—

and
wf(T(X))p(X) + Te(T(V) F(B(Y))p(Y) = b
Then
E=X*RaE+VY) oY) 2)*Y + R((—a¥(Y) oY) +b)2)
=X+ Y+ R(e(—P(Y)aE+U(Y) (V) 2)) + R((—a¥(Y) " oY) + ) 2)
= XY *R(e(—¥(Y))a)Z + R((a(—¥(Y) oY)
+e(—T(Y)U(Y) (V) +b)2)
= XY xR(e(—T(Y)aE+ V(X *xY) (X xY)2))
+R((a{—T(Y) oY) — e(—T(Y)T(X = Y) (X +Y)
+e(=P(Y)U(Y) oY)} +0)2)
=X =Y + R((f(¥(X Y)) te(—¥(Y))a)E)

+R((@{f(PX*Y))e(-TY)V(X *Y) p(X +Y) = T(Y) Hp(Y)

—e(=UP(Y))U(X *Y)Tp(X #Y) +e(=U(Y)U(Y) p(Y)} +0)2).
Since det | | # 0 we can choose w and 7 such that
(42)  wf(Y(X)U(X)+7-e(U(Y))f(LY)PY) = pe(¥(Y))f(T(X xY))
and

w f(¥(X))p(X) + 7e(T(Y)) f(¥(Y))e(Y)
=7 = pe(U(Y)) F((X *Y){(f(T(X*Y)) ™" = 1)
e(—U(Y)U(X #Y) (X *Y) + (e(—=¥(Y)) = DE(Y) (V)]

and we get
(1litw2U2) x o (MUi+n2U2)y — X 4V + B 4+ C.

The proof of (b) is similar to the proof (a). n



114 ARNAL AND LUDWIG

Lemma 5. (a) Let b be an exponential Lie algebra. Let Uy and Us be two
elements in b, such that (U, Us] = 0, let Z1,Z5 be two central elements of b,
such that
[A Ui+ ’LUQ] = (A)(Ul + ’LUQ) + gO(A)(Zl + ’iZQ)

forany A in b. Let X and Y be two elements in b, such that W(X)-U(Y) #0,
U(X)+P(Y)=0, p(X)=0, p(Y)=1.

Let C be any element in the span of Z1,Zs. Then there exist ay, g in
R, such that

a1U1+a2U2X + a1U1+042U2Y =X+Y+0C.

Furthermore, there exist wi,ws tn R, such that
w1U1+UJ2U2X % UJ1U1+w2U2Y =X*xY +C.

(b) Let b be an exponential Lie algebra. Let U be an element in b, let
Z be a central element of by, such that

[A, U] = ¥(A)(U) +¢(A)(2)
forany A in . Let X and Y be two elements in b, such that W(X)-¥(Y) #0,
U(X)+P(Y)=0, o(X)=0, and p(Y)=1.
Let C' be any element in the span of Z. Then there exists an o in R,

such that
UWx Uy —X+Y +C.

Furthermore, there exists w in R, such that
VXYY =X xY +C.

Proof. (a) Let us use the computations from the proof of Lemma 4 (a). For
any (ap,as) in R? we have
(@1U1+0a2Uz) x| (a1Ui+aslz)y
=X+ R([X,a-Z])+Y +R([Y, - E])
=X +Y +R(a¥(X)+a¥(Y)) Z) + R((ap(X) + ap(Y))Z)
=X +Y +R(a2).
Hence it suffices to put a = 7, where + is such that C = R(vZ). Furthermore
(Wil 4w2U2) x  (@1Ur+w2U2)y
= (X +R([X,w-Z])) = (Y + 8'1‘/([Y =)
= (X + R(I(X)w(E+T(X) - p(X)2)))
« (Y + ROU(Yw(E+T(Y) - 9(Y)2)))
= X (RWf(U(X)P(X)(E+T(X) - p(X)Z)))
* (R(w - e(TY)FEQ)TY)E+ L) ¢(Y)Z)))
= Xx (R((w/f (VX)) ¥(X) +w-e(T(Y))f(T(Y))¥(Y))Z))
+ R((we(¥(Y)) f((Y))e(Y))Z).

*Y
*Y

~—

(1]

Since

W (X)X ) +we(B(V)) BV T(Y) = (e ") 141—¢¥0)) = 00 = 0,

it suffices to put w = (e(¥(Y))f(¥(Y)))~! v, where v is such that C = R(vZ).
The proof of (b) is similar. u
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The structure of §

We shall now construct inductively a sequence of ideals
bD[b,b]:nDnanr_l---Dnl Dn():(())

such that n;/n;_; = b; is an ideal in h/n; of the form i) to v) in Lemma 2
(i=1,2,---,7).

We shall use the root decomposition of h relative to some regular element
T € bh. Let us recall what a root ¥ of h is. We choose any Jordan-Holder
sequence h D by O --- D b, = {0} of h. The h-modules bh; = b;/h;y1 are
irreducible, for j = 1 to p — 1, hence of dimension 1 or 2. We get in the
dimension 1 case a real homomorphism ¥; of . In the dimension 2 case, we

have (h;)c = CE+CE and [4,2] = ¥,(A)Z, [A4,5] = U,(A)E, for any A€ b
and \Ifj,ﬁj are complex homomorphisms. The homomorphisms ¥;’s and ﬁj ’s
are called the roots of h. It is easy to see that the roots do not depend on a
given Jordan-Holder sequence and that for any 7' in b, the spectrum of ad 7" on

hc is given by the numbers ¥(T'), ¥ =root of h.

Let first T" be an element of h which is in general position relatively
to the roots of h, i. e. for any two distinct roots ¥ and ¥’ of h we have
U(T') # ¥'(T). We denote by

UP peo,

the corresponding root of h. Hence every root ¥ of b is of the form U#, for
some (3 € o. Furthermore, it is not difficult to see that a root W, for which
U(T) = —f3 for some 3 € o, is equal to —¥PF.

Let bhe = Zﬁea(bc)ﬁ be the decomposition of h¢ into the sum of the
nilspaces of ad T', the summation being made over the spectrum o of adT. We
have

[(bc)s, (be)p] C (be)gtp, for any 8, B in o.

In particular (hc)o = (ho)c is a subalgebra of hc (which is in fact nilpotent) and

[(ho)c, (he)s] C (be)s

for any 8 in o. Furthermore for any S in by, ad S — ¥A(S) is nilpotent on
(b@)g. Let

bo = (ho)c N'b, bs = ((bc)s + (be)z)) Nb = ((be)s + (be)g) Nb.

Then §h = Z,@EU hs and hg Cn for any B # 0. If b is any ideal of b then

b=bnho+ Y (hs)NbEbo+ > by
BET\0 BeT\0
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and
h/b=(b/b)o+ Y (b/0)s=(bo/b)+ > (hs/b).
Bea\0 Bea\0

Furthermore, let ¥ be a root of h and let 5 = W(T). Suppose that —f is
also an eigenvalue of ady. 7. Let U’ be the root of h corresponding to —3. If
(bc)o D [(be)s, (he)—pg] # {0}, then for any S in hg, since ad S — (¥ (S)+¥'(5))
is nilpotent on [(hc)g, (hc)—p], we must have that ¥(S) + ¥/(S) = 0. On the
other hand every root of b is trivial on Zﬁea\o hs and so ¥ = —.

We begin by choosing in [n,n] an ideal by as in Lemma 2, if [n, n] is not
central. If [n,n] is central, but n is not, we choose the ideal b; in n. If n is
central, but h is not abelian, we choose b; in . If b is abelian, we do nothing.
Set n = bl .

If by is dangerous, then we have Z; in (hc)g for some 5 # 0 in o and
Z1 # 0 in (ho)c and we obtain the linear functional ¢ = ¢ of (iii) in Lemma 2
and the homomorphism ¥, where

[A, El] = \Ifl(A)E.l + @1(14)21, A€ b,
and we let 1n =kerpy Nn={U €n|[U,Z1] =0}. Thus 1n is an ideal in b. If
by is of the form (i), (ii) or (v) then we set ;n = n. Continuing in this fashion,
we find inductively the ideals ny C --- C n; of h (contained in [n,n] as long as
[n,n]/n;_1 is not central in h/n;_q), the ideals 1n D --- D ;n D [n,n], jn D nj.
If jn/n; is not central in h/n;, then we again find an ideal b1 in jn/n;. In
the case where b, 1is of the form (iii) or (iv) we have Z; in (hc)s for some
B;j =0 #01in o and Z; in (ho)c and we obtain the linear functional ¢ = ¢; of
iii) and the homomorphism ¥; in Lemma 2 where
(5.1) [A, Ej] = qu(A)Ej + (pj(A)Zj mod (nj)@, Ae [),
and we set jyin = ;nNkeryp; ={U € ;n | [U,ZE;] =0 mod (nj)c}. Hence j41n
is an ideal in . If b; is of the form i), ii), or v) then we set ;i 1n = jn. Let nj;q
be the set of all elements = in b, such that z mod n; € b;1 ;. This finishes step
j.

We continue this process until we find some r in N, for which ,n/n, is
central in h/n,.. We set

m=,n.

We give now a precise description of h/m.

Definition 1.  Let J be the set of all the indices j in {1,---,r} for which b;
is dangerous.

Thus

[n, n] Cm:nﬂ{ﬂ kerp;} Cn
JjedJ
and m is an ideal of h. Indeed nNkerp; = {u € n | [u,b;] = {0} mod n;_;} is
an ideal of § for any j in J. Furthermore we see from (5.1) that for every j in
J, since [ho, (hc)s] C (he)s,
(5.2) ;i (bo Nn) = {0}
Hence
hoNn C m.
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Lemma 6. Let 6 = h/m. For any [ # 0 in the spectrum & of adT on 6
there exists j in J such that UP = —V;.

Proof.  Suppose that 3 is not real. Choose a vector € in (hc)g, such that
6 ¢ mc and such that

[T, 0] = 30 mod m¢ = ¥P(T)0 mod me.

Since 6 ¢ mc, there exists j in J such that ¢;(0) # 0. Choose Z; and Z; # 0
in (bj)c such that

[A, 5] = V;(A)Z; + ¢;(A)Z; mod (nj—1)c
for any A in h. Hence
[[A, 0],55] = [A, [0,55]] - [0, [A, 55]] = 0— [0, ¥;(A)Z;] mod nj_y.

Hence [[4,0]+V;(A)0,Z;] =0 in (h/n;_1)c and so also ¢;([A4,0]+¥;(A)0) =0,
ie.

[A, 0] = =V, (A)f8 mod (ker p;)c for all A € b.

Since also
[T, 0] = 6 mod m¢ = (30 mod (ker ¢;)c

we see that W;(T) = —3. Hence ¥# = —V; by 5.0. u

In Lemma 7 and 8 we give a precise description of the elements X and
Y modm and in Lemma 9 we determine the structure of h/n,..

Lemma 7. Let 6 = b/m. For any (B # 0 in the spectrum o of adT on 6,
((h)c)p is one dimensional and for T' in by, 0 in (hc)g, we have [T',0] =
UA(T")0 mod mc. Furthermore hg is one or two-dimensional.

Proof.  Since [ho, ho] C m by (5.2) we have [ho, o] = {0}. Furthermore

[(bc)g, (he)y) Cmyn] Cmforall B,y #0in o

implies that N N
[(hc) s, (b)) = {0}, for all 5,7 # 0in o.

Let us show that for any 77 in bo, [T7,0] — ¥P(T")6 € mc. Indeed, we have
[T',60] = TP (T") - 4 0, for some 6; in ((hc)s)

and @ is not a scalar multiple of 0, , since ad(7")—W#(T") is nilpotent on ((hc)s).

The vector #; must be contained in m. Since otherwise we would have an index

j in J, such that ¢;(6;) # 0. Since 6; is in ((hc)g), [01,Z;] ¢ (nj—1)c implies

that 5+ ¥;(7) =0 by 5.0 and so =; must be in (hc)_g. Hence

(77, 0),55] = [T, [0, Z5]] = [0, [T", E;]) = 0 — W;(T")¢;(0) Z; mod (nj—1)c.
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On the other hand we also have that
(77, 6), 5] = [W2(T")6 + 61, 55] = (¥7(T")g;(8) + ¢;(61)) Z; mod (nj—1)c.

Thus ¢;(61) = 0, a contradiction and #; must be an element of mc.

Suppose that (E(c) 3 is of dimension > 2. Let V4 and Va be two linearly

independent vectors in ((h)c)s and let Bs C ((h)c)s be a supplementary
subspace, i.e.: )
((h)c)s = CV1 © CV2 @ By

Let

n'=%B5+ > (bo)p, b =be/n”, 6;=Vimodn”, i=12
B'#B,8'#0

Since X and Y generate b, the vectors X’ = X mod n” and Y’ =Y mod n”

generate . Furthermore the subspace hj of b’ is spanned by 0;, i = 1,2 and
B =By + . We also have that [, 5] and (B, bo] = (0). Let us write

X'=Tx + a1 + asbs, Y =Ty + 161 + 3202,
where Tx and Ty are the components of X’ resp. of Y’ in (h')g. WHence
[X/,Y/] = \I/'G(X>(5101 + ﬁggg) — \Ilﬁ(Y)(oq@l + 012(92>.

We see that b} = span(X', Y, WP (X)(B101 + B202) — TP (Y) (161 + aobs)) is a
subalgebra of h’ containing X’ and Y’ and so h’ = h}. But then (h’)g is of
dimension 1, a contradiction. Obviously, since ho N n C m, we have dim (h)g <

dim (h/[h, b)) < 2. n

Let now
o =a \ {0}.

We have seen in Lemma 7 that for any § in ¢, ((h)s)s mod mc is of dimension
1 over C. We choose a vector ¢ # 0 in (hc)s mod me and we write:

X = Tx + Z Xﬁelﬁ mod mc,
BEa’

Y =Ty + Z Yg@lﬁ mod mc,
BeEa’

where T'x , resp. Ty € ho. We want to determine the Xg’s, resp. Yg's.

Lemma 8. We can assume that for any (B in o', there exists a unique 03 in
(bc)s with the following property: for every j in J we have ¢;(fs) =1 or 0.
Furthermore

X =Tx mod m, Y:Ty—i—ﬂ?(z 63) mod m.
BeEa’
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For every j in J, there exists a unique [ in o', such that ¢;(0g) =1, ¢;(6,) =0
for all v in o',y # B, and such that V; = —UP where WP is as in Lemma, 7.
Proof.  Let R = R(> 5., s(X)~! - Xpbj) and let X' = EX v = Ry.
Then X’ = Tx mod m and Y/’ = Ty + Z,@ea/ Yg% mod m¢ for some new
coefficients Yj3. We remark that f is also generated by X’ and Y’, since R € f
and so h = Bh. We shall work from now on with X’ and Y’ and we shall
show that there exist C,D,K,L in h such that X’ + PY’ = X’ « Y’ and
KX« LY’ = X' +Y’'. But this means that

RCxRy | RTDsRy _ x4y apd B KRy o B 'LeRy _ x 1y,

We can thus forget about X and Y and write X = X', Y =Y.

Let now j € J. There exists some v in ¢ and some Z; in (hc)y N1y
and Z; in (bc)o \ nj—1 such that (n;)c mod (nj_1)c = C=; + C(E;)” +CZ; +
C(Z;)~ mod (nj_1)c and such that

[A, E]] = \I/] (A) . E] + (p] (A) . ZJ mod (nj_l)(c, fOI‘ all A (- h

Since @;(n) # 0, there exists some 3 in ¢’ such that ¢;(0;) # 0 which implies
that v = —3, whence ¥~F = ¥;. Furthermore [0/,,Z;] C ((bc)u—p N (n)c) C
(nj_1)c forall u # 3. Hence ¢;(0;,) = 0 for such a p. Since X = Tx mod m we
have ¢;(X) =0 and so ¢;(Y) must be # 0 for every j. On the other hand, for
any 3 in o', since 0 ¢ mc, there exists an index j in J, such that ¢;(05) # 0.
By rescaling Z;, we may even assume that ¢;(Y) =1 and so Yj - ¢;(0}) = 1
for any j in J associated with . Replacing now 9/’3 by Yg - 0/’3 = 03 for all B
in o/, we finally get:
Y =Ty + 205 mod mc.
Bea’
u

(8.1) Remark. We have just seen that for any j in J, the restriction of
the linear functional ¢; to n is of the form @~ # for some unique 3 in o,
where ~2(0) = 1, ¢ #(0p) = 0 for § # B, o~ *([n,n]) = ¢~ (m) = {0}
Furthermore U—° = ¥,

Since ,n/n, is central in h/n, we see from Lemma 8 that (h)c/(n.)c =
(ho)c = >_ e, COpg mod (n,)c and thus we can write

(8.2) X =Tx modn,, Y =Ty+ » 63mod (n.)c
BEa’

for some new elements T'x,Ty in ho. Let us set

(8.3) S = [Tx,Ty] € [bo, bo]-
Lemma 9.

e =CTx +CTy + Y _ Chs+CS+ > Clhs,0_5] + (n,)c.

BEa’ BeEa’
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Proof. First we observe that [h, m] C n,, since by the definition of n,, m/n,
is central in h/n,. This implies especially that for 5 € o', ((hc)g) N m is
already contained in (n,)c, since adTx is injective on ((hc)g). Especially,
[05,05] C ., for §'# —f3. Since for any (3 in o', [05,0-5] C nc N (ho)c C mc,
we thus have that [h,[03,0_5]] C (n,)c. We have seen in Lemma 7 that for
B o, T by, [T',05) = ¥VP(T")0s mod me. Since [T",05] € (hs)c, we know
now that [T",05] = U#(T")05 mod (n,.)c.

Since by (5.2) [ho, o] C m, necessarily [[ho, hol, b] C (n,)c.

Now b = CT'x + CTy + Zﬂea’ Cgﬁ + CS + Zﬁea’ C[@g, 9_5] + (t‘lr)(c
is a subalgebra of hc. This subalgebra evidently contains X and Y. Hence
h' = be. m

(9.1) Remark. Lemma 9 tells us that

(m)c = [ho, holc + Z Clos,0—p] + (nr)c

BEa’

=CS+ > Clhg,0-p] + (m)c.

peo’

Let now for 8 € o/,
Zg = [03,0-g] € (ho)c-

Inductively we choose (31, 32, -+,3s in o', such that
(9.2) Zg, ¢ spanc{Zg,, Z5. i <j}+ (n)c
and such that
me = CS +spanc{Zp,, Z5 |i=1,---,s} + (n-)c.
Let
(9.3) ot ={p,---,B8} Co' Co.
In particular, condition (9.2) implies that e+ N {—(c7)} = . Let
o-=—0", ol'=0'"\{o7U(c7)}, 00 =cl’"\ {oT Ut}

Let us choose a subset ¢0 in o0’ such that every real § in o0’ is contained in
00 and such that for any nonreal § in o0, {3,3} N o0 contains one element
and let

(9.4) ocl=00Uc™.
Let

(1m)c = (n,)c +spanc{ls, 05 | B € 07} +spanc{Zs, Zs | B € 0},
(em)c = (1m)c + »  Chg.

Beol
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Hence
be = CI'x + CTy + Z C@/@ +CS + (1m)@
BET1
= (CTX + CTY + CS + (Qm)((j
and

(9.5) b =RTx +RTy + Z R(COH3) + RS + (1m) = RTx +RTy + RS + (2m),
BEor
m; = (1m)c N b = (n,.) + span{R(Ch3) | 3 € 0~} + span{R(CZs) | B € o }.

We now begin the determination of some elements in S* and in ST.

Lemma 10. S*, , resp. Sty , contains an element (C, D) resp. (K, L) such
that

0 det‘ U(X) w(Y) )

pi (X)) @;(PY)
resp. such that

0 det' U(X) () ’

e;(FX) (YY)
forall j € J.

Proof. The first step is to find a huge subset of S*,, D &*,m resp. of
STom DS, m. We want first to determine

(C, D) = (CoTy,doTx> iIl S*2m

resp.
(K, L) = (k?oTy,loTx> in S+2m.

If S is an element of ym, then we can take any cg, dg, kg and [y in R. If S ¢ jm,
then given dy, resp. kg, in R, we set ¢y = dy — %, resp. ko = % + .

Since om is an ideal, such that h/om is nilpotent of step < 2, we have
then that

1
CX+DY:X+Y+(dO—c0)S:X+Y+§S:X*Ymod2m.
Furthermore:
1
KX*LY:X+Y+(§+Zo—k0)S:X+Ymod2m.

We shall from now on fix c¢g,dp, ko and [y and we look for a large number of
elements in S* , resp. ST . of the form

(C,D) = ((R(D_ csbp)) * coTy, (R(D_ dpbg)) * doTx)

Beol Beol
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resp.
(K,L) = (R(Y_ kpb)) * koTy, (R( D _ 150)) * loTx ).
peol Beal
Since
X =Txmod m, Y =Ty + Z 63 mod (1m)c,
Beol
and since

X*xY =Tx +Ty + poS + Z ppbs mod (1m)c,
Beol

for some pg, pg € C, B € 01, we obtain the equations

C)(%_EW/
=Tx =R gV (X)0p) + Ty + RO (0¥ ) — w8 (Y)dp)0)
(10.*) Beol Beol
=Tx +Ty + R( Z ey
Beaol

= X Y mod (RS + 1m),
whence for any 3 in ol:
(*5) P (X) + (e ) L 9B (Vdg) = —(X % Y)5 = —pg.

We see that for any cg in R we can find a unique dg such that (xg) is satisfied.
In the same way

KX« Ly
= (Tx —R( ) ks¥’(X)03))
(10.4) et
s« (Ty + RO (") — 0P (Y)i5)05)
Beol

=X 4+Y mod (RS + m)

gives us for 3 in o1 the equation

e(— 0P (V) F (O (X)) UP(X)(~kg) + F(BP (V)T (V) (~lg) + €7 X))

R FOP(X) + WP(Y))(X +Y)g.

(see Lemma 1). Again for any kg in C we find a unique lg such that (+3) is
fulfilled.

In other words for any C' = (R(3_sc, c0)) * coTy , we find a unique
D = (R(X_5eq1d8Y8)) * doTx) such that (C,D) € S* |, and the numbers dg
depend linearly on cg, resp. for any

K = (R()_ kb)) = koTy

Beol
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there exists a unique L = (R(} 5,4 10s)) * loTx so that (K,L) € ST, and
the numbers 3 depend linearly on kg.
We now proceed with to investigate S*,. . As before we write ot =

{61f"7ﬁs}7and nOW

0; =0p,, 0_i =0_p,, Z; = Zp,, ¢; =cg,, d; =dg,,
=W, =, U = o =

and soon, ¢ =1 to s.

We recall that ¢*(6—;) = 1, ¢*(0,) = 0 for v # —B;, ¢ '(6;) =
1, ¢7*(0y) =0 for v # B;. We shall use the following coordinates in the group
H = exph. Every element g in (expn) - expR7Ty can be written by (9.5) in a
unique way as a product:

S

g =gr* (JRlcibs) = (D re(csbs)) Ty,

=1 Beol

where g, € N, = expn, and where the c_; and cg are complex numbers. We
will sometimes write

go_, = C_i, T€SP. go, = Cg.
Our goal is now to construct rational functions c_;,d—_;, i =1 to s and dg, 8 €

o1, defined on Zariski open subsets in the variables ¢ = {cg, § € o1}, such that
the pairs (C, D) with

C = H R(c_i(c)0-;) * ( Z R(cpbp)) * coTy,

Beol

D= H R(d_i(c)0—) = (D> R(ds(c)0s)) * doTx)

Beol

are in §*,, for any ¢ = (¢3)ger1 in the common domain of the functions
c_i,dg,d_; and that furthermore for any j in J, whenever ¥;(X)+W¥;(Y) # 0,
we have

O%det‘ V(X))  (Y) ‘

pi(CX) ¢ (PY)
A similar result will of course be shown for ST, .

Let for i =1 to s,

(m;)c = (n)c + i(@—k +CO-%)” +CZ +C(Zk)7), (mo)c = (m)c.
k=1

In particular, (mg)c = (1m)c.

The subspace m; is an ideal of h and m;/m;_y = CO_;, + C(0_;)~ +
CZ; + C(Z;)~ is dangerous. We determine now by induction on ¢ the elements
in 8*., resp. Sty , for i = s to 0.
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We have for any 7 in {1,---, s}
[A,0_;] =T (A)-0_; + ¢ (A)Z; mod m;_;, A€ h.
Taking (C, D) in S8*,, we try to find
(C",D") = (R(c—ib_;) * C,R(d—;0_;) * D) in S*m,_,,

using the formulas of Lemma 3, 4 and 5.
If U9(X)+ ¥YY) = 0, we proceed in the following way. we have
CX4+PY = X*Y+B+2" modm;_; for some B = R(pf_;) and Z" = R(vZ;).

By Lemma 3 we can find a unique d’_;, which depends linearly on p, such that

CX +4-0-*Dy — X xY + Z' mod (m;_;)

for some Z’ in spang(Z;, Z;) N'h. Then we can apply Lemma 5 in order to
determine c¢_; and d_;. By Lemma 5, we can find a in C so that

Rlab—i) x 4« ®@0-)y — X %Y — Z' mod m;_;.

Whence
%(QQ,Z)CX + %(ae,l)sze,l*DY

_ %(aG_i)(CX + dl_lﬂ_i*Dy)
=R (X %Y + Z' mod (m;_y))

— ?R(Ozefi)X * §R(a9,i)Y + Z/ mod (mi—l)
=X %Y mod (m;_1).

/

Let us set c_; =a, d_; = a+d’"_;; c_; and d_; are rational functions of ¢; and

cg, B €00. If U/(X)+ Wi (Y)+#O0 consider the equations (given in 4.1)

c i UTHX)+d U Y) = (X *Y)_; = p;

(x—1) » »
c_ip (O X)+d_io (PY) = (CX + PY)z =i,

where 7; depends on C' and D. Since

C =R(c_(ip1)0_it1)) * - * R(c—s0_s) * N( Z cgbp) * coTy resp.
Beol

D = R(d—(i41)0—(i41)) * - #* R(d_s0_o) * R( D dpbg)  doTx,
Beol

we see that 7; is rational in cg, 5 € ¢0. In this way we obtain that the numbers
c—; and d_; are rational functions in the cg’s, B € ol for fixed do.
The condition

UTHX)  TTY)

det ) .
e H(CX) o i(PY

)'#O
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forces us to reject all the pairs (C,D) in §*y, for which the corresponding
determinant = 0. Since by (10.x), resp. (10.+), we have for any § in ¢’ that

(10.1) X = X — R(cpPs(X)05) mod ker o~ P,

resp.
Dy — v 4 R(ed¥sX) — dgW5(Y)03) mod ker o~

we get o (OX) = —¢; U (X), o (PY) = eV (X) — g,¥¢(Y) and so

IS SRS
PTpriex) oY)

= W (X) (P ) — W (V) — U (Y ) (—e W (X)),

whence the condition det = 0 is equivalent to
(10.2) ¢ —d; = —WiH(Y) LoV ()

since ¥ 4+ W' = 0.
Together with the condition (x3) we obtain for fixed dy a linear system
in the variables ¢; and d;:

C; — dz = —\I/i(Y>_18d0'\Ili(X)

(*i) . . 4
GV (X) + d; U (Y) = eD? () (X xY),

with matrix
1 -1
<‘1’i(X) ‘Ifi(Y))
whose determinant is ¥*(X) + ¥*(Y).
Since U (X) + U{(Y) # 0, there is a unique pair (c;,d;) which must
be excluded, i.e. we must take out of S*,., every pair (C,D) for which the
coordinates c¢;, resp. d; satisfy (xi). Finally when we arrive at ¢ = 1 we have

found elements C,D with (C,D) € S§*,,, and we have just seen that we can
write C', D in the form

C=R(c10_1) % *R(c_s0_s) * R( Z cgls) * coTy,

Beol

D =R(d_10_1) % * R(d_s0_,) xre( Y dslp) x doTy ),
Beol

where dg,c_; and d_; are rational functions in the cg’s, 8 € o1 and where the
¢ = (cg)peo1 varies in a Zariski open set.

When we try to go from S*,_  to &* we shall encounter the dangerous
ideals b; with j € J. If the corresponding root ¥; belongs to a root —3 with
B in ol, ie. if ¥; = U8 = 9P, p; = o P for some ( in ol, and if



126 ARNAL AND LUDWIG

U,i(X)+ U (Y) # 0, then we must again exclude all the solutions (C, D) in
8™y, , for which
Wy(X) ()

0 = det .
;i (°X) ¢;(PY)

But then the coordinates cs and dg are the unique solution of the system

Cﬁ — dg = —\Ifﬁ(Y)_ledO’\pﬁ(X)

7 csUP (X) + daUP (V) = D" ) _ (X 5Y)4

which gives us a Zariski closed subset of the 3’s, [ € o1, which we must throw
away. The case where U belongs to a root §; in o is much more delicate. We
recall that this means that U; = U, ¢; = ¢’ and so

[A, E]] = \I/Z(A)EJ + QDZ<A)ZJ mod (nj_l)(c, Ae b

Now the coordinate c_; of C had been obtained as solution of the system of
equations:

i UTHX)+d, UTHY) = (X xY)

(% — 1) . .
c_ip T (OX) +d_io ' (PY) = (CX + PY)z =i,

where v; depends on the cg’s, 3 € 00. The condition
w00 )
@i (“X) ¢ (7Y)

S — d—i — \Iji(Y)—le—dOdI/i(X),

0 = det = U;(X)p;(PY) = 0 (Y)e;(“X)

(see 10.1) imposes another constraint on the solution, which, we recall, is a
rational function of the cg, B € ol.
Hence, if we determinec_; and d_; by the two equations (x —1i) we get

e = LT (X (PY) U (V) OX)) X Y )i (PY) — T (V)
doi = (TTH(X)p  (PY) — U (¥ ) (CX)} (X # V)i (CX) 42,07 (X))

The condition c_; —d_; = \Ili(Y)_le_dO"I’ii(X) imposes another relation on ¢;,
namely:

VY)Y T (X T (PY) - (YT (OX))
= (X # V)i (PY) =¥ (Y) + (X #Y)_ilp 7 (OX) =907 (X).

Since p H(“X +PY) = o %X *Y) = const, we obtain a nontrivial relation
between c¢; and the other variables cg, 3 € 00:

(W (V) lem oV ) (—H(X) + (V) }o (O X)
+ rational function in {cg, 8 € 00} = 0.
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Hence, using an appropriate induction hypothesis for j = r to 1, we can conclude
that there exist rational functions c_;, ¢ =1 to s, dg, 8 € o1, defined on Zariski
open subsets in the variables cg, B € o1, such that the pairs

(C7D) =

(H R(c_0_;) *( Z R(cpbp)) * coTy,

Beol

H R(d—if—s) * (> _ R(dsp)) * doTx)

Beol

are in §*,, for any (cg)ger1 in the common domain of the functions c_;, dg,d_;
and that furthermore for any j in J, whenever ¥;(X) + ¥;(Y) # 0, we have

0 det' (X)) W(Y) ‘

i (°X) ;i (PY)|

We consider now ST, . First we determine by induction on i the elements in
Stm,. We have written

[A, 9_2] = \I/_1<A) : 0_2' -+ QO_Z(A)ZZ mod (mi_l)((j, Ae [)
Taking now (K, L) in Sty,,, we try to find
(K/ = %(k_10_1> * K, L/ = §R(l_7ﬂ_z) * L) in S+mi_1

using the formulas of Lemma 3, 4 and 5.

If U9(X)+ ¥YY) = 0, we proceed in the following way. we have
EX %Y = X+Y +B+Z" mod m;_; for some B = R(ph_;) and Z" = R(vZ;).
By Lemma 3 we can find a unique I’_;, which depends linearly on p, such that

Ky zgie,i*LY _ (X + Y) + Z' mod (mi—l)

for some Z’ in spang(Z;, Z;) N'h. Then we can apply Lemma 5 in order to
determine k_; and [_;. We can find « in C so that

Rlab—i) x 4 Red)y — X 41V — Z' mod m;_;.

Whence
8?(049_1-)KX " %(aG_i)ll_lﬂ_i*LY
_ %(aG_i)(KX * l'_iQ_i*Ly>
= R(-)(X +Y 4 Z' mod (m;_,))
— §R(O¢9_i)X _|_ %(Oze_i)y _|_ Z/ mOd (mi—1>
=X +Y mod (mi_1>.
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Let us set k_; = «, I_; = a+1",, k_; and [_; are rational functions in
kg, B € 00, and k;. If U'(X)+ UY(Y) # 0, consider the equations (4.2) for
X=EX, Y=Ly, =07 o=yt We get

ki f(OTHX))TTHX) + Lie(TTHY)) - fETHY)TTHY) = p]

(X +Y)z = ki f(¥7(X))p™ (" X)

(+—1) . . il
(U (V) FTTH (V)™ (VY)

where v; depends rationally on kg, § € 00 and where p) is a constant.
In this way we see that the numbers k_; and [_; are rational functions
in the kg, 8 € 00 and in k;. The condition

UHX) WY

det] ik x) prigty)| 70

forces us to reject all the pairs (K, L) in Sty for which the corresponding
determinant = 0. Since

(10.3) EX = X — R(k; V' (X)6;) mod ker p~ ¢,
resp. .
Ly = Ty + R(el" ) — ;%% (Y)6;) mod ker ¢,
(see 10.1) we get ¢ {(EX) = -k, UY(X), o (1Y) = elo- ' (X) _ [;¥1(Y) and so

T(X)  TY)

Ozdet — —i
eI (X)) e (MY)

is equivalent to ‘
ki—1; = —\I’i(Y)_lelo'\Iﬂ(X)a

since W% 4+ U = 0.
Together with the condition (XX 1Y)y, = (X +Y)y, we obtain a linear
system in the variables k; and [;:
ki = L= = (Y)Y O (0 (X) ()
{e(=W (V) f (U (X)) (=W (X)ks) + F(UI(Y) (¥ ) — Wi (Y)L;)}
=(X+Y),.
Replacing now k; by [; — \Ifi(Y)_lelo‘I’i(X) in the equation above, we get

FUHX) + T (V) (X +Y);
= (=14 e(—V(X) -V (Y)))l; + --- independent of I; and k;.

Hence we find a unique [; and k; satisfying these equations. We must throw away
all the pairs (K, L) for which the coordinates k; and k; satisfy these equations.
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In this way we determine the elements (K, L) in ST, and we have just seen
that we can write them in the form:

(K, L) = (R(k_10_1) % x R(k_s0_3) * R( D kpbp) = koTy,
Beol

RU_10_1) = R(I_s0_5) » R( D _ 1g0s) * LTy )

Beol

where the lg’s, k_;’s and [_;’s are rational functions in the variables kg’s,
B € ol defined on a Zariski open subset.

When we go from St, to ST we shall have to deal again with the
dangerous ideals b; where j € J. If the correspondig root ¥; belongs to a root
—3 contained in —ol, ie. ¥; = ¥ and ¢; = ¢ ? for some 3 in ol and if
U, (X)+ U, (Y) # 0, we must again exclude all the solutions (K,L) in Sty ,
for which

_ Ui (X)  U(Y)
0=40 |05 X) gty |
But then the coordinates kg = (K)g, and lg = (L)g
solution of the linear system of rank 2

, are given as the unique

kg —lg = —Wg(Y) Telo (X
and

(=P (V) F(UP (X)W (X)(~kg) + FBP (V) (B2 (V) (L) + ¥

) w0 + U)X 4 V).

Hence it suffices to take out all the (K, L) which satisfy these two equations.

The case where ¥; belongs to a root 3; in o™ is much more delicate.
We recall that this means that

[A, 2] = U(A)Z; + ¢ (A)Z;, A€,
Indeed the coordinate k_; of K had been obtained as solution of the equation:

ki f(PTH(X))TTH(X) + Lie(PT(Y)) - f(2T(Y) (Y
(+=i) = pi-exp(T (V) f(TT(X *Y))
ki f (X)) (M X) + 1ie(WTH(Y)) F(ITH(Y))e " ("Y) = 7.

The condition

U(X)  Wy(Y)
;i (FX) ¢;('Y)

o k—i . l—i _ \Iji(Y)—lelo.\IJ*i(X),

0 = det = U;(X)p; (FY) = U;(Y)p; (" X)
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imposes another constraint on the solution, which, we recall, is a rational function
of the kg, § € ol. This gives us three equations relating k; = (K)g,, l; = (L),
with k_; and [_;. The first two equations tell us that

FOOTH O (X)p—i("Y) —
=P ("Y) =
FOETH(Y))e(™ ’(Y))
= U (X)y; — pip™"

V)™ (" X) e
(v)
X)o—i("Y) =0 (V)™ (" X) H

v
0
{o~
("X

\_//_\

where v = v; — pl - {(exp(=¥~{(Y)) = )T {Y)" L. o 4(LY) + ...} and where

pi = pi - exp(T(V)) f(TT(X xY)),

as in (4.2). If we introduce these values into the last of the three equations and
if we use the identity

(10.4) @i ("X FY) = e(= W (V) f (L' (X)) p—i (" X) + F(T(Y)) i (" X)

we get, since 7, = v — -+ = —pl(exp(=¥(Y)) — 1)T~{(Y)" L. oY) +
a function in the variables kg, 8 € 00:

W) T U (X (MY) - U (Y) T (KX))

= FOUTHX)) T (o (FY) =70 TH(Y))

— (fOET(Y))e(T (V) THE T (X)yi — pie (K X))

= pif (X)) e (FY) (1 A+ (exp(—0T(Y)) = DY) THETH(Y))

— o f(TTHY)) TH(T T (X) (exp(— T TH(Y)) = DY) e (FY)

} + a function in the other variables

) THEY) T He T Y ((FEHY)) (L A+ (exp(PF(Y)) — 1)
+ FPTH(X)) (= T(X)) (exp(TH(Y)) = )T (V) 7)

+ f(T7HX)) - ¢ (¥ X)} + a function in the other variables

= pif(TTH(X) LN (Y) !

{e7 (") (F(T(Y)) exp(T'(Y) + (exp(¥' (X)) — 1) f(TT(Y)))

+ o (X)) f(ETHX)}
+ a function in the other variables

= pif(IH(X)) (P (V)

{e™ (Y FITH(Y)e(T (X)) + f(TTH(X))e™ (" X))}

+ a function in the other variables

= AT O ST (Y)) - (7 IV,
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{e(=T (V) F(T(X)p—i (" X) + f(T(YV)p—i("Y)}
4+ a function in the other variables
= P (f(TTHX)) F(TY))) - (e OIFT X)) i (KX s By
+ a function in the other variables

= a function in the other variables ,
by (10.4) and since ¢ { (KX * 1Y) = p=%(X +Y) + constant.
On the other hand , using again (10.4)
WHY) T O U (X (MY - T (Y)e T (K X))
- .= \Iji(Y)—1el0-\117i(X)f(q,—i(y))—l{e—\lli(X) . e\I/i(Y)}go—i(KX)
+ a function in the other variables
Hence we get an identity of the form:

0 (K X) + a rational function of the other variables = 0.

This gives us a nontrivial rational condition on the kg’s, 8 € 00 and k;.
Hence, using an appropriate induction hypothesis for j = r to 1, we can
conclude that for any [y € R, there exist rational functions [;, ¢ = 1 to s,
lg, Be€ol, k_i, i =1 to s in the variables kg € R, 8 € o1, defined on Zariski
open subsets, such that the pairs

(K7 L) =
(JIR(E=i0-5) « (D R(kpp)) = koTy, [ [ RU-s0-5) % (D> R(Is3)) * loTx)
i=1 Beol i=1 Beol
are in ST, for any (k) g1 in the common domain of the functions k_;, g,
and such the determinants are # 0. ]

Lemma 11. Let § be a subalgebra generated by two elements X and Y of the
exponential Lie algebra g. Then S* and ST are not empty.

Proof. Let us take any element (C,D) in S*, with the property of Lemma
10. It is now easy to see that for some appropriate elements N, M in n,, we
have (N «C,M x D) € §*. We proceed by a backwards induction on j = r
to 1. Having found (Cj, D;) in Sy, > such that (Cjmod n,,D;mod n,) =
(C mod n,,D mod n,) we look for elements N;_i,M;_1 in h;_;, such that
(Nj_1xC;, M;_1%D;) € §*,_, . It suffices to consider the corresponding Lemma
3,4 or 5. Since for any N in m and U in h we have ¢;(N xU) = ¢;(U) we see
that in the dangerous cases

v5(X) (¥)

j V(X)) U(Y)
@i (1 X) @i (Piry)

0i(“X) ¢ (PY
and so we can solve the given equations. This shows us that S* # (0. We proceed
in the same way to show that ST is not empty. [ ]

det ‘:det‘ ) # 0
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End of the proof of Theorem A: Let A = “X + Y be an element of “X + Y.
Let us write X = X’ and PY = Y’. Let b’ be the subalgebra generated by
X’ and Y’. By Lemma 11, there exist K’ and L’ in b’, such that

X' +Y =X <Y,

Hence A = (K*CX) « ('*PY) e (9X) % (°Y). If B =KX %Ly € 6X « Oy,
then writing XX = X', Y =Y, we can find by Lemma 11 elements C’ and
D’ in the subalgebra generated by X’ and Y, such that X'*«Y’ = ¢ X'+ P'y".
Hence

B=FXxly = X' xy' = *Kx 4 P*ly ¢ Gx 4 Gy,

Proof of Theorem B
It is easy to see that “X + #Y € X +Y + [h, h], hence also

X 4+7Y)" c X+Y +1[b,b).

In order to prove that X +Y + [h,b] C (X + HY )~ we proceed by induction
on the dimension of h. If b is one dimensional then there is nothing to prove.

We may suppose that [h,h] = n is not central, since otherwise b is
nilpotent and we know then by Wildberger’s result that X + Y + [h,h] =
HX + 7Yy We look at minimal noncentral ideals b contained in n. If bz = {0},
then we consider p : h — h/b = h. We have cases (i) and (ii) of Lemma 2. We
shall treat only the case (ii) and leave the other case to the reader.

There exists a basis Uy, Us of b such that for any A € b,

[A, Uy + U] = U(A)(U; +iUy),

where A — W(A) is a nontrivial linear functional which satisfies U([h, h]) = {0}.
Let us suppose that ¥(Y') # 0 (otherwise we replace Y by X ). We shall use

now the induction hypothesis for h = h/b. Let X = X mod b, Y =Y mod b
etc. We get:

("X +1Y)" =X +Y +[b,b].
Let now p € [h, h]. By the induction hypothesis, there exists for € > 0 an element
O(e) in b of length < €, an element B in b, C, D in h such that
X+Y+P=°X+PY +B+0(e).
We have seen in Lemma 3 that there exists (31,32 in R such that
OX  Brlhtb2l2)=Dy — x 4V 4 P — O(e).

We continue now with case (iv) of Lemma 2. We write as before:

(X, 0] = U(X)0, [V,0] = U(Y)0 + Z,
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where Z € 3 + i3 and where ¥U(X) and ¥(Y) are the two nonreal complex
numbers, which are not purely imaginary (since b is exponential). We divide
through 3" = spanc(Z, Z~) Nk and we apply the induction hypothesis.

For any P € [h,h] and € > 0 there exist C,D,0(5) in b, [|O(5)| <
5, W in 3’ such that

X+Y+P:CX+DY+W+O€y

We look at the complex matrices

M= (fé% @ngf)))'

If the rank of M is not 2, we take
R=(—¥(X))"[X,Y]
and we set for any 6 # 0 in R:

C' = (6R) x C.
The corresponding matrix
p_ o Y(X) ()
= (1% sow))
is then of rank 2 for all § # 0. Indeed we have
[Rv 0] = (_\P(X))_l[[X7 Y]v 9] = (_\P(X))_l([X7 [Yv 9” - [Yv [Xa 0]])
= (—U(X)) " HI(X) (V) - U(X)U(Y)) - V(X)Z) = Z.

Hence
X0 ="R[°X, Rg) = "X, 0] = "F(W(X)0 + (“X)Z)
= U(X)0+ (p(°X) + 6T (X))Z.
Thus
p(X) = p(°X) + T(X)d
and

detM' = —U(X)¥(Y)§ # 0.
For § very small the element
0(0)=°X -“X
of [h,h] is of length < § and so we can write O(d) + O(5) = O(e) and also
X+Y+P=X+PY +W+0()

and if we now write C instead of C’ we can assume that rank M = 2.

By Lemma 4 we can choose a1, as, 31,32 in R such that

(a1U1—|—o¢2U2)*C’X + (51U1—|—52U2)*DY — CX + DY + W
This means of course that
X _|_ Y + P — (051U1—|—052U2)*CX + (51U1+52U2)*DY _|_ O(E)

The case (v) of Lemma 2 is very easy and is left to the reader. n

It has been shown by Wildberger in [3] that if H is nilpotent then we
do not need closures. In fact the following slightly stronger result holds.
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Proposition 1.  Let h be a nilpotent Lie algebra generated by two elements
X and Y as an ideal. Then:

BX +HY =X +Y +[h,p) =X« Y.

Proof. Indeed, if h is abelian, then the result is clear. If not, let us proceed
by induction on the dimension of f. There exists a noncentral element U in b,
such that [U,§] C 3. If now

[X,U] =0and [Y,U] =0,

then X and Y are contained in the centralizer 3(U) of U. But 3(U) is an ideal
in h. This implies that 3(U) = h and so U is central in h. Hence we may
suppose that [X,U] = Z # 0. We divide through RZ and we use the induction
hypothesis for h/RZ and so on. [

Two examples

First Example: H#X +HY £ X +Y + [h,b].
We give now an example of an exponential Lie algebrag generated by
two elements X,Y in g such that

CX+9Y =CX+%Y £X+Y + g4

Let g be a Lie algebra spanned by the vectors T, U, V, Z and equipped with the
following nontrivial brackets:

T,U] =-U, [T,V] =V, [U,V] = Z.

The Lie algebrag is an extension by T of the two step nilpotent algebra n =
[g,9] = span(U, V, Z) and the center of g is given by the span of Z. Let now

X and Y generate g: indeed let gy be the subalgebra of g generated by X and
Y. Then X+Y =U+V e€gp, [X,U+V]=-U+V € ggmod RZ and thus
[U, V] =Z € go. Finally gy contains T,U,V and Z and so g = go.

We shall realize the group G associated with g as a semidirect product
of R with n=[g,g|, i.e. G =R xn and the multiplication in G is given by:

(tuwU + oV +2Z) - (', W'U +0'V 4+ 2'2)

/ / 1 ’ /
=(t+t,(ut+u YU+ (e T+ )W+ (242 + §(et w’ — e T o'u) 7).

Let us show now that “X + Y # X +Y + [g,9]. We remark first that
G =[G,G] - exp(RX) = [G,G] - exp(RY'), hence

GX = [G’G]X, resp. ¢Y = [@.Cly
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and so
GX — {expuU*exva(T 4+ U) | u,v € R}

={T+ 14+ uw)U+ (—v)V + (—v—uv)Z | u,v € R}.
And similarly

GY — {expu’U*expv’V(_T+ V) ’ u/,v/ c R}
={-T+ (- YU+ Q+0)V+@1+0)2Z)|u v e€R}.

Hence

GX+GY:
={1l+u—u WU+ A-v+0" )W+ (v(-1—-u)+u(1+0)Z]|u,v,u, v €R}.

Let A= aU + fV 4+ §Z be any element in [g,g]. We try to solve the equation:

Ae®Xx 4%y,
i.e.
a=1l4+u—u, B=-v+(1+), d=v(-1—u)+u(1+),
for some u,u/,v,v" € R. fnow 1+u—u' =a =0, then § = —v/v+u (14+0) =

W (—v+ (14+v")) =4F. Thus if =0, § must also be 0 and no element
A=0Z of [g,g], 0 #0,

is contained in “X 4+ €Y. We also see that “X + “Y contains every element
B =aU + BV + 67, with o? + 32 # 0 and finally

CX +° =[g,g] \R*Z
Second Example: exp(X +7Y) # C(expX)-C(expY).

Let us show by a last example that for solvable nonexponential groups
we do no longer have that

exp(9X 4+ ¢Y) = Clexp X) - C(expY).

Let g =¢(2) = RT + C be the three dimensional Lie algebra with the brackets:

The Lie group associated with g can be described as G = E(2) = R x C with
group law:
I>.

(1]

(t,5)- (¢, &) = (t+t,e " -2+
In Lemma 1 we have seen that

(1)

tT'+2) = (t
exp(tT +2) = (t, - —

—_
. -
— ).
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Let now X =sT, Y =tT + 1, with s-t # 0. Then X and Y generate g and
we have

CX=CX=sT+C,°Y =tT+Cand * X + Y = (s + )T + C

and also
C(expX) = (s,C) and C(expY) = (¢, C).
Thus
CexpX)-C(expY) = ((s +1t),C).
But

exp(“X + “Y) = exp((s + )T + C) = ((s + 1), f(s + t)C).
Hence, if s+t = 2kmw # 0, then

exp(9X 4 €Y) = exp(2km + C) = (2km, {0- C})
= (2km,{0}) # exp(9X) - exp(€Y) = (2km, C).

Theorem C. Let G = expg be a simply connected, connected solvable Lie
group. Then G is exponential if and only if for every X and Y in g, exp X -
expY €exp(®X + FY).

Proof. If G is exponential, then the condition is satisfied by Theorem A. If
G is not exponential, then the exponential mapping is not surjective. However,
for any solvable Lie group.S with Lie algebra s, for any subspace twv of s such
that s =t + [s, 5], we have

S = expto - exp[s, 5] = expto - exps.

Hence if we choose g in G, such that g ¢ expg, then we can take X,Y in g,
such that
g=expX -exp?Y.

Hence g € exp®X -exp @Y, but g ¢ exp(?X + €Y. [ |

Final Question: Would it be possible to obtain our result directly by using
a special expression for the Baker-Campbell-Hausdorff-formula (see for instance
[2] in a different context)?
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