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LP- LY Estimates for functions

of the Laplace—Beltrami operator

*
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In this paper we continue the study of functional calculus for the Laplace—
Beltrami operator on symmetric spaces of the noncompact type begun in [3];
this paper is dedicated to a study of the Poisson semigroup, which we define
shortly.

Let G and K be a connected noncompact semisimple Lie group with
finite center and a maximal compact subgroup thereof, and consider the sym-
metric space G/K, also denoted by X. We denote by n the dimension of X, by
¢ its real rank, and by v the “pseudo—dimension” 2 }EOJF ‘ + ¢, where ‘ZOJF } is the
cardinality of the set of the positive indivisible (restricted) roots.

There is a canonical invariant Riemannian metric on X; denote by —Lg
the associated Laplace—Beltrami operator. By general nonsense, L is positive
and essentially self-adjoint on C2°(X); let £ be the unique self-adjoint extension
of Ly and {P,} the spectral resolution of the identity for which

Ef:/RO:ndPnf Vf € Dom(L),

where Ry = (p, ,0)1/ 2 p being the usual half-sum of the positive roots.
For 6 in [0,1] and ¢ in (0, 1), the f-heat and the (o, §)—Poisson semi-
groups (Hyg)i>0 and (PZ%)i>o are defined thus:

oo

Hiof = exp(—t(n —ORg))dP,f  Vte (0,00) Vfe L*(X)
R¢

Plof = - exp(—t(n — «9R02)") P, f Vit € (0,00) Vfe€ LQ(X).
RE

The (o, 0)—Poisson semigroup may be obtained from the #—heat semigroup by
subordination. However, while estimates from above can be proved using this
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fact, estimates from below cannot. If 1 < p,q < oo and the operator P,% satisfies
a norm inequality of the form

1Pl <Clfll,  9feL*(X)nLP(X),

g 1s said to be LP—L9-bounded.

In this paper we examine for which p and ¢ the operator Py is LP—L1-
bounded, and we study the behaviour of the LP-L?-operator norms [P’ |||p;q
as t tends to 0 and to oo for all such p and ¢. As ¢ tends to oo, the expression
describing the behaviour of ||P,% |||p_q involves powers of ¢, in which the indices v
and ¢ play an important role. Two features of our study are noteworthy. First,
while H; ¢ is LP—L7-bounded whenever 1 < p < ¢ < oo, P, is not LP-L9-
bounded for many such p and ¢. Second, when p or ¢ reach the critical index
for LP—L9-boundedness, the exponent ¢ 4 1 appears; in our previous work, we
saw only £. We refer to [3] for an account of related work.

In order to state our main theorem, we introduce a little notation: if
0<6<1,

po=2/(1+(1-0)"/?),

Ro = [(1-0){(p,p)]"?,

Rap==[§§;-—9)0upﬂlﬂ;

in the definition of Ry ,, po < p < pp’. Observe that 1 < py < 2, that Ry
defined here agrees with Ry as defined previously when 6 = 0, that Ry, = Rp
when p =2, and that Ry, =0 when p =py or p=py’.

Theorem 1. Suppose that 0 < 0§ <1, 0 < o <1, and 1 < p,q < co. The
following conditions hold:

(i) if t >0, then P is LP —L?-bounded only if p < g, p < py’,
and q = py;
(ii) if pg <p < py’, then
20 .
|p;p = exp(—Reyp t) Vt € (0, 00);

1P
(iii) if p<gq, p<py’ and q > py, then
1Pl ~t /P2 vt e (0,1];

|p;q
(iv) if p<q=2 or 2=p<gq, then
1P ~ v/ eXP(—RQQUt) Vit € [1, 00);

|p;q

(v) if p<2<yq, then
|||Pt?9”|p;q ~ v exp(—R§7t) Vit € [1,00);

(vi) if p<q<2 and q > pg, then
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‘”Pt?@ H‘p;q ~ exp(—RG?g t) vt € [1,00);
(vii) if p <gq=pe, then
[Payl,  ~ 0200 e 1 00);
(vili) if 2<p<q and p < py’, then
IPal, ~ P exp(—REE) e [1,00);
(ix) if p" =p <gq, then
IPo  ~ D e (1 0),

Section 1 of this paper is devoted to notation, and a summary of relevant
material, such as the the spherical Fourier transformation. In Section 2 we prove
our theorem.

1. Notation and Background Material

We use the standard notation of the theory of Lie groups and symmetric spaces,
as in, for instance, S. Helgason [6]. Our notation here is also consistent with our
paper [3], to which we refer several times.

For any = in G, we denote by A(z) the element of a such that z €
Nexp A(z) K (the Iwasawa decomposition). For any (complex-valued) linear
form A on a, the elementary spherical function ¢, is defined by the rule

oa(r) = /K exp((iA + p) A(kx))dk Yz € G.

The spherical Fourier transform ]? of an L'(G)—function f is defined by the
formula

F(A) :/Gf(@“) é_n(x)dx VA€ a*.

Harish—Chandra proved an inversion formula and a Plancherel formula for the
spherical Fourier transformation, namely

f = [ FWor@du(a)  ¥ae

for “nice” K —bi-invariant functions f on G, and

.= /.

where du(A) = ¢, |c(A)| "> dA, and ¢ denotes the Harish-Chandra c—function.
For the details, see, for instance, Theorem IV.7.5 of Helgason [6]. We often
deal with the inversion formula and the Plancherel formula with purely radial
integrands. From the formula for the c—function (Theorem IV.6.14 of [6]), it is
clear that if F': [0,00) — C and f(A) = F(|JA]) for all A in a*, then

~ 2 1/2
Ff ] vre e,

(1) / FA) dp(d) = e / CF(IA]) [e(A)] 7 dA ~ / SR (Lt ),
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provided the integrals converge. We shall also use a modified version of the
Plancherel measure, ji, defined by the rule

Ay /ah =TT 1+ e, A%

04626’_
(see [3] for the notation). Clearly
C < dp(A)/dA < C'(1+ A",

where C' and C’ are constants. The modified Plancherel measure appears in
several results of harmonic analysis on symmetric spaces; see [3].

Let W3 be the interior of the convex hull in a* of the images of p under
the Weyl group of (g,a). For § in (0,1), we denote by Wy and Ts the dilate
of W1 by 0 and the tube over the polygon Wy, ie., Ty = a* 4+ 0 Wy. If
1 < p < 2, the spherical Fourier transform of an LP(G)-function extends to a
bounded holomorphic function in the tube Ts(,), where 6(p) is defined by the
rule

o(p) =2/p—1.

We define the quadratic function @y on ag :

Qo(A) = (A, M)+ (1 =0)(p,p) VA E€ag,

and denote by p/, the K -bi-invariant function on G such that

Pio (A) = exp(—th(A)") VA € Ts(py)-
Then
Ptgef:f*pfe vt € (0, 00) ‘v’fGLQ(X).

Note that Qg and p¢, continue analytically to the tube Ts(,,), but to no
larger tube. We denote by h; the kernel associated to the heat operator, i. e.,

h(A) = exp ( — tQo(A ))
Throughout this paper, the following assumptions are made about the
parameters:

1<p,q< o0,
1/p+1/p' =1,
0<60<1,
O<o<1,
0<t<oo.

Recall that pg = 2/[1—|—(1—9)1/2}, and note that §(pp) = (1-0)*/2. By C and C’
we denote positive constants which may not be the same at different occurrences;
C and C' may depend on anything quantified, implicitly or explicitly, before the
formula in which they appear. The expression

A(t)~B(t) VteD,
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where D is some subset of the domains of A and of B, means that there exist
constants C' and C’ such that

C AW < |B(t)] < CA(®®)| Vt € D.
If the operator T' on L?(X) satisfies a norm inequality of the form
ITfll, < CIfll,  VfeL*(X)NLP(X),

then T extends uniquely to a bounded operator from LP(X) to LI(X) (where
the weak-star topology should be used if p = 00); conversely, if a continuous
extension to a bounded operator from LP(X) to LI(X) exists, then such a norm
inequality holds. We denote by [|T']|,,, the norm of the linear operator 7" from
LP(X) to LI(X).

2. Estimates for the (o, 0)—Poisson semigroup

First we prove a couple of technical results on integration, then we estimate the
LP-norms of py, for various p. Finally we put the ingredients together to prove
the main theorem.

Lemma 1. Suppose that 0 < a < 8 < oo, w > 0, and n > 0. Suppose also that
Y is a function on the interval [a, 3), which is continuous and strictly positive
throughout [, (3), such that, for constants C' and k,

W) <CO+s)  Vse o d),
Then
(i) if a=0,
B
/ exp(—ts*) (s — )T L ap(s) ds ~ g/ Vit € [1, 00);
(i) if o> 0,
B
/ exp(—ts¥) (s — )" 1 p(s)ds ~ 7 exp(—a¥t)  Vt € [1,00).
Proof. We assume initially that § < oco.

We first prove (i). By changing variables (v = ts¥), we transform the

integral to
t—n/w

3%
/0 exp(—v) v"/“’_lw((v/t)l/"’) dv;

the integrand is dominated by

exp(—v) v"/@ 1 max{ |1 (s)] : s € [, §) },

which is integrable on RT, and as ¢ tends to oo the integral tends to

w

/OO exp(—v) 0™ 4h(0) dv
0
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by the Lebesgue dominated convergence theorem.

We now prove (ii). Let v denote ¥ — a“. Since ¥ on |[«, ) is con-
tinuous, bounded, and strictly positive, the function ¢ on [0,7), such that
#(0) = w' " a"1=9) 4h(a) and

v+ a@)/w — qn-1
o) = [CETT 2O (0 0y ) 0+ 0*) o o (0.4),

is too. By changing variables (v = s* — o), we transform the integral to

wy Y
M/ exp(—tv) v ¢ (v) dv.
w 0
We have therefore an integral of the form already treated in (i), and are done.
The case where § = oo now follows: we write the integral as the sum
of an integral from « to a+ 1 and one from a + 1 to oo; the first integral is
treated by the result already established, and the second is easily shown to be

O(th T exp(—(a + 1)1)). O

Lemma 2. Suppose that 0 < 7 < oo and R > 0. Then

1
.2 210\ . 7—1 1 vt € (0,1]
/O exp(—t[r® + R]7) r" " dr {t_T/Q exp(—R271) vt & [L, 00)
and
00 —7/20
_#[2 210\ ,.7—1 t vt € (07 1]
/1 exp( t[r* + R”| )7" dr {t_l exp(—[l +RQ]°’1§) Vt € [1,00).

Proof. It is trivial that the first integral behaves as claimed for ¢ in (0,1]. To
study its behaviour for ¢ in [1,00), we change variables (s = [r? + R?]'/2), and
it becomes

VRZ+1
/ exp(—ts*7) (s* — RH)T=2/2 5 s

R

R2+1
= / exp(—ts®7) (s — R)T=2/2 (s + R)T=2/25s.
R

The required behaviour for ¢ in [1, 00) is a corollary of Lemma 1 (where w = 20,
n=1/2, a=R, and ¢(s) = (s + R)(T"2/25),

By performing the same change of variables, we transform the second
integral to

/ exp(—ts®7) (s* — R2)T=2/2 5 s,
VRZ+1

The result stated for ¢ in [1,00) follows from Lemma 1 (where w = 20, n =1,
a = [R? +1]*/2, and (s) = (s> — R?)("=2)/25). By changing variables again,
we transform the last integral to

t—T/QO’/ exp(—vQ") (v2 o (tl/ZaR)Q)(T—Q)/Z v dv
VRZF1t1/20



COWLING, GIULINI AND MEDA 7
and the required behaviour for ¢ in (0, 1] is an immediate consequence. O

Note that the preceding lemma holds for any positive o.
We now begin the harmonic analysis.

Lemma 3. The following norm estimates for p/, hold:

(i) if p=2, then

pCal| ~ —n/do vt € (0,1]
pl, £/ oxp(— R271) Vvt € [1,00);
(ii) if p = oo, then

IpCol|, ~ 4—n/20 vt € (0,1]

Prolly ™ \ ¢=v/2 exp(—R27t) vt € [1,00);
(iif) if pp <p <2, then

psl| 4= /207’ vt € (0,1]

Peoll, +—4/2p’ exp(—Ry’7 t) vt € [1,00);
(iv) if p=py <2, then

ool ~ {1 vt € (0,1]

Proll, t—(+1)/20p’ vt € [1,00).

Proof. To prove (i) we use the Plancherel formula and pass to polar co-
ordinates, using formula (1):

1/2
ool = | [ exp(-21Q0)7) duio)]

00 1/2
~ / exp(=2t[r* + RF)7) (L4 r)* ¥~ dr}
0

1
~ / exp(—2t[r* + R§]7) r* dr
0

1/2

+ / exp(—2t[r* + RF]7) r"~* dr] vt € (0,00).
1
Now, from Lemma 2,
1
_ 2 210\ ,.v—1 1 vt e (0’ 1]
/(; exp( 2t[7” +R9] )7" dr {t—y/Z eXp(—QROQUt) VYt € [1700)
and
> o2 210y -1 tn/2e vt € (0,1]
/1 exp(—2t[r® + Rg]7) v ' dr {t—l exp(—2[1 + R t) Vt € [1,00).

This proves (i).
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To prove (ii), we proceed similarly, using the inversion formula. For any
r in G,

[pZo(@)] = | | exp(—tQo(A)7) () du(A)

< [ exp(-1Qu(a)") [oa @)] dul)
< [ exp(-1Qu(4)7) o () du(a)
:ptfe((’))v

so that pr,eHoo = pio(e). Now it is easy to see that

—n/2c
ol = [ eo(i@un) duy ~ {007y W E

by a calculation like that of the L?(G)-norm of Pio-

The hardest parts of this lemma are (iii) and (iv). We prove both cases
by obtaining first a lower bound, then an upper bound.

We begin the proof of (iii). Suppose that py < p < 2. By Theorem 2.1
of [3], and the fact that dp(A)/dA > C,

2 lotal, = 0| 1otota-+it )!'dﬁ(A)]l/p/

> c[ /b exp(—tp/ Re ([Qo(A —l—i5(p)p)]”)> dA} W vt € [1,00),

where b denotes the unit ball in a*. We denote the right hand side of the last
inequality by I(¢). Now for all A in a*,
Re([Qo(A +i3(p)p)]7) < Qo(A +id(p)p)|”
. o/2
= ((A,A) + R, +2i8(p)(p. A))”/
< ([(A A) + B, 12 +43(p)* B3 (A, 1) 72

— (A, A)? + 72 (A, A) +42) "2,

where v, = 2R9%p + 4(5(p)2R02 and o = Re‘fp, so, by using polar co-ordinates,
and then changing variables (s = (r* + 172 + 72)Y/ 1), we see that

1 ) l/p/
I(t) > C[/ exp (—tpl (r* +mr® + ’Yz)g/ ) rtt dr}
0

i

~ 1/p’
/R exp( tp's%') (s — Rg’p)Z/Q_1 P(s) ds} Vt € [1, 00),
0,p
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where v = (14 —|—’)/2)1/ 4 and 1 is a continuous strictly positive function on the
interval [Ry p,7]. Now, Lemma 1 applies (where w = 20, n=/¢/2 and a = Ry )
and we conclude that

(3) I(t) > Ct7% exp(~Rjt)  Vte[1,00);

combined with (2), this proves the lower bound of (iii).
We now prove the upper bound of (iii). From [3], Theorem 2.4, if
po < p < 2, then

IeZsl, < lIpco @isioll,” N2,

where
_ 1/2
N = | [ e sl an(a)]

1/2
- / exp(~t[Qo(A +i3(p)p)]") * (A)]

- / exp (2t Re([Qu(A + w(p)pﬂ“))dﬁ(m} -

Since p/, is a positive function,
2% $isw)ll, = Dio (—id(p)p) = exp(—Ry7 t).
Thus
(4) [0l < exp(—0(p) Ry’ t) N* 0P,
To estimate N, we observe that
Re([Qo(A+1id(p)p)]7) = (Re[Qo(A +id(p)p)])” = [(A,A) + R¢, )7 VA ea,

because, for any complex number z with nonnegative real part and any o in
(0,1), Re(27) > (Re(z))”. We recall that dji(A)/dA < C(1+ IA|"™"), and pass
to polar co-ordinates, to deduce that

> 1/2
N < C{/ exp(—2t[r* + R(fp]")(l + Tn—z) A1 dr]
0

1
~ [/ exp(—2t[r? + Re%p]") ¢t dr
0
00 1/2
+ /1 exp(—2t[r2 + R927p 17) rnl dr]

<Ot exp(—Rg7 1) Vt € [1,00),
by Lemma 2, so that

Ipcsll, < exp(=3(p) Ry t) N*=0®) < Ot/ exp(~Rgg 1) vt e [1,00),
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as required to prove (iii).
We now consider (iv). If p > 1 and ¢ > 1, then, much as argued to
prove (2),

2 CU 579 (A + i6(p \” N(A)} W
> C{/ceXp(—tp’ Qo (A +1i6(p)p)|”) dA} v vt € [1,00),

where ¢ denotes the subset of a* of all elements of the form Ag+ A1p, such that
(Ao, p) =0, (Ag,Ap) <1, and 0 < A\; < 1. We denote the right hand side of the
last inequality by J(¢). Now if A may be written in this way, then

1Qo(A+i5(p)p)| = [{Ao, Ao) + ARG + 2i6(p) A1 R |
(Mg, Ao) + MNIRZ 4+ 20\ R

S
< <A0, Ao) + 3\ RS,

so, passing to polar co-ordinates in p*, and then changing variables, we deduce
that

1/p
J(t >CU / exp(—tp' |\§ + 3ARE|” ))\f;_Qd)\od)\l]
1/20 1/o

1/p’
> ¢t~/ 20p U / exp(—p' [A3 + 3MRE|7) AG dXo dAl]
0 0

> D20yt e 1, 00),

as required to prove the lower bound. If p =1 or ¢ = 1, the argument simplifies
but the conclusion is the same.

To prove the upper bound, we note first that (4) continues to hold, and
that R(fg =0, so that

Hpger < N1-6(p),

To estimate N, we write A = Ag + A\1p, where (A, p) = 0, as above, and note
that

Re([Qo(A +id(p)p)]”) = Re([(Ao, Ao) + AM{Rg + 2i6(p) M R]7)
> Re([(Ao, Ao) + 2i6(p) A1 Ri]7).

We let @ and ¥ : RT x R — R be the functions given by the formulae

(Ao, A1) = Re([A\§ +2i0(p)RGM]7) VAo € (0,00), VA; € (—00,0)
T(ho, M) = (14 X+ M) W€ (0,00), VA € (—o00,00),
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and recall that dp(A)/dA < C(1+ ]A|”_£). By passing to polar co-ordinates in
p* and changing variables, we deduce that

N = [/a exp(—2t Re([Qo(A + i5(p)p)]")>dﬁ(1\)] "
< CU_O; /OOO exp (=2t ®(Xo, M) T( Ao, M) Ay 2 dAo d)\l} v

=C —(0+1) /40 > > —92®(\n. A\ )\O )\1 )\Z 2d>\ d\ 12
= t . GXP( (07 1)) (tl/Qo. t1/0.> 0 1

<Ot~/ e 1, 00).
Now we can conclude that
Hpger < 0t~ A=)+ /o _ o y—(t+1) /207! Vi € [1,00),
as required. This finishes the proof of (iv), and of Lemma 3. O

For convenience, we list the results of our main theorem.
(i) if ¢ > 0, then PZ is LP—L?-bounded only if p < ¢, p < py’,
and ¢ = py;

(i) if pp <p < py’,

— 20 : .
b = exp(—Rggt) forall ¢ in (0,00);

~ t_”(l/p_l/q)/2" for all ¢ in

(iii) if p <pe’ and q > py, |PS i
(0,1];

(iv) if p<g=2or 2=p<yq, |H77tf'9\|\p;q ~ t7V/*exp(—RZ7t) for all
t in [1,00);

(v) if p<2<yg, |||Pt?0|”p'q ~t V2 exp(—R2°t) for all t in [1,00);

(vi) if p<q¢g<2 and g > py, ‘”Pt?-emp.q ~ tt2d exp(—Ry’7 t) for all
t in [1,00);
(vii) if p<q=po, IPG,, ~ TV forall ¢ in [1,00);
(viii) if 2<p<yq, |||/Pt?-9”|p‘q ~ 1782 exp(— Ry t) for all ¢ in [1,00);
(x) if p' =p<a, IPGL ~t 2 forall ¢ in [1,00).

Proof of the theorem. First, a result of L. Hérmander [8] shows that P,
cannot be LP—L%-bounded unless p < q. Next, P, cannot be LP — L%-bounded
when ¢ < P, by the sufficient condition of J. L. Clerc and E. M. Stein [1 [1] and the
fact that pt ¢ continues analytically to T(;(pe) but to no larger tube. By duality,
P cannot be LP—L1 bounded if p > pg’. This proves (i). Observe that parts
(11) to (ix) imply that P is LP—L7-bounded if p < g, p < pe’, and ¢ > pg.

We now prove (ii), for p in [pg, 2]. Define A, to be id6(p)p. By C. S. Herz’
principe de majoration [7] and spherical Fourier analysis, we have that

XA /G PZo() b, (2) dr = 5y (—A,) = exp(~RZg 1) Vi € (0,00).
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By duality, this result also holds for p in [2,pg’].
Estimate (iii) is a consequence of the theory of ultracontractive semi-
groups, combined with the fact that [P, = Hpt‘ngoo and the estimate for

pr’eHoo in Lemma 3 above. See, e.g., Cowling and Meda [4], E. B. Davies [5],
or N. Th. Varopoulos et al. [9].

Next we prove (iv). By duality, it suffices to treat the case where
p < 2 and ¢ = 2. On the one hand, by the Kunze-Stein phenomenon [2],

1P |p;2 <C HPEQHQ, so that

1Pl ., < Ot exp(=R§7t) Wt € [1,00),

from Lemma 3. On the other hand,

P12, < NP, IRl = CUPSN ., ¥t € [1,00);
p; p;

by the Plancherel formula, formula (1), and Lemma 2,

1/2
|1 *pto:eHQ = {/* exp(—2tQa(A)7 — 2Qo(A)) d,u(A)}

00 1/2
~ {/ exp(—2t[r* + RF]” — 2[r* + R§]) 1 +r)" ¥ r*"'dr
0

1/2

1

>C [/ exp(—2t[r* + RF]7) r* ™! dr]
0

~ t7Y/% exp(—RZ°t) Vit € [1, 00),

so that
IPGI, > Ct/exp(~RZT) Vi€ [1,00)

It follows that |||731,f’79|||p.2 ~ t7¥/*exp(—R2°t) for all ¢t in [l,00), and (iv) is
proved.
To prove (v), we proceed similarly. On the one hand, from (iv),

I

o SUPGoall Il ~ ™ exp(~R37) Vi€ [1oc).

On the other hand,

100l 1PN, W1 0l = |2 % Pl ~ 77/ exp(~R7t) ¥t € [1,00),

>
q;00 —

by an argument similar to that used in the proof of (iv) above. This completes
the proof of (v).

We now prove (vi). On the one hand, Theorem 2.2 in [3] and Lemma 3
may be invoked to show that

[0

g < ClIP%ll, < CH27 exp(=Rigt) Ve[l 00).
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On the other hand,

| o2l < 1PN, Il = CUPGI,,, vt € [100).

As argued to prove (2), if b again denotes the unit ball in a*,

i ~ ’ 1/q'
I swtsll, = €| [ [+ i@ s+ st damw)]
LS a*

>C / Vn (A +1i6(q)p) pio (A + i6(q)p) ‘q/ dA] B

1/q'
>C /‘pte (A +1id(q ‘q dA} Vt € [1,00),

since for A in b, ’El (A+1id(q)p)

treated in the proof of Lemma 3 (see (3)), and we conclude that

is bounded away from 0. This integral was

Pl = Ct* /" exp(=Rgg t) Ve[l 00),

completing the proof of (vi).

Finally, (vii) is proved in the same way as (vi), but part (iv) of Lemma 3
is used instead of part (iii), and (viii) and (ix) follow from (vi) and (vii) by
duality. O
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