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Résumé. Pour tout groupe simple réel G possédant des représentations
unitaires de plus haut poids on peut definir I’espace de Hardy H?(G). C’est
un espace hilbertien formé des fonctions holomorphes dans un tube ‘non-—
commutatif’ T° satisfaisant une condition de type Hardy (T'° est 'intérieur
d’un semi—groupe complexe I' contenant le groupe G ). L’espace H?*(G) s’i-
dentifie au sous—espace bi—invariant de L?(G) portant la série discréte holo-
morphe. Le noyau reproduisant K de ’espace de Hardy est appelé le noyau
de Cauchy—Szegd. Le résultat principal de D’article est un calcul explicite
de ce noyau pour 3 familles de groupes G: groupes symplectiques Sp(n,R),

groupes métaplectiques Mp(n,R), et groupes pseudo—unitaires SU(p,q).

Abstract. For any simple real group G possessing unitary highest weight
representations one can define the Hardy space H?(G). This is a Hilbert
space formed by holomorphic functions in a ‘non—commutative’ tube do-
main T° satisfying a Hardy—type condition (T'° is the interior of a non—
commutative complex semigroup I' containing the group G). The space
H?%(@) is identified with the bi-invariant subspace of L?(G) carrying the
holomorphic discrete series. The reproducing kernel K of the Hardy space
is called the Cauchy—Szego kernel. The main result of the paper is an ex-
plicit calculation of this kernel for 3 families of groups G: the symplectic
groups Sp(n,R), the metaplectic groups Mp(n,R), and the pseudo—unitary
groups SU(p,q) .

Introduction

Let H be a Hilbert space whose elements f are holomorphic functions in a
complex domain D!. Then one can associate to H a kernel function K: if

More exactly, one should assume that H is continuously embedded into O(D),
the space of all holomorphic functions, equipped with the topology of uniform convergence on

compact subsets.
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f1, f2,... is an arbitrary orthonormal basis in H then

K(z,w) = fi(2) fi(w) + f2(2) fa(w) + ..., z, w €D,

and the definition does not depend on the choice of the basis. The kernel K
possesses the following properties: K is holomorphic in z and anti-holomorphic
in w; K(z,w) = K(w,z); K is a positive definite kernel on D x D; for any
w € D the function K (-, w) lies in H; for any function f € H and any w € D

f(w) = (fa K(a w))?’(
(the reproducing property); in particular, for any z, w € D
(K(7 ’LU), K(7 Z))H = K(Zv w);

finally, the initial Hilbert space H is uniquely determined by its kernel function
K.

Classical examples are the Bergman and Hardy ( H?) spaces in the unit
disc |z| < 1 and the (say, right) half-plane Rez > 0.

For the Bergman space, the square of norm | f||? is obtained by inte-
grating |f(2)|* over the domain with respect to the Lebesgue measure, and the
corresponding kernel function has the form

(1 —2w)~? (the disc) or (z4+w)"? (the half-plane).

For the Hardy space, ||f]|? is defined as the integral of |f(2)|? over the
boundary,? and the corresponding kernel function is

(1—zw)™' (the disc) or (z+w)~" (the half-plane).

It is well-known that these examples can be generalized to multidimen-
sional bounded symmetric domains and to tube domains R"”4iC' (where C' is an
open convex cone in R™); further generalizations involve interpolation between
the Bergman and Hardy cases, vector—valued holomorphic functions etc. Note
that various Hilbert spaces of holomorphic functions and their kernel functions
naturally arise in connection with unitary highest weight representations. (See,
e.g., Faraut and Koranyi [3], Inoue [10], Stein and Weiss [22], Vergne and Rossi
[23].)

The present paper deals with multidimensional complex domains of an-
other kind, which may be viewed as ‘noncommutative’ tube domains.

Let D be an irreducible bounded symmetric domain and G be a con-
nected group, locally isomorphic to the automorphism group of D. Then G is
(locally isomorphic to) one of the groups SU(p, q¢), Sp(n,C), SO*(2n), SOy (2,n)
or certain 2 exceptional groups of type E. Let G¢ be the complexification of
G.? Then in G¢ there exist closed subsemigroups I' with nonempty interior I'°

2 The boundary value of f(z) must be defined in a suitable way.
3 To simplify the discussion we tacitly assume here that G is linear, i.e., admits a global

complexification; however, this assumption is not essential.
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such that I' O G and T' # G¢ (in particular, I' and T'° are invariant with respect
to the two—sided action of the group G'). The existence of such semigroups is
closely related to the existence of proper closed invariant convex cones C' in g,
the Lie algebra of G: there is a bijective correspondence I' <+ C' between semi-
groups and cones, and each open semigroup I'° has the form G expiC?, where
C? is the interior of the cone C. (See Olshanski [19], Hilgert and Neeb [6].)
Thus, I'° indeed looks as a ‘noncommutative’ tube domain with skeleton G'.

It turns out that for any semigroup I' one can define a Hilbert space
H?*(T) c O(TY)), which is an analogue of the Hardy H? space. The space
H?(T') admits a canonical isometric embedding into L?(G) as a two-sided G-
invariant subspace. When I' is the so—called minimal semigroup, H?(T') just
carries the holomorphic discrete series of G (in general case H2(I') carries a
part of the holomorphic discrete series). Let K(z,w) be the kernel function of
the space H?(T') (it is also called the Cauchy—Szegé kernel). Then the kernel
K(z,9), where z € T', g € G,* defines the orthoprojection L?(G) — H?(T'). In
particular, if the semigroup is minimal then this is the orthoprojection onto the
holomorphic discrete series.

The idea of Hardy spaces carrying the holomorphic discrete series is due
to Gelfand and Gindikin [4]. A construction of the spaces H?(I') was given in
author’s paper [20]. Further works in this direction are Hilgert and Olafsson [7],
Hilgert, Olafsson, and QOrsted [8].

A natural problem is to compute the Cauchy—Szego kernel explicitly, at
least for the minimal semigroups. To this end, one can try to start from the
following presentation of the Cauchy—Szego kernel:

Assume the center of GG is finite. Let A range over the set of the highest
weights of the holomorphic discrete series representations 7'\ occuring in the
decomposition of H?(T') (recall that if T' is minimal, the whole holomorphic
discrete series occurs). Let fdim A stand for the formal dimension of T}, let xx
denote the character of T, which admits a canonical holomorphic extension to
I'Y, and let w — w* be the antilinear antiautomorphism of the semigroup that
extends the antiautomorhism g+ ¢g~! of the group G'. Then we have

(0.1) K(z,w) =) fdim(\) - xa(w¥2),  zwel"
A

Since for both fdim(\) and x» there exist nice formulas, the problem
consists in evaluating the series

(0.2) Zfdim()\) “xa(y), v el

The idea of this approach to computing the Cauchy—Szego kernel was
indicated in [4]; there it was illustrated on the simplest example of the group
SU(1,1) = Sp(1,R). In the present paper, the sum (0.2) (and hence the Cauchy—
Szegd kernel) is computed for three families of groups G: the symplectic groups

4 Note that the kernel is still well-defined if one of the argument lies in the interior I'°

of the semigroup and another argument — on the boundary T'\T'°.
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Sp(n,R), their two—sheeted coverings (the metaplectic groups) Mp(n,R), and
the pseudo—unitary groups SU(p,q) (note that for the first and second families
the semigroup I' is unique, and for the third family only the minimal semigroup
is considered). These are the main results of the paper.

Two methods to sum the series (0.2) are presented. The first method
is based on a certain preliminary transformation of (0.2), which is effectued in
general terms of root data and holds for any G. The second method consists
in reducing the problem to a certain combinatorial identity involving finite—
dimensional characters of classical groups (a Littlewood—type formula).

The case of G = Sp(n,R) seems to be the simplest one. It can be easily
handled by both methods. Moreover, in this case the result also can be obtained
by a direct elementary computation: in fact, this computation, performed by my
student V. Ivanov, was the starting point of the present work.

The other two cases require more efforts. For G = Mp(n,R) I apply the
first method, and for G = SU(p, ¢) — the second one.

Note that an analogue of the Hardy space H?(T') also can be defined
when the groups G are replaced by certain pseudo—Riemannian symmetric spaces
G/H ; then the role of T° C G¢ is played by a domain in G¢/He (see [8]). In
the particular case of the hyperboloids G/H = SO¢(1,n)/SO¢(1,n — 1) the
Cauchy—Szeg6 kernel was found by Molchanov . The paper [13] by Koufany and
(Orsted contains (among other things) a calculation of the Cauchy—Szeg6 kernel
for the group U(1,1), and in the next papers [14], [15] these authors computed
the ‘odd’ part of the kernel for the groups G = Mp(n,R) and G = Spin*(2n)
and also the whole kernel for G = U(p, q). Note that the approach of [13]-[15]
is quite different from that of the present paper (it does not use summation of
characters).

It would be interesting to continue the study of Cauchy—Szego kernels for
groups and symmetric spaces and to single out the cases when the kernel admits
a closed expression.

A related open problem, raised by J. Faraut, is to study (for the same
groups and symmetric spaces) Bergman—type spaces of holomorphic functions
and the corresponding kernels (as was observed by J. Faraut, the Bergman space
on a semigroup I' can be defined by integrating |f(z)|? with respect to the Haar
measure of G¢, restricted to I'?, and a similar definition also holds when G¢ is
replaced by Gc¢/Hc).

The paper is organized as follows.

— Sections 1-2 contain basic notations and definitions.

— In Sections 3, I use Harish-Chandra’s result [5] about the formal
dimensions of the holomorphic discrete series representations to write down
the Cauchy—Szego kernel as a series involving finite-dimensional characters only
(Corollary 3.5).

— Section 4 is devoted to a useful transformation of the series (0.2)
(Theorem 4.2). As a corollary, on obtains that the series is essentially a rational
function (Theorem 4.3): this is the only result that I could prove for general
groups G.

— Sections 5—7 contain proofs of the main results (Theorems 5.1, 6.1, and
7.1).
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— In Section 8, I prove two character identities (Lemma 5.2 and Lemma
7.4), which are used in the second proof of Theorem 5.1 and in Theorem 7.1,
respectively.
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1. Basic notation

Let g be a simple real Lie algebra, let ¥ C g be a maximal compact subalgebra,
and let §h C € be a Cartan subalgebra. One supposes that € is not semisimple:
t # [£, €]; then € has a one—dimensional center and h also is a Cartan subalgebra
for g.

The Lie algebras g with & # [€, €] are called Hermitian Lie algebras®;
recall that there exist four infinite series of classical Hermitian algebras (su(p, q),
sp(n,R), 0*(2n), 0(2,n)) and two exceptional ones.

Let the symbol (-)¢ denote complexification. Fix a system AT of posi-
tive roots for (gc,hc); then A% is disjoint union of AT and Al the compact
and noncompact roots, respectively.® Let p (respectively, p., pn) be the half-
sum of the roots in A™ (respectively, Atf, At); then p = p. + p,. Let W and
W. be the Weyl groups for (gc, hc) and (€c, hc), respectively.

Put hre = ih C bc, let b}, be the dual space, and let (-, -) be the pairing
between b, and hre. Note that AT C i, . For a root a € AT, let a¥ € hge
be the dual root. Let P C b}, be the lattice of weights for (gc, he); recall that
(N, oY) €Z for A€ P and a € A™T.

Let P* C P (resp., Py C P) be the set of dominant weights relative
to AT (resp., A}). Le., these are weights A € P satisfying the condition
A\, av)y > 0 for « € AT (for a € Al respectively). In particular, Pt is
contained in Py . Further, let P, _ consists of those weights A\ € P, that satisfy
the condition (A + p,3Y) < 0 for each 3 € Af.

Let G¢ be the connected simply connected complex Lie group corre-
sponding to gc, and let G, K, H, K¢, and Hc¢ stand for the (connected)
subgroups in G¢ corresponding to the subalgebras g, €, b, &c, and h¢, respec-
tively. Note that the group G is not simply connected: its fundamental group is

5 Because these are algebras corresponding to Hermitian symmetric spaces.
6 Recall that a root is said to be compact if the corresponding root vector lies in £c,

and noncompact, otherwise.
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isomorphic to Z.

2. The Cauchy—Szego kernel

As main references to this section one may use Vinberg [24] and Olshanski [19],
[20]. Also see the introductory paper Faraut [2].

We maintain the notation of section 1. The property € # [¢, €] implies
that in the vector space ig C gc there exist (nontrivial) closed convex G-
invariant cones. Among them there is a unique (within multiplication by —1)
minimal cone Cli,. Let cpnin C bre denote the closed convex cone spanned by
the dual roots 3Y, 8 € Al then Cin NhRe is either cpin or —cpin (depending
on agreement), and we may choose the first variant.

Put I' = G exp Ciuin C Ge; this is a complex semigroup in Ge. Let CY.
be the interior of the cone Cp, C ig; then 0 := GexpC?, is the interior of
I' C G¢; hence T'9 is a complex variety.

Let O(T'Y) be the space of holomorphic functions on T'?; O(T?) is
equipped with the topology of uniform convergence on compact subsets of T'V.
The Hardy space H*(G) is a certain Hilbert space, continuously embedded into
O(T'Y). Tt consists of those functions f € O(I'°) for which

12 = sup / F(g7)Pdg < 0.

yETO

The reproducing kernel for this Hilbert space is called the Cauchy—Szego
kernel for the group G (or the semigroup I'). This is a certain function K (71, y2)
on I'% x I'%, holomorphic in 7; and antiholomorphic in ;.

Note that K(vy1,72) is still well-defined when one of the arguments
belongs to the boundary I'\ T'® of T'°. This allows one to put

L(y) = K(vy,e), ~el?

where e denotes the unity of the group G¢. The function L(7) is a holomorphic
function in I'?, invariant under transformations v — gvg~', where g ranges over
G. Note that the kernel K (71,72) can be recovered from the function L(7):

(2.1) K(71,72) = L),

where ~ — 7 denotes the involutive antiholomorphic antiautomorphism of the
semigroup I', defined by

(gexp X)# = (expX)g ' = g ' exp(Ad(g)X).

The objective of the present paper is to calculate, for certain groups G,
the Cauchy—Szeg6 kernel K (or, that is the same, the corresponding function L

in one variable).
0

min ’

Let V. be the interior of the cone cmin C bre, let H(é' = Hexpc

min

and let H =expc®, . Note that Hl = HcNTY.

min *
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Lemma 2.1. The function L is uniquely determined by its restriction to H(ér,
even to H;{e.

Proof. Since L is a holomorphic function on I'°, it is uniquely determined
by its restriction to expC?. C I'°. Now let us regard L as a function on

min
the open cone CO. . Since L is G-invariant and each G-orbit in CU. has

min

a nonempty intersection with ¢®. C bhgre (see Vinberg [24], Theorem 5), L is
uniquely determined by its restriction to ¢”. | which completes the proof. ]

min ’

3. The holomorphic discrete series
and the Harish—Chandra correspondence

The main reference for this section is Harish-Chandra [5]. See also Faraut [2].

Recall that the holomorphic discrete series for the group G consists of
those irreducible unitary representations of G that are square—integrable and
possess a highest weight A. The possible values for A are exactly the set P, _
defined above in section 1. Given A € P, _, let us denote by T’ the corresponding
representation of GG, which is uniquely determined by the weight A. Each T)
admits a (unique) holomorphic extension to a representation 7, of the semigroup
', operating in the Hilbert space of Ty. For v € I'’, the operator 7)(y) is
contractive (i.e., ||Zx(7)]] < 1) and depends holomorphically on . Moreover,
7x(7y) is of trace class. (About holomorphic extensions of highest weight unitary
representations see [19].7)

Lemma 3.1. Let fdimT) denote the formal dimension of T\ (as a square—
integrable representation). Then

(3.1) Liv)= Y fdimT\-trTi(y), eI’
AEP;_

Note that both fdim7) and L(vy) depend on the normalization of the Haar
measure dg of the group G.

Proof. For each A € P;_, choose an orthonormal basis &x1,&x2,... in the
Hilbert space of T . Recall that our Hardy space carries the whole holomorphic
discrete series. Therefore, it follows from the orthogonality relations that the
(normalized) matrix coefficients

Frij(v) = (Fdim T)Y2(T3(7)€xi, €05), veT?,

where A € P, _ and i,j = 1,2,..., constitute an orthonormal basis in the Hardy
space.
It follows that

L) =K(y,e) =Y Frij(7)frsle)

Asiyg

" For general Lie groups these topics are discussed in Neeb’s papers [17], [18].
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= (fdim Tx)"? frii (7)
i
= fdim Ty > (Ta(7)€xi Ex)
by %

:ZfdimTA-trT)\(’y). ]
A

Formula (3.1) is the starting point for our computation of the function
L.

Since P,_ C P, for each A € P,_ there exists an irreducible finite-
dimensional representation 7 of the complex group K¢ with highest weight A.
For x € Hc and A € P, let us write 2 for the value of \, viewed as a one—
dimensional character of the torus Hc, at . That is to say, 2* = exp(\,logz).

Lemma 3.2. For each A € Py _

tr 7y (x) = trmy(z)0(z), x € He,

(3.2) O(z)= [] @-2"")""

geat

Proof. Assume first T} is an arbitrary irreducible unitary highest weight rep-
resentation of G (not necessarily square integrable). Consider the corresponding
irreducible unitarizable Harish-Chandra (g, K)-module that is realized in the
space of K -finite vectors of T,. Then this module is either the generalized
Verma module M, (induced from an irreducible finite-dimensional module 7y
over a maximal parabolic subalgebra of g) or the minimal proper quotient £, of
M. In the former case T) is called nondegenerate, and in the latter case it is
called degenerate. It is easily verified that for a nondegenerate T, the trace of
its holomorhic extension 7 is given by the above formula. Finally one applies a
Harish-Chandra’s result [5] stating (in our terms) that if T is square—integrable
then it is nondegenerate. [ ]

Let wy € W, stand for the (unique) element of maximal length; note
that w3 = 1. Then

wo(AY) = —-AF, wo(AF) = A

C n

whence
wo(pe) = —pe;  Wo(pn) = pu.
Define ¢ : P — P by

P(A) = —wo(A+ p) — p = —wo(A) — 2pp.

Note that
—wo(A +p) = (A) + p,

so ¢ is an involutive map of P.
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Lemma 3.3. One has o(Py_) = P" and o(P*) = Py_, so that ¢ defines a
bijective correspondence Py_ « PT.
Proof. Remark that PT and P,_ may be described as follows:

Pt ={ueP|{u+p,a’)>0 foreach a € AT}
P_={AeP|(A+paY)>0 for a € Af and (A+p,8Y) <0 for B € A}}

Now the claim of the Lemma follows from the fact that

—wo(Al) = AT, —wo(AF) = —A. ]

For p € P*,let V, denote the irreducible finite-dimensional (complex—
analytic) representation of the group G¢ with highest weight p, and let dimV,
denote the dimension of V.

Lemma 3.4. For an appropriate normalization of the Haar measure dg on the
group G,

(3.3) fdim Ty = dim V,(») for each A € Py_ .

Proof. For a proof, see Harish-Chandra [5], paper VI, Theorem 4. |

It is natural to call the correspondence P,_ « Pt or {T)} < {V,u)}
the Harish—Chandra correspondence.

Throughout the paper we assume that the normalization of the Haar
measure is chosen so that relation (3.3) does hold.

Lemmas 3.1-3.4 imply the following

Corollary 3.5. For each x € H(é'

(3.4) L(z) =0(z) Y dimV}, - trm,(z),

pnePT
where 6(x) is defined by (3.2). u

Example 3.6. Consider the simplest case G = SU(1,1). Then each element
T € H(ér may be viewed as the 2 x 2 diagonal matrix with the diagonal entries
27!, x, where x now stands for a complex number, |z| < 1. Then the series

(3.4) turns into

xm—|—2 2

(35 L@ == Yt ) s = gy

m=0

An equivalent expression can be found in Gelfand and Gindikin [4] (see also
Faraut [2]).
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4. An expression for the function L
Let € : W — {£1} denote the standard multiplicative function,
e(w) = (—1)lensth(w).
We shall need Weyl’s character formulas for the groups G¢ and Kc¢:
D wew E)w(z)"?

ZwEW €(w)w(z)/’

Zw’GWC e(w/)w/(z)k-ﬂ)

2 wew, E@w'(z)?

(It should be noted that there is a small subtlety in formula (4.2), because

the group K¢ is not semisimple and p is distinct from p., the object associated

with the semisimple group [K¢, K¢]. But it is not difficult to derive (4.2) from
Weyl’s formula for the semisimple group [Kc, Kc].)

Let Dg and Dk denote the denominators in (4.1) and (4.2), respec-

(4.1) trV,(z) = , z€ He, pePT,

(4.2) trma(z) =

ZEH(C, )\EP+

tively:

(4.3) Da(z) = ) e(wyw(z)’ = [ (=227,

weWw aEATt

(4.4) Dg(z)= Y e(wuw'(2)” =2 ] (2% —27272).

weWe aeAt
These are regular functions on the torus Hc.
(Strictly speaking, in (4.1) and (4.2) one should assume that Dg(z) # 0
and D (z) # 0, respectively.)
Let © C by, be the dual cone of the cone cuyin, i.e.,
(4.5) Q={vebh | wsY)>0 for each g€ Al 1.

Since P is a lattice in the vector space bhf, , the intersection 2N P is an additive
monoid.

Lemma 4.1. Suppose z € H¢ is such that z~ ' € HE’. Then the sum

(4.6) F(z):= Y 2"
veQnP
15 absolutely convergent.

(One could call F(z) the characteristic function of the monoid QN P.)
Proof. Write z = ur where u € H, x = exp(—X), and X € ¢ Then

min *

|2¥| = exp(—(v, X)). Since the linear functional (-, X) is strictly positive on
2\ {0}, the claim follows from obvious estimates. n

Let 2 — I be the involutive map of the torus H¢ defined by
T = wo(z)t.

Note that if z € HZ then the function F(z) is well-defined in a neighborhood

of the element = in Hc.
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Theorem 4.2.  Let the group G satisfy the assumption of section 1 and let
L(x) be the function on HZ , associated with the Cauchy-Szegé kernel of the
Hardy space H*(G). Let x € HE be such that D (z) # 0, and let t range over
the subset of elements of Hc satisfying Dg(t) #0. Then

O) iy L 3" e(w)F(w(t)?),

Dic(x) 1 Da(t) 22

(4.7) L(z) =

where F is the function on QN P, defined in (4.6).
Proof.  We shall transform formula (3.4) of Corollary 3.5. From

dimV, =trV,(e) = 7ym trV, (1),

it follows
1
(4.8) dimV), = lim —— e(w)(w(t))H*°,
t—e DG( ) w;/[/
by virtue of (4.1) and (4.3).
Further,
1
(4.9) b Ty () = (') (' () P+
e(u) Dy (z) w’ezwc

by virtue of (4.2) and (4.4).
Let us rewrite the right—hand side of (4.9) by making use of the definition
of p and Z:

(w'(x ))@(M)-H? = (w'(z ))-wo(/H-P)

(w
= ((wow’) (@~ "))"*”
= ((wow'wo) (wo () ~1))"**

= ((wow'wo)(Z))" .

Since g(w’) = e(wow’wy), one may replace wow'wy by w’, and finally we obtain

(4.10) tr T, (T) = > e(w)(w' (@)

Dg(x) =

By substituting the expressions (4.8) and (4.10) into formula (3.4) of
Corollary 3.5 we obtain

() = lffa lim DG DID I (w00 (B))+.

uEP+ weW w' eW,

After a change of variables, (w,w’) — (w'w,w’), this turns into

(4.11) L(z) = DHIEJ(;; %1_1)1; DG Z Z Z w' (u+p)

uep+ weW w’' €W,
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Let P,eg denote the set of regular weights,
Pg ={veP|{v,a")#0 for each o € A™}.

When g runs through P, the weight 4+ p runs through P™ N Pe,. Since the
sets of the form w'(P* N Peg) (where w' € W,) are pairwise disjoint, we have

S>> (@) et =3 (w(t)z)”,
w' eW,. ue Pt {v}

where

{v} == |J w' (PN Puy).

w/GWc
The set {v} can be written as

{VE Py | (v,Y) >0  foreach B € A},

from which it follows that
{v} = QN Preg.

Therefore,

L(z) = D‘)ﬁ;) lim D;(w Yoew) Y (w(t)@).

weWw veEQNPreg
Now we remark that

> e(w)w(t)’ =0 if v € P\ P
weW

Hence summation over v € 2N P,z can be replaced by that over v € QN P. By
virtue of the definition (4.6) of the function F' we obtain the desired formula. m

The argument of Theorem 4.2 implies the following corollary:

Theorem 4.3.  Let the group G satisfy the assumption of section 1, and let
L(x) be the function on HE = HcNT, associated with the Cauchy-Szegi kernel
of the Hardy space H*(G). Then L(z) is restriction to HE of a rational function
on the complex torus Hc .

Proof.  Probably, the first idea which occurs when looking at formula (4.7)
of Theorem 4.2 is to show that the ‘characteristic function’ (4.6) of the additive
monoid 2 N P is rational. However, the structure of this monoid seems to be
cumbersome, so it is better to use, instead of (4.7), formula (4.11) (an advantage
of the latter formula is that the structure of the monoid P* is very simple).

It is immediate from the definition of 6, D¢, and Dk (see (3.2), (4.3),
and (4.4)) that these are rational functions. Since both w and w’ in (4.11) range
over finite sets, it suffices to prove that the series

(4.12) > e, ZeH(,
neP+
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is a rational function.
Let wi,...,w, stand for the fundamental weights of the system AT,
where r is the rank of gc. Then we have

P+:Z+w1—|—...—|—Z+wT,

whence
! 1
E Z’””’:z”E z”:z”H 7
1 —zwi
ueP+ uEP+ i=1
which is a rational function. ]

5. The case of Sp(n,R)
Throughout this section one assumes G = Sp(n,R) and G¢ = Sp(n,C). Let

52(517"'7£2n) and "’7:(7717-~-,772n)
be arbitrary vectors in C?*. Let us regard Gc = Sp(n,C) as the group of
automorphisms of the alternating form

Ein2n + -+ &nlnt1 — En1tin — - — S2nTs

and realize the group G = Sp(n,R) as the intersection U(n,n)NSp(n,C) where
U(n,n) is realized as the group preserving the Hermitian form

(51) [é; 77] = _glﬁl e T §nﬁn + £n+1ﬁn+1 + ...+ §2n772n-

The subgroup K, which is isomorphic to U(n), is realized as the sub-
group of G that fixes the direct sum decomposition C2"* = C" @ C".

Given complex numbers z1, ..., z2,, let us write diag(z1, ..., z2,) for the
diagonal matrix with diagonal entries z1,..., 29,.

The space hre consists of the real matrices of the form

X = diag(Xl, ce ,Xn, —Xn, ey —X1>;

it will be identified with R™ via the map X — (Xi,...,X,,) € R". The dual
space by, may be identified with hre and hence with R", too.
Let €1,...,€, be the canonical basis of hi, = R™. Then

A;’_:{Gi—ﬁj (1§’L<]§n)},

Af={e+e¢ (1<i<j<n)},

At ={e+te (1<i<j<n), 2¢; (1<i<mn)},
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The weight lattice P C hi, = R™ is simply the integer lattice Z"™ C R",
and the set PT C P is identified with the set of partitions of length < n,

Pt ={ueZ"|pu >...pun >0}

The Weyl group W, is isomorphic to the symmetric group &,, of degree
n; it operates on hre = hi, = R™ by permuting the basis vectors €y,...,¢€,. The
Weyl group W is isomorphic to the hyperoctahedral group $, , the semidirect
product of &, with the Abelian group 2,, = Z%; the i-th generator of 2,
multiplies the i-th basis vector €; by —1 and fixes all remaining vectors ¢;,
J#i

The cone cpin C hre = R™ is the ‘hyperoctant’ R} C R™, and the dual
cone §) also coincides with R} .

The complex torus H¢ consists of the diagonal matrices of the form

diag(z1, ..., 20,20 .oy 20 Y)
with nonzero complex zi,...,2,. The subset Hg C Hc is described by the
inequalities |z1| > 1,..., |z, > 1.

The transformation z — Z = wg(z) ™! of the torus H¢ takes the form

1

— 1
n s

diag(z1, ..., 2n, 2 ,21_1) — diag(z, Y, 20 21, 2.

A complex 2n x 2n matrix v is called weakly J -contractive if [y€,v€] <
€, €] for each & € C?", where [, -] is the indefinite inner product (5.1). If the
above inequality is strict for each & # 0, then ~ is called strictly J-contractive.
The semigroup I' is formed by all weakly .J-contractive matrices in Sp(n,C),
and the interior 'Y C T' consists of strictly .J-contractive symplectic matrices.

Note that the eigenvalues of each matrix v € I'? are of the form
(5.2) T P e where |z1|,..., |z, < 1.

Theorem 5.1.  Let K(71,72) be the Cauchy—Szegé kernel for the Hardy space
H?(Sp(n,R)) C O(I'°), where T'° is the open semigroup of strictly J -contractive
matrices in Sp(n,C). Let L(v) = K(v,e) be the corresponding function in one
variable v € T°. Given v € TV, write its eigenvalues as in (5.2). Finally, recall
that the Haar measure on the group is normalized so that the relation (3.3) holds.
Then

n xn+1

(5.3) L(v) = H 1+ xl)(i — ;)L

=1

(Note that in the case n =1 the expression (5.3) agrees with formula (3.5).)
This result can be derived in several ways. First this was done by

Vladimir Ivanov (a student of the Moscow State University) by a direct cal-

culation. Namely, I suggested him to evaluate the sum in the left-hand side of
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(5.13) (see below), where the dimension of an irreducible Sp(n,C)-module is ex-
pressed by classical Weyl’s formula. When he obtained formula (5.13) I realized
that this is in fact a corollary of the well-known character identity (5.12).

I give below two proofs of the theorem: the first proof is based on
Theorem 4.2, while the second proof is simply reduction to the identity (5.12).

First Proof. Remark that the right-hand side of (5.3) is a holomorphic
function on I'’, invariant under conjugation by elements of the group G'. Then
the argument of Lemma 2.1 shows that it suffices to check (5.3) for diagonal
matrices v € Hc NI = H(ér . Hence one may assume

v = =diag(z ..., 27 21, ..., x0), |z1], .y |2n] < 1,

whence

—1

T = diag(z1,...,Tn, 2, . 2.

n 7-°

Further, by (3.2),

(5.4) 0(z) = [ (1 — womy) " = JJ(1 = woy) ! H(1 —z2)7!

1<j 1<j

and, by (4.4),
DK(:E) _ (xl N ”,L,n)—(n+1)/2 H(xj—l/Qx}/Q . x;/2$;1/2>
i<j
= (@1 an) " [ [ — ),
1<j
whence
0 coexp)”

(5.5) @) __ (@1 Tn)

Dr(z)  [licj(@i —2) Tlic; (0 = @izy) T[,(1 = 2F)

Let
t = diag(ty,...,tn,t, ..., t;) € He.

Then, by (4.3),

Dg(t) = H(tl/2t_—1/2 2R H(tz;/zt;/z V2L

i i 7 J J 7 J
1<g 1<7
(5.6) < » » = B
:H(ti—i—ti —t; —t; )H<ti_ti )
1<J 7

As the monoid 2NP coincides with Z7 C R™, its ‘characteristic function’
F(z) is given by

(5.7) F(diag(z1,..., 2n, 25 0,0y 20 ) = H(l —z)" L

i
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For w e W = 9,, and ¢t € H¢ as above, let w(t); be the i-th diagonal
entry of the matrix w(t), ¢ = 1,...,n. By Theorem 4.2 and formulas (5.5)—(5.7),

(z1...2,)"

Hi<j(xi — ;) Hi<j(1 —aiz;) [[,(1 — a3)

1
- lim
(5.8) t—e Hi<j(ti + ti_l —t;— tj_l) Hz(tz — ti_l)

1

L(x) =

To evaluate the latter sum, let us write it as

1
(5.9) PIEODIEC] | Femanymmk

SES, ac?, %

First, let us fix s € G,, and denote
up = 8(t)1,. .., up = s(t)p ,

so that (uq,...,u,) is a permutation of (t1,...,t,), determined by s. Then the
interior sum in (5.9) equals

1:[ <1 —1uixi a 1_;—1957;)
:Uxilzjmi—u;l)fi[( —

1 —wx) (1 —u; ;)
1
=|l=1l@-t" .
1:[ 1:[ ‘ 1:[ (1 — wiwy) (1 — uy ;)
Let us substitute this expression into (5.9) and recall that wuy,...,u, are
a permutation of ty,...,t,. It follows that alternating over s € &,, gives an

n X n determinant, so that (5.9) turns into

—1 1
(5.10) 1:[:132 1:[(% — ;) det [(1 —tjz)(1— tj_lxi)

] 1<i,5<n

The determinant in (5.10) can be easily computed by reduction to the
well-known Cauchy determinant (see Littlewood [16], Chap. XI, 11.7, Lemma
III). The result is as follows

1
det
¢ [(1 — o) (1—t, 'z

Lgi,an
[ic(ti 4t =ty — 5 ) Ty (s — ) Tl (1 — @iy)

[LIL (0 = tz) (1 =t )

(5.11)
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Let us substitute this into (5.10) and next substitute the resulting ex-
pression into (5.8), instead of the sum. Then we obtain, after cancellations,

(xl xn)n—kl
Lz)=—=———5— 1
o= Tt s
_ (xl xn)n—l—l
LA =2 (@ — @)
which coincides with (5.3). u

Another way to establish formula (5.3) is to derive it from the following
well-known character identity (which is one of the the so—called Littlewood
formulas):

Lemma 5.2. Let M = (M; > My > ... > M, > 0) range over the set of
partitions of length < n; let syr(x1,...,xp) be the Schur function in n variables,
indexed by M; and let sp(n)y (t51, ..., tF1) be the character of the irreducible
finite—dimensional Sp(n,C)-module Vy; that is indexed by M (one regards the
character as a function on the complex torus He C Sp(n, C) of diagonal matrices
diag(ty, ..., tn, t 4.t ). Then

1 1 B Hi<j<1 — Ti®;)
(5:12) 3 spmar (oo 6 Dsuslons ) = e G Tn e

Proof. See Koike and Terada [12], Lemma 1.5.1, or Sundaram [21]. Another
argument, due to M. Ishikawa and M. Wakayama (personal communication) is
presented below in section 8. Finally, note that the identity (5.12) also can
be derived from the explicit weight correspondence in Howe’s duality between
the compact group Sp(k) and noncompact group SO*(2n), for the special case
k =n. (See Howe [9] and Enright, Howe and Wallach [1].) n

Corollary 5.3. Let M, sy, and Vy; be as in Lemma 5.2. Then

[Lic;(1 = zz))
Hi(l — @)

(5.13) Y dim Vi sar(@r,. oo an) =
M

Proof. Take t; =...=t, =1 in (5.12). ]

Second Proof of Theorem 5.1.  Look at formula (3.4) of Corollary 3.5. We
shall see that its right—hand side coincides (up to certain simple factors) with the
left—hand side of (5.13), so that formula (5.3) is equivalent to formula (5.13).

Indeed, one may view each dominant weight 1 € PT as a partition M
of length < n: the correspondence u < M is given by

p = diag(Mi, ..., My, —M,,...,—Mi) € bLe.
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In this notation,
o(p) = diag(—M,,, ..., —My, My, ..., M)+ (n+1)diag(—1,...,—1,1,...,1).

Let as above

VT -1 ~1
v=xz=diag(x,",...,T] ,T1,...,Tpn)-

Then

n—‘,—ls

tr o) () = (T1. .. 20) Mm(x1, .. xy).

Therefore, formula (3.4) turns into

L(z) = 0(x)(21...2x)" > dim Vay s (@1, ..., 2n).

By using the expression (5.4) for §(x) we obtain

(x1...2,)" L

Hi<j(1 — xx) [1;,(1 - 27

L(x) = ) ZdimVMsM(xl,...,xn).
M

It follows that (5.3) and (5.13) are equivalent. n

6. The case of G = Mp(n,R)

Consider the metaplectic group G=M p(n,R), which is the two—sheeted cover-
ing over the symplectic group G = Sp(n,R). Let T' and T be the two-sheeted
coverings over I' and I'’, respectively (recall that I' is the semigroup of J-
contractive matrices in Sp(n,C)). The Hardy space H2(G) C O(I°) can be
defined in exactly the same manner as for the group G (or other linear groups;
the lack of a global complexification for G plays no role here). Let K (71,72) be
the Cauchy—Szego kernel on [0 x 10 corresponding to that Hardy space, and let
L(A) = K(7,€) be the associated function in one variable 5 € T,

The following theorem was obtained after I learned about the idea of
K. Koufany and B. Orsted to consider the ‘odd’ part of the Hardy space on the
metaplectic group.

Theorem 6.1. Let v € 0, let v be the image of ¥ in TV, and let xlﬂ, oo att
be the eigenvalues of 7y, where one assumes that |z1|,...,|z,| < 1. Then

(6.1) L) = 1) + L =t 05

where L(y) denotes the function computed in Theorem 5.1.
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Note that the function (zj---z,)'/? is well-defined on the covering I'°. Note
also that formula (6.1) may be written as follows

n+1 n+1/2

(21 @)
2n [Ty (1 — @)+t

(21 2)

(6.2) E(%) = H?:l(l + 331)(1 _ $¢>2n+1

+

When n =1, the latter expression turns into

_ 22 23/2

Lo = (1o (1—2)7 " 20—ap?

(n=1, z=ux, |z|<1),

which can be verified by summing the series

m-+2 mm—|—3/2

Z(m+1)f_7+2(m+1/2)ﬁ.

m>0 m>0

Proof. We shall slightly modify the basic notation of section 1 and the
preliminary results of sections 3 and 4; then we shall argue as in the first proof
of Theorem 5.1.

Let K C G be the inverse image of the maximal compact subgroup
K C G; when K is identified with U(n), the group K is identified with the
double covering over U(n) making the function det(-)'/? single-valued. Let
H C K be the corresponding covering over H C K, and let Hc O H be the
complex torus complexifying the compact torus H. The (additive) group of
characters of H (or Hg) is identified with the lattice

P:=PU(P+e¢) Chs, =R",
where € = (3,---,3) € R".
Let f’+_ be the set of those weights A\ € P that satisfy two conditions:

first, (\,a") € Z, for each a € AF and, second, (A + p,3Y) < 0 for each
B € A} . This can be restated as follows:

Pio={AeP|\+pa’y>0YaecAf; (\+pBY) <0V8e A},

from which it becomes clear that the set Pt := w(fbr_) can be described as
follows: B B
Pt ={peP|{u+pa’)>0Vaec At}

The holomorphic discrete series {T)\} for the metaplectic group G is
parametrized by the weights A € P, _. Each T\ can be extended to a holomor-

phic representation 7, of the covering semigroup I', and the analogue of Lemma
3.1 reads as follows:

LE) = ) fdimT\-tr7,(3), 7FeI
AEP,_
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It is convenient to split this sum into two parts:

L(?) - Leven (:)7) + zodd (?)7

where

Leven(¥) = Y fdim Ty tr 75 (7),
AEP,
Loaa(d = Y fdimTy tr7,(¥).

APy _\Py_

Note that this splitting exactly corresponds to the splitting
H*(G) = Heen(G) @ Hoga(G) € O(T°) = Ocven(T) & Opaa(T),

where ‘even’ functions are assumed to be constant on fibers of canonical projec-
tion rv— IO whereas ‘odd’ functions take opposite values on each fiber. Thus,
Leyen and Loqa determine the Cauchy-Szego kernels for HZ ., (G) and H2,,(G),
respectively.

Clearly Leyven(7) = L(7), so that formula (6.1) is equivalent to the
following one:

(6.3) Loaa(7) = L(7) 2nH<;:11.(.1. ;r 9)61)/2 -

Let p range over the set
PP\ Pt={ueP+e | (u+p,a) >0Vae At}

We cannot write fdim7,,) = dimV, as before, because there is no finite-
dimensional representation with highest weight p (for there is no double covering
over the group Sp(n,C)!), so a claim similar to that of Lemma 3.4 literally fails.
Nevertheless, by Harish-Chandra’s result cited above ([5], paper VI, Theorem 4),
the formal dimension fdim T}, is still given by the same analytic expression as
for weights p € P*:

Ha€A+ <Iu’ + P a\/>
HQEA+ <p7 a\/)

— lim Zw€W€<w)(w(t))u+p
t—e De(t) '

fdim TSO(H) =

As for Lemma 3.2, it needs no change.

Now one can repeat the argument of Theorem 4.2, which leads to the
following result:

o) = 5, 0y 1 3y 3 () Poaa (w0,
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where, for z = diag(z1,..., 2n, 27 5.0 20 0),
n Z1/2
- _ vo__ . 1/2
Foaa(z) = Z 2¥ = (z1-- F(z H T
veQN(P+e) i=1

Next we repeat the argument of the first proof of Theorem 5.1. The only
new point is that the sum in (5.8) (which is rewritten in (5.9)) must be replaced
by the following expression:

alug)z;) /2
(6.4) S e(s) 3 ey etz

ves.  acm, 1 alw)

where, as before, (uy,...,u,) stands for the permutation of (¢,...,t¢,) deter-
mined by s € &,,. The interior sum in (6.4) is equal to

n 1/2,1/2  —1/2 1/2
H(l—uml —1 )

pale} 1—wu; "z

1/2 1/2 —1/2 !
:sz'/ (1+5’7i)H(ui/ — / )1:[ (1 — wem;) (1 —u; ')

7

1/2 (/2 =172 1
= 1 —t. )
Hm M H( ’ >H (1 — wiz) (1 —u; ')

i

which differs by the factor

[1,(1 + )
(w12 ) V2L + 177

from its counterpart (5.10) in section 5. Since this factor does not vary under
alternation over the t;’s, we see that Loqq(3) differs from L(7) by the factor
[T.(1+ ) [ +z)

hm — )
ti—1,.. tp,—1 ($1 . _xn>1/2 Hi(tll/Z + t;l/z) Qn(xl .. .xn)l/Q

which completes the proof. [ ]

7. The case of G = SU(p,q)

In this section we fix numbers p,q € {1,2,3,...} and we put n = p+ q. Equip
the space C" = CP™4 with the indefinite inner product

€,n] ==& — &N — ... = &y + EptiTlpsr + - -+ E&nflny, E,n e C

and realize the group G := SU(p, q) as the group of unimodular complex matrices
preserving this inner product:

G =SU(p,q) = {g € SL(n,C) | [9€, gn] = [€, ], §,n € C"}.
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The group Gc is SL(n,C). The group K is the subgroup of G that
preserves the direct sum decomposition C* = CP ¢ C?; K is isomorphic to
S(U(p) x U(q))-

Let €1,...,€, be the canonical basis of R™ and put e = (1,...,1).

Let R{ be the hyperplane in R", orthogonal to e:

g:{(ﬂ?b...,xn>ERn}xl—i-...-l-xn:()}'
We have

bre = {z = diag(x1,...,z,) } (1,...,7q) € Ry},

so that hre may be identified with Rfj C R™. The dual space by, will be
identified with the factor space R"™/Re; for brevity, elements of b}, often will be
written simply as vectors of R™. In this notation we have

Af ={e—¢|1<i<j<porp+l<i<j<n}
AI:{Gi—Gj‘lﬁiﬁpap‘f’lSan}

The weight lattice P C b, can be identified with Z"/Ze, and its subset
PT C P of dominant weights is described as

(7.1) Pt ={peZ")Ze | >p2>...> pn},
and the transformation ¢ : PT™ — P, _ takes the form

(7.2) o(p) = (—pp = @5+ s —H1 — @ —ftn + D5 s —fipy1 + D) (mod Ze).

The Weyl group W is isomorphic to the symmetric group G, ; its action
on hre = R{ and b, = R"/Re consists in permuting the coordinates. The
Weyl group W, C W is isomorphic to &, x &, naturally embedded into &,,.

The cone cpin C hre = R{ is described as follows:

cmin:{xeRg‘xl,...,xsz; Tpgl, .- Ty <0}

The complex torus Hc consists of the complex diagonal matrices of the
form
diag(z1,...,2n) , 21 -2 = L.

The subset H(é' C Hc is described by the inequalities
lz1) > 1, .., |z > 15 Jzpa] < 1,00 |z < L.

The semigroup I' is formed by matrices in SL(n,C) which are weakly
J-contractive in the sense of being ‘contractive with respect to the inner product
['7 ] J

The interior I'Y C T is formed by strictly J-contractive matrices.
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Given a matrix v € I'Y, its eigenvalues can be written as

(7.3) ml_l,...,xgl, Yis- s Yg

where

(7.4) lz1] < 1, .. |xp| <1, pa] < 1,..., |yl <1
and

(75) T1Tp=Y1-Yq-

Theorem 7.1.  Let K(v1,72) be the Cauchy-Szegd kernel for the Hardy space
H?(SU(p,q)) € O(I?), where T° is the semigroup of strictly J-contractive
matrices in SL(n,C), n = p+q. Let L(y) = K(v,e) be the corresponding
function in one variable v € T9. Given a matriz v € T°, write its eigenvalues
as above (see (7.3)—(7.5)) and put

(7.6) U=T1 Ty =Y1Yq-

(i) The function L is given by the formula

L(v)

un

- hcicpy (=2 Thejcg (1= wp)"

(77) p T n

. k (1 - 1'7")

;(g Tp — xr) [licj<,(T—2y;)
(ii) This expression also can be written as

u” 1 d&
7.8 e F L Y)— |
T8 M- ILa-gr ( i foy " ST )
where
19  FEey)= e

(E—21) - (E—ap)(€—pr ) (E—wg')

(Recall that we have agreed to normalize the Haar measure of the group as in
Lemma 3.4.)

The proof is presented below, after Corollary 7.5. It is based on a
character identity (Lemma 7.4), which is an analogue of the identity of Lemma
5.2.

Remark 7.2. Since the groups SU(p,q) and SU(q,p) are isomorphic, the
function L(y) must be invariant under the transformation

(@1ye s Tps Yty Yg) > Y1y 3 Ygs T1seen, Tp)e

This invariance property is not evident from (7.7) but can be easily obtained
from the second claim of Theorem 7.1. Indeed, we remark that

F(&a,y)=F( 5y x)
(because of (7.5)) and replace £ by £~ ! in the integral (7.8). u
The expression (7.7) simplifies when p = 1:
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Corollary 7.3. Let K be the Cauchy-Szegé kernel for the group SU(1,q),
q=1,2,..., and let L(y) = K(v,e). Write u™,y1,...,y, for the eigenvalues
of a given matriz v €Y (u=1y1---y,). Then

u‘H—l
e =) 7 (1 —uy;)

(7.10) L(y)

Note that in the case ¢ =1 the group SU(1,q) = SU(1,1) is isomorphic
to Sp(1,R)), and formula (7.10) agrees with formula (5.3) of Theorem 5.1.

Lemma 7.4. Let A=(Ay>...>A,>0) and M = (M >...> My, >0) be
arbitrary partitions of length < p and < q, respectively; let sp(x1,...,xp) and
sa(y1,-..,Yq) be the corresponding Schur functions in p and q variables; let
Va.ar be the irreducible finite-dimensional GL(n,C)-module (where n = p + q)
with highest weight

(7.11) (Ar,... Ay, —M,,...,—M),

and let gl(n)a,m(t1, ..., tn) be the character of Va ar, viewed as a function on the
mazximal torus of GL(n,C) formed by diagonal matrices diag(ty,...,t,). Then

ST Gl it o t)Sa (@1, o ) Sr (Y1 o)
A, M

_ i;):1 H?:1(1 — T;Y;)
TTas TP (0 = o) Ty TT20 (1 — £ M)

(7.12)

Proof.  This character identity can be verified by the same methods as the
identity of Lemma 5.2. In particular, one can derive (7.12) from the explicit
weight correspondence in Howe’s duality between the groups U(k) and U(p, q)
(for the special case k = p + ¢), described in Kashiwara and Vergne [11]. In
section 8 we will prove the identity (7.12) by Ishikawa—Wakayama’s method. =

Corollary 7.5.  Let A, M and Vj s be as in Lemma 7.4, and let dim Vj u
denote the dimension of Va ar. Then

Z dim Va ar - sa(x1, -, 2p) S (Y1, - -, Yq)

(7.13) w
. _ i1 H§=1(1 — Ziy;)
?:1(1 —x;)" ?;1(1 —yj)"
Proof. Take t; =...=t,=1in (7.12). ]

Proof of Theorem 7.1. (i) As in the case of the group Sp(n,R) (see the
beginning of the first proof of Theorem 5.1), application of Lemma 2.1 allows
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one to assume that 7 is a diagonal matrix contained in H(ér . Then we write v
as

= diag(:c;l,...,xl_l,yl,...,yq),

where
|z <1, .|z <1, |ya] < 1,00, lyq < 1.
By Corollary 3.5,
(7.14) L(y) =0(7) Y dimVj, - trmyg) (7).
neP+

In the present situation

and, by virtue of (7.2) and (7.6),

tr ﬁ@(u)(fy) = u”s(m’m’up)(xl, . 7xp)3(—un,...,—up+1)(y17 ce 0 Yq)-

Recall that each dominant weight p = (p1,...,un) € PT is an element of the
quotient lattice Z"/Ze (not of the lattice Z™!). It will be convenient for us to
fix a representative of p in Z" by putting pu, = 0. Then p will be indexed
by a couple (A, M) of partitions such that [(A) < p—1 (hence A, = 0) and
Z(M) S q, i'e'a

on = (Al, R ,Ap_l,O, —Mq, ceey —Ml).

Thus, (7.14) can be rewritten as follows:

Lly) =u” (ﬁ H ﬁ)

i=1j=1

(7.15)
. Z dim Va arsa(z1, ..o 2p)sar (Y, .- -5 Yq)-

AM
Ap=0

The restriction A, = 0 does not allow us to apply directly the character

identity of Corollary 7.5. However, this difficulty can be surmounted with help
of the following claim:

Lemma 7.6. Let

O(z1,...,2p) = ZC(A)SA(LEl, Ce Tp)
A

be a series on Schur functions in p variables, and define

Qo (z1,...,2p) := Z c(A)sp(zr, ..., xp).

A, Ap=0
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Then

(7.16) Bo(z1,...,2p) = zp:(H xkf’g_’“xr)(q>(x1,...,xp>

Proof of the Lemma. By linearity, it suffices to check (7.16) for ® = s, .
That is to say, we must prove that

(7.17) r=1 " k#r
_ fosa(zr,. . xp), HA,=0
10, otherwise.
Write An(2)
AT
SA(’I17 . 7xp) = V(:C) Y
where
Ap(z) = det [x?ﬁp_i]
(7 18) 1<4,j<p
. . . Ar+p—1_As+p—2 Ap
- Z 8(]17"'7]2’)) lel—’_p :Ej22+p "'.ij )
(J1s--->7p)
summed over all permutations (j1,...,Jp) of (1,...,n) (here e(j1,...,Jp) stands

for the sign of the permutation (j1,...,7,)), and

(7.19) V(z) = A, 0)(z) = H (z; — x;)

1<i<i<p

is the Vandermonde determinant.

Assume first A, > 0. Then (7.18) implies that sy(x1,...,x,) vanishes
as x, = 0 for a certain 7, which confirms (7.16). So one may assume A, = 0.
Then (7.18) implies

. . 1 - 2 - AP
AA(.T) $r=0: Z 8(]17"'7]}7):1:;\14—]) 1x;\2+p 2“.:1:‘7';7’
(J1,-+3p)
Ip=T
whence
(7.20) Z(AA xT:O) = Ap ()
r=1
Further,
Tk
V(x) mr:()_ (H xk—xr)V(.ﬁE), 7”':1, P
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Along with (7.20) this yields

r=1 kgr Tk T LT r=1 kg TR T L =0
Er 1 AA( )‘ =0
V(z)
_ An(z)
V()
- SA(xla ; xp)a
which completes the proof of the Lemma. [ ]

Let us return to the proof of the Theorem. By Corollary 7.5 and Lemma

7.6,
L) :H (1 — Z;Y;) 2(1;[ Tp — :1;r>
(7.21)
‘ Hi,j(l — T3Yj)
L0z L0 - [,
Further,

H’L,](l iY;) _ (1—-x) _ H’L](l iY;)
0w L0 -5 [, " 0w L0 = L0 -5

Substituting the latter expression into (7.21) we obtain the desired formula (7.7)
for L(~y). This completes proof of claim (i) of the Theorem.

(ii) Let us transform the sum in formula (7.7):

(1—z,)"
ZH wk—l‘rl_[ (1 —zry;)

(7.22) LR ( |
1—x.)" T1...T 1
_1)p—1 . p _
; Ly H](l - x?“yj) g Ty — Tk
By (7.5),
xTy...Tp _ Y1 ---Yq :H yj
Hj(l — Tryj) Hj(l — ;) 1 — 2y,
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Therefore, the expression (7.22) is equal to

(—1)”_12(1;%)”1_[ 1 1 1._1

T e Tr T TR T X — Y
DLk | R |
=1 r fr T TR xT_yj_l

R ose €-n"
- ;R e —m)Emm)E ) Emv )

where ‘Res¢—,  means ‘residue at the point { = a’.
Remark that the poles of the function

-1
£ 1 1
§€—z1) . (E—2p)(E—yr ) (E—wq )
in the unit disk |{| < 1 occur at the points 0,z1,...,x,, because ]yj_l\ > 1,
1 < j < ¢q. Next, remark that the residue at £ =0 equals 1, because
(=1)" 1

Con) o o) Do w ) rea

Therefore, (7.22) equals

1 de¢
: - F(¢: -

where F'(§;z,y) is defined by (7.9). By substituting (7.23) into (7.7) (instead of
the sum) we obtain the desired formula (7.8). This completes the proof of the
Theorem. |

8. Proof of character identities

In this section we prove Lemma 5.2 and Lemma 7.4 using an elegant method due
to M. Ishikawa and M. Wakayama.

Proof of Lemma 5.2. Recall the identity that has to be proved:

_ [Ti;(1 —zzy)
T IL (= tews) (1 — 8, ')

where M ranges over the set of partitions of length < n, sp(n),; stands for the
character of Sp(n,C), indexed by M, and sjs is the Schur function.

Also recall that by Weyl’s ‘first character formula’ (see [25], Theorem
VIL8.C),

(8.1) D spn)u(t, .t ) sar(za, .. 1)

1: —1.
i —t, 11
th—ty

det l }
1<k, i<n

8.2 sp(n)a(th, .. 1) = ’
(8.2) (1) ar(ty n) V(ti+t1 oty )
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where
(8.3) (l,... L) =My +n,...,M, +1)
and V(ay,...,a,) stands for the Vandermonde determinant,
Viay,...,a,) = H(ar —ag).
r<s

Consider two matrices, T' and S, with n rows and countably many

columns that are labelled by the positive integers, written in reverse order
52,1
) ) )

t3—t° 37—t 2 ty—t; "
ti—tyt T =ty Tttt
T =
3 —t3 t2 —t2 th ¢!
th—tn ' T ta—tn T ta—t,
2
ri x1 1
2
Ty Tn 1

Denoting by S’ the transposed matrix we will compute the n x n deter-
minant det T'S’ in two ways.

On the one hand, we have

o0 —
tr—t."
(TS )i =Y E—Fiar!

1 ( th t! )
N tr — tlzl 1 —trx; 1-— t;lxi

= (1 —tpay) (1=t ')t

It follows
det TS/ = det[(l — tk.’ti)_l(l — tlzlwi)_l]lgk,ign
(8.4) V(e DV (@ wn) T (1 — i)
ILTT (1 — tews) (1 — £, i)

(see (5.11)).
On the other hand, given arbitrary integers {3 > ... > [, > 1, let
us denote by det7;, ; and detSj, . ; the n-th order minors formed by the

columns [q,...,[l, of the matrix T" and S, respectively. Then we have
(8.5) detTS = Y detTy, 4, det Sy, 4,
> >0, >1

Let M = (M,...,M,) be related with | = (I1,...,1,) by (8.3). Then
M is a partition and, by Weyl’s character formula (8.2),

det Ty, 1, = sp(n)ar(t7", . GV (L + 170t 1,1,
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and we also have

det Sy, 1, = spm(x1, .., z0)V(xy, .. zy).
Therefore,

det TS =V (ty +t7', ...ty +t, )V (21, ..., 2,)
(8.6) -Zsp(n)M(t%l,...,tfl)sM(xl,...,xn).
M

By comparing both expressions for det T'S’, (8.4) and (8.6), we arrive to
the desired formula (8.1). u

Now we will apply a similar argument to prove the second character
identity.

Proof of Lemma 7.4. Recall the identity in question:

Z glaa(tr, .o tn)sa(@e, .. zp)sm(Yis - - -5 Yq)
A M

(8.7) ’ IR INe

i=111=1 — TiY;)

HZ:1 H?:1(1 - tkwi) HZ:1 H?:1(1 - t;Zlyj) 7

where n = p+ q; A and M are arbitrary partitions of length < p and <
q, respectively; gl(n)a ar is the character of GL(n,C) corresponding to the
dominant weight

(A1,...,Ap,—M

s 43Dy gy

A —Ml),

sy and sp; are Schur functions indexed by A and M.

Consider two matrices, T and S, whose rows are labelled by 1,...,n
(n =p+q) and columns are labelled by all the integers written in reverse order
52,10, =1,-2,...,

2ot 1, 7t ot

T= oo : :
2 t, 1, t;1 t?2
2 ;1 1, 0 0 0
2 g, 1, 0 00
g_ x, zp 1,

OOO,lyly%

0 0 0, 1 yg yg
where commas in the matrices were used to separate the 0-th and (-1)-th columns.
Let us again compute det T'S” in two ways.
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On the one hand, we have for 1 <k <n, 1<i:<p, 1<j<gq,

(TS Vi = (1 — tgay) ™' = —a; Mty — 27 h),
(TS Vg = (ti —y3) 7",

whence
(88) det TS/ = (—1)p(.'1)1 .. ..’Bp)_l det[(tk — Zr)_l]lgk,rgn,

where

(21, -+, 2n) :(xfl,...,xljl,yl,...,yq).

The determinant in (8.8) is readily reduced to Cauchy’s determinant,
and after simple transformations we obtain

det T'S" =(=1)2@=D/2(¢; . t,)79
(8.9) Vit ta)V(@n s zp) Vg ye) TL LA - mayy)
[T, IT:(X = tes) [T, I1,(1 - ty )

On the other hand,

(8.10) det TS’ = > det Ty, .., det Sy, ..,

+oo>1l1>...>1l, >—00

¢From the form of the matrix S it is clear that det S, ;, vanishes unless [, > 0
and [,11 < —1, so that we may assume

(s ) = (A1y .oy Ay, —M,, ..., —My)

+(p-1,...,0,—-1,...,—q),
where A and M are partitions. Further, we have

det T’ll---ln = gl(n)A7M(t1 . .tn>V(t1, v ,tn>(t1, “aey tn>_q,

det Si,..1,, :SA(iL’h . "7$p)SM<y17 . ~-7yq)
Vi(xy, ..., zp)V(ya, ..., yq)(—l)q(q_l)/Z,
whence
det TS" = (=1)2@=V/2(¢; )7V (ty, ... tn)V (21, ., 2p)

(8.11) V(y1,---,Yq) Z gla (i, tn)sa(zr, .. zp)sm (Y1, .- -5 Yq)-
A M

By comparing (8.9) and (8.11) we obtain the desired identity (8.7). n
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