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Abstract.  For any Lie group action S: Gx P — P, we introduce C*°(P)-
linear operators S¢, that transform n-forms w,, € A,(P,V) into (n—i)-forms
Siw, € An_i(P,Alt;(g,V)). We compute the exterior derivative of these
generated forms and their behavior under interior products with vector fields
and Lie differentiation. By combination with Lie algebra valued forms 6 €
Ai(P,g) and ¢, € A,(P,g), we recover V-valued forms w ® 0 € A, (P, V),
resp., (x5 ®0)ep, for x& € A,(P,Hom(®’ g,V)) and compute their exterior
derivative. The derived formulae play an important role for local evaluations
of connections on fiber bundles.
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1. Motivation

Let P(M,G) denote a principal bundle with base manifold M = Uyeca Ua, pro-
jection 7: P — M, LIE group G, right action R: P x G — P and local trivializa-
tions o 71 (Uy) — U, x G with local projections 7, = prg 01, . Recall that any
connection I' on P defines horizontal and vertical projections of vector fields, not
only on P, but also on every associated fiber bundle B(M, F,G) = P xg F with
fiber F' and left action L: G x F' — F', such that the vertical fields are tangential
to the fiber. We thus obtain projections h,v of differential forms via

wh(..., X" . ) =w(...,hX" .., wo(oo LX) =w(, X ) (1)
for all V-valued forms w € A(B, V). If we compute the vertical projections locally

on the bundle charts U, x F, we obtain with L/:G — F defined by L/(g) :=
L(g, f) and its differential (dL”).: g — T;(F) at the neutral element e € G:

(@) @y (s (X F), ) = 0% (-, (0, (AL AS(X) + FY), .. (2)
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for all ¢* € A(U, x F,V) and (X', F') € T,(U,) ® Ty(F). Here A* € A;(U,, g)
mean the LIE algebra valued gauge potentials, which one obtains from the con-
nection I-form w' € A;(P,g) as pullbacks A* := o w" under the local sec-
tions o4e: Uy — 7 1(U,) defined by o,.(x) := v, (z,¢€).

Instead of (2), we would like to obtain a handier formula for these local
projections, which is merely expressed in terms of the involved forms ¢ and A®.
Especially if ¢ is a (pullback of a) form on F', this is indeed possible. Moreover, we
will also be able to give a formula for the exterior derivative d(¢v). Such formulas
are quite essential if one tries to combine the DE-RHAM cohomology of a fiber
bundle with connections on that bundle.

For any X € g, let Lx € D'(F) denote the induced vector field on F that
is given by (Lx); := (dL7).(X) and let L:g — D'(F) denote the LIE algebra
antihomomorphism defined hereby. Then £ o A® maps vector fields on U, to
vector fields on F'. For a n-form ¢ € A,(F,V), we may decompose (pr} ¢)v®
according to (2) into a sum of differential forms y; € A, (U, X F,V),i=0,...,n,
such that y; acts on n — ¢ vertical fields and 7 horizontal vector fields via £o A®.
The forms x are obtained from ¢ in two steps: using a product of i maps L,
we first transform ¢ into a (n — i)-form Lip € A, ;(F,Alt;(g,V)). Then we
combine that form with 7 factors of A® in such a way that for any X € D*(U,)
the maps pry; [AY(X)] € C=(U, x F, g) serve as input for the maps in Alt;(g, V).
The resulting form will be denoted by [pri.(L.®)] e (pr}, A®).

Such a construction is possible for all LIE groups that act on a differentiable
manifold from the right or the left. Thus we will choose the general framework of
LI1E transformation groups in the sequel. For notational convenience, we will recall
the basic definitions from differential geometry for LIE group actions. Then we
introduce the operators L! and R! for a left, resp., right action and compute, in
how far they commute with exterior differentiation d of forms, interior products 2y
with respect to a vector field X and LiE differentiation Ly, which is given by
Ly = 1x od+ dowy. The operator e has already been discussed in detail
in [1], thus we only recall its definition and main properties for our purposes.
Finally we introduce operators © and ® , [such that (pr} ¢)v® is indeed given by
(pr} @) © (pr;, A*)] and compute the exterior derivative of w, ® ¢, resp., w, @ 6.

2. Basic definitions

Let us first recall some of the definitions we have already used above, accord-
ing to HELGASON [3] and KoBAyasui, NuMizu [4]. For any vector spaces V
and W, Alt,(W,V) and Sym,(W,V) denote the vector spaces of all alternat-
ing, resp., symmetric p-linear maps from WP? to V. For convenience we de-
fine Sym®(W,V) = Do Sym;t(VV, V) by Sym (W,V) := Sym,(W,V) and
Sym,, (W, V) := Alt,(W, V).

If f: M — N is differentiable, we denote the differential of f at z € M
by df,. We have [df,(X,)]g = X.(go f) for all X, € T,(M), g € C°(N). If in
addition, f is a diffeomorphism then for X € D'(M) the push-out f,X € D'(N)
is defined by (fi&X) (@) = dfz(X,) for all z € M.

For o € A.(N,V),r € Nand X; € T, (M), the pullback f*a € A.(M,V) is
defined by (f*a).(Xi,...,X;) = ape (dfe(X1), ..., dfz(X;)). For o € C®(N,V)
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we have f*a := a o f, linear extension defines the pullback on A(N,V). If we
insert A(M)®V into A(M, V) in a natural way, then obviously f*(A(N)®V') C
AM)®V. (If V is finite dimensional, we will identify A(M)®V and A(M,V).)

Let 7 (V') denote the tensor algebra of V. Then every linear map A: V —W
defines a pullback A*: Hom(7 (W), Z) — Hom(7 (V'), Z): for K € Hom(®Q" W, Z),
X; € V wehave A*K(X1,...,X,) = K(A(X1),...,A(X,)), so A*(Sym™(W, Z2)) C
Sym*(V, Z). A also defines a push-out A,: A(M,V) — A(M,W) by A,w = Aow.
Again AL,(AM)® V) C A(M) @ W, where we have A,(a ® v) = a ® A(v) for
all @« € A(M), v € V. For an example, let E; € W, j = 1,...,s and let
EFy®- - ® Es:Hom(®* W, V) — V denote the canonical evaluation morphism.
For any differential form x% € A,(M,Hom(®® W, V)) define yFr-F € A.(M,V)

to be the push-out of x% under this morphism: yZv% = (B, @ --- @ E,),x?,
i.e,forall z€ M and X' e DY (M), i=1,...,r,
(Xfl ..... Es)x(‘)(xlvaxg?) = (E1®®ES)O(X;S’)$(X$177X;) (3)

In the sequel, G will always mean a LIE group with LIE algebra g, left
and right multiplication A, p:G — G and inversion 7:G — G. For S = L, R
let S:G x P — P denote a left, resp., right LIE group action. We identify S
with S: G — Diff(P). Also for notational convenience, we always write G on the
left, even if S denotes a right action. In that case, we put sgn(S) := 1, whereas
sgn(S) := —1, if S denotes a left action. Since S is differentiable, all maps
SP:G — P,pe P,resp., S;: P — P, g € G, defined by S?(g) := S,(p) :== S(g,p),
are differentiable, resp., diffeomorphisms.

G is called a LIk transformation group of the manifold P. If P is a vector
space and the action is linear, we speak of a representation of GG, e. g., the adjoint
action Ad: G — Gl(g) is a left representation. The trivial action means the natural
projection prp:G x V — V.

An action is effective if S, = idp only for g = e. In that case G may be
thought of as a subgroup of Diff(P). An action is free if (in addition) S,(p) = p
only for g =e for all p € P. Via A and p every LIE group acts freely on itself.

w € A(P,V) is called G-invariant or simply invariant if Sjw = w for all
g € G. Denote their set by A(P, V)i, . Analoguosly for any subgroup H < G,
we define A(P,V)y_in to be the set of H-invariant forms, i. e., those forms that
are invariant under the restriction of S onto H x P. Especially we will use this
notation for G.-invariant forms, where G, is the connected component of e € G.

A(P)iny and A(P)iny ®V are graded subalgebras of A(P), resp., A(P)®@V
(whenever a wedge product Ay of V-valued forms is given by a bilinear map-
ping m:V x V. — V), with d(A(P)iny) € A(P)iny. Analogous statements hold
for A(P)g—_inv and A(P)g_iny ® V', which are modules of A(P)i,,. Obviously
A(P)iny € A(P)H—inv and A(P,V)iny € A(P,V)pg_inv for any subgroup H < G.

Lemma 2.1.  If S:GxP— P is a LIE group action then S,: GxD'(P)—D(P),
S*on: GXA(P,V) — A(P,V), S": GxA(P,Hom(7 (g),V)) — A(P,Hom(7 (g),V))
and S":G x A(P,g) — A(P,g) defined by

(S0)g(X) = (Sg)X for all X € DY(P),
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(S*on)y(w) = (S;-1)w for all we A(P,V),
S;(X) = (5971)*(Ad(gsgn(5))*)*x for all x € A(P,Hom(7 (g),V)) and
S;,(QD) = (ngl)* Ad(g_ Sgn(s))*‘ﬁ Jorall ¢ € A(Pa g)a

are all representations of G on the same side.

Let S, S’ be two actions of G on spaces X, resp., X’ on the same side. A
mapping f: X — X' is called G -equivariant, if

S
Gx X X
id x f f

SI
G x X' X'

commutes, i. e., if S'(g, f(z)) = f(S(g,x)) forall x € X and g € G.

If S is a LIE group action on P and R is a right representation on W,
then a differential form w € A(P, W) is called G -equivariant, if S}x = R(g*®)),x
for all g € G (resp., if Syx = L(g=%")), x for a left representation L). Thus
— referring to the right representation Ad* on W = Hom(7 (g),V) — we call
x € A(P,Hom(7 (g),V)) G-equivariant, if y is invariant under S’. Analogously,
v € A(P,g) will be called G-equivariant if ¢ is invariant under S”. We denote
the set of equivariant forms by A(P, W)equiv- It is a module over A(P)iny -

If G is compact with HAAR measure p we have projections onto invariant
and G-equivariant forms defined in the following way:

Winy 1= /G Sywdp(g) for allw € A(P,V),
Xequiv = /G (Ad(g~*©)*),Sxy dp(g) for all x € A(P,Hom(7 (g), V),
Dequiv = /GAd(gSgn(S))*S;go du(g) for all € A(P,g).

As already introduced in the previous section, every X € g induces a
canonical complete vector field Sy € D'(P) by (Sx), := (dSP)(X), so

d

(Sx)p(f) = (dSP)e(X)(f) =

1 1
SV = I - {0 —(Sux) Yy} = lim +{(5ex). V)~ Yy} for all Y € DY(P).

f(SetX(p»’t:O for all f S COO<P)> peP,

R:g — DY(P) and —L: g — D'(P) are LIE algebra homomorphisms and
[Rx,Ry] = R[Xy], [ﬁx,ﬁy] = £[y7)q = —ﬁ[xy] for all X,Y SN
(Rgfl)*RX = RAd(g)X7 (Lg)*ﬁx = »CAd(g)X for all g c G, X € g.

Obviously § = £, R only depends on the restriction of S onto G, x P. For all
forms w € A(P)®V we have Lg,w = [4((Sgx)*w)|i=o] and for all X,Y € g:

[Lva LSY] = Lisx,sy] = Sgn(S)LS[X,Y]’ [LSX7 d| =0, (4)
quZSY :Z[Sx,Sy} = sgn ZSyX ) Sx — ZSX o OZSX'
[L ] (S)tsy.x L d+d (5)
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We call a differential form w € A(P) g-invariant if Ls,w = 0 for all X € g.
Analogously, w will be called horizontal if 1s,w = 0 for all X € g. Denote their
sets by A(P)g_inv, resp., A(P)h and let A(P)hg_iny := A(P)g—iny N A(P)h.

The notion of “horizontal” forms is due to the fact that for a principal
bundle P(M,G), the horizontal forms in the sense of (1) are exactly those forms w
with 1z, w =0 for all X € g with respect to the free right action R on P.

Since 1y and Ly are (skew-)derivations of A(P) and G, = (exp g), we get:

Lemma 2.2.  A(P)g_inv, A(P)h and A(P)hg_iny are graded subalgebras of
A(P) with d(A(P)g-inv) € A(P)g—iny and d(A(P)hg_inv) € A(P)hg_iny. Analo-
gous statements hold for A(P)g_iny @ V and Ay, etc.

A(P)iny @V C A(P)g—iny @V = A(P),—iny @V for every vector space V.
If G is connected then A(P)iny ® V = A(P)g—iny ® V.

Lemma 2.3. S:g — DY(P) induces a G-equivariant C°°(P)-module homo-
morphism S': C>®(P,g) — C>(P)S(g) C D'(P) (with respect to S” and S, ). If
G acts effectively on P then S is injective. If G acts freely on P then even
(dSP). is injective for all p € P, thus X # 0 yields (Sx), # 0 for all p € P; for

---------

module C*(P)S(g) and the induced S is an isomorphism of free C*(P)-modules.

Proof. Assume that G acts effectively. Let X € g and suppose (Sx),(f) =0 for
all f € C®(P)andallpe P. For p=S(e*X,p') this yields £ f(S.c+ox (P))]i=0 =
LF(Seex (p))|e=s = 0 for all f € C®(P), p' € P and s € R. Thus S(e'¥,p') = p/
for all p» € P and t € R, and thus X = 0 since S is effective. Analo-
gously for a free action, one proves injectivity of (dSP). for all p € P using
(Sx)s(esx p) = dSesx(Sx),. But then all Sg, are independent over C'°(P), since

they are independent for all p € P. [ ]

Finally we need the notion of g-equivariant forms. Just as Ad:G —
Gl(g) induces the representation ad:g — gl(g) with ad(X)(Y) = [X,Y], every
representation S:G — Gl(W) of a LIE group G induces a representation s =
dSe:g — gl(W) of g such that SoexpX = X for all X € g. We will
identify s with the corresponding bilinear mapping s:g x W — W given by
s(X,w) = sx(w) := (dS*).(X). From this point of view, R and L:g — D'(P) =
der C*°(P) are the (infinite dimensional) representations induced by the LIE group
representations R* and L*: G — Aut(C*(P)).

Let ad*:g x Hom(7 (g),V) — Hom(7 (g), V) denote the bilinear mapping
induced by Ad*. Then for X, X; € g, p € Ny and K € Hom(®" g,V), we have

p
(ady K)(X1,...,Xp) =Y K(Xy,...,[X, Xi],..., X,). (6)
i=1
If S is a LIE group action of G on P and S": G — GI(W) is a representation,
then a differential form y € A(P) ® W will be called g-equivariant if
Lsyx = sgn(9)sgn(S)s'(X),x  forall X €g. (7)

Thus x € A(P)®Hom(7 (g),V) is g-equivariant if Lgs, x = sgn(S)(ad’ ).y for all
X € g. We will denote the vector space of g-equivariant forms by A(P) g—equiv@W .
Analogously to Lemma 2.2 we obtain:
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Lemma 2.4.  A(P)g_cquiv @ W is a A(P)g_iny-module with d(A(P)g—equiv @

W) g A(P>g7equiv®w G/ﬂd A(P>equiv®W g A(P>g7equiv®w == A(P)Gefequiv®w

for all vector spaces W. If G is connected then A(P)equiv @W = A(P)g—equiv®W .
4

It is an elementary result in differential geometry (e. g., cf. [4, p. 34]) that

(Lyw)(PY, ..., P™) = X(w(PY,...,P")) — anw(Pl, L[ PP

i=1

for all X, P € D'(P) and w € A(P) ® V. This yields the following corollaries:

Corollary 2.5. Ifw € A,(P)g_iny ® V, then for all X € g and P € D*(P)

n

Sx(w(P ..., P") = w(P ..., [Sx,PY,...., P").

i=1

Corollary 2.6.  Let x’ € A,(P) ® Hom(®’g,V) be g-equivariant. Then for
allpe P, PP € DY(P) and X,E; € g:

(LSXXZ)(Pla s 7Pn)(p)(E1 - Es) =
= {Sx(G(PL P = (P (S P PPN ® - ® By

= sgn(9) Y _x;(PL...,P(p)(E1® - ®E;_1 ® [X,E;] @ Ejs1 @+ @ Ey).
Jj=1

3. Mapping invariant forms onto equivariant forms

Now everything is prepared for the definition of the operators S! which map V-
valued forms onto Alt;(g, V)-valued forms:

Definition 3.1.  Let S be a LIE group action of G on P and w, € A,(P,V).
We define Siw, € A,_;(P,Alty(g,V)), i < n, for all P/ € D}(P), E, € g and
p € P by

[(Sewn) (P, PP YD(E, - Bi) = GEwa(S . SS P P () €V,

where 8 := Sg,. Thus Siw, € A,_i(P) ® Alt;(g,V) if w, € A,(P)® V. For
i >n we put Siw, =0.

The factor (n"f'z), is inherited from the definition of the interior product with
vector fields: recall (Siw,) " e A,_i(P,V) for Ej, € g from (3), then we have

)

(Sieon) 2155 = (11 0+ 0 151 ). (8)

If {Ex} is a base for g, we obtain for w € A,(P) and v € V:

[Si(w@v)](PL..,P") = 2N w(SH . SHPL L PTO)RU(EA - AER,) ).

(n—i)! i
k‘1<---<k‘i
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Lemma 3.2.  For all i < n, S: A (P, V) — A,_i(P,Alti(g,V)) is C>(P)-
linear. For w, € A,(P,V), x5 € A,(P,Alts(g,V)) and i+ j < n, we have

S, = wy, (Sdwn)(p) = n![(SP)*wn)e forall pe P, (9)
Si(Awwy) = A (Siw,) for all A € Hom(V, W), (10)
Sy (Siwn) = (Ad(g= ), [Si(Siwn)], thus (11)
Sy(Saxz) = (A=) (Six). i Spx = (Ad(g= ) ). (12)

(o

Let f49: Alt;y;(g, V) — Alt;(g, Alt;(g,V)) denote the injection defined by

[fi’j<a)](E17 .. .,Ei)<F1, .. 7F}) = CL(El, .. .,Ei,Fl, .. 7F_7) fOT’ a & AltZJr](g, V)

Then
F(STHwn) = (=1)7 S, (Siwn). (13)

Lemma 3.3. For all 1 < n we have:

Si('An(Pv V)inv) g An—i(P7 Altz(g7 V))equiv7
SHAR(Piny @ V) Ap—i(P)equiv @ Alti(g, V),

C
Si (An<P>gfinv ® V) g An7i<P)gfequiv ® Altz(Qa V)

Proof. (12) yields that Siw, is G-equivariant if w, is invariant under S. Now
the operators S only depend on the restriction of S to G, x P. Thus Lemmas 2.2
and 2.4 prove that Siw, is g-equivariant if w, is g-invariant. |

Let us compute in how far the operators S! commute with the exterior
differentiation, interior products with vector fields and LiE differentiation.
Lemma 3.4.  Let S be a LIE group action of G on P. For all w, € A,(P)QV,
i<n+1 and Ey € g we have  {Si(dw,) — (—1)'d(Siw,) P =

7

- —z P {185 Lownlii P +sgu($) 3 (83w )hypr B

k—j+1
—~ i N
By Ejrees EZ i— Eq,..., Ej,.., E7E 7777 E’L
= —Z {Lg; (Si~ 1wn)]n—lk1_i] —sgn(.S) Z (Si 1w7l)n—1i-1—i] (Ej,Ex] }’
k=j+1

—~

where indicates that the term is omitted.

Proof. From (8), the fact that d commutes with the push-outs (F; ® --- ® E;),
and the identities (5) we get by induction:

{Si(dwy) — (=1)'d(Siwn) }orioF = = ST (—1) (1gi 0 -+ -0 Lgi 0 -+ 0 251 )y

- »jil
= —Z(_l).](...oflts\jo LS]wn Z ]Z(Zsio"'OZS/\J'O'"OZ[SJ',S’C}O"'Olsl)Wn
k=1

7j=1 7j=1

Interchanging j and k in the last sum and [S7, S*] = sgn(S5)Sig, ) yield the first
equation. The second is proved analogously. ]
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If x3 € A,(P)® Hom(®* g, V) is g-equivariant, Corollary 2.6 yields
i— s\1E15 E\ ----- Eiys i—1. s Lyeeny /; ..... i Eiykls its
(S Lo a7 = sgn(8) Yo (S47Hxy ) P BB Bl B,

(we again identify Hom(®**g,V) and Hom(®" g, Hom(®*g,V))). We obtain:

Corollary 3.5.  For g-equivariant x3 € A, (P)®@Hom(®*g,V) and i <n+1,
{[Se(dxy)] = (=1)'d(S.x;) n+’i"’f”s =

i i+s

— _Sgn Z Z SZ 1 S)n+7i"7ZEj 7777 [Ejka} 7777 E'H*s'

=1 k=j+1
Thus for g-invariant w,, dw, =0 yields d(Sew,) =0, too.
Analogously one proves using tx 01y = —1x 02y and [Lx,2y] = tyx

Lemma 3.6. Forall w, € A,(P)®V, X € D}(P), Ex €9, and i <n,

[Sa(rxwn)litiz = (1) T (Siwn)lntind
[Sa(Lwn) = La(Slon)ln = 3 (1Y [ST (o sopwa) Iy ™"
j=1
If X =Sx with X € g, we get [Sf(zsan)]Ei’“jEi (Sitlyy, ) ol

n—1—1i

[S£<L.wan) LSX (Szwn>]E1 ..... E; — —sgn(S) Z(Siwn>E17:--,[X,Eﬂ ..... Ei.

4. Mapping equivariant forms onto invariant forms

For our purposes we also need operators in the opposite direction, that produce
V -valued forms from Hom(7 (g), V')-valued and g-valued forms. This can be done
in a very general way and does not require a LIE group action (cf. [1]). Given
forms x: € A,(P,Hom(® W,V) and ¢, = Y7, ¢' ® E; € A,(P) @ W with
p,7,s—1 € Ny, we define a V-valued form x? e ¢, in the following way [recall (3)]:

e, = Z P A gt A LA g e AP, V). (14)

Thus if x% € A,(P) @ Hom(®* W, V') then also x% e ¢, € A, 15,(P) ® V. Linear
extension defines the operator e for x € A(P,Hom(7 (W),V)). Note that if
X € A (P, Sym(W,V), ¢ =+, with s > 1 and ¢(—1)? = —1 then x’ e ¢, =0.

Since e behaves well under pullbacks and push-outs, one easily proves that
e maps equivariant forms onto invariant forms (cf. [1, Lemma 7.1]):

Lemma 4.1.  Let S:G x P — P be a LIE group action and L:G — GL(W)
be a left representation. If ¢, € A.(P,W) and x € A(P,Hom(7(W),V)) are
equivariant (i. e., Syo, = L(g=%"®)), 0, and Six = (L(g®SN) ), x for all g €
G ), then x ® @, is invariant. E. g., if x € A(P,Hom(7(g),V))equiv and ¢, €
A (P, §)equiv then x ® ¢, is invariant.

Analogously, if x and @, are both g-equivariant then x e p, is g-invariant.

We are interested especially in the case where x? = Sjw, and we combine
both operators in the following form:
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Definition 4.2.  Let S be a LIE group action of G on P. Then for w, €
A, (P, V) and 6 € A,(P,g) we define

n (_ 1)i(n—i)
wy, ® 0 := Z L

=0

(Siw,)e0 € A,(P,V).

7!

Analogously, for f: M — P and 0 € A;(M,g), resp., linear A:V — W we write

(ffwn) ©0 == > % [ (Sww,)e0 € A, (M,V), resp.,
i=0 :
(Awn) ©0 = zn: (Dl AJ(Siwn) @ 0] € A, (P,W),  ete.

7!

~
Il
o

Linear extension defines w ® 0 for w € A(P,V).

Due to Lemmas 3.3 and 4.1, w® 0 is (g-)invariant if w is (g-)invariant and
is (g-)equivariant. w® @ is the differential form that one obtains if w,, p € P, does
not act on the tangent vectors A € T,(P) themselves but on X} + (dSP).0,(X}).
Indeed, we have:

Lemma 4.3.  Let p € P and X' € D(P). Then

(@@ O)p(-. X ) =y, Xi 4 (ASP)0,(X), ). (15)

P

Proof. Let w € A,(P, V). Then wy(..., X} + (dSP)b,(X)),...) =

P

= Y (1) X SEw((dSP)ef, X0, (dSP) 0, X0, XD )

=0 pESn
_ Z % (,nl!)/ﬂ (Sl ) (Xp(l-i-l) ’X;(n))[ep)(;)p(l)’ RN erpp(Z)]
=0 pESn
" Ni(n—i) i n "
= UG e (AL, AT = (w ©0), (AL, AT, "
=0

Lemma 4.4.  Forallwe A(P,V), ¢ € A1(P,g) and horizontal 0 € Ay(P, g),

(w®0)® ¢ =wd (§+9). (16)
Proof. If 6 is horizontal then @ (dSp) = 0 for all p € P. Thus for all
vector fields X*, Lemma 4.3 yields [(w ® ) ® ¢],(.. ) = wp(e, X+
(ASP)e@p(X,)+(dSP)ebp (X)) +(dSP) oy (dS ) Op(Xy), - )—wp( , Xyt (dSP)e(Qpt
O, S =0 © O+ Dyl ... .

Again for S = L, R, let ©° € A,(G, g) denote the left, resp., right canonical
1-form on the LIE group G that is given by ©° = ¢%(idy), where 1°: Alt(g, V) —
A(G,V )iny (invariance with respect to left, resp., right multiplication) means the
isomorphism that is inverse to the evaluation at e; i. e., ©L(Xy) = dA;-1(X;) and
O (X)) = dpy—1(X,) for all g € G and X, € Tg(G) We thus have @R AdeOL,
i e, OF = Ad(g) o ®©) forall g € G. If f:M — G is differentiable, f*0" =
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(Adof)e f*OF and f*©F = (Adof~1)e f*OF where f~!:=nof: M — G. Also
with the constant map 1 € C*(G):

VI(K)=(12K)e0° ¢ A(G,V)y, forall K cAlt(g,V).  (17)

Let us first give an application of ® . Suppose S is a LIE group action of
G on P and w € A,(P, V). For any differentiable g: M — G and f: M — P
one would like to compute [S o (g, f)]*w. Then in order to split this form into its
portions that belong to f*, resp., g*, one needs ® . In fact, the following holds:

Theorem 4.5.  Let S be a LIE group action of G on P, S’ a representation
of G on V' on the same side and w € A(P,V) be equivariant. If g:M — G and
f+M — P are differentiable, then S, € A(M,GI(W)) and

[So (g, )If'w=5ye(f'w® g70%) = (S, ® ['w) © g"O. (18)
Proof. Let X' € DY(M) and x € M. Then {[So (g, ) w}.(..., X ...) =

wWs(g(a).f@) (- - > [([dSg@) sy A + (A7) g0y dga) XL, )
= (Sya@) @) (- dfo Xl + d(Sg-1(2) © ST gy dga XL )

g

= S © Wi (- - dfoXi 4 (dSTW) (g7 OF) XL, .. )]

g

= Sipnol(fwe 7O (.., XL )] = (S, e (ff'w® O, X)), -

Corollary 4.6.  If S be a LIE group action of G on P and w € A(P,V) is
invariant then for any differentiable g: M — G and f: M — P

[So (g, /)'w=fwe g*OF. (19)

Suppose that under the conditions of Theorem 4.5, (S?)*w, is indepen-
dent of p € P. Then (SP)*w, € A,(G,V) is invariant: (LF)*w = ¢B(K),
resp., (RP)*w = ¢*(K) for a K € Alt,(g,V). Moreover, we find (S;),K =
Ad(g="5)*K, so for the i = n term in the definition of ® in Theorem 4.5 we
get from (9) with —S := R for S = L, and vice versa:

Sy @ [f*(Siw) @ g"OF] = g"v™(K).

The i = 0 term reads S; e f*w, so for w € A,(G, g) we obtain

Corollary 4.7.  Let L, R:G x P — P be a left, resp., right action of G on P
and f: M — P and g: M — G be differentiable; K € Alti(g,g) be invertible and
we A (P g). Then K(Adog)K' € Ao(M, Alty(g,9)) and we have

1 If (LP)Yw =yR(K) and L*'w = K Ad(c)Ktow forallpe P, ce G, then
[Lo(g, f)fw=K(Adog)K™" e f'w+ ¢g"¢"(K).
2. If (RPY*'w = (K) and R*w =KAd(c Y)Klow forallp e P, c € G, then

[Ro (g, /)f'w=K(Adog )K" fw+ g"v"(K).
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For P = G and L = A, resp., R = p, Corollary 4.7 gives a proof for the
formulas for (f-¢)*©° and (f~1)*©°: put K =idy and observe that (f- f~1)* =
e* = 0, where e: M — {e} C G is the constant map onto the neutral element.
Then Corollary 4.7 yields:

(f-900" = (Adog™')e f0 + 40",
(f-g9r0" = [0+ (Adof)eg"0",
(f71)e" = —(Adof)e f*0F = —f0f
(f—l)*@R —_ —(Ad Of—l) ° f*@R —_ _f*@L-

We already stated another application of ® in Section 1.: if T" is a connec-
tion on a principal bundle P(M,G) and B(M, F,G) is an associated fiber bundle
with a left LIE group action L:G x F' — F (we also use L for the natural exten-
sions to the bundle charts U, x F'), then for any ¢ € A(F,V), the local vertical
projections of pry ¢ € A(U, x F') are given by

(pry ¢)v™ = (prr ¢) @ (pry;, A%). (20)

This follows immediately from Lemma 4.3 and vf, »(X,Y) = (0, Y+(dL) A%(X))
for all (X,Y) € T,,(Uy,) @ Ty(F). If ¢ is invariant, then one easily computes that

Ly[(prf 0)v°] = (pry ¢) © [(pryy, (Ad(g™").A%)]. (21)

Let Uag := UaNUs # @ and T, = (V3lu,,) ") 0 (Yalu,,) denote the maps
for the change of bundle charts. If gg,: U,s — G are the transition functions, then
the maps T}, are given by

Tsa = (pry,,: L o (9sa 0 Pry,,. Prr)) = Lo (gsa 0 Py, du,,xr).  (22)

For computations on fiber bundles one needs to know how differential forms trans-
form under such a change of bundle charts, e. g., in order to check whether a
collection of local forms defines a global form. In view of this question we obtain
from (19) for ¢ € A(F,V )iny:

T3, (015 ¢) = (P ¢) © (gga © Pry,,) O (23)

Recall from the theory of connections that the gauge potentials A% transform
according to A = (Adogas) @ A7 + g5, 0", where we omitted the restriction
to Uas. In fact this is a consequence of Corollary 4.7.2 for w = w', K = id,4
and f = og,. because 0, = R 0 (gga,08). Further observe that in view of
Lemma 4.4, (gsa © pry, B)*@L and (pry;,, A®) are both horizontal. Although due to
(21) for invariant ¢ € A(F, V'), the vertical form (pr}. ¢)v® needs not be invariant
and thus Corollary 4.6 does not apply, one quickly checks tracing the proof of
Theorem 4.5, that

Thal(or 0)0”] = [(pry¢) © (P17, , (Ad(gap)«A%)]] © (g 0 Pry,,) " O"
= [(pry¢) © [pr7,,, (Adogas) @ A” + g5,0")] = (b1 ¢)v°.

We have thus proved
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Theorem 4.8. If ¢ € A(F,V) is invariant, {(pr ¢)v® € A(Uy X F,V)}oea,
resp., {(m50)v™ € A(m ™ (U,), V) }aea defines a global form ¢v € A(B,V). If ¢
is invariant and locally vertical, then {2 ¢}aca is global.

Generalizations of this theorem to combinations of equivariant differen-
tial forms as in Lemma 4.1 are possible. E. g., if x € A(F,Hom(7 (g),V)) is
equivariant and F* € Ay(U,,g) denote the local gauge fields that are obtained
from the curvature 2-form QU as F* := o} QF, then {[(}x)v*] @ (7*F*) €
A7 (U,),V)}aca defines a global form xv e F on the bundle B, cf. [2]. Lo-
cally this form is given by

[(pry x)v*] @ (pry, F*) = [(pr7 ¢) © (pry;, A%)] @ (pry;, F). (24)

5. Differentiation of the combined forms

From the previous applications it should be clear that it is important to control
interior products, LIE derivatives and above all, the exterior derivatives of the
differential forms x; e ¢, and w, ® 6. E. g., one is interested in the exterior
derivative d(¢v) from Theorem 4.8 if ¢ is closed. Thus the computation of
d(w, ® 6) and, more generally, of d[(x? ® 0) e ¢,,] will be the main task of this last
section. Unfortunately, the most general formulas turn out to be quite voluminous.
For this reason, we will then discuss the important special cases.

We need to generalize e to give formulas for x: e (¢, +1,) and d(x; e ¢,),
cf. [1]. First we observe that x? € A,(P,Sym;(g,V)), ¢ = &, naturally defines

X € An(P, SymS (g, Symi(g, V) forall 8',s" €Ny, s’ +5" =5, (25)

For any such combination of s' and s”, x; e (¢2 + 1) will contain terms, where
s' factors of ¢ and s” terms of f serve as input for x;. In order to cover this
situation, we need the following two definitions.

Cenerally, for y**" € A,(P,Hom(®® g, Hom(®* g,V))), s.s" € N, r €
No, and any F; € g, i=1,...,5, we define

XgroBe = [(By @ - @ Eg)* xS € A, (P, Hom(®"" g,V))).
[Thus if y**" € A,(P)® Hom(®* g, Hom(®*" g,V)) then yEb st e A (P)®
Hom(@s” g, Z).] For any such differential form Xﬁ/;s// and any ¢, € A,(P)®g, let
V' = Hom(®*" ¢, Z) and ' := x**" € A.(P,Hom(®* g,V")), and define
X Ay =X @ d, € Aryyp(P,Hom(® g, V))).

If ¢, = in: ¢’ ® E; € Ay(P)® W then we obtain
j=1

S/;S” o m Ejl ..... EjSI;SH jl _] ,
X A= > xr ANGN - NP (26)
Tlyeeny jslfl

which shows that " € ¢, € A vp(P) ® Hom(®*" ¢,V)) if x¥*" € A.(P) ®
Hom(®* g, Hom(®* g,V)).
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We also introduce generalizations (Z)i of the ordinary binomial coefficients:

(s) (5) <3> 0, if s even and k odd, (27
= s = /2 o
k), \k k) T (2). else (for r € R, [r] := max{z < r}).

Thus (Z)i = <ka)i as before. Now if x& € A,.(P,Symg(g,V)) and ¢ := ¢(—1)P
then x; e (¢, +1,) can be written as

<¢p+wp>—z()<xfs Fady) e, =0 (3), 00T wwy) 0 0,

k=0

If x2 € A,(P)®Sym;(g,V) we obtain for d(x:e¢p,), 1x(x:e¢,) and Ly(x:e¢p,):

dx; e dy) = ()i dp+ (=17 (5), ™ < (dd)pia] 06y, (28)
(g ed,) = (x)i_iedy+ (=17 (5), D € (wd)y il o by (29)
Lr(x7e¢p) = (Lax)led,+ (i) D! € (Lag),] @ . (30)

Note that whenever x? e ¢, # 0, <Z)£: (Z) I x2e A (P)@Hom(®% g, V), we get

d(x; e ‘bp) (dx;)e ¢ Z ] 8_j< ‘Zﬁp)l;s_j_l< d¢p] ® Oy, (31)
7=0
s—1

1x(Xr @ Pp) = (1aX;)e ¢p+ (—1) Z<_1)jp[(X£;87j< ¢p)1;87j71< 1xPp) @ By, (32)
=0

s—1
La(x; e ¢p) = (Lxx;) e ¢p + Z(_l)jp[(Xi;S_j < ¢p)1;8_j_1 < LX¢p] ® Oy (33)
7=0

Now for the operator ® : if 6 is horizontal one quickly verifies analogously
to the proof of Lemma 4.4 that 15, (w ® 0) = (1s,w) ® §. Thus we have:

Lemma 5.1. If xi € A.(P)® Sym;(g,V) and 0 is horizontal then
15[ © 0) 0 ,] = (15, X)7_1 @ B0 6+ (—1)" (5), [(x; © 0)1° " @ (15, 0)p1] @ by
If x; € A.(P)® Hom(®* g, V) and both 6 and ¢, are horizontal then

1sx[(X7 © 0) @ dp] = [(1sxX)7 1 © O] @ Py

Recall Ay from Section 2. and let Ay denote the exterior product for g-
valued differential forms which is induced by ad:g x g — g.

Lemma 5.2.  Let x}, € A,(P,Hom(g,V)) and {Ej}r=1,. . aimg be a basis for g.
Then for 0, = S5° 08 @ By € A (P, g) and ¢, = X1 ° ¢ @ Ey € A,(P,g),

dimg dimg

o (0, Ag ) = an (0g Mg D)) = D XIERELAQE AL (34)

k=1
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Proof. Let [Ey, E] = ZdimgclilE with structure constants c¢},. Then by

Jj=1 . .
definition, 6, Ag ¢, = dlmgek A ¢ @ By, EB] = Z?Kl& b N9, By =:
Z;hmg(eq Ng ¢p)j ® Ej, thus
dim g dim g ) s ) . dim g Zdlmg il P
. 1
(0 N\gp) Z Xo MO NgBp) =y X! NG Ay, = ’ Ng Ny
ikl=1 k= 1

We will divide the computation of the exterior derivatives into two steps:

Proposition 5.3.  Let S be a LIE group action of G on P, 0, € Ay P, g),
op € Ap(P,g) and xi € A,(P) ® Hom(®°g,V) g-equivariant. Then for all
i<n+1 with = (-1)7"!

{[d(Sixz) — (“1)'Si(dx)]is, «b,} 06, =
= sgn(S){ = (3), (ST 40, 40,70 60,)} 06, +

() Z 1 qp(k— 1 (Sz 1 s):H_lls < ]k 1;s—k+1 ¢p]ls (Qq/\ggbp)}é\ik.qsp}-

Proof. With the notation of the previous lemma, we evaluate the left side using
(14). Then by Corollary 3.5,

dim g
E; E;
z 7 s 1T lits l; l l _
> {d(s: —1)RSUdXs) badis A AIGAGETI A NG =
lyeligs
) i+s dim g
E ) 7E 290 7[El 7El L ) l . .
- Z+j i—1 h ty k its l lit1
- SgIl Z Z Z S Xn)n—i—l —1 A /\eql/\¢1;1+ A
J=1 k=j+1 lseeligs
dim - —_
9 El17 7El 3 7Elk7 7El [El 7Elk}; 7El

= —sgn(S Z Z Ph—i+1 Z (Si71y%) ) ety Bl e B L ST

J=1 k=j+1 li,.. 7lz+s
! ol gl li l; l l; Livs
/\eql/\...eqﬂ...eqk.../\eq/\6q]/\6qk/\¢p+1/\_._/\¢p+
{ s dimg B Iy
. ke - Tyyeres ] yeeny li7~"7[El "Eli L___,Eli s
+Sgn(5)2€z J Z(_l)qp( b Z(Sﬁ 1x2)n4}1_i J 7 itk +5 A

j=1 k=1 l1yelits

/\Q(I;/\...gqa.../\eéz/\gsi;ﬂA---/\@f;A¢§;+’“A---/\¢§§+s

= —Sgn(S)i Z ¢ din:g (S e e
J=1 k=j+1 liyoslips—1
ANOL A - NOE2 A (B Ag 0)51 A @l A A gl
dim g

+sgn(S Zﬂ ’ Z qpk Y Z (Si71XfL)nf|—ll—i o

Jj=1 lyeligs—1

/\921 Ao s NOEENGE N A (O Ag dp)ith=t A A glivat

by (34). Since EZ: EZ:E"“_”l: (;)z and El:éi_j: (i)y all follows from (26). n
=1

J=lk=j+1
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Corollary 5.4.  Suppose 6 € A(P,g) and x; € A,(P)®Sym;(g,V) in Propo-
sition 5.3, then with ¢ = ¢(—=1)? for all i <n+1
{ld(Sox))™ «0) e 0, — (~1){[Si(dx;)] 46} o0, =
= —sen(S) QIS 407 4 (00 0)) 0 0,
+sgn(8) i (5) {57 ) ™ €0 (0 Ay )} 0 0

Proof. This follows from (—1)P*=D[[(Si~1x) 1 b1+ 1ag,) " a(0A40,) =
(STt 0] T (00 6, g, and Y 0 = (3), .

Theorem 5.5.  Let S be a LIE group action of G on P, 6 € Ai(P,g), ¢, €
A,(P,g) and x;, € A,(P) ® Sym;(g,V) g-equivariant. If £ :=¢(—1)P, then

dl(x; ©6) » 6,] — [(dx;) © 0] # 6,
= {((50x) © 01 < (d0 — sgn(S5) 10 Ag )} @ 0,
D), 106 0 0)5 !« (dd, — sgu(S) 8 Ag 6,)]"" 0 6.

Proof. By linearity of d and e in its left argument we obtain for the left side

n . n+1
> U d{[(Six) " wb] e 6y} — Z {[Se(dx,)]™ <8} o, =
i=0
= > U (i) ] e 0, + (; )4 > (i) P 0] do) 0
=0 =0
n 'L’VL n—i n+1 1
- Z EEI(Sog) T al] e do} 0 6, — >0 S{[Si(dx;)] 4 60} 0 6,
=1
by (28). With Corollary 5.4 we get
n m i ) n+1 in ) )
> C Sexp)" «b] e ¢, — > = {[Si(dx;))" 40} e 6, =
=0 =0
n+1

_ _Z( 1)”1 i Sz 1 s)z 2s+1<0]ls (sgn(S)%@/\g 0)}.¢p

n+1
F(5), 30 G (S 40w (sen(S) B Ag 6,)} @
=1

Finally we put all together and use S y® = (—1)"S!(S.x?) from (13). n
For x2 € A,(P) ® Hom(®*g, V), the last term in Theorem 5.5 reads
SN[, © 0)F 1T 4@, a(dey —sgn(S) 0 Ag 6,)] " 0 0}

k=1

as a consequence of Proposition 5.3, cf. (31). In any case we get the following
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Corollary 5.6.  If S is a LIE group action of G on P, x5 € A,(P)g—equiv ®
Hom(®%g,V), and 0 € Ay (P,g), ¢, € A,(P,g) with do, =sgn(S) 0 Ny ¢, then

d((x;, ® 0) e ¢, = [(dx;) © 6] @ &, + {[(Sex;) © 6] @ (dB — 5g0(S) 30 A\g 0)} 0 6.

Now suppose, 6 is a pullback of an invariant 1-form on G. Then the
MAURER-CARTAN identities dO° = sgn(S)30° Ay ©F and (17) give

Corollary 5.7.  Let S be a LIE group action of G on P, f: P — G differen-
tiable, K € End(g) and x; € A,(P) ® Hom(®*g,V) g-equivariant.

1. If x3 € A, (P) ® Sym;(g,V) and ¢, € A,(P,g), then
dl(x;, © fV°(K)) e oy = [(dx;) © [V (K)] e,
H=1)"(3), [0G © FU5(K)) " a(ddy, —san(S) FU5(K) Ag ¢,)] 0 6y,
d((x;, © fO%) e ¢, = [(dx;) © fO%] e,
H=1)"(5), [0 © F10%) 5w (ddy, — san(5) 76 A 6,)]" e 6.
2. For ¢, € AP g) with dp, = sgu(S)f*V°(K) Ayg ¢p, €. g. for ¢o =
d(f ¢ (K)),
dl(x;, © V(K)o dy] = [(dx;) © fY(K) e g,
dl(x, © %) e ¢,] = [(dx;) © 'O eq,

Finally, in the case s = 0, Theorem 5.5 yields

Corollary 5.8.  If S is a L1E group action of G on P and w, € A, (P)®V
is g-invariant, then for all 0 € A;(P,g)

d(w, ® 0) = (dw,) ® 0 + [(Sew,) © 6]' 4 (df — Lsgn(S) 0 Ag 0).
For any f: P — G, K € End(g), especially K =idy, we thus obtain
d(wn © f*¢°(K)) = (dwn) © f4°(K),  d(w, ® [*O%) = (dw,) © [*O°.

Recall that the gauge fields F* € Ay(U,,g) are given by F* = dA® +
%Aa Ng A“. For that reason we are interested especially in the case where ¢, =
df — $sgn(S)0 Ng 0. Using 0 Ag (8 Ag ) = 0 one easily checks that this yields
dpo = sgn(S) 6 Ng ¢2. Thus Corollary 5.6 reads

d[(x;, © 0) @ go] = [(dx;) © 0] ® Po + [(SeX;,) © 0] @ .

Now Sox¢ € A,_1(P,Hom(g, Hom(®%g,V))) = A, (P, Hom(®*" g,V)). Since
¢2 has even degree, only the symmetric part of Hom(®*™ g, V) counts [e.g., confer
(14)]. So [(Sex:) ® O]epy = Sym, [(Sex;) © O] @ps = [Sym, (Sex’ ) ® 0] @ s, because
® only acts on A(P) and commutes with any operation on Hom(®*™ g, V). This
leads to the following definition:



GROSS 17

Definition 5.9.  For x € A,(P,Hom(®’g,V)) and S:G x P — P, we define
SdX5 = Sym, (Sex;,) € A1 (P, Sym, (g, V).
Corollary 5.10.  If S is a LIE group action of G on P, x; € An(P)g—equiv ®
Hom(®°g,V), 0 € Ai(P,g) and ¢ = df — 5sgn(S) 0 Ag 0 € As(P,g), then
d[(x;, © 0) ® do] = [(dx3) © 0] @ 62+ [(S)x7,) © O] @ o

Extend the symmetric product V in Sym(g,R) = S(g*) to Sym(g,V),
whenever a bilinear map ¢: V' xV — V is given. Equip A(P)®Sym(g, V') with the
gradation induced by A(P), then we obtain from (8) since 2y is a skew-derivation
of degree —1:

Lemma 5.11. S} is a skew-derivation of degree —1 of A(P)equiv @ Sym(g, V')
and A(P)zSym(g, V), e. g. for a, € A, (P)®Sym(g, V) and we A(P)®Sym(g, V),
S (an Ay w) = (S)an) Ay w+ (=1)"a, Ay (SYw).

In view of our applications to connections on bundles we have thus proved:
Theorem 5.12.  Let T' be a connection on a principal fiber bundle P(M,Q)

and let B(M, F,G) be an associated bundle, V' any vector space, x5 € An(F)®
Hom(®%g, V) be G-equivariant and ¢, € A,(F)QV be invariant under G. Then

dix;veF) = [(dx;)v]5e oF + [(Lexp)v];ty oF,
= [(dxy)olh o F + [(Ldxn)vlity o F,
d(¢nv) = (d¢n) [( gbn) ]n 1o b,
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