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The spherical transform for homogeneous vector
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Abstract. Let G/K be a Riemannian symmetric space of the noncom-
pact type. For 7 € K, let E™ be the homogeneous vector bundle over G/K
associated with 7, and let C§°(G,7,7) be the related convolution algebra
of radial systems of sections of E7. Assuming C5°(G,,7) commutative, we
use the theory of spherical functions of type 7 on G to define a spheri-
cal transform for F' € C§°(G,7,7). The corresponding inversion formula is
obtained by using the Plancherel formula on G. The example of real hyper-
bolic spaces HY(R) is discussed. The Plancherel measure is written down
explicitly in this case, and the vector bundles of Dirac spinors, symmetric
traceless tensors, and p-forms on H(R) are considered in detail.

1. Introduction

Let G be a connected noncompact semisimple Lie group with finite center, K a
maximal compact subgroup, and G/K the corresponding Riemannian symmetric
space of the noncompact type. Scalar harmonic analysis on G/K is by now well
understood (see, e.g., Helgason’s books [12, 13]). In this paper we investigate the
case of homogeneous vector bundles over G/K .

For a given irreducible unitary representation 7 of K, we can let the
induced bundle L?(G, ) sit in L*(G) in a natural way. Indeed the left regular
representation of G in L?(G) is unitarily equivalent to the direct sum over K of
the induced representations m, = ind%(7), each 7, occurring d, times (d, the
dimension of 7). The direct sum % L?(G, 7) may be identified with the subspace
L*(GQ) * d, . of L*(G) (. is the character of 7), see [19] Lemma 5.1.

By the generalized Frobenius Reciprocity principle, if we have the Plancherel
formula for G we also have the direct integral decomposition of any induced rep-
resentation 7, (K being compact) [18]. The Plancherel formula for f € L*(G)
will produce a Plancherel formula for f € L*(G, 7).

Compared to the scalar case (when 7 is the trivial representation of K'), sev-
eral new features arise in the case of bundles. For example the discrete series of G
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(when they exist), and the generalized principal series representations (induced
from nonminimal cuspidal parabolic subgroups of G) will enter the Plancherel
formula for a generic vector bundle over G/ K.

In this paper we use the theory of spherical functions of type 7 on G,
as developed by Godement, Harish Chandra and Warner [11, 28], to discuss the
analysis of radial systems of sections of a homogeneous vector bundle E™ over
G/K.

Radial systems of sections of E7 and the related convolution algebra
C°(G, 1, 7) are defined in Section 2. This algebra may be identified with a certain
subalgebra of C§°(G), denoted Iy .(G). More precisely, Iy ,(G) consists of those
f € C§°(G) which are K-central and are invariant under convolution with d.x; .
The algebras C§°(G, 7, 7) and Iy, (G) play the same role, for vector bundles, as the
convolution algebra C’# (G) in the scalar case. (This is the algebra of compactly
supported smooth functions on G which are biinvariant under K.)

In Section 3 we first define spherical functions of type 7 on G, and discuss
their functional and differential properties in the commutative case, namely when
the convolution algebra C§°(G, 7, 7) is commutative (for the given 7). The algebra
D(G, 7) of invariant differential operators on E7 is then also commutative [8]. The
analysis of radial sections in this case is as close as possible to scalar harmonic
analysis on Riemannian symmetric spaces G/K, or on the homogeneous spaces
G/K with (G, K) a Gelfand pair.

Then we define (in the commutative case) a spherical transform for radial
systems of sections of E7, and derive an inversion formula from the (abstract)
Plancherel formula on G. In this part of Section 3, we do not use the structure
theory of semisimple Lie groups, and keep the notations as general as possible. In
fact the results obtained here apply (in the commutative case) to any pair (G, K)
of a locally compact unimodular Lie group G' and a compact subgroup K, provided
that (i) K is sufficiently large in G so that every irreducible unitary representation
U of G is K-finite; (ii) there is a well defined theory of global characters on G,
i.e., for every U € G the operator U(f) = [, f(x)U(x)dz is of trace class for all
f € C5°(G), and the mapping Oy : f — TrU(f) is a distribution on G. For
example if G admits a uniformly large compact subgroup K (see the definition in
[28] vol.I p. 305), then the conditions (i) and (ii) are satisfied. This includes all
reductive pairs and all motion groups [28].

Another example is given by a pair (K, M) of a compact Lie group K and
a closed subgroup M C K. It is clear that for each o € M we can formulate a
theory of spherical functions of type o on K, and define a spherical transform for
radial sections of the bundle E? over K/M, even if (K, M) is not a symmetric
pair. This theory will be analogous (in the commutative case) to that developed
in Section 3.

At the end of Section 3 we consider the semisimple case in more detail. The
spherical transform and the inversion formula on C§°(G,7,7) are written down
explicitly in this case, using Harish Chandra’s Plancherel formula and Subquotient
Theorem.

An important example of commutative algebras Iy -(G) is provided by the
pairs (G, K) = (SOy(N,1),SO(N)) or (G,K) = (SU(N,1),S(U(N) x U(1))),
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i.e., G/K is either a real or a complex hyperbolic space. In section 4 we discuss
the example of real hyperbolic spaces H™(R). We make explicit the Plancherel
measure and the inversion formula for the double cover Spin(N,1) of SOy(N,1).
This allows us to discuss also the spinor bundles over H¥(R). The homogeneous
vector bundles of Dirac spinors, symmetric traceless tensors, and p-forms over
HY(R) are considered in detail. The spherical transform reduces to the Jacobi
transform in this case. The approach using Jacobi functions analysis agrees with
the representation theoretic approach presented here.
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2. Radial systems of sections

Let G be a connected noncompact semisimple Lie group with finite center, K C G
a maximal compact subgroup, and G /K the corresponding Riemannian symmetric
space of the noncompact type.

Let 7 be an irreducible unitary representation of K on V., and let E™ be
the homogeneous vector bundle over G/K defined by 7. It is well known (see, e.g.,
[26] sect. 5.3) that a cross section of E7 may be identified with a vector-valued
function f : G — V. which is right- K -covariant of type 7, i.e.,

flgk)=7(k"")f(9), Vge@, VkeK. (1)

We denote by C§°(G, 7) the space of compactly supported smooth functions
that are right- K -covariant of type 7, and by L?*(G, 7) the Hilbert space of square
integrable such functions, with scalar product

(iofo) = [ (h(@), fo(a))da. 2
By a radial system of sections we mean a map F': G — End(V,) such that
F(kighks) = 7(ky D F(g)T(k7Y), Vg€ G, Vki,ky € K. (3)

For any v € V., the vector valued function f(g) = F(g)v satisfies (1) and
defines a radial section of E7. [We follow here Badertscher and Reimann [1], who
studied vector fields over the real hyperbolic spaces.]

The radial systems of sections generalize the notion of K -biinvariant func-
tions on G. They are called radial because, due to the Cartan decomposition
G = KAK, they are determined by their restriction to the vector subgroup A.
We denote by C§°(G, 7, 7) and by L*(G, 7, 7) the obviously defined spaces of radial
systems of sections, with scalar product

(F, F) = /G Tv [Fy (x) Fa(x)*]dz,
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where * denotes adjoint. For Fy, Fy € C§°(G, 1, 7), define the convolution by

(Fix Po)(a) = [ Fily™) Fa(y)dy.

This definition is arranged so that Fy  Fy € C°(G, 7, 7):

(Fy % F)(kyaks) = /G Fy(y™ kvwks) Fa(y)dy
_ T(kgl)/GFl(y‘lklx)Fa(y)dy
= (k) /G Fy (2" a) Fy(ky 2)dz
= k") [ R 2)Fa()de (k)
= (k) (P * By)(z)r(kY).

In general on C§°(G) (the space of compactly supported smooth functions
on G), the convolution is defined by the usual rule

(f1* f2) () I/Gfl(xyfl)fg(y)dy = /Gfl(z)fg(z’lx)dz.

The space C§°(G,7,7) may be identified with a certain subalgebra of
C°(G), which we now define. Let Iy ,(G) denote the set of those f € C{°(G)
which satisfy

flkzk™) = f(z), Vred, VkeK

(i.e., f is K-central), and
diXr* [ = f(: J* drj(r)v (4)

where d, and x, are the dimension and the character of 7 (a bar denotes complex
conjugation, and the convolutions are over K).

Then [y (G) is a subalgebra of C§°(G) and it is (anti)-isomorphic to
C(G,7,7). Indeed given F' € C§°(G, 1, 7) define

fr(z) =d, Tr F(z). (5)
It follows from (3) that fp is K -central and moreover it satisfies (4). Indeed
(frxde)(@) = do [ Jrlak)y (k)b
— 2 / Tv F(zk) s (k)dk
K

= &Tr Ul(r(k‘l)xr(k)dkF(ﬂf)
= d,Tr F(z) = fr(x),

where we have used the Schur orthogonality relations for K with the normalization
Jxdk =1. Thus fr € Iy.(G). Viceversa, given f € I, (G) put

Fiz) = / (k) f (kx)dk. (6)

K
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Then

Fy(kyaks) / (k) f (kkyaks)d / (k) f (kaks)dk (kT 1)
K K

/KT(/{:)f (koka)dk r(k71) = r(k; )/ (k) f (k) dk (k)
= 7(ky ") Fy(z)r(kih),
).

ie., Fy is in C§°(G,7,7). We have the following result (see [28] vol.Il, p.3,
Example 1):

Proposition 2.1.  The map f — Fy is a linear bijection of Iy,(G) onto
Ce(G,T,7). Its inverse is the map F — fr. These maps satisfy

Ff1*f2 :Ff2*Ff17 (7)
fFl*FQ = fF2 * fFl' (8)

As a corollary of this proposition we see that the convolution algebra
C (G, 1,7) is commutative if and only if the convolution algebra I ,(G) is com-
mutative.

Now let G (K ) denote the set of equivalence classes of irreducible unitary
representations of G (K). In what follows, we shall identify a class [U] € G
([r] € K) with a representative U (7) in that class, and we shall write (somewhat
incorrectly) U € G (7 € K). Let m(r,U) denote the multiplicity of 7 in Ulg.
The following result, which characterizes the commutative case, is well known (for
the proof see [11] p.522 the Corollary to Th.8, or [28] vol.IT p.9 Prop. 6.1.1.6):

Proposition 2.2. The following conditions are equivalent:
1) Iy.(G) is commutative;
2) m(r,U) <1 YU eQG.

For a symmetric pair (G, K), it is known that m(7,U) < d,, YU, Vr [11].
Therefore the two conditions above are satisfied when 7 is the trivial representation
of K (i.e., in the scalar case, see [12]). Tt is natural to begin the investigation of
vector bundles from the commutative case. Of course for a given G, I (G) may
or may not be commutative depending on 7 € K. An example of commutative
algebras Iy, (G) may be given as follows. We say that the compact subgroup K is
multiplicity free in G if each irreducible unitary representation of K is contained
in each irreducible unitary representation of G at most once, i.e., m(7,U) < 1
Vre K , YU € G. In this case, the conditions of Prop. 2.2 are satisfied for each
7€ K. The following result is classical.

Theorem 2.3.  Let the symmetric pair (G, K) be either (SOy(n,1),S0(n)) or
(SU(n,1),S(U(n) x U(1))). Then K is multiplicity free in G.

A simple proof of this result may be found in [16], where it is proved that
(G x K,diag(K)) is a Gelfand pair. The result then follows by noting that the
multiplicity of 7 in U is the same as the multiplicity of the trivial representation
of diag(K) in U ® 7 (7 the contragredient representation of 7).
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3. The spherical transform in the commutative case

We keep the notations of Section 2. Thus we fix a Riemannian symmetric pair
(G, K), and an irreducible unitary representation (7,V;) of K. In this section we
assume that the conditions of Proposition 2.2 are satisfied for the given 7, so that
the convolution algebra C§°(G, 7,7) is commutative.

We denote by G (7) the set of those U in G which contain 7 upon restriction
to K. For U € G(r) let Hy be the Hilbert space where U acts, and let P, be
the projector of Hy onto H,, the subspace of vectors which transform under K
according to 7 (see, e.g., [11]):

Py =d, [ U(k)x:(k")dk. (9)

Since m(7,U) = 1, we can identify H, with V,. Define the (operator valued)
spherical function ®Y on G by

o/(g) = P.U(9)Pr, g€G, (10)

For each g € G, ®Y(g) may be regarded as an element of End(V,) and satisfies
o7 (g) = @7 (97"), and

(b,lr](k’lgk?z) = T(kﬁl)(bg(g)T(kz), \V/g S G, \V/kfl, ]{32 € K. (11)

We choose an orthonormal basis {va}a-1...o of Hy adapted to the decom-
position of U|g into different K-types, Ulx = Y 5c 6. We can always assume
that for a = 1,...,d, the vectors {v,} span H, ~ V.

The functions ®Y generalize to vector bundles the notion of positive definite
spherical functions. It is easy to see that the traces

Y (x) = Tr [P.U(x)P;] = Tr dY(x)

(known as spherical trace functions of type 7, see [28] vol.II), are positive definite
functions on G in the usual sense. The functions ®Y and ¢V are related as follows.

Lemma 3.1.  Let the Haar measure on K be normalized by [ dk = 1. Then
Ve e G

/K o (kek—)dk = diqsgf(m, (12)
dr [ oY@k r(R)dk = @Y (), (13)

where 1 in (12) denotes the identity operator in V..

Proof.  Let ®Y(z) denote the left-hand side of (12). Then ®Y(z) is in
Endg(V;), Vo € G (this follows from (11)). Since 7 is irreducible, ®Y () =
¢(x)1, where ¢ is a function on G. Taking the trace gives d,p(z) = Tr ®Y, (z) =
Tr ®Y(z) = ¢¥(x). This proves (12). Eq. (13), rewritten as

d, /K Tr [0Y ()7 (k)] 7(k)dk = @Y (),

follows from the Schur orthogonality relations. [ ]
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U

T

Taking the trace of Eq. (13) gives the well known relation ¢¥ *d,x, =
see [11].
For f € C3°(G) and U € G(7), let U(f) denote the operator

:/Gf(x)Ux dx

Then, as is well known, U(f)P, = U(f *d,x.), BU(f) =U(d,Xx- * f), and
PU()P, = Uldoxr # f % doits).

In particular for f € Iy .(G) we have the following result.

Proposition 3.2.  Let f € Iy,(G) and U € G(7). Then

PUf) P = U(f),
UHuk) = UmU(f),  kekK.

Let U.(f) denote the restriction of U(f) to H,. Then the set of operators U.(f),
f € 1y, (G), is the centralizer of the representation k — 7(k) of K on H,.

Proof.  See [28] vol.I p.307, and Prop. 4.5.1.7 p.310. n
This proposition and (12) imply that for f € Iy ,(G)

U, (f) :/ F(a)0Y (z dm:// Flkak D0 (x)dkda
=[] ¢UkyM%@——4/f )oY (2)da
e Oul) = T U(f) = TeU () = [ f(a)ol () (14)

Since
U(fi* f2) = U(f)U(f2),
we see that the map f — f(U) € C, where

1
= 7 | f@el @) (15)
is a continuous homomorphism of the convolution algebra I, ,(G) into C,

(fr* )U) = LU fo(U),  Yfi, fo € I (G). (16)

The map f @(7) — C, given in (15), is called the spherical Fourier transform of
f € ]O,T( )

For FF € C°(G,7,7), consider the operator T = [, ®Y(x)F(x)dx. It
is easy to see that T' € Endg(V;). Since 7 is irreducible, T = ¢1, where
c= 7 Jo Tr[®Y (x)F(x)|dx.
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Definition 3.3.  The spherical Fourier transform of F' € C§°(G,7,7) is the
function F': G(1) — C defined by

FWﬁi%AH@ﬂ@ﬂ@Mu U e G(r). (17)

When 7 is the trivial representation of K, the function F , defined on the
set of equivalence classes of irreducible unitary spherical representations of G, or
equivalently, on the set of positive definite zonal spherical functions on G, reduces
to the usual spherical Fourier transform of F', see [28] vol.II p.337.

Lemma 3.4.  In the notations of Proposition 2.1 we have for all U € G(T)

A

FU) = fe(U),  f(U)=F;(U). (18)

Proof.  Using (13) we have
1
FU) = E;/gqypbg@gpxxﬂdm
- 1;[;¢5(xk*513[T@ﬁpxxﬂdkdx
- / / ¥ (xk~VYTr [F(ak~Y)]drdk
K Ja
= [ @) [F)de
1 .
= o [ @@z = fe(U)
Reading the argument backwards proves the second equality in (18). [ ]

Putting together eqs. (8), (16) and (18), we see that the map F — F(U)
is a continuous homomorphism of C§°(G, 7, 7) into C,

(Fy+ B)(U) = B{(U)Ey(U), VF, Fy € C°(G, 7, 7).

This leads to the following definition of spherical function of type 7 and spherical
transform in the commutative case.

Definition 3.5.  Assume C{°(G,7,7) commutative. A function ¢ : G —
End(V;) is called a spherical function of type 7 on G if it satisfies (11) and if
the map

F%ﬂ@:%éﬁ@@ﬂmm (19)

is a homomorphism of CS°(G,7,7) into C. The map F, defined on the set of
spherical functions of type 7 by (19), is called the spherical Gelfand transform
of F (spherical transform, for short). For U € G(r) we write F(®V) = F(U)
(consistently with (17)).
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Let ® be a spherical function of type 7 on G, and let ¢(x) = Tr &(x). It
is clear that ® and ¢ are related as ®Y and ¢Y in (12)-(13) (same proof as in
Lemma 3.1). Notice that ¢ is K-central and satisfies ¢ * d,x, = ¢. Moreover,
defining the spherical transform of f € Iy.(G) by

fo)= 1 [ ra)otayis, (20)

we have
F(®) = fr(g),  f(¢)=Fy(®) (21)

(same proof as in Lemma 3.4). Therefore the map f — f (¢) is a homomorphism
of Iy.(G) into C. We could define a spherical function of type 7 to be a scalar
valued function ¢ on G satisfying the three conditions (i) ¢ is K-central; (ii)
¢ * d.xr = ¢; (iii) the map f — f(gb) is a homomorphism of I, (G) into C (see
[28] vol.IT p.14). This definition would then be equivalent to Definition 3.5. Indeed
given ¢ satisfying (i)-(iii) above, the function ®(x) given by the left hand side of
(13) (with ¢V — ¢) satisfies the conditions of Definition 3.5.

The connection between spherical functions of type 7 on G and represen-
tations of G is as follows. Let U be a topologically completely irreducible (TCI)
Banach representation of G (see [28] vol.I p.228 for the definition of TCI). Sup-
pose that 7 occurs in U|x with multiplicity one, and define ®Y(g) by means of
eq. (10). Then ®Y is a spherical function of type 7 on G. Conversely, if ® is a
spherical function of type 7 on G, there exists a TCI Banach representation U of
G such that ® = ®Y. [See [28] vol.IT p.15.] We say that a spherical function ® of
type 7 is of positive type if the scalar valued function ¢(z) = Tr ®(z) is positive
definite on G'. Then the spherical functions of type 7 of positive type are precisely
the functions ®V with U € G(7) (see [28] vol.II p.15, the remark).

As in the scalar case, spherical functions of type 7 on G are characterized
by certain functional equations.

Theorem 3.6.  Let ® be a spherical function of type T on G, and let ¢p(x) =
Tr ®(z). Then Va,y € G

d, [ olwkyk )k = 6(2)6(y). (22)
dr [ O(akyk )k = @(2)o(y). (23)
dr [ ®(aky)(k™)dk = @)D (y) (24)

Conversely, let ® be a nonzero continuous function on G with values in End(V;)
which satisfies (11) and either (23) or (24). Then ® is a spherical function of type
T on G.
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Proof. Eq. (22) is the functional equation for the spherical trace functions of
height one, see [11]. The proof given here is similar to [10] Proposition 1.3 p.319.
For a function f € C§°(G) put

= [ flkak™

and 7 =d, X, * [ *xd;x,, i.e., explicitly

@) =2 [ Pk (k)x (k) ks
It is easy to see that (fx)” = (f7)k. Put f# = (f7)k. Then the map f — f# is
a projection of C3°(G) onto Iy, (G).

Let ® be a spherical function of type 7 on G, and let ¢(x) = Tr®(z).
The map f — f(¢) (cf. (20)) is a homomorphism of Iy,(G) into C. Put
o(f) = Jo f(x)gb(x)dx Let f1, fo be in C§°(G). Then

dT
— d% ; (FF * £ dz——/ £ (a )dx/fo(yw(y)dy
- [ e ><zs<z>dydz—di2 [ @ ootz
= 5 [ 4:6(e) — 6ol £ () () dady.

T

Using the definition of f# and the fact that ¢(z) is K-central and satisfies
¢ *d;x, = ¢, it is easy to show that the latter expression equals

d_lz/GxG [dT /K o(zkyk™")dk — ¢(x)p(y)| f1(2) f2(y)dady.

This proves (22), since fi, fo are arbitrary in C§°(G). To prove (23) we use (13),
to write

d, / O(rkyk dk = & / S(kyk~ V) (k) dkydk
K KxK
— / Sk ayky ) (k) dkrdks
= dy [ oaki Noly)r(ka)dki = D) ().
Finally to prove (24) we write
dr [ @ky), (i = @2 [ B(rky) [ / T(klklkll)dkl] dk
K K K
— 2 / O (ckyki k)7 (k) dkydk
/ [ @(xkyklk—l)dk} (kD dky
K K
/ o

(@)d(yki)7(ky ) dk = ©(2)D(y),
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as claimed.

Conversely, suppose that ® : G — End(V;) satisfies (11) and (23). Then
d(x) = Tr d(z) satisfies (22). Clearly ® and ¢ are related as ®Y and ¢¥ in (12)-
(13) (same proof as in Lemma 3.1). For F' € C°(G,7,7) and f € Iy,.(G), define
F(®) and f(¢) by (19) and (20). Then (21) holds (same proof as in Lemma 3.4).
Now ¢ is K-central, and ¢ * d,x, = ¢. Let fi, fo € Iy-(G). Then

—

(@) = o [ [ Aler ety
= o [, [ 5@ a@elaizy
= o [ L £k oty dhdady
= o [ L@ [ [, otk ar] dedy
= & [, @ R@ewow)ddy = fi(0) o).

The relation (F1/>|<\F2)(<I)) = F\(®)Fy(®) VF,, Fy, € C°(G, 7, 7), follows immedi-
ately from (21) and (8). Thus & is a spherical function of type 7 on G.

Finally let ® : G — End(V;) satisfy (11) and (24). Then & satisfies (23).
Indeed

dr [ @Gkyk k= & [ akyh ) [/ T(l{;l)XT(l{:fl)dkl] dk
K K K
— & / O (wkyk~ k) o (k) dkdk
KxK
e / [ / (I)(xklkgykz_l)XT(kfl)dkl] dks
K K

= &, [ O@)D(kayky ke = O(@)o(y)

This completes the proof of the theorem. [ ]

Theorem 3.7.  Let ® be a nonzero spherical function of type 7 on G, and let
o(z) = Tr®(x). Then ®(e) =1, and Vx € G

/G O(ry)F(y)dy = D(2)F(®),  VF e CX(G,r,7), (25)

[ o))y =o@)f(e).  Vf € Lo (G). (26)

Conversely, let ® be a nonzero continuous function on G with values in End(V;)
satisfying (11) and ®(e) = 1. Suppose that for any F € C°(G, 1,7) there exists a
complex number F(®) such that (25) holds. Then F(®) = i Jo Tr [®(z) F(x)|dx,
and ® is a spherical function of type T on G.



40 CAMPORESI

Proof. Let ® be a spherical function of type 7 on G, not identically zero.

Letting g = e and k; = k = ky ' in ®(k1gks) = 7(k1)®(g)7(ko), gives ®(e)7(k) =

T7(k)®(e) Vk € K. Then ®(e) = ¢1. Moreover ®(k) = ®(ke) = 7(k)P(e) =

c7(k). Letting z =y = e in (24) gives ¢? = c¢. The function ¢(x) = Tr ®(x) can

not vanish identically, because d, [ ¢(xk™)7(k)dk = ®(z). Let xo € G be such

that ¢(xg) # 0. Letting © = ¢y and y = e in (22) gives ¢(e) = d,, whence ¢ = 1.
Now using Proposition 2.1, (23) and (21) we have

Lo@pFwdy = [ [ eGy)r(k) feky)dkdy
= [ [ ek k) ey dyar
= L[ etk tyr)ar) fitdy
- d%@(@ | 6w ey

= O(2)fr(9) = D(2) F(®),

which is (25). Eq. (26) can be proved in a similar way, using the K -centrality of
f and (22).

Conversely, let @ : G — End(V;) satisfy (11), ®(e) = 1, and (25), for some
F(®) € C. Setting = = e in (25) gives F(®)1 = [, ®(y)F(y)dy. Taking the trace
of this equation gives F(®) = i Jo Tr[®(x)F(x)]dz.

Given Fy, I, € C§°(G, 1,7), it is easy to see that

— 1

(R B)(@) = —Tr [ [ o(ay)Ri(y)F(e)dedy.
Then (25) implies (Fl/*\Fg)((ID) — F(®)F5(®), i.e., ® is a spherical function of
type 7 on G. [ ]

From the differential point of view, the spherical functions of type 7 are
the radial joint eigenfunctions of D(G, 1), the algebra of G-invariant differential
operators mapping sections of E7 to sections of E7. [See [20] for a Lie-algebraic
description of D(G, 7).] By methods similar to those of [25], one can show that
D(G, ) is commutative if and only if C§°(G, 7, 7) is commutative (see [8]). Thus
D(G, 1) is commutative in our case.

Let C*(G, 1) (resp. C*(G, 1, 7)) be the space of C*° maps from G to V,
(resp. End(V})) satisfying (1) (resp. (3)). D(G, 7) acts naturally on C>*(G, 1),
in view of the identification of C*°(G,7) with T'(E7), the space of C* cross
sections of E7. For F' € C*°(G,7,7) and v € V;, the function f(g) = F(g)v is in
C>®(G, 7). Therefore we can let D(G, 1) act on C>®(G, 7, 7) by

(DF)(-)v = D(F(-)v), VD e D(G, 1), VF € C*(G,1,7), Yv e V,.

Clearly DF € C*(G, 1,7). Let n be the map on G defined by sending ¢ to g~ !.
Let @ be a spherical function of type 7 on G. Then ® on € C*(G,1,7). We
shall now prove that ® o7 is an eigenfunction of each D € D(G, 1), using the
functional equation (24).
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Theorem 3.8.  Let ® : G — End(V;) be a spherical function of type T on G.
Letn:g— gt andlet ® = don € C°(G,1,7). Then for each D € D(G,7)
there exists a complex number pe(D) such that

D® = ji1p(D)d. (27)

Moreover (D®)(e) = pe(D)1, and the map D — pue(D) is a homomorphism
of D(G, 1) into C. Conversely, let T € C>®(G,1,7), and suppose there is a
homomorphism, D — ur(D), of D(G,7) into C such that

DT = up(D)T, VD € D(G,7),

with DT (e) = pr(D)1. Then there is a spherical function ® of type T on G such
that T'= ® o).

Proof.  Let ® be a spherical function of type 7 on G. Using (24), it is easy to
derive the following functional equation for ®:

d, /K b(aky) vo (k)dk = B(y)B(x), .y € G. (28)

Acting with D € D(G,7) on the y variable in (28), using the fact that D is
left-invariant, letting y = e, and observing that D® € C*°(G, 7, 7), we obtain

[D®] ) =d; / X (k zk)dk

= d, / \e (k)7 (k™) dk [D®)(2) = [D](x). (29)

Now notice that if T € C*°(G, 7,7), then T'(e) € Endg(V;), so that T'(e) = 1,
with ¢ = iTr T(e) € C. Applying this to T'= D® € C*(G, 1, 1), gives

Dd(e) = pa(D)1,

with pe(D) = iTr [D®(e)] € C. Using this in (29) proves (27).
Finally, we have

4o(DiDy) = d%Tr[(DlDz@(eﬂ

— diTTr (e (Ds)(D1®)(e)]

— diTTr (e (D2)pa(D1)1]
= pa(D1)pae(Dy).

The proof of the converse is analogous to [28] Theorem 6.1.2.3. One proves
first that 7" is analytic, using the fact that D(G, 7) has an elliptic element. Then
using Taylor’s formula, one proves that T satisfies the functional equation (28).
The result follows then from Theorem 3.6. ]

We shall now use the isomorphism between C¢°(G,7,7) and I (G) to
derive an inversion formula on C§°(G, 7, 7) from the Plancherel (inversion) formula
on the group G.
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Theorem 3.9.  The spherical transform (19) is inverted by

1

)be(g’l)ﬁ(U)du(U)? Fe (G, ), (30)

where du(U) is the Plancherel measure on G (suitably normalized).

Proof. Let U € G, and let Oy denote the global character of U. Consider the
Fourier component Oy, of Oy, defined by the rule

@UJ(f) = @U<f * dTXT>7 f € CSO<G>>

the convolution being over K. As proved in [28] vol.Il p.18 (the remark), the
distribution Oy, coincides with the spherical trace function ¢V, i.e., for f €

C(),
Our(f) = [ ¥ (@)f(@)da. (31)

Clearly if U is not in G(r), then

@U,T<f) = 0.

Let F' € C°(G, 7,7), and consider the function fpolL,, where fp € Iy .(G)
is defined in (5), and L, denotes left-translation on G, L,(z) = gx. This function
satisfies

(fFoLg) *dTYT = fFOLga

as follows immediately from the definition of Iy ,(G). Therefore
Ou(froLy) = Ou((fro Ly) * drXr) = Our(fr o Ly),

and if U & G(7)
C"‘)U(fp o} Lg) == @U,T(fF o} Lg) =0.

We now use these relations and (31) in the Plancherel (inversion) formula
for fr € Iy, (G):

filg) = [ Oufro Ly)du()
= e Ou(fr o Lg)du(U)

- /(T) | ¢ @) fe(gw)dedp(U)

G

_ /G / &Y (g7 ) fr(y)dydu(U)
() JG

= o, i) = |

iy O (9THF )R,
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where we have used (26) and Lemma 3.4. To pass from fr to F' we apply the
map f — Fy (cf. (6)), and observe that Fy, = F. Then

Flg) = [ 7(k)f(kg)dk
_ //T) (k)Y (g~ k™ E(U)dp(U)dk
= [, (Lot ryan ) EQ)du0)

1 ~
= oY (¢ HF(Udu(U
& Jowm - (g ) FU)du(U),
which is the inversion formula (30). m

The inversion formula for the spherical transform f of f € Iy (G) (cf. (20))
is

f)= [ QW) T r(C)

The Plancherel theorem for the spherical transform follows now from The-
orem 3.9 by well known standard arguments.

Corollary 3.10.  The spherical Fourier transform F — F, defined in (17),
extends to an isometry of the Hilbert space L*(G,7,7) onto the Hilbert space
L*(G(r),du(U)).

Remark 3.11.  The map F — F given in (19) is the Gelfand transform on
the commutative convolution algebra C§°(G,7,7). We see from (30) that the
Gelfand measure in the inversion formula on C§°(G, 7, 7) may be identified with the
Plancherel measure on G, restricted to those representations of G which contain
T.

We now derive an “inversion formula” for f € C§°(G, 1), i.e., for arbitrary
(smooth compactly supported) sections of E”7 (not necessarily radial). We can
proceed in two ways. We can either imitate the argument in the proof of The-
orem 3.9, by observing that if f satisfies (1) then f *d.x, = f, and similarly
(foLy) *xd;xr = folL, Then we can apply the Plancherel formula to each
component f, of f(g) = X%, f.(g)v. and obtain (in index-free notation)

flo) = [ [0 ) @)dwdn(v)
_ /G . /G /K oV (g7 )7 (k) f (k) dkdzdpu(U)
= /») L[ 62 (g gk () f ) didydia(U)

— d/ /CIDUg v) f(y)dydu(U). (32)
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Alternatively, we can use (30). Observe that any f € C§°(G,7) can be
written as

flg)=F(g)v, gea,

where v is an arbitrary (fixed) unit vector in V,, and F(g) € End(V;) is defined
by
Flgw = f(g){w,v), weV.

Notice that F' satisfies
F(gk)=7(k"")F(9), VgeG,VkeK,

and VO € End(V;),

Tr [OF(g)] = (Of(9),v). (33)
Put
Fy(z) = /K F(gkx)r(k)dk. (34)

It is easy to see that F, € C§°(G, 7, 7). Hence, we can expand it according to (30),

R = 7 [ 8 AU (35)

The spherical Fourier transform of F}, is given by

. 5U) = [ T [V W)E, )] dy
= [ 10 [2¥w) [ Figky)r()ar| g
~ T /K /G oV (kL \a) F(a)r(k)dadk

= [ 1 [@Y (g )P @) de = [ (@Y (g 0)f(x). v)de,  (36)

where we have used (33). Now set x = e in (34) and take the trace to get
TeFy(e) = Tr / F(gk)r(k)dk
K

— Tr/KT(k:_l)F(g)T(k)dk
= TrF(g) = (f(9),v), (37)

where we have used (33) with O = 1. Setting z = e in (35) and taking the trace
gives

A~

TE(e) = [, F0)du0)

Using here (36) for F,(U) and equating to (37), we obtain, since v is arbitrary,

o) =7 [ |2V o) fapdedu(w), (33)

in agreement with (32).



CAMPORESI 45

Notice that for a radial section f [i.e., f(g) = F(g)v, with v € V., and
F e CP(G,7,7)], eq. (38) reduces to (30) upon using (25).
We define the convolution of ®Y and f by
(@Y % f)(g / OY(g7'w) f(x)dx, feCP(G,T),9€QG,

so that eq. (38) becomes

1lo) =7 [, (@7 Dlg)du(v).
The space ®Y x C°(G, 7) can be given the positive definite inner product
@cfi @) = o [ (@Y ) i), flg))de dg
= o | @0 () do.

Denoting its completion by L% (G, 7), we have the direct integral decompositions

IG.) = [, (G )du(v),

9= [, 190 fIPdu(v), Vi € CF(G.) (39)

where L?(G,T) is the completion of C§°(G, 1) with respect to the scalar product
(2). From the representation theoretic point of view, this result gives the direct
integral decomposition over G of the induced representation de( ), according
to

() = [ i) m(r, U)Udp(U) (40)

(see [21] Lemma 1, or [18] p.58). This result may be regarded as a generalization
to the noncompact case of the classical Frobenius Reciprocity Theorem. That is,
the multiplicity with which U occurs in ind%(7) coincides with the multiplicity of
7 in Ul . Of course the notion of multiplicity in a direct integral requires a little
care. For U in the discrete series, du(U) is discrete and (40) takes the same form
as in the classical (compact) case, see [18] p.58.

There are two important differences between the compact and the noncom-
pact case: 1) in the noncompact case the Plancherel measure may have both a
discrete and a continuous part, rather than only discrete; 2) in the noncompact
case a representation in G may contain 7 and still not appear in the decomposi-
tion of ind% () (if it is not tempered). In fact the support of du(U) is, in general,
a proper subset of (. For example the so called complementary series of SL(2,R)
have zero Plancherel measure.

Remark 3.12.  In this section we have fixed 7 € K so that m(r,U) = 1,
VU € G(r). However for 7 generic in K, the multiplicity {y = m(r,U) will
exceed 1. (It is known that m(7,U) < d., giving an estimate independent of U,
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see [11].) In this more general case, the results of this section will be modified as
follows: 1) the algebras Iy ,(G) and C§°(G, 7, 7) will no longer be commutative; 2)
the spherical functions WY (g) = P.U(g) P, will take values in End(V, ® C&); 3)
the spherical transform F (U) will no longer be scalar valued, but will take values in
End(C¢). However the inversion formula on C§°(G, 7, 7) can still be derived from
the Plancherel formula on C§°(G), and is similar to (30). The noncommutative
case will be discussed in another paper.

Remark 3.13.  The direct integral decomposition (39) does not involve any
Fourier transform concept for general f € C{°(G, 7). [The spherical transform
applies only to radial sections.] However in the scalar case, Helgason has defined
a Fourier transform for general functions f € C§°(G/K), see [13]. The Helga-
son Fourier transform on Riemannian symmetric spaces G/K has recently been
generalized to homogeneous vector bundles, see [7].

We have not used, so far, the structure theory of semisimple Lie groups
(Cartan or Iwasawa decomposition). In fact, the theory of spherical functions of
type 7 can be formulated for any pair (G, K) of a locally compact unimodular Lie
group G and a compact subgroup K C G, provided that every U € G is K -finite
(see [11] section 3). As mentioned in the introduction, if K is uniformly large in
G (see [28] vol.I p. 305), then the results obtained up to this point apply (for
Iy (G) commutative).

We now consider the semisimple case in more detail. It is well known
(see, e.g., [15, 27, 28]) that for a noncompact semisimple Lie group with finite
center, the irreducible unitary representations that appear in the Plancherel for-
mula (the so-called tempered spectrum of G) are the (generalized) principal series
(constructed from a complete set of cuspidal parabolic proper subgroups by the
method of induced representation), and the discrete series, which exist if and only
if G has a compact Cartan subgroup, i.e., if and only if rank G = rank K'. The
Plancherel measure has been obtained by Harish-Chandra. Using Harish Chan-
dra’s Plancherel Theorem and Subquotient Theorem, we shall write down in a more
precise way the spherical transform and the inversion formula on C§°(G, 7, 7) in
the commutative case.

Let G = KAN be an Iwasawa decomposition of GG, and write

x = k(x) exp[H (z)] n(z), Vr € G,

where H(x) € a (the Lie algebra of A), k(z) € K and n(x) € N. Let M be the
centralizer of A in K, and let P = M AN be the corresponding minimal parabolic
subgroup of G'. Given o € M and a linear function A : @ — C, let U°* denote
the representation ind%(c ® e ® 1) in the minimal principal series of G with
parameters o and A. U is unitary if and only if A is real valued.

The Subquotient Theorem of Harish Chandra (see, e.g., [28] Theorem
5.5.1.5) implies that each U € G (more generally every TCI Banach representation
of ) is infinitesimally equivalent to a subquotient representation of a nonunitary
principal series U7, for suitable o € M and \ € at (the complexification of a*).

In the commutative case we have, for the given 7, m(r,U°*) <1 Vo € M,
VA € af. By Frobenius Reciprocity, the multiplicity m(o,7) of o in 7|y is
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also < 1 Yo € M. Then the Subquotient Theorem implies that every (nonzero)
spherical function of type 7 on G can be written as ®7* = P,U*P,, for suitable
o C 7ly, and A € af. Let ¢?*(z) = Tr ®7*(x) be the corresponding spherical
trace function of type 7. By [28] Corollary 6.2.2.3 one has

¢ (2) = d- /K (xr * Xo) (k(k ™ k) P ED g, (41)

where p € a* is half the sum of the positive restricted roots, y, is the character
of o, and the convolution is over M. One can easily calculate ®7*(z) using (41),
(13), and the Schur orthogonality relations. The result is the following integral
representation for ®7*:

d |
O ) = /K T (k(zk)) Pyr(k~Y) eA-o @) g (42)

where

P, =d, /M 7(m ™Y xe(m)dm

is the projector of V. onto V, C V, (the subspace of vectors of V. which transform
under M according to o), and d, is the dimension of o.

The spherical transform of F' € C§°(G, 7,7) can then be defined as the set
of functions F, : a — C (where o C 7]y), given by

~

F () = diT [ @@ P, Ae (43)

The inversion formula (30) can be written more explicitly as follows. Let
P’ be a cuspidal parabolic subgroup of G such that P’ O P and A" C A, where
P'= M'A'N’ is a Langlands decomposition of P’. Given ¢’ in the discrete series
of M’ and v/ € o* (the real dual of the Lie algebra of A’), let U?"" denote the
representation ind% (o’®e™ ®1) in the unitary principal P’-series with parameters

o' and V. If 7 C U7"|k, put as usual CIDTUUIUI (z) = P.U " (z)P;, and
~ /o0 1 o
FUoy = d—/ Te [0V (2)F(2)ldz, F e C2(G,T,7).
;Ja

(For U irreducible, this is the spherical Fourier transform (17) with U(= U""")
in the tempered spectrum of G). By the Subquotient Theorem we can identify
U°"" with a subquotient of a nonunitary (minimal) principal series U%*, for
suitable 6’ € M and \ € ag.

More precisely, let K’ = KM’ be maximal compact in M’, and let
M' = K'A;N; be an Iwasawa decomposition of M’ such that A = A’A; and
N = N'N;. We choose parameters ¢’ € M and u; € (a1)5 (a; the Lie algebra
of Ay) by the Subquotient Theorem, so that ¢’ is infinitesimally equivalent to a
subquotient of the nonunitary (minimal) principal series of M’ given by

Wargy = 037, v, (67 @ e @ 1). (44)

Then the (generalized) principal series U is infinitesimally equivalent to a
subquotient of the nonunitary (minimal) principal series of G

Ui = ind§,n (6 @ e @ 1), (45)
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This follows by a double induction formula, as in [15] pp. 171, 240.

Then the parameter A above equals 1/ —ipy, and (IDEJ/V/(:E), for 7 C U |k,
is given by

UO'IV/ =/ ! o
QU™ () = TV~ (

T

d k) Pyt (k™ )e(iV’Jrurp)(H(rk))dk

(cf. (42)). Thus the spherical Fourier transform F(U) of F e C(G,7,7)
relative to U equals Fs () —ipy), given by (43).

Finally, let du(U°"") = ps(v')dv’ be the Plancherel measure associated
with UV, where di/ is a properly normalized Euclidean measure on a’*. Then, for
a suitable normalization of the relevant Haar measures, and for suitable constants
cpr > 0, we have the following inversion formula for the spherical transform (43)

of e C°(G, T, T):

Fla)= Y en Y > [ e o ) (46)

T p!

Here the sum " p/ is over all cuspidal parabolic subgroups P’ of G such that
P'D> P and A’ C A, and the sum Y, is over all discrete series ¢’ of M’ such
that U7 |x D 7. [These are in finite number only.] This result follows from (30)
and from Harish Chandra’s Plancherel Theorem for semisimple Lie groups (see,
e.g., [27] Theorem 13.4.1, or [15] Theorem 13.11). If rank G = rank K, then G
itself is cuspidal parabolic, and the contribution of P’ = G in (46) is the discrete
series contribution. In this case the parameter v/ is trivial, and the integral over
a’* drops out. For P/ = P (the minimal parabolic subgroup), the parameter p; is
trivial. The corresponding contribution in (46) is

1 ~
Fminimal<x) == d_CP Z /a* (I)?—)\('ril)F0<)\)p0()\)d>\7

where the sum is over all M -types contained in 7|, .

Now due to the Cartan decomposition G = K AK , the spherical functions
@7 are determined by their restriction to A. Notice that ®7*(a) € Endy(V5),
Va € A. Write 7|y = 37, 05, with 0; € M. Then o; # o; for i # j, and o is
just one of the o;, say 0 = 0. We have a direct sum decomposition V, =37, V},
where each V; may be identified with the representation space of o;. Let P; be
the orthogonal projection of V. onto V. Schur’s Lemma implies that

@Z’“’\(a) = Z f;‘(a)lj, Va € A
J

(direct sum of linear operators), where 1; is the identity in V. The scalar functions
*(a) = dijTr [P;®%+*(a)P;] (d; = d,,) admit the integral representation (by (42))

)

) =

d T / Te [Pr (k(ak)) Pyr (k™) P, e@ o) gr.

In a similar way, each F' € C{°(G, 7, 7) is determined by restriction to A.
Since F(a) € Endy(V;), Ya € A, then F(a) = 3°; Fj(a)1;, where Fjj(a) are scalar
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functions on A. Let us write the integral formula for the Cartan decomposition
as (see, e.g., [15] Prop.5.28 p.141):

/G f(g)dg = /K o (kiaks)3(a)dkydads, (47)
where AT =exp a® (at the positive Weyl chamber in a), and

d(a) = lJ_r[(sinh a(loga))™, (48)

where the product is over the positive restricted roots of the symmetric space
(mg is the multiplicity of the root «). The Haar measure on K is normalized by

The spherical transform (43) can then be written as

BN = () = - [ T (07 (@) P(@)S(a)da

:%;@A+mwwmwm (49)

Thus the spherical transform can be described as follows in the commutative
case. Let n be the number of M-types contained in 7|p. Then each F €
C3°(G, 7,7) is determined by n scalar functions Fj(a) on A (j =1,...,n). The
spherical transform associates to this set of functions the n scalar functions F; k()
on at (k=1,...,n) given by (49).

If G/K has rank one the functions ¢#?(a) can be calculated explicitly in
terms of Jacobi functions (using the radial part of the Casimir operator of G).
Examples of this will be seen in the next section.

4. The case of real hyperbolic spaces

In this section we apply the above considerations to G = Spin(N,1) and K =
Spin(N), the double covers of the Lorentz and orthogonal groups SOy (V, 1) and
SO(N), respectively. (For N > 2 these are also the universal covering groups.)
In this way, we can include in our discussion the spinor bundles over the real
hyperbolic spaces HV(R) ~ G/K. Using Theorem 2.3, one can prove that
Spin(N) is multiplicity free in Spin(/V,1), so that the algebras C§°(G,,7) are
commutative V7 € K.

For N odd all Cartan subgroups of G are conjugate, and there are no
discrete series. For N even there are two conjugacy classes of Cartan subgroups,
one for a compact Cartan subgroup contained in K, the other for a noncompact
Cartan subgroup with one generator in G/K . In this case there are discrete series.
If the irreducible representation 7 of Spin(/V) is contained in some discrete series,
then the vector bundle E™ has square-integrable eigensections of the Laplacian,
corresponding to the discrete spectrum. (An example of this will be seen later.)
Otherwise the L?-spectrum of the Laplacian on E7 is purely continuous (e.g., for
7 the trivial representation).
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The Plancherel measure for the Lorentz group has been given by Hirai [14].
We shall now summarize his results, and write down the Plancherel (inversion)
formula for the double cover Spin(N,1). As specific examples we shall consider
the homogeneous vector bundles of Dirac spinors, differential forms, and symmetric
traceless tensor fields over H™(R).

Case 1. N =2k+2 (k=1,2,...): The unitary principal series represen-
tations are denoted U°*, where ) is a real number, and o = (ny,na,...,n;) is a
row of numbers that are either all integers or all half-odd-integers and satisfy

0<n; <ny <--- <y,

In the standard Cartan-Weyl labeling scheme, o is the highest weight of an
irreducible representation of M = Spin(N —1) (see [2] Th.2 p.221). In fact, U is
nothing but the representation ind% (o ® e ® 1) unitarily induced from a minimal
parabolic subgroup P = M AN, where G = K AN is an Iwasawa decomposition of
G. Thus o € M, and it is well known that M (the centralizer of A in K) can be
identified with Spin(N —1) in this case. We define [; =n;+j—3 (j =1,2,...,k),
and denote the global character of U°* by O, .

There are two sets of representations in the discrete series denoted U™
and U™, where o = (n;) is as above, ng € Z (resp. Z+1) <= n; € Z (resp.
Z+3), and

1
§<no§n1§n2§---§nk-

(For ny = % we have the two “limits of discrete series”, which are irreducible
unitary representations, but are not square-integrable.) Define [; (7 =0,...,k) as
above, and denote the sum of the characters of U™ and U™ by ©,,,. Then the
inversion formula on C§°(Spin(N, 1)) takes the following form (we have corrected
the continuous part by a factor of 2; this makes the formula consistent with ref.

[22]):

cfle)= 3 /OoiP(—iA,ll,...,lk)g(A)@UA(f)d)\

0<ly<--<ly 70

+ Y Plo b 1k) Omn(f), (50)

0<lp<ly <<y,
where ¢ > 0 is a normalization constant (to be determined later),
tanh(7A), [; half-odd-integers,
9\ = L
coth(mX), [; integers,
and P is the following polynomial, corresponding to the product over the positive

roots of the Spin(/V, 1) Lie algebra:

P($1,$2,---,$k+1) = X1T2 " Tk41 H (ﬁ-ﬁ)
1<s<r<k+1
The case of N =2 (k = 0) corresponds to G = SL(2,R) ~ Spin(2,1). In this
case, the continuous part is the sum of two terms, one with g(\) = tanh(7\), and
the other with g(\) = coth(m\), see [15] p. 42.
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For o fixed, the continuous part of the Plancherel measure du(U°*) =
Po(N)dA has the following A-dependence:

Po(A) o AN + ) (N* +15) - (N + 1) g(N),

and the proportionality constant depends on ;.

Case 2. N =2k+1 (k= 1,2,...): The principal series representations
are denoted U°*, with A € R and o = (ny, ny, ..., n.), where the numbers n; are
either all integers or all half-odd-integers and satisfy

n| <ng < -+ <.

The number n; can be negative, and again ¢ defines a representation of Spin(N —
1) (see [2] Th.2 p.221). Let I =n;+j—1 (j =1,2,...,k). Then the inversion
formula on C§°(Spin(N, 1)) reads

cfle)= 3 /OOO PO, 1) Oor(f) d, (51)

‘l1|<l2<---<lk

where ¢ > 0 is a normalization constant, and P is the polynomial corresponding
to the product over the positive roots of the Spin(V, 1) Lie algebra:

P(xtha s 7$k+1) - H (xz - l’i)

1<s<r<k+1

For o fixed, the Plancherel density is just a polynomial in \?:

Pe(N) o< N+ DN +13)--- (N +13).

Now let 7 be an irreducible representation (irrep) of Spin(/N), and let E7
be the corresponding homogeneous vector bundle over HY(R). In order to find
the Plancherel measure for the cross sections of E7, we simply have to identify
the irreducible unitary representations in the Plancherel formula on Spin(N,1)
which contain 7 upon restriction to Spin(/N). Thus we need the branching rule
for Spin(N, 1) D Spin(N) for principal and discrete series (see, e.g., [24]). Again
we distinguish the cases with N odd and N even.

Let N = 2k + 2, and let 7 be the irrep of Spin(/N) labelled by
(f1, f2,- -, frs1), where f; are either all integers or all half-odd-integers satisfying
(see [2] p.221)

Ifil < fo <o < fra,

and f; can be negative. Then the principal series representation U°* (o = {n;})
contains 7 if and only if 1) n; € Z (resp. Z+3) <= f; € Z (resp. Z+3), and 2)

|f1‘Snl§f2§n2§"'§fk§nk§fk+1- (52)

Using the branching rule for Spin(N) D Spin(N — 1), it is easy to see that
(52) is equivalent to the condition that 7 contain the irrep o of Spin(/N — 1) (see
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[2] Th.2 p.228). Therefore U*|x contains 7 if and only if 7|5, contains o, i.e., in
symbols

7-|Spin(N71) = @?:10']' <~ Uaj)\‘spin(]v) T, VJ = 1, ce, M. (53)

(Of course this follows by Frobenius Reciprocity, since U |x = ind}, (o))

A geometric interpretation of (53) may be given as follows. According to
the so-called polar coordinates decomposition [12], a (noncompact) Riemannian
symmetric space G /K is diffeomorphic to A* x K/M (up to a zero-measure set),
where A" is a fundamental domain of the Weyl group in A. The coset space
K /M is diffeomorphic to the orbits of K in G/K. When a field on G/K (i.e.,
a cross section of E7, 7 € K ) is restricted to the K -orbits, we obtain a set of
fields on K /M. These fields are cross sections of homogeneous vector bundles £
over K /M, defined by irreps o; of M, with o; C 7|y . In our case the above
decomposition reads HY(R) ~ R™ x S¥=! and the representations o; are all
different. For example if 7 is the defining vector representation of SO(N) in RY
then E7 is the tangent bundle over HY(R). When we restrict a vector in HY(R)
to SV~ we get a vector and a scalar, i.e., 7|y = 01 ® 0, where oy is the trivial
representation of SO(N), and oy is the vector one.

Now according to (53), the principal series that contain 7 and enter in
the decomposition of the induced representation ind%(7) (i.e., in the right hand
side of (40)), are precisely the U%*. In the previous example we have that the
principal series contributing to the harmonic analysis of vector fields over HY(R)
are U and U?**. It is possible to show that the vector valued functions on
G given by f,x(g9) = P.U (g7 )v (v any vector of Hy) correspond to pure
gradients, whereas the functions f,,x(g) = P,U°2*(g!)v correspond to divergence-
free vectors (see [1] Prop. 4.1 and 4.2).

Concerning the discrete series, we have the following branching rule. A
representation in the discrete series U{"™ contains 7 = (fi, ..., fry1) if and only
if, in addition to (52), the following condition is satisfied (as before n; € Z (or
Z+3) < f; €Z (or Z+3)):

1

3 <ng < f1 < ny, for U™, (54)
1
5 < nyg S —f1 S ny, for Uf"o. (55)

ono

Thus f; must be nonzero (positive for U™, and negative for UZ"). [See, e.g.,
ref. [24] Th.5 p.36, and Th.2 p.28, Case 2; in our notation |v| + 3 = ng, and

Aw)m = f1]
Let N = 2k + 1. The branching rule for U} D 7= (f1,..., fx) is

Ini| < fi<ny < fo <o <ny < Sy (56)

This is equivalent to 7|y D o, and (53) is again true (see [2] Th.2 p.228).
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Example 4.1.  Let 7 be the trivial representation of Spin(N). Then E7 is the
trivial bundle, whose sections are the scalar functions on H”(R). In this case the
spherical transform reduces to the Jacobi transform [17].

Since G has real rank one, a™ ~ R*, and each a € A can be written as
a; = exp(tH), where H is the element of a such that §(H) =1 ( the positive
restricted root). In this normalization d(a;) = [sinh(¢)]¥~1 in (48). Moreover
Cs°(G,7,7) and Iy, (G) both coincide with CF (G, the set of compactly supported
smooth functions on GG which are biinvariant under K. The spherical transform
(49) reduces to

f = [ flansa(e)smnty ",  f e @), (57)
and we have the inversion formula [17]
N-2 00 |
fla) = — [~ FNex@)Ic(|2ax (58)

Here ¢y(a;) = F(i\ + p,—iX + p, &, —sinh? L) are the spherical functions (p =
(N —1)/2, F is the hypergeometric function), and C()) is the Harish-Chandra
function
_ 2NTT(N/2) T(iN)
VT TlA+p)
It is easy to see that (50) and (51) agree with (58) at t = 0. Indeed for any
N, the highest weight of 7 is (f;) = (0,0,...,0). Thus there is no discrete series
containing 7 (a well known result, see [15] p.455). Since 7|y is just the trivial
representation of Spin(N — 1), we have ¢ = (n;) = (0,0,...,0) VN. Thus the
only representations in G which contain 7 and have nonzero Plancherel measure
are the spherical principal series U°*. The only term that survives in (50) and (51)
(for f K-biinvariant) is the term with (I;) = (3,3,...,k—3) for N = 2k+2, and
(l;) =(0,1,...,k—1) for N = 2k+1. Using the given values of [; in (50) and (51)
we verify that the Plancherel measure as a function of A is indeed proportional

A

to |C'(A)|72. Moreover O,,(f) = f()\) for f K-biinvariant [use (47) in (14), and
compare with (57)]. By writing du(U?*) = po(\)d\, with scalar Plancherel density

9N-2

Po(A) = |C(\)| 72, we can match eqs. (50) and (51) with eq. (58), to obtain

™
the value of the normalization constant ¢ of Hirai (which is independent of 7!).

The result is

c)

(59)

k
c=k [ 2s), N =2k +2,

s=1

1 k—1
c =28k + 5))2 [T2s)!, N=2k+1.
s=1

Example 4.2.  Consider Dirac spinors on HY(R). The spinor bundle E7 is
defined by

11 11
T:TJFGBT,:(5,5,...,—)69(—5,5,...,—), N even,
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11 1
555 ),
i.e., 7 is the fundamental spinor representation of Spin(V), for N odd, and it is
the direct sum of the two fundamental spinor representations of Spin(NV), for N
even (see [2] p.222-224). Notice that for N even the bundle is reducible.

Using the above values of (f;) in (54)-(55), we see that no discrete series
contain 7. Using these values in (52) and (56), we find that 7 is contained in the
principal series U with

N odd,

r=(

11 1
a:(—,—,...,é), N even,

11 1
= _ =(£=,—, ..., = N odd.
o 04,0-, 04 ( 2727 72)7 o

By Frobenius Reciprocity, this is simply the statement that for N even one has
Ti|spin(N—1) = 0, Whereas for N odd 7|gpin(nv-1) = 04 ® 0_.

Thus for f € Iy.(G) only the terms corresponding to the above principal
series survive in (50) and (51). The Plancherel measure so obtained agrees with
the analytic calculation performed in [3]. Let o denote either o, or o_ in the
case of N odd. Then we find, for any N, du(U°*) = p,(A)d\, with the spinor

Plancherel density
2N72

Po(N) d0|00()‘)|727

where d, = 2V/2-1 is the dimension of ¢, and

T

o) = 2N2T(N/2) F(?A +3) .

The spinor spherical functions for the principal series [i.e., @ﬁ‘r =P U ")‘PT+ and
P = P,_U°*P,_ (for N even), and ®* = P,U°**P, (for N odd)] have been
calculated in [6]. As in the scalar case, the spinor Harish-Chandra function C,(\)
is determined by the asymptotic form at infinity of the (normalized) spherical trace
functions ¢, , given by (see [3, 6])

t
, —sinh? -).

t N N N
¢r(ar) = cosh 5 FXA+ =, —iA + 5

2 29

Example 4.3.  Let 7 be the representation of Spin(/V) defined by the highest
weight (f;) = (0,...,0,s), where s is a nonnegative integer. Then E7 is the
bundle of totally symmetric traceless tensor fields of rank s over H™(R) (see [2]
Th.6 p.301). Again no discrete series contain 7. From (52) and (56) we find that
7 is contained in s+ 1 different principal series representations, namely in U7,
where o, = (0,...,0,7), and r = 0,...,s. The representations U%* correspond
to the symmetric traceless and transverse (i.e., divergence-free) (STT) tensor fields
of rank s (see [4]).

The Plancherel measure for STT tensor fields has been calculated analyti-
cally in [4], and the two methods give the same result. From (50) and (51) we find
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2N2

du(U%*) = py(N\)d\, with density ps(\) = ds|C5(N)| 72, where

(2s+ N —3)(s+ N —4)!

ds =
sl(N — 3)!

is the dimension of o, and

2N (N/2) INERY)
VT (iIx+s+p—D)T(iA+p—1)

Ci(A) = (60)

For s = 0 this reduces to the scalar result (59). The spherical functions ®J* =
P, U P, (r=0,...,s) can be obtained from the results of ref. [4].

Example 4.4.  We now consider the example of p-forms (i.e., totally antisym-
metric tensor fields of rank p) over HY(R) (see also [5]).

Let N = 2k + 2. The bundle of p-forms on HY(R) is defined by the
following irreps 7 of Spin(N) (see [2] Th.5 p.299):

p =0,2k+2: 7=1(0,...,0);
p =1,2k+1: 7=1(0,...,0,1);

p  =2,2k: 7=1(0,...,0,1,1);
p =kk+2: 7=1(0,1,...,1)
p =k+1: r=01,....,)e(-1,1,... )=, dT1_.

The bundles of p-forms and (N — p)-forms correspond to the same 7 as a conse-
quence of duality. Notice that for p =k + 1 = N/2 the bundle is reducible.

From (54)-(55) we see that the only p-forms contained in the discrete series
are for p = k + 1, namely 7. C U™ |k, and 7 C U?"|k, where (o,n9) =
(1,...,1). This identifies in group theoretic terms the square-integrable harmonic
k-forms on H?* which may be found by a delicate spectral analysis of the Hodge-
de Rham operator A (see [9, 5]). Thus for N even and p = N/2 (and only in that
case), A has discrete spectrum. The discrete part of the Plancherel measure (i.e.,
LP(lg, ..., 1) ineq. (50)) is essentially the formal degree of the discrete series (see
ref. [28] vol.II p. 407). In our case [; = j + %, and a simple calculation gives

13 L (2k+2) £

P(__""k+§) (k+ 122k+2H

Concerning the principal series we obtain [using (52)] the following list of
irreps 0 = (n;) of M = Spin(N — 1) such that U D 7:

p =0,2k+2: o=(0,...,0);

p1gmers oo{ @O
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p =22k: a:{<0"“’8’

p =kk+2: az{@’i’”"l)f
p =k+1: o=(1,1,...,1) for both 7.

For p =0,2k +2 and p = k + 1 we have a “singlet”, for the other values
of p we get a “doublet”. It is possible to show that for p = 1,...,k and for
o equal to the second member of each doublet, the vector valued functions on
G given by f,\(g9) = P.Ug v (v € Hy) correspond to coexact p-forms.
When o equals the first member of the doublet we get exact p-forms instead. For
p=k+2,...,2k+ 1, the role of the two members of a doublet is reversed, i.e.,
the first corresponds to coexact forms, and the second to exact ones.

Let N = 2k 4+ 1. The discussion proceeds as before. For p = 0,1,...,k,
the irreps of Spin(/N) defining p-forms are given by f; =0 (j =1,...,|k —p|),
and f; =1 (j=|k—p|+1,...,k). For p=Fk+1,...,2k+1, 7 is the same as for
(N —p)-forms. All bundles are now irreducible. Applying (56) for p =0,...,k—1
(and the corresponding (N — p)-forms), we get the same list of o’s we had before.
For p =k, k+ 1 we obtain a “triplet”, namely o = (¢,1,...,1), where ¢ = 0, 1.

Again for p=1,..., k—1 the second member of each “doublet” corresponds
to coexact p-forms, while the first member of each doublet corresponds to exact
p-forms. For p = k + 2,...,2k the role of the members of each doublet gets
reversed. For p = k the terms of the triplet with ¢ = £1 (e = 0) correspond to
coexact (exact) k-forms, while for p = k + 1 it is the opposite.

The continuous part of the Plancherel measure may be written in unified
form for any N, as follows. For p = 0,1,...,[%], let 0, be the irrep of
Spin(N — 1) with highest weight

o, =(0,...,0,1,...,1). (61)

p—times

Then the continuous part of the Plancherel measure for coexact p-forms is given
by du(U7*) = pSF(X)dA, with density

2N—2

pEEO) = Ty TP,
where d, is the dimension of o, [i.e., d, = (Np_l) for p # %, and d, = %(Np_l)

for p = &), and

oy 2N TT(N/2) (id4p—p) T(iN)
G () = VT L(iA+p+1) (62)

For p = 0 we reobtain (59). For p =1 (i.e., for divergence-free vector fields), (62)
gives the same result as (60) for s = 1.
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In all cases we verify the equality of the Plancherel measures for exact p-
forms and for coexact (p—1)-forms, and of those for coexact p-forms and coexact
(N —p—1)-forms:

pp (N) = 1,55 (N), py () = i, ().

[This follows also by duality.] In particular, for N even and p = N/2, exact
p-forms and coexact p-forms have the same Plancherel measure.

The spherical functions for p-forms can be deduced from the results of
ref. [5], where the eigenfunctions (spherical or not) of the Hodge-de Rham Lapla-
cian have been calculated by working in geodesic polar coordinates. The spherical
functions have also been calculated by Pedon [23]. We give here their expression

for p £ (N —1)/2.

First let p # %, % Let 7, be the irrep of K = Spin(/N) with highest

weight vector given by the right hand side of (61). Then 7,y = 0,1 @ 0,. This
induces a direct sum decomposition V,, =V, , @V, . Define the 7,-spherical
functions
o7 (g) = Pr,Ug) P,
3(g) = P U™ () Py

As M centralizes A in K, we get from Schur’s lemma
(I);M(at) = Tp(t)1p-1 B dxp(t)1,,
(I)gpil)\(at) = axp(t)1p-1 ® Brp(t)1y,

where 1, ; and 1, denote the identity operators in V; _, and V;, , respectively.
Using the radial part of the Casimir operator one obtains a system of differential
equations for the scalar functions vy, oy, (0r @y, Byy). The solution is as follows:

L N+1 N+1 N .t
’YAP(t) = ﬁ)\p(t) = F(Z)‘ + —iA + — 1+ == Slnh2 _)7
2 2 2 2
1 d
Ip(t) = axn—p(t) = N psinht ;/21, + cosh t y,(t),

where [ is the hypergeometric function. Notice that v,, and (), are independent
of p.

Now let p = N/2 (thus N is even). In this case the bundle of p-forms over
HY(R) is reducible, namely we have 7 =7, ®7_ and E™ = E™ @ E™-, where 7,
and 7_ are the representations of Spin(/N) with highest weights

o= (+1,1,1,...,1),

and dimensions

1 N

We have the branching rule

Ty =7_|ly=0=(1,...,1).
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Consider the spherical functions

(I)fi\-<g) = PT+UJ)\(g)PT+7
d(g) = P, U (g)P,_.

Schur’s Lemma gives
O} (ar) = frz(t)1s,

where fy1 are scalar functions. Using the radial part of the Casimir operator one

finds

t N +1 N+1 N
Frelt) = o (8) = cosh®(S)F (A + = A+ ———

t
AN gnn?ly,
5 BRI sin 2) (63)

The spherical functions for the discrete series are ¢ (g) = P, U7"(g)Pr.
and ®_(g) = P._ U™ (g)P,_, where (o,n9) = (1,...,1). From Schur’s Lemma
& (a;) = f£(t)1+. The scalar functions fi(¢) can be obtained from fy.(¢) in (63)
by analytic continuation in A, by letting A =i/2 (or —i/2).

Indeed let us recall that the Casimir operator of G induces minus the
Hodge-de Rham Laplacian, €2 = —A. For general p, the eigenvalues of A
acting on the coclosed p-forms f,1(9) = P,U (g ')v (v € Hy) are given
by wy, = A? + (p — p)?, where p = (N —1)/2 [5, 9]. Now for p = N/2, it is
well known that the square-integrable p-forms corresponding to the discrete series
are harmonic. [Moreover they are both closed and coclosed, in agreement with a
general theorem of Andreotti and Vesentini, see [5].]

By the Subquotient Theorem, the discrete series U7™ is infinitesimally
equivalent with a subquotient representation of a nonunitary principal series U*,
for suitable A € C. [A similar statement holds for U?".] The condition wy /2 =0
gives A = £i/2. Using this value in (63), we find

N N N t t
f(t) = f_(t) = cosh®(t/2)F (= + 1, —, =, —sinh® =) = (cosh =)™,
2 22 2 2
The case of p= (N —1)/2 (N odd) is slightly more complicated, and will
not be given here.
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