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Abstract. In the articles “Ciatti, P., Scalar products on Clifford modules
and pseudo- H -type Lie algebras, Ann. Mat. Pura Appl., to appear” and
“Ciatti, P., Solvable extensions of pseudo- H -type algebras, Boll. Un. Mat.
It., to appear,” a class of solvable pseudo-Riemannian harmonic manifolds
was constructed. Now spherical distributions on such manifolds are investi-
gated. A notion of radiality for distributions is introduced with the aid of
a technique due to J. Faraut (Faraut, J., Distributions sphérique sur les es-
paces hyperboliques, J. Math. Pures Appl., (1979), 369-444). The spherical
distributions are the radial eigendistributions of the Laplace-Beltrami oper-
ator. They span a space which, depending on the signature of the metric,
may have dimension one or two.

0. Introduction

A pseudo-Riemannian manifold M with Laplace-Beltrami operator A is said to
be harmonic if for all functions f(z) on M which depend only on the geodesic
distance d(z,z() from a fixed point zo, Af(z) also depends only on d(z,z),
(see [14, 15]).

In 1944 A. Lichnérowicz showed that, when the dimension is less than or
equal to 4, the harmonic Riemannian spaces are symmetric spaces of rank one.
In 1950 Lichnérowicz conjectured that the same holds true for all dimensions.
Recently Z. Szabd has showed that the conjecture is true for compact manifolds
with finite fundamental group, (see [15]).

In 1992 E. Damek and F. Ricci have exhibited counterexamples to the
conjecture of Lichnérowicz, (see [7], see also [1]). These counterexamples consist
of one-dimensional solvable extensions of the H-type groups defined in [11].

The more general setting of pseudo-riemannian harmonic spaces is more
complicated. In fact, on the one hand in 1944 A. Lichnérowicz and A. G. Walker
showed that every harmonic space with a Lorentz metric (i.e., a metric with
signature (dim M —1,1) or (1,dim M —1)) is symmetric, actually it has constant
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curvature. On the other hand T. J. Willmore has proved that the so called
recurrent spaces are non-symmetric harmonic spaces with metric of signature
(p,q) with p,q > 2, (see for instance [14]). In [6] we provide a new class
of pseudo-Riemannian solvable harmonic spaces, applying the construction of
Damek and Ricci to the class of pseudo- H-type Lie groups, which have been
previously defined in [5]. We summarize biefly here this construction:

Let n be a two-step nilpotent real Lie algebra endowed with a scalar
product (-, -). Assume that the sum of the center 3 of n with v = 3+ is direct
and equal to n.

Define for all Z € 3 amap Jz: v — v by

(J2X,Y) = (Z,[X,Y])
for X,Y €v.
Definition 0.1. We will call n a pseudo-H-type Lie algebra if
(JzX,JzX) = —(Z,Z) (X, X)

for all Z € 3 and for all X € v. In particular we will say that n is a (p, q) -H-type
algebra if (-, -) has signature (p,q) (see [5]).

Let n = dimj = p + q. We will often denote by n the integer part of
%. We assume n > 1, excluding the trivial case. It follows that the dimension
of v is even, so we set dimension of v = 2m [5]. Since we know from [5] that m
must be even for n > 1, we do not consider the case p =1, ¢ =0 and m odd.
Hence, we assume that m is even.

We also assume p > 1, excluding from what follows the case of Euclidean
H-type algebras which have been introduced in 1980 by A. Kaplan (see [11]) and
have been extensively studed in the literature (see for istance [12], [3], [4], [7]). It
necessarily follows from the last assumption that the signature of the restriction
of (-, ) tovis (m,m) (see [5]).

As in [6] we construct the Damek-Ricci one dimensional solvable exten-
sion of n, taking a derivation H of n such that

1
H|U - EIU and H|3 - .[37

where I, and I; are respectively the identity endomorphisms of v and 3, setting
a = RH, and defining s to be the semi-direct sum of n and a.

We denote by S the connected, simply connected, Lie group with Lie
algebra s, and by A the multiplicative group (R*,.) with Lie algebra a. In
particular any connected rank one symmetric space belongs to this class of
manifolds which provide a general framework in which rank one symmetric spaces
can be analyzed in a unified way ([3], [4]).

The map

(X,Z,a) — exp(X + Z) exp(logaH)

from v X 3 x RT onto S defines a global chart.
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We endow S with the left invariant pseudo-Riemannian metric g induced
by the following scalar product on s

(X, Z,tH), (X', Z' VH)) = (X, Z),(X', Z')}n — tt'.

There exists a geodesic arc connecting the identity e = (0,0,1) of S to
(X, Z,a) if and only if the function R: S — R defined by

R(X,Z,a)= (1+a—2(X,X))* - (2,2)
4a.

(0.1)

is non-negative in (X, Z, a). If this is the case the geodesic distance, d(X, Z,a),
of (X,Z,a) from e is a function of R(X, Z, a) (see [6]).

The pseudo-Riemannian manifold (S, g) is harmonic (for the definition
see [1, 2, 14, 15]). This means that if f is defined in a neighborhood of e and
depends only on d(X, Z,a), then also Af is a function of d(X, Z,a), where

A = div grad

is the Laplace-Beltrami operator on S. More precisely, if ® is a C? function of
R(X,Z, a)

ADP(R)=R (1—R)®"(R) + <g + % —(14+n+m) R) ' (R), (0.2)

(see [6]). The left Haar measure on S, dmp (X, Z,a), is
dmp(X,Z,a) =a """ d*™ X d" 7 da, (0.3)

where d?" X, d"Z, and da are Lebesgue measures on v, 3, and A respectively.

We will denote by D(R) the space of C'*°-functions with compact sup-
port on the real line and by D(S) the space of C'*°-functions on S with compact
support. Let 71,...,m; be a set of functions on the real line, and let F be any
space of functions on R, we will write

feF4+mxF+--+n xF,

if there exist fy, f1,..., fx € F such that f=fo+m fi+...++0 fx-

The spherical distributions on a pseudo-Riemannian symmetric space of
rank-one X = G/H have been defined by J. Faraut [9], as the H -invariant dis-
tributions on X which are eigendistributions of the Laplace-Beltrami operator.
Since in our case S is not a quotient of groups, we replace the H -invariance of
distributions with the condition of being constant on the level sets of the function
R in (0.1). Decomposition of the Haar measure on S with respect to the coordi-
nate R leads to the notion of an averaging operator M , obtained by integrating
functions in D(S) on the level sets of R. We call H(, 4.m,)) the image of D(S)
under M .
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Then H,,q,m)) is a space of functions on the real line. In the first section
we prove that H, , m) can be described as follows
Hp.gm) = D(R) + 1’ x D (R) +n' xD(R),

where the functions 7° and n' are defined in the following table

p (mod2) | ¢ (mod2) | n° n'
n—-1 nolyy

0 0 R.? (R—1),

1 0 R log|R| | (R—1)"= ™ log|R — 1]
gt gt

0 1 R, (R—1),

1 1 R (R—1)F ™

where n = p+ ¢ is the dimension of 3 and m is the dimension of v, and ti and
t* are the functions defined by

0 ift <0

kE Lk kE _ 4k _ =
tp=t"Y(t), tL=t"Y(-t), Y() {1 ift>0"

In the second section, following the approach of A.Tengstrand and J. Fa-
raut, we endow ‘H with a topology with respect to which M becomes a continu-
ous mapping. Then we define radial distributions those distributions on S which
are image of H/ @) under M’. Finally, in the third section, we determine,
among radial distributions, those which are eigendistributions of the Laplace-
Beltrami operator. These results extend the work of J. Faraut and M. Kosters
for the symmetric case [9, 13].

The determination of the spherical distributions on this class of harmonic
spaces is the first step toward the Plancherel formula which we will obtain in a
forcoming paper.

1. The space H(p 4.m)

We shall prove that we can associate to any function ¢ in D(S) a function M¢
with compact support on the real line such that, given a function f in C(R),

/f(R(X,Z,a)) QS(X,Z,a)dmL(X,Z,a):/f(t)quS(t)dt. (1.1)
S R

The function M ¢ is smooth except at most in 0 and 1 which are the critical
values of R. The critical value R = 1 corresponds to the isolated critical point
(0,0,1). The signature of the Hessian matrix of the function R at this point
is (p+m,q+ m). The critical value R = 0 is not isolated, it corresponds to a
non degenerate critical submanifold ¥ of dimension 2m. The signature of the
Hessian matrix to the subspace in the tangent space normal to ¥ has signature

(p, q)-
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Theorem 1.1.  Let ¢ € D(S). Then Mo € Hpgm)-

The proof of the theorem requires the preliminaries and the lemmas
which follow.

From the proof of Lemma 4.3 of A. Tengstrand [16] we extract the
following technical lemma which will be used repeatedly in course of the section:

Lemma 1.2. Let f € D(R?), then the function Nf defined by

o0 p—1 g—1
NF(t) = /| F(s.8) (s 40T (s—1)*T ds,

t|
belongs to the space D(R) + A x D(R), with X\ given by

pta_

I At =t ! if p and q are both even,

(I1) M) = 72" ~1 Jog [t| if p and q are both odd,
pta

(IIT)  A(t) =t,° ! if p is odd and q is even,
ptag

(IV) A(t) =t_2 2t if p is even and q isodd.

Furthermore N is a surjective map from D(S) onto D(R) + A x D(R).

We will also need the following lemma of Tengstrand [16], Lemma 3.1:

Lemma 1.3. Let f be a function on R with compact support which is C°°
except at a point tg, and let A be as in Lemma 1.2; then the following are
equivalent:

1. The function f belongs to the space f € D(R) 4+ A(t —to) x D(R);
2. There exists a sequence {520)} such that for all N € N, the function

N -

f&) = At —to) > 5§-O) (t —to)? is of class C" in some neighborhood of
i=0

to for all non-negative integers r < N + %. [ ]

Lemma 1.4. Let f (xQ,R) be a function in D (RQ), even in x. If k is a
positive integer then:

+oo
1. IL(R) = / («> = R)" " f (+%, R) dz € D(R) + R x D(R),

2. I(R)= / (z° - R)i_% f (2% R) dz € D(R) + R" log |R| x D(R),

3. I(R) = / (>~ R)** (a2, R) do € R x D(R),
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Proof. (1) We write

+oo R

.
Il(R):/ (>~ R)"™" f (2 R) d:z;—Y(R)/(xQ—R)k_l f (2% R) da.

The first term in the sum is a C°°-function of R with compact support. For the
second term, setting x = wy/ R we find

Y(R) / (@>=R)"" f(2*,R) da

(w? — 1)116_1 f(Rw? R) dw € Rﬁ__% x D(R).

I
=y
&
N=
o —

Hence,

I,(R) € D(R) + R* % x D(R).

(2) In this case we find

+oo
I(R) = / (xQ—R)? f (2% R) dz
0
+oo k—1

[ (#*=R) ™ f(a*,R)dx, ifR<O,

f (mQ—R) 2 f(xQ,R) dx, if R > 0.

We aim to study I2(R) when |R| is small since Io € C* for R # 0 and
vanishes when |R| is big. So we assume |R| < % and write

I (R) = I21(R) + I22(R),

where

and

Ip(R) = / («? — R)""* f (2% R) dx.

Clearly I is a C*°-function of R for |R| < % To deal with I5; we take the
Taylor expansion of f centered at 0 in the variable 22,

f(z®R)=>_ =08 f(0,R)z™ + R((2*, R),
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where Ry is the remainder which satisfies

()
R R R (u, R
i ~OW R o Ry R)
u—0 U,l u—0 U,l J

=0, (1.2)

uniformly in R for all j in {0,...,l}. We obtain

l
Igl(R) - Z -

¥ (x2 —R)k 2 dx

=
O\H
+

1
+/(x2 — I%e)ffE Ry (2*, R) dz.
0

By the Lebesgue Dominated Convergence Theorem, formula (1.2) implies
that the integral with the remainder term is of class C**!. In fact, when R < 0
replacing z2 by ¢ we obtain

1
1 R
/ s R R)
0 i

By Leibniz’s rule we find

(i) [ Bt

:;0(_1)1 C) Ofl(t—R)kjl %f;mdt.

Since the remainder is a C'*° -function of R this procedure is allowed for r < [+k,
because for r > k + [ the integral does not tend to a finite limit as R — 0. A
similar argument works for R > 0. It is a matter of computation to show that

1
2 p\ke3 2j o ke CE=DUEG DN
O/(x R)+ z¥ dr = g;j(R) + (—1) S (k1) R*%7 log |R],

| (1.3)
where g; is C* in a neighborhood of 0. Hence, expanding 97 f(0, R) in powers
of R about 0 we find a sequence {c;} such that

I
I (R) — R* log|R| Y "¢; R? € CHH.
=0
It follows from Lemma 1.3 that

I, € D(R) + R* log |R| x D(R).
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(3) We remark that I3(R) = 0 if R < 0. Thus we assume R > 0 and
set = uy/R obtaining

1
= RY / (1—u?) Qf(Ru R) du € R} x D(R).
0

(4) We assume |R| < 1 and write
Ii(R) = 111 (R) + Li2(R),
where

I;1(R) = / (CL’2 - R)k_l log }xQ — R} f(z?, R) dz,
0

and

+oo
I12(R) = / (x2 — R)k_1 log ‘xQ — R} f(z?, R) da.
1

We immediately see that I4o is C'°° with compact support in the domain con-
sidered. To deal with 1,7, just as we did for I; we take the Taylor expansion
of f about 0 in the variable 22,

l 1
I (R) = /xQJ k " log |2® — R| da
3=0 0
1
—I—/ k ' log [+ — R| R (27, R) d, (1.4)
0

where R(;) is the remainder.

From Lebesgue dominated convergence theorem it follows immediately
that the last term is a function of class C*~'*! with compact support. The
behavior as R — 0 of the first term in (1.4) depends on the side from which R
approaches zero. In fact, there exists two C°°-functions g; and h; such that
when R < 0 the integrals are given by

1
[a¥ @ =B g (o~ R) do = g5 (B) + Iy (B [RIHE, (15.0)
0
and when R > 0 the integrals are given by

2?7 (2% — R)k_l log |#* — R| dz = g;(R). (1.5.0)

S—
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9
Expanding 07 f(0, R) in power of R about 0 in (1.4), and using (1.5),

we see that there exists a sequence {d;} such that for all non-negative integers I
) l
In—RT Y 4RI
j=0
is of class C*~!*! in a neighborhood of 0. Therefore from Lemma 1.3 it follows
that .
I,(R) e D(R)+ R_ % x D(R).

Lemma 1.5. Let f €D (RQ), and j and k mon-negative integers, then:
400

/ * (t+ R)E f(t,R) dt € D(R) + RF x D(R),
0

400

2 / t5 (t + R)? log|t + R| f (t, R) di € D(R) + R¥+"+1 log |R| x D(R).
0

We omit the proof which is similar to that of Lemma 1.4, but considerably easier.
Proof of Theorem 1.1.

First of all with some transformation we reduce the
integral on the left hand side of (1.1) to a simpler form.
Let Z17

., Z, be an orthonormal basis of 3, i.e. such that

<Zuv Z,) = Gu(p, q) O

wv=1....n,
where 6,,,, is the Kronecker delta, and

1, forpu=1,...,p,
€u(p,Q)={ s b

-1, forp=p+1,....,p+q.

Let also X1,..., Xs,, be an orthonormal basis of v such that

(Xi, Xj) = ei(m,m) 0y

i j=1,...,2m.
If (X,Z,a) is a generic element of S we can write

2m n
X:inXi and Z:ZZMZH‘
i=1 p=1
We introduce bi-spherical coordinates on 3 and v as follows. On 3 we set
P . p+q
ZzuZuz(r—i—s)?wp and
pn=1

pu=p+1

Z 2y Ly = ('r’—s)%wq,
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where w,, belongs to the (p — 1)-dimensional sphere, S,_1, and wy € S;—1. On
v we set

le u-l—v)%wm and Z xiXi:(u—v)%w;n,
i=m+1
where wy,,w!, € S;,—1. Therefore,
(Z,Z)y=r+s—(r—s)=2s, and (X, X)=u+v—(u—0v)=2v.
We observe that the function R defined in (0.1), depends only on (v, s,a),

(1—1—@—%1})2—23
4a '

R(v,s,a) =

The integral on the left hand side of (1.1) in the new coordinates becomes

400 +o0 400 400 +o0

/da /dv /du /ds /drf(R(v,s,a)) Qo(u,v, 7, 5,a)

0 S ol ey
x0T (r49)"T (r—9)"T (@ 0?)" T (1.6)
with
Qp(u,v,7,s,a) =
/SQS ((r +8) 2wy, (r— 8)Zwg, (u—+v) T wp,, (u— v)%w;n> dwpdwqdwy, dw,,,,

S = Sp_l X Sq—l X Sm—l X Sm—l,

where dwy, is the surface element on the sphere Sy_1. It follows immediately
from Lemma 4.1 of [16] that Q¢(u,v,r, s,a) is a C°°-function with compact
support of all its variables.

Applying Lemma 1.2 (I) to the variables (u,v), the integral in (1.6)

becomes
/da/dv/ds/drf (v,$,a))

x (a(v,r,s,0a) —l—vf "B(v,r,s,a)) (r+ s)7 (r— S)QT_l (1.7.0)

when m is even, and

/Ooda /oodv /oods /drf R(v,s,a))

x (a(v,r,5,0) + Um_l log [v] B(v,7,8,a)) (r + s)7 (r— s)qT_1 (1.7.1)
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when m is odd. We have included the factor a='~® in the functions a and
[, noticing that for what concerns the variable a, the supports of a and [ are
compact in (0, 400). Moreover, we observe that o, 3 € D(R? x R).

However, only the formula (1.7.0) occurs when n > 1. In fact, we know
from [5] that m must be even for n > 1. As anticipated in the introduction we
do not consider the case p =1, ¢ = 0 and m odd, we can therefore assume that
m is even. Replacing the coordinate s with R = R(v, s,a) and calling

5(v, R )—1(1+ 9>2 24 R
3(v, Rya) = 3 a—3 aR,

the integral (1.7.0) becomes

“+o0 “+o0
/de /da /dv / dr a(v,R,r,a) + o' ﬁ(v,R,r,a))
—o0 |5(v,R,a)|

qg—1

% (3(v, R,a) + )7 (r — 3(v,R,a))"7T |

where a(v, R,r,a) = a (v, 5(v, R,a),r,a) is a C°°-function with compact support
in R? x RT and the same for 3(v, R,r,a). Comparing the last formula with (1.1)
we obtain

M&é(R /Ooda /dv / dr era)-l—UT_lB(v,R,r,a))

|5(v,R,a)]
x (r+ 30, R,a)) T (r — 3, R,a))'T . (1.8)
It is clear that §(v,R,a) > 0 when R < 0. When R > 0 we see that
5(v, R,a) > 0 if and only if
v <4 <1+a—2\/aR) or v>4 (1+a+2\/aR>.
We set
=2(y+a+1),
from which it follows

5(y,R,a) =8 (v(y,R,a),R,a) =1
2 (y2 — 4aR).

In the new variables M ¢ can be written as

M¢(R) = Ji(R) + J2(R),

with
+oo +oo +oo
Jl(R):/da /dy / dr &y, R,r,a)
0 —00 |y2—4a R|
2

—1 —1

p—2 q9—-
y> —4aR)\ 2 y> —4aR)\ 2
't T ’



12 CIATTI

and
“+o0 +oo +oo
Jo(R) = / da / dy / dr (y +a+ 1)T_1 B(y, R, 7, )
0 —00 |y2—4a R|

2
p—1 g—1

2 2
y*—4aR\ 2 r—y°—4aR\ 2
(=) (7

Since the transformation is linear & and B are still C'°°-functions with compact
support. Considering J; we split the function & into the sum of its even and
odd parts,

. 1, 1
a(vav T, CL) = 5 a0<y27 R7 T, CL) + 5 ya1<y27 R7 T, CI,),

and we replace r with at, and y with 2\/a z, obtaining

+o0 +oo +00 .,
J1(R) = /da / dx / dtd(xQ,R,t,a) (t+2 (xQ—R))T
0 0 2022-R|

< (t—2 (&~ R))'T
Since the transformation is C'°° and proper on the support of the function &g,
the function & is still C'*° with compact support.
Finally, executing the integration in a we obtain

+o00 +oo
Jl(R):/dx / dt A2 Rit) (t+2 (22— R)) T
0 2 |z2—R|
x(t—2 (s2—R))"T . (1.9)
where
+oo
A(mQ,R,t) = /d(xz,R,t,a) da

0

is a C'*°-function with compact support.
The computations which follow depend on the parity of the two integers
(p,q), we denote by 7 the integer part of half the dimension n = p + ¢ of 3.
(1) When p and ¢ are both even we obtain from (1.9) by Lemma 1.2 (I)

+o0
J1(R) = / (41 (2% R) + 42 (+% R) (22 = R)") do,  (110)

Since A; and Ay are C'*°-functions with compact support from Lemma 1.4 it
follows that o
Ji(R) € D(R) + R * x D(R).
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(2) When p and ¢ are both odd we obtain from (1.9) by Lemma 1.2 (IV)

+oo
J1(R) = / (Al (2*,R) + A2 (2*, R) (2* — R)ﬁ_1 log |2 — RD dx.

Here also A; and A are C'°°-functions with compact support, therefore Lemma
1.4 implies that

Ji(R) € D(R) + R""* x D(R).

(3) In the same way when p is even and ¢ is odd we obtain
Ji(R) € D(R) + R x D(R).
(4) Finally, for p odd and g even we obtain

Ji(R) € D(R) + R" log |R| x D(R).

We now turn our attention to Jo. To study Jo near 0, we write

Jo(R) = J21(R) — Joo(R),

where
+o00 00 00
Jo1(R) = / dy / da / dr (y+a+1)"""
o0 0 [v2-4c ]
y> —4aR =R y> —4aR R
x(r%—i) (r—i) By, R,r a),
2 2
and
+oo +o00o +oo
Joo(R) =(—1)""! / dy / da / dr (y+a+1)"""
—00 0 lv2—4aR]|
3
y>? —4aR = y? —4aR i
x(r—l—#) <r—#) B(y,R,r a),

When R is near 0 the considerations developed for J; hold for Jy; if one
replaces the function a(y,a,r,R) with (y+a+1)""" 8 (y,R,r,a). It follows
that J, produces at R = 0 a singularity of the same type as J;. We also notice
that in 0 the function Jyo is C'*° since on the domain of integration the argument
of the integral is C'*° with compact support.
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We study now the behavior of J; near R = 1. We replace first y with
%Rz and r with 2 Rt

+o00 +00 +oo
m—1
JQ(R):/dx /da / dt (2\/ﬁx+a+1)+
— 0 0 |z2—al

1 ~

x(t—l—xQ—a)pT_l (t—x2+a)q2 (x,R,t,a),

where 3 is C* with compact support for R > % Recalling that 3 (z,R,t,a) =0
for a < 0, we extend the integral in a to (—oo,+00). We replace a with
¢ =2/Rz+a+1, and then = with z = z +V/R; finally, observing that only the
even part of [ with respect to z gives contribution to the integral, we obtain

+oo +oo +oo
JQ(R):/dz /dggr—l / dt (t+22—R+1—§)pTil
—oo —0o0 2|2241—R—¢]|
x(t—2+R— 1+§)%1 G(z, R,t,€)
+o00 00 +o00
:/dz/dggm—l / dt(t—l—zQ—R-l—l—f)pT_l
0 0 2|2241—-R—¢|

qg—1

x(t—22+R—1+&) % By (2% R,t,€)(1.11)

Since these transformations are proper maps and C°° on the domain of the
integral the function 3y is C* with compact support in [0, +00) xR?x (4, 4+00).
We noticed above that, at the point zero, J» produces the same type of
singularity as does Ji, therefore we pass to the study of J, about 1.
(1) When p and ¢ are both even (1.11) gives by Lemma 1.2 (I)

—+o00 “+o0

JQ(R):/dz /dggm—l

0 0
(B (AR 1B RY (P Rr1-g ),

where B; and By are C°°-functions with compact support. Interchanging now
the order of integration we see that the internal integral becomes one of the same
type as I;. So from Lemma 1.4 (1) it follows that

+oo

[ (52 R 4B (R0 (2 -rr1- )

0

|

= Bl(R, 6) + BQ(R7 6) (R -1 +€)ZL‘_ )

where B; and By are C'°°-functions with compact support. Hence,



CIATTI 15

“+o0

BB = [ e (BURO+BR O (R-1+97 ) de,  (112)

0

and by Lemma 1.5 (1) we find

J2(R) € DR) + Rl * x DR) + (R— 1) x D(R).

The same argument applies to the other cases giving:
(2) For p and ¢ both odd

[

J(R) € D(R) + R™ 2 x D(R) + (R— 1)""™ % x D(R).
(3) For p even and ¢ odd
J2(R) € D(R) + R x D(R) + (R —1)7"" x D(R).
(4) For p odd and ¢ even

Jo(R) € D(R) + R" log |R| x D(R) + (R — 1) log |R — 1] x D(R).

Collecting together the results concerning J; and J, we get the theorem. ]

We conclude the section with the following theorem:

Theorem 1.6.  The map M : D(S) — Hp,q,m) defined by (1.1) is linear and
onto.

Proof. =~ We have showed that if ¢ € D(S) then M¢ € H(p 4.m)- It is also clear
that M is linear, so it remains only to show that it is onto. To fix the ideas we
will assume that p and ¢ are even; the other cases can be handled in a similar
way. Since

Hoo ={f=fo+n" fr+n" fo| fo. f1, f2€ DR)},

given fo, f1, f2 € D(R), to prove the surjectivity of M it is enough to exhibit
¢, b1, P2 € D(S) such that

Moo = fo, Mo1=go+n" f1, Mdepa=ho+1"h1+n' fo,

where go, ho, h1 € D(R). We will show only that there exist ¢y and ¢; with the
required properties, the proof in the remaining case is similar.

We first find, in each case, Aj, Ay such that the integral in (1.10) gives
the desired result. For fy, let U € D(R) be such that

—+o0

/U@ﬂmzl

0
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Choosing
A; (z*,R) =U (2°) fo(R) and A =0,

we find
+00

fo(R) = / Ay (2, R) dx.

0
For f1, we take g € D(R) such that

1
Ay(R) =2 /g (Ru?) (v — 1)7_1_1 dr #0 if R € suppfi.
0

We define

Fi(R) = —7/{:((];)) )

clearly suppF; = suppfi and F} € C*°. We set
A (2%, R) = g (2*) Fi(R).
We find with the usual computations

—+00 —+o0

/ (2 — R)"™" 45 (% R) do = Fi(R) / (22 - R)"™" g (2?) da
+oo ) VR )
= F(R) / (22 = R)""' g(2?) du — F1(R) Y(R) / (2= R)" g(2?) da

with go € D(R).
Once we have determined A; and A,, we apply Lemma 1.2 to find
A (22, R,t) in D (R?) such that

“+o0 +oo
/dx / dt A (a2, R, 1) (t—|—2(m2—R))% (t—Q(xQ_R))q%
0 2 |z2—R]|

+oo
_ / (A1 (2% B) + 4> (4%, R) (22— R)} ") da.
0
Now let H € D ((0,4+00)) be such that
+oo

H(a)da = 1.
0
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Setting
v Rt = A (L Rt Ha
& B g
y? Y 7a 2 461/7 ) a7
we find
+oo +oo +oo 5 faR pTA 9 LaR qT—l
/da /dy / dr &y, R,r,a) (7’4—%) (r—%)
0 —0 |y2—4aR|
2
+oo +o0 . .
= /d:z; / dt.A(xQ,R,t) (t+2 (xQ—R))T (t—2 (xQ—R))T
0 2 |z2—R]|

Composing the function & with the transformations

. 1 v\ 2
S(U,R,a):§(1+a—§) —2aR, and r=at,

we obtain a function «(v,r,s,a) which lies in D (RS X R+) .

Given «, it follows from Lemma 1.2 that there exists ¢ € D (R4 X R+)
such that for any f € D(R)

—+o00 —+00 —+00 —+00 —+o00

/da /dv /du /ds /drf(R(v,s,a)) W(w, 0,7, 5, a)

0 —o0 |v] —o0 Is]
p-1 a—1 , 9 m—1

X a_Q_l(r—i—s) T (r—s)z (u?—v?)2

+00 +oo 400 400

_ /da /dv /ds /drf(R(v,s,a)) a(v,r,5,a) (r + )77 (r — 5)'7
0 —o0

oo Is]

Finally, from Lemma 4.1 of [16] we immediately see that the map
Q:D(S) — D (R* x R") defined for ¢ € D(S) by Qd(u,v,r,s,a) =

[o(o+9
S

S =5p-1x85;-1 X Sm-1Xx5,-1,is onto, and this completes the proof. [

W=

1
2

wp, (1 — 8)%%, (u+v)2wp, (u— v)%wjn> dwpdwqdw,,dw),,,

2. Radial distributions on S

In this section and in the next we will briefly write H for H, 4.m). We fix once
for all two functions yo and x; in D(R) which are 1 in a neighborhood of 0
and 1 respectively and have disjoint supports. If f is a function in H there are
fo, f1, f2 € D(R) such that f = fo+n° fi +n' fo. We write

f=fo+n" fitn' fo=fo+xX"m i+ (1 =X") mo fi+x"m fi+ (1 =x") m fo,
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and set 3
Jo=fo+ (1 =xX") mofi+ (1 —=x") mf,
fo=x"n m=x"m.

Hence, we decompose a generic function f in H as

f=fo+i® fi+0t fo, (2.1)

where fo, f1, f2 € D(R), and the singular parts x°no f1, x* n1 f2 have disjoint
supports about 0 and 1.

With this decomposition at hand we define the following linear functional
on 'H

F(k F(k
(60, 1) = (D570, 0k = (-D* 7 (), (22.)
(e, ) = (DR P00), (e f) = (DR AP ), (2.2.0)
where k=0,1,..., and f*) denotes the k-th derivative of f. Even though the
decomposition (2.1) is not unique, it is easy to see that the above sequences are
uniquely determined by f (see [16] (3.3)).

We define the topology on H as follows. For any r > 0, we endow the
space

={feH:suppf C (—r,1+7r)},
with the following semi-norms:

(&) (-0 S

7 ( Zekft—1>,

k=

L. Iflln; = sup

for all N € N and all j < N;

2, 1l = | (el 1] )|, for all k € .

11 = |(

These semi-norms define a Fréchet space topology on ‘H". We provide
the space ‘H with the strict inductive limit topology. From these definitions we
immediately obtain the following:

Lemma 2.1. 1. D(R) is a topological subspace of H, that is the injection
t: D(R) — H is a homeomorphism onto its image.
2. The maps

O fenf, and oW fplf,

are continuous from D(R) into H.

The topological dual H' of H is described by the following proposition
which can be immediately deduced from Lemma 3.3 of [16].
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Proposition 2.2.  Given T in ‘H', there exist a unique T € D'(R) and two
sets of constants {ci : k=0,...,1}, {c,l~C k=0,. ..,3} such that for f € H

<T7 f> = <T7 f - ﬁo Plo—ﬁ - ﬁl Pll—ﬁ—m> + ch <€27 f> + chlc <€llw f>7 (23)
k=0 k=0

where:
1. T € D'(R) has order | on the union of the supports of X9 and x™),
2. forjeN

0 if 7 <0,
P]Q(t) B { izO(‘gg? f> tk ij Z O:

0 if 7 <0,
Gk { L f (- DF ifi >0

Conversely, given T € D'(R) and two sets of constants {cy : k=0,...,r} and
{cllC k= O,...,s}, the linear functional defined by (2.3), with | equal to the

order of T on the union of the supports of 1 and 7V, is in H'.

Remark 2.3. The linear functionals defined by (2.2.a) and (2.2.b) belong to
H' .

From Proposition 2.2 and Remark 2.3 we immediately obtain the follow-
ing

Corollary 2.4. Any F € H' with support in {0} U {1} is a finite linear
combination of the functionals 69,0} 9, e}

Remark 2.5. It follows from Lemma 2.1 that the restriction to D(R) of an
element of H’ is a distribution, i.e. if S € H' then So: € D'(R).

Definition 2.6. Let F € H' be given by (2.7), the order of F is equal to
max(l,r, s), with the convention that the zero functional has order —1.
The transpose map M’ : H' — D’(S) of M is defined as usual by

(M'T, ¢) = (T, M),

with 7 € H' and ¢ € D(S5).

As it has been showed by Faraut in [9] and Kosters in [13] in the case of a
rank-one symmetric space X = G/H, a distribution F' € D’'(X) is H -invariant
if and only if it is the M’-image of some T € H’'. More generally we give the
following

Definition 2.7. A distribution F' on S is called radial if there exists T € H’
such that
F=MT. (2.4)
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3. Spherical distributions on S

Definition 3.1.  We say that a distribution F' on S is spherical if (a) it is

radial, and (b) it is an eigendistribution of the Laplace-Beltrami operator, i.e.
AF = \F,

with A € C.

Remark 3.2. The index x will refer to the critical values 0 and 1 of the
function R and will correspondingly take the values 0 and 1. We denote by I
the open interval (—oo,1), and by I; the open interval (0,+o00). We also set

+m. (3.1)

The operator M’ discussed in the previous sections intertwines the
Laplace-Beltrami operator A on S with the second order ordinary differential

operator
d? n 1 d
L=t(1—-t) — — 4+ - —(1 t)] —. 2
( )dt2+(2+2 (+n—l—m))dt (3.2)
Therefore, the radial solutions of AF = AF' are of the form M’'T, where T € H’

(with the notations of Section 2) is a solution of
LT = \T. (3.3)

The operator L — X\ is hypergeometric. It has three regular singular
points (see [14] sec. 10.3): 0,1,+o00. The characteristic exponents in 0 and 1
are given respectively by

(07 _N()) and (Oa _Ml) .

The Frobenius theory of ordinary differential equations with singular co-
efficients shows that the classical solutions of the equation (3.3) behave differently
near the singular points according to whether the characteristic exponents are
integers or not. So we distinguish between two cases, which depend on the parity
of n =dimjy:

(1) n even. On the open half line Iy = (—o0,1) the solution of the equation
(L — X)u =0 are the linear combinations of

Do(t),  Wo(t) = |t]27F Ty(t)

where @y and W, are analytic on (—oo,1) and can be chosen so that ®4(0) =
Uy(0) = 1. Similarly, on the open half line I3 = (0,400) the space of classical
solutions of (3.3) is generated by two functions

®i(t),  Wi(t) =]t —1ETETT (1),
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where ®; and ¥; are analytic on (0,4o00) and such that ®;(1) = ¥;(1) = 1.
(2) n odd. On (—o0,1) the space of functions which are solution of (3.3) has
a basis given by

Bo(t),  Wo(t) = Ag Do(t) log [t| + 2% Wy(t),

where A is a constant, and ®, and ¥, are as in (1). In the case n = 1 the
constant Ag is equal to 1.
On (0,+00) the space of classical solutions of (3.3) is generated by

O (t),  Wy(t)= A1 Bi(t) log|t — 1|+ (t—1)7~ 2™ Wy (¢),

where ®; and U, are as before and A; is a constant.
In looking for the solutions of (3.3) in H’ it is useful to deal only with
one singularity at a time, so we introduce the following open subsets of S
So={(X,Z,a)e S| R(X,Z,a) <1},
and
S1={(X,Z,a)€ S| R(X,Z,a) > 0}.

Correspondingly we consider

Ho={M¢|de€D(So)},

and

Hi={M¢|¢peD(S1)}.

Consequently the support of the functions in Hy is contained in (—oo,1) and
the support of functions in H; is contained in (0, +00).

Let Pf.|o denote the Hadamard finite part of the integral (see for in-
stance [10], p. 70). The solutions of (3.3) in the required space are described in
terms of the following linear functionals.

1. For f € 'Hy, we define

1 —&

(Soutrof) = Plato [ o(t) FOdt, (S0 f) =Plesn [ @o(0) f(0)dt, (30
i -
(To.4,£) = Plesa [ Wo(t) FOdt, (Tioo £) =Phasn [ Wo(0) F) .
2. For f € Hy, we define
“+o0 1—e
(S f) =Plao [ @0 F@d (a0 f) =Plao [ @0 F@d (34D
1+e€ 0

400

(Tovsy. f) = Phyo / Wi(0) F(t)dt, (T, f) = Pleyg
1+4¢

e

Wy (t) £(t) dt.

O~
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3. When n is odd we also define for f € H,
(Uo, f) = Plejo{e Wo(e) f(e)}, (3.4.c)
and for f € H;
(Ur, [) = Plejoern {(€' = 1) Wi(e) f(e)}, (3.4.d)
Remark 3.3. Clearly S 1), S(u,—)s T(n,4)» T(n,—), and U, are in Hj, for
k=0,1.
Remark 3.4. We notice that if n is odd and f € D(R)

(Uo, f) = Pfeo {61_ﬁ Wo(e) f(g)} -

n—

(ﬁ—ll)! (%) @) 1) g = X v (06,5,

(_1)k d (n—1-k)
HOR = (m — k) \at Tol -

Analogously we find

n+m—1
<U(1)7f> = m (%) (El(t) f(t))t_1 )

with

We also notice that
<UK,7 ,’,’m f> =0.

In the rest of the section we will prove the following theorem:

Theorem 3.5.  The subspace of solutions of (3.3) is generated:
1. by {S(,,MJF) + S(,iy_),T(,iy_)} when p,qg =0 (mod 2).
2. by {S(,H_) + Se,—) T, 4) +T(,€’_)} when p =1 (mod 2) and ¢ =0
(mod 2).
3. by {S(,1)St,—)} when p =0 (mod2) and ¢ =1 (mod2) and
n =1, and by {AK Str+) T Uiy S,y + S(R’_)} when p =0 (mod 2)
and ¢g=1 (mod 2) and n > 1.
4. by {S(H7+) + S(,%_),T(,.%H} when p,g =0 (mod 2).
The formal adjoint of L, denoted by L*, is defined for a C? function f
by

L*f:j—;(t (1—1) f(t))—%((%—l—%—(l-l—n—i—m) t) f(t)).

Solving (3.3) in the space H,' is equivalent to looking for elements D of H,'
which satisfy

0=((L-=XN)D,f)=(D,(L* = X) f) forall feH". (3.5)
By Lemma 2.2 D (I,;) and n® x D () with x = 0,1 are topological subspaces
of H,. Tt follows that D € H! satisfies (3.5), if and only if the kernel of
D contains the spaces (L* — A) D (I”) and (L* — A) (n® x D (I*)). To find the
functionals in H/, with this property we need the action of D on (L* — \) D (I,)
and on (L* — X) (" x D(I,;)) with k = 0,1. These actions are described by the
following lemma, the proof can be found in Appendix A.3 of [9].
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Lemma 3.6. 1. When p,q=0 (mod 2) we have
(L —X) S§ =+p.0", (L—=X) T = —pwe”, (L—X)TF =0.

2. Whenp=1 (mod?2) and ¢g=0 (mod 2) we have

_ 0 _ :FE:O anzlv _ 1 _ 1
w-nst={ I I N sk = et

+(0°-€% ifn=1

_ 0 _ ,

L=NTs {i(FO—EO) ifn>1,
(L—X)Tp==+(F'—£"), (L—\) Ug = pie (e" — A 07).

3. Whenp=0 (mod?2) and ¢g=1 (mod 2) we have

00 4+ 0 ifn =1,

— K — K - v =
(L )\) Si iﬂne ) (L )\) T+ {FO — Lo 50 zfn > 1,

—0% ifn=1,

. 1 _ gl 1 B 0 _
(L=XNT,=F —pe, (L—X\) T2 {—FO ifn> 1,

(L—\) T =—-F', (L= U, = —p A 0.
4. When p,q=1 (mod 2) we have
(L—N) S5 =dp0%, (L—NTF=0, (L—\NT"=.e".

Here p, is given by (3.1) and F* = p, 0"+ lower order terms for n > 1 and
odd. |

Since the operator L — X is elliptic on (—o00,0) U (0,1) U (1, 400) every
distribution which satisfies (3.5) actually is a C°°-function on each of these
intervals and can be written as a linear combination of the corresponding @,
and U, . Hence, any solution D of (3.3) in D’ (I*) has the form

D =c1 Sy + 250, +3T(w,-) + T4y + B,

where ¢1, ¢a, 3, ¢4 are complex constants, and E() is a distribution with support
in Kk, i.e.
E¥ =agd, +a1 60 + ...+ a6,

where ¢, is the Dirac mass in k, k is a non-negative integer, and ag, a1, ...,ax €
R. It follows from Lemma 2.2 that the solution of (3.3) in H,’ have the form

D=c; 8% 4¢3 8% 43T 4 ey + B (3.6)
where, by Corollary 2.4,
EK =apf" +a10% +...+ap 0% +boe” + b1+ ...+ b7,

with bo,bl,...,bl € R.
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Lemma 3.7. In H,' the following relations hold

LO” ;) = % 0" (j+1) + + ZJ: a; 0"y, (3.7.a)
i=0
and )
L") =G +1) (J' + nTH) %Gy + ) biet ). (3.7.0),
i=0
where ai,...,a;,b1,...,b; are constants.

Proof. We only prove (3.7.a). We have

(LO" ), f) = (—1)7 (07, (L* /)Yy =

1y <0K, (t 1—1) /" + ((n+m_3)t+ ?)_Tn) '+ m+m—1) f)(j)>

:4—Dj<m¢(1_@f0w%+<ju—2w+wn+npaﬁt+§%ﬁ)fUH)

+(—U-1)+jn+m-3)+n+m-1) f(j)>

=y (%, (34 2570 SO (G ) ) - -2 -1) 1)
o 3=n\ . . ) o
=(—1J+ 5 9(j+1)+(j+1)(n+m—j—1)0(j),f .
Hence,
. n—2j5-3 . . . K
Lo (j):fﬁ(j+1)+(j+1)(n+m—]—1)9(j). |

Let D be given by (3.6). According to the classification made in
Lemma 3.6 we have the following cases:
1. When p=0 (mod 2) and ¢=0 (mod 2)

(L=X)D = pi (c1 —¢3) 05 —csppe™+(L—NE". (3.8.a)
2. When p=0 (mod2) and ¢=1 (mod 2)

(c3 —c4) 0% + g™+ (L—AN)E", ifn=1,
(L - )‘) D = M (Cl - Ci) 0% + (CB - C4) Fli — Mk C3 g” (386)
+(L—-ANE", ifn>1.
3. When p=1 (mod 2) and ¢ =0 (mod 2)

(L—X)D
:{<03—C4)9m+(03—04—01+02)€“+(L—)\)EH, ifn=1,
pi (c1 = €2) 0% + (c3 — ca) (F —€™)+ (L= N E", ifn>1
(3.8.¢)
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4. When p=1 (mod 2) and ¢ =1 (mod 2)
(L=X)D =pip (c1 —¢2) 05 +cappe™+(L-NE". (3.8.d)

In any case we see that if D is a solution of (3.3) then (L — \) E' has support
in the set {x} and order less than or equal to the minimum between 0 and the
order of F', that is at most 0 in the case when n is even, and at most ”T_l when

n is odd.
From Lemma 3.7 it follows that
—x n—2k-3 . n+1 .
(L—)\)E :fake (k+1)+(l+1) <l+ ) by e (1+1)
+ lower order terms. B (3.9)
This relation means that (L— ) E" has order equal to max(k+1,1+1) for any
n—3

k not equal to “5=.

Lemma 3.8. When p,q =0 (mod 2) the space of solutions of (3.3) consists
of linear combinations of {S(,,MJF) + S(k,—)5 T(H’_)} .

Proof.  Since n is even we see from (3.9) that (L — A) E' has order greater
than or equal to 1. Whence, from (3.8.a) D is solution of (3.3) if only if E" = 0,
c1 =cy and ¢c3 =0. [

Analogously we get:

Lemma 3.9. When p,gq =1 (mod 2) the space of solutions of (3.3) consists
of linear combinations of {S(,H_) + S(k,—)5 T(m,+)}' ]

The situation when n is odd is a bit more complicated:

Lemma 3.10. The solutions of (3.3) when p = 0 (mod2) and ¢ = 1
(mod 2) are linear combinations of:

1. {S(fi7+)7 S(K’_)} Zf n=1 y
2. {AH S(m,—k) + U, S(m,—k) + S(&_)} ifn>1.

Proof. (1) We see from (3.8.b) that the order of (L — \) E is 0, hence (3.9)
implies £ = 0. Therefore, from (3.8.b) ¢3 =¢4, =0 and ¢; = ¢5.
(2) When n is odd and greater than 1 Lemma 3.6 (2) shows that

F = £(L — X\) Ty is of order “51. On the other hand, we know from (3.9)

that when E has order k then (L= E" has order k+1 unless k is equal | to
23 If this is the case then (L —\) E" has order 2=3 In any case (L — \) E"

n—1

cannot be of order "7=. Thus (L — ) E" has order 0, and c3 equals ¢;. We
n—3

have two possibilities still: E" =0, 0or E" has order R

The functional U, defined by (3.4.c) has order “52. Let ¢ be the non-

2
zero constant such that E° — ¢U, is of order strictly less than ”T_S We see

from the paragraph above and Lemma 3.6(2) that (L — \) (Em —cU,) has order

zero. Therefore E” — ¢U, = 0. Using this relation and ¢3 = ¢4 in (3.8.b) we get
c3s=c,=0and cAg=c1 — 3. n

Similarly we obtain:
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Lemma 3.11.  The solutions of (3.3) when p=1 (mod 2) and ¢ =0 (mod 2)
are linear combinations of {S(n,+) + Sk, Try+) + T(R’_)}.

The linear functionals acting on H® and H! defined by (3.4) give rise to
radial distributions with support in S and S! respectively. Correspondingly,
Theorem 3.5 gives a list of radial eigendistributions of the Laplace-Beltrami
operator supported in S° and S'. In order to obtain the radial eigendistributions
of A in D'(S) we extend the linear functionals S 1), Si1,—), T(0,4), and T(1 )
on H° to linear functionals on the whole H by setting, for f € ‘H,

1—e¢

o F) =Plao [ Balt)f(t)

g

(3.10.a)

1—e¢

T4y, f) = Ployg / Wo(t) (1) dt,

g

1—¢

By h) =Pl [ ®i(0500)
§ (3.10.D)

1—¢

<T(1,—),f> = Pf. o / Uy () f() dt.

£

On the open interval (0,1) both the sets of functions ®q3, ¥y and ®;, ¥,
generate the space of the solutions of (3.3). Therefore, there are constants
a,(3,7,6 and @, 3,%,0 such that

<I>1:a<1>0+ﬁ\110, \111:’)/@0-1-5\1/0, and
Py =ad + [T, Vo=~ +0U,.

Hence, we obtain the following lemma, whose proof is similar to that of Lemma
3.6.

Lemma 3.12. 1. When p,q =0 (mod 2) we have

—0 ~
(L=X) Sy =gt —au o
(L—)\) T_E:—,u(){-fo—:)/,ul@l.

2. Whenp=0 (mod?2) and g=1 (mod 2) we have

1 —ae’ + 5 (00— &) — ¢! ifn=1
(L_A)S__{Ozuoeo"f‘ﬁ(Fo_go)_ulel ifn>1,
v [ vEt 6 (00 —€0) — 0t + ¢ in=1
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3. Whenp=1 (mod?2) and ¢=0 (mod 2) we have

(L—=N) 5. =apgt®+ 8 (F°— poe®) — i 67,
(L—=X) T =y ppb°+0 (Fo—uoao) — i FL

4. When p,q=1 (mod 2) we have

(L—N) 5 = — 110" + apd®
(L—X) T' = pret + yuob°. u
We denote by H'(qujm;/\) the space {F € Hzp,q,m) LF = )\F}. From Lemma

3.6 and Lemma 3.12 we obtain the following theorem:

Theorem 3.13. 1. When p,q=0 (mod 2) for any A € C

{S(O,—) +S0,4) T aSa,4)> T(o,—)} is a basis of Hzp,q,m;)\)'

2. Whenp=1 (mod2) and ¢=0 (mod 2) for any A€ C

{aS(O,—) + 6T(07_) + S(17_) + S(L_F),VS(O’_) + 6T(07_) + T(17_) + T(17+)} iS a
basis of Hzp,q,m;)\)'

3. When p =0 (mod2) and ¢ =1 (mod 2) for any X € C not equal
to k(n+m —k), the set {A1S1,4)+Uq)} is a basis of Hl(p,q,m;)\)' If A =
k(n+m —_k) with k = 1,2,3,... a basis of Hzp,qm;k) is given by o S,y +
BT~ +5a,-) + 50,4+ -

4. When p,g=1 (mod 2) for any A € C

{ozS(O’_) +Sa, + S(LJF),T(LH} s a basis of Hzp’q’m;/\).

Proof.  The only point which needs some explanation is (3). From Lemma 3.6

(3) we see that Ay S(1 4) + Uqy is an eigenvector of L for any A. On the other
hand from Lemma 3.11 we see that

(L=X) (@ S0,-) + BT + S + Sa.4) = —Buoe’

It follows that S, —y+ BT o, -) +§(17_) +5(1,4) is eigenvector of L if and only
if ®; is regular in 0, and from the general theory of the hypergeometric equation
(see [8] pag. 68) we know that this happens precisely when A\ = k (n +m — k)
with k =1,2,3,... € N. n
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