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Abstract. Regular Lie groups are infinite dimensional Lie groups with
the property that smooth curves in the Lie algebra integrate to smooth
curves in the group in a smooth way (an ‘evolution operator’ exists). Up
to now all known smooth Lie groups are regular. We show in this paper
that regular Lie groups allow us to push surprisingly far the geometry of
principal bundles: parallel transport exists and flat connections integrate to
horizontal foliations as in finite dimensions. As consequences we obtain that
Lie algebra homomorphisms integrate to Lie group homomorphisms, if the
source group is simply connected and the image group is regular.
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1. Introduction

On the one hand the theory of infinite dimensional Lie groups and Lie alge-
bras is very rich: Kac-Moody algebras and the Virasoro algebra have a rich and
important theory of representations and many applications, and subgroups of
diffeomorphism groups play an extremely important role in differential topology,
differential geometry, and general relativity. On the other hand classical Lie the-
ory carries over to them only in rare pieces: There are (even Banach) Lie algebras
without Lie groups, see [3] and [7], and the exponential mapping in general is
not surjective onto any neighborhood of the identity. The most surprising result
in this direction is [5], where it is shown that in the diffeomorphism group of any
manifold of dimension at least 2 one can find a smooth curve of diffeomorphisms
starting at the identity such that the points of this curve form a set of generators
for a free subgroup of the diffeomorphism group which meets the image of the
exponential mapping only in the identity.

In view of these difficulties the theory of infinite dimensional Lie groups
and Lie algebras can be pushed surprisingly far: Exponential mappings are
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unique if they exist, and then one can give a formula for their derivatives, see [6]
and 5.9 below.

In [14] and [15] the notion of a ‘regular Fréchet Lie group’ was intro-
duced in an attempt to find conditions which ensure the existence of exponential
mappings: certain product integrals were required to converge. Their main re-
sult was that the invertible Fourier integral operators form a regular Fréchet Lie
group with the space of pseudo differential operators as Lie algebra, see [19],
and also [1] for a more general group of Fourier integral operators, but without
regularity. In [13] Milnor weakened this to the assumption that smooth curves
in the Lie algebra integrate to smooth curves in the group in a smooth way (an
‘evolution operator’ exists), and it is this notion which we take up in this paper,
except that we introduce it for general Lie groups modelled on locally convex
spaces, where we use the convenient calculus from [4]. Up to now nobody has
found a non-regular Lie group.

We show in this paper that for regular Lie groups one can push surpris-
ingly far the geometry of principal bundles: parallel transport exists and flat
connections integrate to horizontal foliations as in finite dimensions. As con-
sequences we obtain that Lie algebra homomorphisms intergrate to Lie group
homomorphisms, if the source group is simply connected and the image group is
regular.

The actual development is quite involved. We start with general infinite
dimensional Lie groups in Section 3. For a detailed study of the evolution
operator of regular Lie groups (cf. 5.3) we need in 5.9 the Maurer-Cartan equation
for right (or left) logarithmic derivatives (cf. 5.1) of mappings with values in the
Lie group, and this we can get only by looking at principal connections. Thus
Section 4 treats principal bundles, connections, and curvature as far as we shall
need them. In Section 5 we then prove the above mentioned strong existence
results and discuss regular Lie groups. Principal bundles with regular structure
groups are treated in Section 6. The last section develops rudiments of Lie theory
for regular Lie groups as sketched above.

These results were obtained in a systematic study of properties of regular
Lie groups for the book in preparation [11], where also many of the known Lie
groups are treated and shown to be regular.

2. Calculus of smooth mappings

The traditional differential calculus works well for finite dimensional vector spaces
and for Banach spaces. For more general locally convex spaces a whole flock of
different theories were developped, most of them rather complicated and not
really convincing. The main difficulty is that the composition of linear mappings
stops to be jointly continuous at the level of Banach spaces, for any compatible
topology. We shall use in this paper the calculus in infinite dimensions as
developed in [4].

2.1. Convenient vector spaces. Let E be a locally convex vector space. A
curve ¢ : R — F is called smooth or C'*° if all derivatives exist and are continuous
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— this is a concept without problems. Let C*°(R, E) be the space of smooth
functions. It can be shown that C°°(R, E') does not depend on the locally convex
topology of E', but only on its associated bornology (system of bounded sets).

F is said to be a convenient vector space if one of the following equivalent
conditions is satisfied (called ¢ -completeness):

(i) For any ¢ € C*(R, ) the (Riemann-) integral fol c(t)dt exists in E.
(ii) A curve c¢: R — FE is smooth if and only if Aoc is smooth for all A € E’,
where E’ is the dual consisting of all continuous linear functionals on

E.

(iii) Any Mackey-Cauchy-sequence (i.e., tpm (T, — ) — 0 for some t,,, —

oo in R) converges in E. This is visibly a weak completeness require-

ment.

The final topology with respect to all smooth curves is called the ¢*-
topology on E, which then is denoted by ¢*°E. For Fréchet spaces it coincides
with the given locally convex topology, but on the space D of test functions with
compact support on R it is strictly finer.

2.2. Smooth mappings. Let E and F' be locally convex vector spaces, and
let U C E be ¢*®-open. A mapping f : U — F is called smooth or C'*°, if
foce C®(R,F) forall ce C*(R,U).

2.3. Results. The main properties of smooth calculus are the following.
(i) For mappings on Fréchet spaces this notion of smoothness coincides with
all other reasonable definitions. Even on R? this is non-trivial, see [2].

(ii) Multilinear mappings are smooth if and only if they are bounded.

(iii) If f : E D U — F is smooth then the derivative df : U x E — F s
smooth, and also df : U — L(E,F) is smooth where L(E,F) denotes
the space of all bounded linear mappings with the topology of uniform
convergence on bounded subsets.

(iv) The chain rule holds.

(v) The space C*°(U, F) is again a convenient vector space where the struc-
ture is given by the obvious injection

ceu,r) - ] c*®r- ][] C*RR).
ceC>=(R,U) ceC™(R,U)
AEF’

(vi) The exponential law holds:
C*(U,C™(V,G)) =2 C=(U x V,G)

15 a linear diffeomeorphism of convenient vector spaces. Note that this is
the main assumption of variational calculus.

(vil) A linear mapping f : E — C>®(V,G) is smooth (bounded) if and only
if ELCOO(V, G) =¥ G is smooth for each v € V. This is called the
smooth uniform boundedness theorem and it is quite applicable.

2.4 Counterexamples in infinite dimensions against common beliefs
on ordinary differential equations. Let F := s be the Fréchet space of
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rapidly decreasing sequences (Note that by the theory of Fourier series we have
s = C(S1,R)) and consider the continuous linear operator T : E — E given
by T(zo,z1,22,...) = (0,122,222, 3%23,...). The ordinary linear differential
equation z’(t) = T(x(t)) with constant coefficients has no solution in s for
certain initial values. By recursion one sees that the general solution should be
given by

If the initial value is a finite sequence, say z,(0) =0 for n > N and zx(0) # 0,
then

zalt) = 30 (3)" wi(0) £

|2n (1)]

Vv
~ 5
|

— 2 n—N)! —i
ST () O )

)
> A5 1N (Jaw ()] (3)° = X0 (3)” la(0)I )

where the first factor does not lie in the space s of rapidly decreasing sequences
and where the second factor is larger than ¢ > 0 for ¢ small enough. So at least
for a dense set of initial values this differential equation has no local solution.

This shows also, that the theorem of Frobenius is wrong, in the following
sense: The vector field x — T'(z) generates a 1-dimensional subbundle E of the
tangent bundle on the open subset s\ 0. It is involutive since it is 1-dimensional.
But through points representing finite sequences there exist no local integral
submanifolds (M with TM = E|M). Namely, if ¢ were a smooth nonconstant
curve with ¢/(t) = f(t).T(c(t)) for some smooth function f, then z(t) := ¢(h(t))
would satisfy 2’(t) = T'(x(t)), where h is a solution of h'(t) = 1/f(h(t)).

As next example consider F := RN and the continuous linear operator
T:E — FE given by T(zg,x1,...) := (x1,22,...). The corresponding differential
equation has solutions for every initial value x(0), since the coordinates must
satisfy the recusive relations zp41(t) = z(t) and hence any smooth functions
xo : R — R gives rise to a solution z(t) := (xék)(t))k with initial value x(0) =
(x(()k)(())) k- So by Borel’s theorem there exist solutions to this equation for any
initial value and the difference of any two functions with same initial value is
an arbitray infinite flat function. Thus the solutions are far from being unique.
Note that RY is a topological direct summand in C*°(R,R) via the projection
f+— (f(n))n, and hence the same situation occurs in C*°(R,R).

Let now E := C*°(R,R) and consider the continuous linear operator
T:FE — E given by T(x) := 2. Let x : R — C*°(R,R) be a solution of the
equation z'(t) = T(z(t)). In terms of # : R? — R this says Z2(t,s) = %f(t, s).
Hence r +— &(t—r, s+r) has vanishing derivative everywhere and so this function
is constant, and in particular z(t)(s) = Z(t,s) = 2(0,s +t) = z(0)(s + ).
Thus we have a smooth solution x uniquely determined by the initial value
z(0) € C(R,R) which even describes a flow for the vector field T' in the sense
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of 2.7 below. In general this solution is however not real-analytic, since for any
z(0) € C*°(R,R), which is not real-analytic in a neighborhood of a point s the
composite evs oz = x(s+ ) is not real-analytic around 0.

2.5. Manifolds. In the sequel we shall use smooth manifolds M modelled on
¢ -open subsets of convenient vector spaces. See [10] for an account of this.
Since we shall need it we also include some results on vector fields and their flows.

2.6. Lemma. Consider vector fields X; € C®°(TM) and Y; € C°(TN) for
1 = 1,2, and a smooth mapping f : M — N. If X; and Y; are f-related for
i=1,2,4e., TfoX;=Y;0f, then also [X1,Xs] and [Y1,Y3] are f-related.

Proof. We choose h € C*°(N,R) and we view each vector field as a derivation.
This is possible if we either have smooth partitions of unity or if we pass to sheaves

of smooth functions. The converse is wrong in general, see [10] and [11]. Then
by assumption we have T'f o X; = Y; o f, thus:

(Xi(ho f))(x) = Xi(z)(ho f) = (T f. Xi(z))(h) =
= (T'f o Xi)(x)(h) = (Yio f)(x)(h) = Yi(f(2))(h) = (Yi(h))(f(2)),

so X;(ho f)=(Y;(h))o f, and we may continue:

[X1, Xo](ho f) = Xi(Xa(ho f)) — Xa(X1(ho f)) =
= X1 (Ya(h) o f) — Xo(Y1(R) o f) =
=Y1(Ya(h)) o f = Ya(Y1(h)) o f = [Y1,Y2](h) o f.

But this means T'f o [X;, Xo] = [Y7,Y32] o f. n

In particular if f: M — N is a local diffeomorphism (so (T, f)~! makes

sense for each x € M), then for Y € C*°(T'N) a vector field f*Y € C'°° (TM) is
defined by (f*Y)(z) = (Tf)"1.Y(f(x)). The linear mapping f* : C®°(T'N) —
C>(TM) is then a Lie algebra homomorphism.

2.7. The flow of a vector field. Let X € C(TM) be a vector field. A
local flow FIX for X is a smooth mapping FI¥ : M x R D U — M defined on a
c® -open neighborhood U of M x 0 such that

() 4P (@) = X(FIX (2)).
) FI (z) =z for all z € M.
(iii) U N ({z} x R) is a connected open interval.

) FI.X, = FI¥ o FIX holds in the following sense. If the right hand side
exists then also the left hand side exists and we have equality. Moreover:
If Flf exists, then the existence of both sides is equivalent and they are
equal.

2.8. Lemma. Let X € C®(TM) be a vector field which admits a local flow
FI1;*. Then each for integral curve ¢ of X we have c(t) = FL* (c(0)), thus

there exists a unique maximal flow. Furthermore X 1is Flf( -related to itself, i.e.,
T(FLX)o X = X o FIX .
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Proof. @ We compute
%FIX(—t,c(t)) = —%Lg:_tFlX(s,c(t)) i|3 tFlX(—t,c(s))
= — 4| FIX,FI¥ (s, c(t)) + T(F1%)).c (t)
~T(FIY,). X (c(t)) + T(FIY,). X (c(t)) =

Thus FI¥,(¢(t)) = ¢(0) is Constant so ¢(t) = F1;*(¢(0)). For the second assertion
we have X o FI¥ = 4F1* = L|FIX = L|o(FIf oFIJ') = T(FI}*) 0 L |(FIF =
T(FL)o X . m

2.9. Lemma. Let X € C°(TM) and Y € C>°(TN) be f-related vector fields
for a smooth mapping f : M — N which have local flows F1¥ and F1¥. Then
we have f o Flf( = Flz/ o f, whenever both sides are defined.
Moreover, if f is a diffeomorphism we have Fl{*y = f‘loFlf of in the following
sense: If one side exists then also the other and they are equal.

For f = Idj; this again implies that if there exists a flow then there
exists a unique maximal flow F1;¥
Proof. We have Yo f =Tfo X and thus (using 2.7.3 and 2.8) for small ¢
we get

4(F) o foFIY,) =Y oFl o foFIX, ~ T(F) o T'f o X o F1%,
=T(F1))oY o foFI*, —T(FI)oTfo X oFI¥, =0.

So (FIY o f o FI¥))(z) = f(z) or f(FIX(z)) = F1} (f(z)) for small t. By
the flow properties (2.7.4) we get the result by a connectedness argument as
follows: In the common interval of definition we consider the closed subset
Jp = {t : f(FIX(z)) = F1IY'(f(z))}. This set is also open since for t € .J,
and small |s| we have f(F1\,(z)) = f(FIX(F1(2))) = FLIY (f(FL\(2))) =

FI; (FI; (f(2))) = Fl.,(f(x)). m

2.10. The Lie derivative. We will meet situations (in 4.2) where we do
not know that the flow of X exists but where we will be able to produce the
following assumption: Suppose that ¢ : R x M D U — M is a smooth mapping
such that (¢, z) — (¢, o(t,x) = @¢(x)) is a diffecomorphism U — V', where U and
V' are open neighborhoods of {0} x M in R x M, and such that ¢ = Idy; and
5ilo pr =X € C(T'M). Then again g|o(¢:)"f = glofopr =df o X = X(f).
Lemma. In this situation we have for Y € C(TM), and for a k-form
w € QF(M):
Llo(pe)'Y = [X,Y], Zlo(pe)*w = Lxw
Proof. Let f € C*(M,R) be a function and consider the mapping «(t, s) :=
Y(p(t,x))(f o ps), which is locally defined near 0. It satisfies

)

a(t,0) = Y(p(t x))(f),

a(0,8) = Y(2)(f o vs),

(0,0) = Z o Y (et 2))(F) = Fly Vet 2)) = X (2)(Y]),
(0,0) = FloY (2)(f o ps) = Y(2) F5lo(f 0 ps) = Y (2)(X /).

O

(l/
(l/

9
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So Zloa(u, —u) = [X,Y],(f). But on the other hand we have

guloa(u, —u) = oY (p(u,0))(f 0 p-u) =
= 210 (T(p—u) oY 0 pu), (f)
= (i lo(ee) Y )a(f).

We may identify k-forms on M with C°°(M,R)-multilinear mappings on vector
fields (if smooth partitions of unity exist or if we pass to sheaves of vector fields).
The converse is wrong in general, see [11]. For (local) vector fields Y; € C°(T'M)
we have

(Felo(e) @) (Y1, Ya) = Flo(w((9—e)* Y1, ..., (0-1)"Yi) 0 o)

=> wi,. o, B o) Y., Ye) + Slolen) (w(Yi,. .., Yp)
j=1

= X(w(Y1,....Ya) = Y _wi,....[X.Yi],....\)

=1
= EXw(Yl, .. .,Yk>.

This is the usual formula for the Lie derivative. ]

3. Lie groups

3.1. Definition. A Lie group G is a smooth manifold modelled on ¢*-open
subsets of a convenient vector space, and a group such that the multiplication
i G x G — G and the inversion v : G — G are smooth. We shall use the
following notation:

u: G x G— G, multiplication, u(x,y) = z.y.

te : G — G, left translation, p,(z) = a.x.

u® . G — G, right translation, p*(z) = z.a.

v:G — G, inversion, v(z) =z~ t.
e € (G, the unit element.

3.2. Lemma. The tangent mapping T )it : ToG X TyG — TopyG is given by

Teapytt-(Xa» Yo) = Tu(1®). Xo + Th(1a)- Y-

and Tyv : T,G — T,—1G is given by

1 —1

T = —To(u" ). Tu(pta—1) = ~Te(pta—1)-Ta(p® ).

Proof. Let ins, : G — G x G, ins,(z) = (a,z) be the right insertion and let
ins’: G — G x G, ins’(z) = (z,b) be the left insertion. Then we have

T(a,b)ﬂ“(Xaa Yb) = T(a,b)ﬂ'(TaOnSb)'Xa + Tb<insa)'y;7) =
=Ta(po insb).Xa + Ty(poins,).Yy = Ta(ub).Xa + Ty(1q)-Ye.
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Now we differentiate the equation u(a,v(a)) = e; this gives in turn

—1

Oc = T(a,a- 1y (Xa, Tav. Xo) = To(p® )Xo+ Ty-1(pha) Tav. Xa,

1

T Xe = —Tolpa) " To(n® ). Xg = —To(pta-1).Ta(p® ). Xa
and the proof is complete. [ ]

3.3. Invariant vector fields and Lie algebras. Let G be a (real) Lie group.
A vector field £ on G is called left invariant, if p:¢ = € for all a € G, where
i€ =T(pg—1) 0 &0 pg. Since we have p[€,n] = [pig, uin], the space X (G) of
all left invariant vector fields on G is closed under the Lie bracket, so it is a sub
Lie algebra of X(G). Any left invariant vector field ¢ is uniquely determined
by &(e) € T.G, since &(a) = Te(uq).£(e). Thus the Lie algebra X (G) of left
invariant vector fields is linearly isomorphic to T.G, and on 7.G the Lie bracket
on X (G) induces a Lie algebra structure, whose bracket is again denoted by
[, ]. This Lie algebra will be denoted as usual by g, sometimes by Lie(G).

We will also give a name to the isomorphism with the space of left
invariant vector fields: L : g — X.(G), X — Lx, where Lx(a) = Tepq.-X .
Thus [X,Y] =[Lx, Ly](e).

Similarly a vector field n on G is called right invariant, if (u*)*n =n
for all a € G. If £ is left invariant, then v*¢ is right invariant. The right
invariant vector fields form a sub Lie algebra Xr(G) of X(G), which is again
linearly isomorphic to T.G and induces the negative of the Lie algebra structure
on T.G. We will denote by R:g=T.G — Xr(G) the isomorphism discussed,
which is given by Rx(a) = Te(p®).X .

3.4. Lemma. If Lx is a left invariant vector field and Ry is a right invariant
one, then [Lx,Ry|=0. So if the flows of Lx and Ry exist, they commute.

Proof. = We consider the vector field 0 x Lx € X(G x G), given by (0 X
LX)(avb) = (OaaLX(b>)' Then T(a,b):u'(oaaLX(b)) = aub-oa + Tb,ua-LX(b) =
Lx(ab), so 0 x Lx is p-related to Lx. Likewise Ry x 0 is p-related to Ry .
But then 0 = [0 X Lx, Ry x 0] is p-related to [Lx, Ry] by 2.6. Since pu is
surjective, [Lx, Ry| = 0 follows. u

3.5. Lemma. Let ¢ : G — H be a smooth homomorphism of Lie groups. Then

/

o =Tp:9=T.G—bH=T.H 1is a Lie algebra homomorphism.
Proof. For X € g and x € G we have

Top.Lx(x) =TpopTepy. X =Te(popy).X
= Te(ﬂcp(:c) © @)-X = Te(,ucp(x))'TeSD-X = L@’(X)(SD(:E))'

So Lx is @-related to Ly (xy. By 2.6 the field [Lx, Ly] = Lix,y] is ¢-related

80 [Lor(x), Lo (1)) = L (30,0 (v)) - S0 we have T'p o Lix,y) = Lip/(x),4/(v)] © ¢ -
If we evaluate this at e the result follows. n
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3.6. One parameter subgroups. Let G be a Lie group with Lie algebra g.
A one parameter subgroup of G is a Lie group homomorphism « : (R, +) — G,
i.e. a smooth curve « in G with a(s+t) = a(s).a(t), and hence a(0) = e.

Note that a smooth mapping (§ : (—¢,e) — G satisfying [(t)5(s) =
B(t+ s) for |t|, |s|, |t + s| < e is the restriction of a one parameter subgroup.
Namely, choose 0 < ty < £/2. Any t € R can be uniquely written as ¢t = N.tg+t’
for 0 <t <tyg and N € Z. Put a(t) = B(tg)VB(t'). The required properties
are easy to check.

Lemma. Let a: R — G be a smooth curve with a(0) =e. Let X € g. Then
the following assertions are equivalent.
(i) « is a one parameter subgroup with X = %}0 a(t).
(ii) «(t) is an integral curve of the left invariant vector field Lx , and also
an integral curve of the right invariant vector field Rx .
(iil) F1XX(t,2) := z.alt) (or FIFX = pu®®) ) is the (unique by 2.9) global flow
of Lx 1in the sense of 2.7.
(iv) FI%X(t,2) := a(t).x (or FIIX = Pa(t)) is the (unique) global flow of
Rx.
Moreover each of these properties determines o uniquely.
Proof. (i) = (iii). We have %x.a(t) = d%|0x.a(t +5) = %|Ox.a(t).a(s) =
d%|0#w.a(t)04(3) = Te(ux.a(t)).d%ba(s) = Lx(z.a(t)). Since it is obviously a flow,
we have (iii).
(iii) <= (iv). We have Flty*g = v 1o Flf ov by 2.9. Therefore we have
by 3.3
(FIE (1)~ = (v o FIFX o) (2) = FIY ¥ (2)
= F1; 2% (z) = FIX¥ (2) = .o —1).

So FIX (z=1) = a(t).z~", and FI1X (y) = a(t).y.
(iii) and (iv) together clearly imply (ii).
(ii) == (i). This is a consequence of the following result.
Claim. Consider two smooth curves a, 3 : R — G with a(0) = e = (3(0) which
satify the two differential equations
dra(t) = Lx(a(t))
4i8(t) = Rx (B(t)).

Then o = 8 and it is a 1-parameter subgroup.
We have o = 3 since

L(a(®)B(—t)) = Tp" Y Ly (a(t)) = Tpaw -Rx (B(—t))
= T;ﬂg(_t).Tua(t).X — T,ua(t).Tu/B(_t).X =0.
Next we calculate for fixed s
41 (B(t = 5)B(s)) = T’ . Rx (B(t — s)) = Rx (B(t — 5)B(5))-
Hence by the first part of the proof B(t — s)3(s) = a(t) = B(t).

The statement about uniqueness follows from 2.9, or from the claim. ]
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3.7. Definition. Let G be a Lie group with Lie algebra g. We say that G
admits an exponential mapping if there exists a smooth mapping exp : g — G
such that ¢ +— exp(tX) is the (unique by 3.6) 1-parameter subgroup with tangent
vector X at 0. Then we have by 3.6
(i) FI**(t,2) = z.exp(tX).
(i) F17%(¢,2) = exp(tX).x
(iii) exp(0) = e and Tpexp = Id : Tog = g — T.G = g since Tpexp.X =
4yexp(0+t.X) = %|0F1LX (t,e) = X.
(iv) Let ¢ : G — H be a smooth homomorphism of between Lie groups
admitting exponential mappings. Then the diagram

g——W
exp® L Lepo
G——wH

Commutes since t +— gp(expG(tX )) is a one parameter subgroup of H
and 2 |op(exp® 1X) = ¢/ (X) 0 pexp® tX) = exp (1¢/(X)).

3.8. Remarks. In [14], [15] Omori, Maeda and Yoshioka gave conditions
under which a smooth Lie group modelled on Fréchet spaces admits exponential
mappings. We shall elaborate on this notion in 5.3 below. They called this
‘regular Fréchet Lie groups’. We do not know of any smooth Fréchet Lie group
which does not admit an exponential mapping.

If G admits an exponential mapping, it follows from 3.7.(iii) that exp
is a diffeomorphism from a neighborhood of 0 in g onto a neighborhood of
e in G, if a suitable inverse function theorem is applicable. This is true for
example for smooth Banach Lie groups, also for gauge groups, but it is wrong
for diffeomorphism groups, see [5].

If E is a Banach space, then in the Banach Lie group GL(E) of all
bounded linear automorphisms of F the exponential mapping is given by the
von Neumann series exp(X) =Y = % X".

If G is connected with exponential mapping and U C g is open with
0 € U, then one may ask whether the group generated by exp(U) equals G.
Note that this is a normal subgroup. So if G is simple, the answer is yes. This
is true for connected components of diffeomorphism groups and many of their
important subgroups.

Results on weakened versions of the Baker-Campbell-Hausdorff formula
can be found in [18].

3.9. The adjoint representation. Let G be a Lie group with Lie algebra
g. For a € G we define conj, : G — G by conj,(z) = axa™!. It is called the
conjugation or the inner automorphism by a € G. This defines a smooth action
of GG on itself by automorphisms.

The adjoint representation Ad : G — GL(g) C L(g,g) is given by
Ad(a) = (conj,) = T.(conj,) : ¢ — g for a € G. By 3.5 Ad(a) is a Lie
algebra homomorphism. By 3.2 we have Ad(a) = T.(conj,) = Ta(u® ). To(pe) =

Tor (p2a) Te (o).
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Finally we define the (lower case) adjoint representation of the Lie algebra
g,ad:g— gl(g) := L(g,g), by ad := Ad' = T.Ad.
We shall also use the right Maurer-Cartan form ™ € QY(G, g), given by
Ky = Tg(ug_l) : T,G — g; similarly the left Maurer-Cartan form x' € QY(G, g)
is given by Fié =Ty(pg—) : T,G — g.
Lemma.
(i) Lx(a)= Rada)x(a) for X € g and a € G.
(i) ad(X)Y =[X,Y] for X,Y €g.
(iii) dAd = (ado x").Ad = Ad.(ad o k') : TG — L(g,g).
Proof. (i) Lx(a)=Te(pa).X = To(p®).To(n® " 0 p1a).X = Raqayx(a).
(ii) We need some preparations. Let V' be a convenient vector space. For
f € C®(G,V) we define the left trivialized derivative D, f € C*°(G, L(g,V)) by

(1) Dy f(x). X = df (x). Tpe- X = (Lx f)(2).

For f € C*(G,R) and g € C>*(G,V) we have

(2) Dl(fg)( ) X = d(f g)( el X)
= df (Teps-X).9(x) + f(2).dg(Teps. X)
= (fDig+ D f ®g)(x).X.

From the fomula

DD, f(2)(X)(Y) = Di(Dif( ).Y)(z).X

follows

B) DD f(x)(X)(Y) = DDy f (2)(Y)(X) = Lix,y1f(x) = Dif (2).[X, Y],

We consider now the linear isomorphism L : C*°(G, g) — X(G) given by L¢(z) =
Tepig. f(z) for f e C®(G,g). If he C*(G,V) we get (Lsh)(z) = Dih(z).f(z).
For f,g € C>*(G,g) and h € C*°(G,R) we get in turn, using (2), generalized to
the bilinear pairing L(g,R) x g — R,

(LgLgh)(z) = Di(Dih( ).9( ))(z).f(z)
= DzDzh(w)(f(x))(g(ﬂf)) + Dih(z).Dig(x).
([Lf, Lolh)(x) = Dih(x).(f(2), 9(x)) + Dih(x).Dyg (). f (x)—
—D? h(z).(g(2), f(x)) = Dih(z).Dif(2).g(x)

= Dih().(1f (), 9(2)]q + Digla).-F(@) — Dif(x).g(x))
(4) Ly Ly) = L([f:9la + Dig-f = Dif.g)

<

()

Q

Now we are able to prove the second assertion of the lemma. For XY € g we
will apply (4) to f(z) = X and g(z) = Ad(z~').Y. We have L, = Ry by (i),
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and [Lf,Lg] = [Lx,Ry] =0 by 3.4. So

0=[Lx, Ry|(z) = [Ly, Ly](x)
= L([X, (Ad o )Y ]y + Di((Ad o v)( ).X).Y —0)(x)
[X,Y] = [X,Ad(e)Y] = —Dy((Adov)( ).X)(e).Y
= d(Ad( ).X)(e).Y = ad(X)Y.

(iii) Let X, Y € g and g € G and let ¢: R — G be a smooth curve with
¢(0) =e and ¢/(0) = X. Then we have

(dAd(Rx(9))).Y = FloAd(c(t).9).Y = FloAd(c(t)).-Ad(g).Y
= ad(X)Ad(g)Y = (ad o x")(Rx(9))-Ad(9) .Y,

and similarly for the second formula. [ ]

3.10. Let r: M x G — M be a right action, so 7 : G — Diff (M) is a group
anti homomorphism. We will use the following notation: r* : M — M and
ry : G — M, given by r,(a) =r%z) =r(z,a) = z.a.

For any X € g we define the fundamental vector field (x = (¥ € X(M)
by QX(:E) - Te(rac)'X = T(m,e)r'(oxa X)

Lemma. In this situation the following assertions hold:
(i) ¢:g9— X(M) is a Lie algebra homomorphism.
(i) To(r*).Cx(x) = Cad(a-1)x (z.0).
(iii) Opr x Lx € X(M x G) is r-related to (x € X(M). u

4. Bundles and connections

4.1. Definition. A principal (fiber) bundle (P,p, M,G) is a smooth mapping
p: P — M such that there exist an open cover (U,) of M and fiber respecting
diffeomorphisms ¢, : P|U, := p 1 (U,) — Uy x G with (pg o gp/gl)(x,g) =
(2, pap(x).g) for a smooth cocycle of transition functions (¢ag : Usg := Uy N
Us — G). This is called a principal bundle atlas.

Each principal bundle admits a unique right action r : PxG — P, called
the principal right action, given by ¢, (r(p,1(x,a),g)) = (z,ag). Since left and
right translation on G commute, this is well defined. We write r(u,g) = u.g
when the meaning is clear. The principal right action is visibly free and for any
u, € P, the partial mapping r,, = r(uy, ):G — P, is a diffeomorphism onto
the fiber through u,, whose inverse is denoted by 7, : P, — G. These inverses
together give a smooth mapping 7 : P X3y P — G, whose local expression
is 7(p 1 (z,a), o5 (x,b)) = a~t.b. This mapping is uniquely determined by
the implicit equation 7 (g, T(Uz, vs)) = v, thus we also have 7(u,.g,ul.¢9") =
g 7 (ug,ul).g" and T(ug, ug) = e.

4.2. Principal connections. Let (P,p, M,G) be a principal fiber bundle. Let
VP := (Tp)~1(0p) — P be the vertical bundle. A (general) connection on P
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is a smooth fiber projection ® : TP — V P, viewed as a 1-form in Q!(P;VP) C
QY(P; TP), which is called a principal connection if it is G-equivariant for the
principal right action 7 : P x G — P, so that T(r9).® = &.7T(r9) and ¢ is r9-
related to itself, or (r9)*® = @, for all g € G. Then the kernel of ® is called the
horizontal subbundle, a splitting vector subbundle of TP — P complementary
to VP.

The vertical bundle of P is trivialized as a vector bundle over P by the
principal action. So w(X,) = T.(r,) 1. ®(X,) € g is well defined, and in this
way we get a g-valued 1-form w € Q'(P;g), which is called the (Lie algebra
valued) connection form of the connection ®. Recall from 3.10. the fundamental
vector field mapping (¢ : g — X(P) for the principal right action, which trivializes
the vertical bundle P x g =2 V P. The defining equation for w can be written

also as ®(Xy) = Cu(x,)(u).

Lemma. If ® € QY(P;VP) is a principal connection on the principal fiber
bundle (P,p, M,G) then the connection form has the following two properties:
(i) w reproduces the generators of fundamental vector fields, so that we have

w(lx(u)) =X forall X €g.

(i) w is G-equivariant, i.e., for all g € G and X, € T,P we have

((r9)*w)(Xy) == w(Ty(r9).X,) = Ad(g71).w(Xy).

(iii) For the Lie derivative we have L w = —ad(X).w.

Conversely, a 1-form w € QY (P, g) satisfying (i) defines a connection ®
on P by ®(X,) = Te(r.).w(Xy), which is a principal connection if and only if
(ii) is satisfied.

Proof. (i) Te(ry) w({x(u)) = ®((x(u)) = (x(u) = Te(ry).X . Since Te(ry) :
g — V., P is an isomorphism, the result follows.
(ii) Both directions follow from

Te(rug) W(Tu(r?).-Xu) = Cu(t(ro). x,) (ug) = ©(T0u(r?). Xy
To(rug)-Ad(g™").w(Xu) = Cad(g1).w(x.) (4g) = Tulr?)-Cu(x,) (1)
= T,(r9).9(X,).

(iii) Let g(t) be a smooth curve in G with ¢g(0) = e and %|Og(t) = X. Then
©r =19 is a smooth curve of diffeomorphisms on P with %|ngt = (x, and
by Lemma 2.10 we have

Liyw = %|0(r9(t))*w = %\OAd(g(t)_l)w = —ad(X)w. n

4.3. Curvature. Let ® be a principal connection on the principal fiber bundle
(P,p, M,G) with connection form w € Q!(P;g).

Let us now define the curvature as the obstruction against integrability
of the horizontal subbundle, i.e., R(X,Y) := ®[X —PX,Y —®Y] for vector fields
X,Y on P. One can check easily that R is a skew-symmetric bilinear C*° (P, R)-
module homomorphism, and that (rgil)*.R(X, Y)=R((r?)*X, (r9)*Y) holds,
ie, (r9)*R = R for all ¢ € G. Since R has vertical values we may again
define a g-valued 2-form by Q(X,Y)(u) := —T.(r,) L R(X,Y)(u), which is
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called the (Lie algebra-valued) curvature form of the connection. We also have
R(X,Y)(u) = —Cacx,v)w) (u). We take the negative sign here to get in finite
dimensions the usual curvature form as in [8].

We equip the space Q(P;g) of all g-valued forms on P in a canonical
way with the structure of a graded Lie algebra by

(U, O\ (X1, Xpig) =
= orar 220 51800 [U(Xo1, -, Xop), O(Xo(pr1)s - - > Xo(pra))]g

or equivalently by [ ®X,0Q0Y |, := Y AOR[X,Y]y. From the latter description
it is clear that d[¥,O]x = [d¥,0], + (—1)9 Y[V dO],. In particular for
w € Q' (P;g) we have [w,w|A(X,Y) = 2[w(X),w(Y)],.

Theorem. The curvature form ) of a principal connection with connection

form w has the following properties:

(i) Q is horizontal, i.e. it kills vertical vector fields.

(ii) The Maurer-Cartan formula holds: Q = dw + 3[w,w]r € Q*(P;g).

(iii) Q is G-equivariant in the following sense: (r9)*Q = Ad(g~1).Q. Con-

sequently L¢,Q = —ad(X).0Q.

Proof. (i) is true for R by definition. For (ii) we show that the formula holds
if at least one vector field is vertical, or if both are horizontal. For X € g we
have i¢c, R = 0 by (i), and using 4.2.(i) and (iii) we get

ix (dw + %[wvw]/\) = iCde + %[iCxw7w]/\ - %[wviCxw]/\ =
=Lew~+ [X,wp = —ad(X)w + ad(X)w = 0.

So the formula holds for vertical vectors, and for horizontal vector fields X,Y
we have

R(X,Y) = ®[X — OX,Y — Y] = O[X, Y] = ((x.v))
(dw + 3w, w)(X,Y) = Xw(Y) = Yw(X) —w([X,Y]) + 0 = —w([X,Y]).

That Q is really a ‘tensorial’ 2-form follows either from (ii) or from 4.4.(iv)
below. |

4.4. Local descriptions of principal connections. We consider a prin-
cipal fiber bundle (P,p, M,G) together with some principal fiber bundle atlas
(Uas 9o : PlUy — Uy x G) and corresponding cocycle (¢ap @ Usp — G) of
transition functions. Let ® = ( ow € Q!(P; V P) be a principal connection with
connection form w € Q(P;g). We consider the sections s, € C*°(P|U,) which
are given by ¢ (sq(2)) = (z,e) and satisty s,.pqa3 = sg. Then we may associate
to the connection the collection of the w, := so*w € QY(U,; @), the physicists
version of the connection.

Lemma. These local data have the following properties and are related by the
following formulas.
(i) The forms ws € QY (Uy;g) satisfy the transition formulas

Wa = Ad((p,golt)wﬁ + (@ﬁa)lil,
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where k' € QY(G; g) is the left Maurer-Cartan form from 3.9.
(ii) The local expression of w is given by

(00 ) Wl Trg-X) = (95 1) (s, 0g) + X = Ad(g™Hwa(&) + X.
(iii) The local expression of ® is given by

((Spa)_1>*q)(§w= 779) = Te(ﬂg)-wa(gm) +ng = Rwa(gm)(g) + 1
for & € T, Uy and ng € TG

(iv) The local expression of the curvature R is given by

((pa)™)'R=-R

dwa-i-%[wa,wa]ﬁ,

so that R and € are indeed ‘tensorial’ 2-forms.

Proof.  For (i) to (iii) plug in the definitions. For (iv) note that the right
trivialization or framing (k",7g) : TG — g x G induces the isomorphism
R : C*(G,g) — X(G), given by Rx(z) = Te(u*).X(z). For the Lie bracket
we then have

[Rx, Ry] = R_[X y],+dY.Rx —dX.Ry 1
R Rx,Ry] = —[X,Y]y + Rx(Y) — Ry (X).

We write a vector field on U, x G as ({,Rx) where ¢ : G — X(U,) and
X € C*(U, x G,g). Then the local expression of the curvature is given by

(") R((E, Rx), (0, Ry)) = (¢5")" (R((¢a)" (&, Bx), (¢a)" (1, Ry)))

= (2 ") (®[(pa) (&, Rx) — ®(pa)* (&, Rx), .- )

= (02 ) (®[(0a)" (&, Rx) = () (Run(e) + Rx),--])
= (02 )"(2(a)*[(&; —Run(e))s (1 = Ru())])

= () ®)([& Mz w.) = Run(e) (M) + Ruso () (6,

—E(Ruum) + 1(Bui(©) + Bofwa(©)wa )4 Ru (6 (@a ()~ Ru () (wa (m))
= Roon (161 2 (0a)~Run () M+ R () (&) ~ Le(wa(m) T y(wale))
T R (00 (6) wa )]+ R () (Wa (1)~ R (&) (war (1)
B _R<dwa+%[wa,wa]g><ém)‘

This finishes the proof of (iv). n

5. Regular Lie groups

5.1. The right and left logarithmic derivatives. Let M be a manifold and
let f: M — G be a smooth mapping into a Lie group G with Lie algebra g.
We define the mapping 0" f : TM — g by the formula

0" f(€a) = Ty(ay (@) T f.€ for & € TuM.
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Then 6" f is a g-valued 1-form on M, 6"f € QY (M;g). We call 6" f the right
logarithmic derivative of f, since for f: R — (R™,-) we have §" f(x).1 = J;((f))
(logof)' ().

Similarly the left logarithmic derivative 6'f € QY(M,g) of a smooth
mapping f: M — G is given by

8 fba = Tpy(pp)—1) Tof o

Lemma. Let f,g: M — G be smooth. Then the Leibniz rule holds:

6" (f.g9)(x) = 6" f(x) + Ad(f(x)).0"g(x).
Moreover, the differential form 6" f € QY(M;g) satisfies the ‘left Maurer-Cartan
equation’ (left because it stems from the left action of G on itself)
or d57"f - [5Tf 5Tf]gA =
where £,m € T, M , and where for ¢ € QP(M;g),v € QI(M;g) one puts

[907 1#]?\(51, ceey £P+Q) = ﬁ Za Sign<0)[gp(£al7 . ')7 wa(p+1)7 . )]g

For the left logarithmic derivative the corresponding Leibniz rule is uglier, and it
satisfies the ‘right Maurer Cartan equation’:

8'(fg)(x) = 6'g(x) + Ad(g(z)~")6" f(x),
ds'f + L[6'f, 8L F1% = 0.

For ‘regular Lie groups’ we will prove a converse to this statement later
in 7.2.

Proof. @ We treat only the right logarithmic derivative, the proof for the left
one is similar.

5 (f.9)(@) = T (@) T, (f.9)

T ) T ) Tp ) gyt (Te f Tog)

= 2O (). (D) Lo + T(pgia)) Lo
6" f(z) + Ad(f(z)).0"g(z),

We shall use now principal bundle geometry from Section 3. We consider
the trivial principal bundle pr; : M x G — M with right principal action.
Then the submanifolds {(z, f(z).g) : * € M} for g € G form a foliation of
M x G whose tangent distribution is complementary to the vertical bundle
M x TG C T(M x G) and is invariant under the principal right G-action.
So it is the horizontal distribution of a principal connection on M x G — G. For
a tangent vector (&;,Y,) € T, M x T,G the horizontal part is the right translate
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to the foot point (x,g) of (&, T.f.£:), so the decomposition in horizontal and
vertical parts according to this distribution is

(€xy Yy) = (€0, T(u9). T (1! @7 )T f.6) + (04, Yy — T(p?).T(pf @ )T f.6,).

Since the fundamental vector fields for the right action on G are the left invariant
vector fields, the corresponding connection form is given by

W' (€, Yy) = T(ptg-1).(Yy = T(p®).T(p! @)1, £.64),
w(w,g) = T(:ugfl) - Ad(g_l)'érf$7
(1) W' =r"—(Adov).5"f,

where k! : TG — g is the left Maurer-Cartan form on G (the left trivialization),
given by /@; = T'(pg—1). Note that ! is the principal connection form for the
(unique) principal connection p : G — point with right principal action, which is
flat so that the right (from right action) Maurer-Cartan equation equation holds
in the form

(2) dr' + L[k, KA = 0.

The principal connection w” is flat since we got it via the horizontal
leaves, so the principal connection form vanishes:

(3) 0=dw" + 3[w", WA
= dr' + 3[r, K] — d(Adov) A6 f — (Adov).do"f
_ [,il, (Ad o v).6" f]x + %[(Ad ov).0" f,(Ad o v).0" f]a
= —(Adov).(d§" f — L[6" £, 6" f]A),

where we used (2), and since for £ € g and a smooth curve ¢ : R — G with
c(0) = e and ¢(0) = & we have:

d(Ad o v)(T(1g)) = L], Ad(e(t) " g™) = —ad(§)Ad(g ™)
= —ad (5! (T(19)¢) ) (Ad 0 v)(g),
(4) d(Adov) = —(ad o k!).(Ad o).

So we have d6"f — 3[6" f, 6" f]a, as asserted.

For the left logarithmic derivative 8! f the proof is similar, and we discuss
only the essential deviations. First note that on the trivial principal bundle
pri : M x G — M with left principal action of G the fundamental vector fields
are the right invariant vector fields on G, and that for a principal connection

1p

form w' the curvature form is given by dw' — 5w ,w!']n. Look at the proof of

Theorem 4.3 to see this. The connection form is then given by

(1)’ wl = k" — Ad.0' S,
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where the right Maurer-Cartan form (k"), = T(ugfl) : T,G — g now satifies
the left Maurer-Cartan equation

(2)’ dr" — K", K"]A = 0.

Flatness of w! now leads to the computation

(3") 0=dw' — 1w, WA
=dK" — $[K", K" —dAA A S f — Ad.dS' f
+ [k, Ad.S" fln — 2[Ad.S f, Ad.6U f] A

= —Ad.(d8'f + 3[0' f, 6" f10),
where we used dAd = (ad o k")Ad from 3.9.(3) directly. u

5.2. Let G be a Lie group with Lie algebra g. For a closed interval I C R and
for X € C*(I,g) we consider the ordinary differential equation

(1) { (to) = e
L g(t) =To(n9)X(t) = Rx)(g(t)), or k" (g(t) = X (1),

Q

for local smooth curves g in G, where ty € I.

Lemma.

(i) Local solution curves g of the differential equation (1) are uniquely
determined.

(ii) If for fized X the differential equation (1) has a local solution near each
to € I, then it has also a global solution g € C*>(I, Q).

(iii) If for all X € C*°(I,g) the differential equation (1) has a local solution
near one fized to € I, then it has also a global solution g € C*(1, Q) for
each X . Moreover, if the local solutions near ty depend smoothly on the
vector fields X (see the proof for the exact formulation), then so does
the global solution.

(iv) The curve t — g(t)~! is the unique local smooth curve h in G which
satifies

h(t()) =€
{ 2 () = To () (=X (1)) = Lx (o (h(E)),  or w1(Sh(t)) = —X(2).

Proof. (i) Suppose that g¢(t) and gi(t) both satisfy (1). Then on the
intersection of their intervals of definition we have

2 (gt) "t g1(t) = =T (9" D). T (g(y-1). T (9D ). T (). X (¢)
+ T (g ) T(nM).X (£) = 0,
so that g = ¢g1.

(ii) It suffices to prove the claim for every compact subintervall of I, so
let I be compact. If g is a local solution of (1) then ¢ — g(t).z is a local solution
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of the same differential equation with initial value x. By assumption for each
s € I there is a unique solution g, of the differential equation with g4(s) = e; so
there exists 05 > 0 such that gs(s+t) is defined for |t| < ds. Since I is compact
there exist sgp < s1 < ... < S such that I = [sg, sx| and s;41 — s; < d5,. Then
we put
Jso (1) for so <t < s
gs, (t).9s0(51) for s1 <t < s
gt):=4q ...
Js; (t>'gsi—1(si> .- '980(81) for s; <t < Si+1

which is smooth by the first case and solves the problem.

(iii) Given X : I — g we first extend X to a smooth curve R — g, using
the formula of [17]. For ¢; € I, by assumption there exists a local solution g
near to of the translated vector field t +— X (t; —to +t), thus ¢ — g(to — t1 + t)
is a solution near t; of X. So by assertion (iii) the differential equation has a
global solution for X on I.

Now we assume that the local solutions near ¢ty depend smoothly in the
vector field: So for any smooth curve X : R — C*°(I, g) we have:

For each compact intervall K C R there is a neighborhood Ux g of g
in I and a smooth mapping ¢ : K x Ux g — G with

g(kv O) =e
%g(k,t) = T, (9% . X (k) (t) forall k € K,t € Ux k.

Given a smooth curve X : R — C*°(I, g) we extend (or lift) it smoothly
to X : R — C*°(R, g) by using the formula of [17]. Then the smooth parameter
k from the compact intervall K passes smoothly through the proofs given above
to give a smooth global solution g : K x I — G. So the ‘solving operation’
respects smooth curves and thus is ‘smooth’.

(iv) One can show in a similar way that h is the unique solution of the
equation in (iv) by differentiating hq(t).h(t)~1. Moreover the curve t — g(t)~! =
h(t) satisfies the equation of (iv), since

D (g(t)™") = ~T(pg(ey-1) T (D). T (D). X (8) = Tpgiry—1).(~X (). m

5.3. Definition. Regular Lie groups. If for each X € C*°(R, g) there exists
g € C*(R, G) satisfying

g(0)=e
(1) Zg(t) = To(n9 )X (t) = Rx((9(t)),
or k"(Zg(t)) = 6"g(0) = X (t).

then we write

evoli (X) = evolg(X) :=¢(1),
Evol (X)(t) := evolg(s — tX(ts)) = g(t),
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and call it the right evolution of the curve X in GG. By Lemma 5.2 the solution
of the differential equation (1) is unique, and for global existence it is sufficient
that it has a local solution. Then

Evolg : C®(R,g) — {g € C*(R,G) : g(0) = e}

is bijective with inverse the right logarithmic derivative 0" .

The Lie group G is called a regular Lie group if evol” : C*(R,g) — G
exists and is smooth.

We also write

evoll, (X) = evolg(X) := h(1),
Evoll, (X)(t) := evoll (s — tX (ts)) = h(t),

if h is the (unique) solution of

h(0) =e
(2) 5ih(t) = Teunn) ) (X () = Lx (h(1)),
or k' (Zh(t)) = 6'h(0y) = X (t).

Clearly evol : O (R,g) — G exists and is also smooth if evol” does, since we
have evol'(X) = evol”(—X)~! by Lemma 5.2.

Let us collect some easily seen properties of the evolution mappings. If
f € C*(R,R), then we have

Evol (X)(£(£)) = Evol” (f/.(X o £))(t)-Evol" (X)(£(0)),
Evol' (X) (£(#)) = Evol' (X) (£(0))-Evol (f.(X o f))(¢).

If ¢ : G — H is a smooth homomorphism between regular Lie groups then the
diagram

C=(R, g) —2* 0 (R, h)

evolg L Levol H

G 4 WH
commutes, since Z¢(g(t)) = Tp.T(90). X (t) = T(u?M)).o X (¢).
Note that each regular Lie group admits an exponential mapping, namely

the restriction of evol” to the constant curves R — g. A Lie group is regular if
and only if its universal covering group is regular.

This notion of regularity is a weakening of the same notion of [14], [15],
who considered a sort of product integration property on a smooth Lie group
modelled on Fréchet spaces. Our notion here is due to [13]. Up to now the
following statement holds:

All known Lie groups are regular.

Any Banach Lie group is regular since we may consider the time dependent right
invariant vector field Rx ;) on G and its integral curve g(t) starting at e, which
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exists and depends smoothly on (a further parameter in) X . In particular finite
dimensional Lie groups are regular.

For diffeomorphism groups the evolution operator is just integration of
time dependent vector fields with compact support.

5.4. Some abelian regular Lie groups. For (E,+), where FE is a convenient

vector space, we have evol(X) = fol X(t)dt, so convenient vector spaces are
regular abelian Lie groups. We shall need ‘discrete’ subgroups, which is not an
obvious notion since (E,+) is not a topological group: the addition is continuous
only ¢ (E x E) — ¢*FE, and not for the cartesian product of the ¢> -topologies.

Next let Z be a ‘discrete’ subgroup of a convenient vector space E in
the sense that there exists a ¢*-open neighborhood U of zero in E such that
UN(z4+U)=0 forall 0# z € Z (equivalently (U—-U)N(Z\0) = ). For that
it suffices egthat Z is discrete in the bornological topology on E. Then E/Z is
an abelian but possibly non Hausdorff Lie group. It does not suffice to take Z
discrete in the ¢*-topology: Take as Z the subgroup generated by A in RN*<o
in the proof of [4], 6.2.8.(iv).

Let us assume that Z fulfills the stronger condition: there exists a
symmetric ¢* -open neighborhood W of 0 such that (W +W)N(z+W+W) =0
for all 0 # z € Z (equivalently (W +W +W +W)N(Z\0) =0). Then E/Z
is Hausdorff and thus an abelian regular Lie group, since its universal cover E is
regular. Namely, for x ¢ Z, we have to find neighborhoods U and V of 0 such
that (Z4+U)N(z+ Z+V)=. There are two cases. If z € Z+ W + W then
there is a unique z € Z with z € z+ W + W and we may choose U,V C W
such that (z4+U)N(x+V) =0; then (Z+U)N(x+Z+V) = . In the other
case, if x ¢ Z+ W 4+ W, then we have (Z+W)N(z+Z+W)=0.

Notice that the two conditions above and their consequences also hold
for general (non-abelian) (regular) Lie groups instead of E, and their ‘discrete’
normal subgroups (which turn out to be central if G is connected).

It would be nice if any regular abelian Lie group were of the form FE/Z
described above. A first result in this direction is that for an abelian Lie group
G with Lie algebra g which admits a smooth exponential mapping exp: g — G
one can check easily by using 5.10 that 2 (exp(—tX).exp(tX +Y)) = 0 so that
exp is a smooth homomorphism of Lie groups.

Let us consider some examples. For the first one we consider a discrete
subgroup Z C RN. There exists a neighborhood of 0, without loss of the form
U x RN for U ¢ R™, with U N (Z\0) = @. Then we consider the following
diagram of Lie group homomorphisms

0 VRN\TL VRN\TL
u u u
Z R RY/Z = (§1)F x RMO=H)

~ " L
u u u

m(2Z) R R"/7(Z) = (S)F x R**
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which has exact lines and columns. For the right hand column we use a diagram
chase to see this. Choose a global linear section of 7 inverting m|Z. This factors
to a global homomorphism of the right hand side column.

As next example we consider Z) ¢ R®™ | Then obviously R® /ZMN =
(SHYN, which is a smooth (even real analytic, see [10]) manifold modeled on
R®M . The reader may convince himself that the general Lie group covered by
RM is isomorphic to (S1)(4) x RMA) for 4 C N.

As another example one may check easily that £>°/(ZN N ¢>) = (SHN,
equipped with the ‘uniform box topology’.

5.5. Extensions of Lie groups. Let H and K be Lie groups. A Lie group G
is called an smooth extension of groups of H with kernel K if we have a short
exact sequence of groups

(1) {e} =K -G 5 H— {e},

such that ¢ and p are smooth and one of the following two equivalent conditions
is satified:

(ii) p admits a local smooth section s near e (equivalently near any point),
and ¢ is initial (i.e., any f into K is smooth if and only if i o f is
smooth).

(iii) ¢ admits a local smooth retraction r near e (equivalently near any point),
and p is final (i.e., f from H is smooth if and only if f o p is smooth).
Of course by s(p(z))i(r(x)) = z the two conditions are equivalent,

and then G is locally diffeomorphic to K x H via (r,p) with local inverse
(i opry).(sopry).

Not every smooth exact sequence of Lie groups admits local sections as
required in (ii). Let for example K be a closed linear subspace in a convenient
vector space G which is not a direct summand, and let H be G/K. Then
the tangent mapping at 0 of a local smooth splitting would make K a direct
summand.

Theorem. Let {e} — K Lot H- {e} be a smooth extension of Lie groups.
Then G is regqular if and only if both K and H are reqular.

Proof. Clearly the induced sequence of Lie algebras is also exact,

00— ¢ Z—/> g p_') h— 0,
with a bounded linear section T,.s of p’, so g is isomorphic to €x h as convenient
vector space.

Let us suppose that K and H are regular. Given X € C*(R,g),
we consider Y (¢) := p/(X(t)) € h with evolution curve h satisfying Zh(t) =
T(u"®).Y (t) and h(0) = e. By Lemma 5.2 it suffices to find smooth local
solutions g near 0 of 2g(t) = T(u9®). X (t) with g(0) = e, depending smoothly
on X. We look for solutions of the form g¢(t) = s(h(t)).i(k(t)), where k is a
local evolution curve in K of a suitable curve ¢t — Z(t) in ¢, i.e., %k‘(t) =
T(u*®).Z(t) and k(0) = e. For this ansatz we have

29ty =% <S(h(f))-i(/€(t))) = T(ps(niey))-Ti- 2k (t) + T (i E®)). Ts. L h(t)
= T(ps(n(ey)- T T (V). Z(t) + T(p" D). Ts.T (" D).Y (),
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and we want this to be
T(Mg(t)>.X(t) - T(us(h(t))'i(k(t))).X(t) - T(ui(k(t))).T(;ﬁ(h(t))).X(t).

Using i o p* = p*®) 04 one quickly sees that

—1

i Z(t) == Ad (s(h(t))_1>. (X(t) — T () ).Ts.T(uh(t)).Y(t)) € kerp/

solves the problem, so G is regular.
Let now G be regular. If Y € C*(R,}), then p o Evols(s' oY) =
Evoly (Y), since for g := Evolg (s’ oY) we have

sp(9(t) = Tp.559(t) = Tp.T (W) Tes.Y (1) = T(uP9M)).Y (1).

If U € C*(R, ), then poEvolg(i'oU) = Evolg (0) = e so that Evolg(i'oU)(t) €
i(K) for all ¢t and thus equals i(Evolg (U)(t)). u

5.6. Subgroups of regular Lie groups. Let G and K be Lie groups, let G
be regular and let ¢ : K — G be a smooth homomorphism which is initial (see
5.5) with T.i =4’ : € — g injective. We suspect that K is then regular, but we
are only able to prove this under the following assumption:

There is an open neighborhood U C G of e and a smooth mapping
p: U — E into a convenient vector space E such that p~1(0) = KNU
and p constant on left cosets KgNU.

Proof. For Z € C*(R,t) we consider ¢(t) = Evolg(i' o Z)(t) € G. Then
we have %(p(g(t))) = Tp.T(n®).i'(Z(t)) = 0 by the assumption, so p(g(t)) is
constant p(e) = 0, thus g(t) = i(h(t)) for a smooth curve h in H, since i is
initial. Then h = Evolg(Y') since i is an immersion, and h depends smoothly

on Z since 1 is initial. ]

5.7. Abelian and central extensions. From theorem 5.5 it is clear that any
smooth extension G of a regular Lie group H with an abelian regular Lie group
(K, +) is again regular. We shall describe Evolg in terms of Evolg, Evolg , and
in terms of the action of H on K and the cocycle ¢: H x H — K if the latter
exists.

Let us first recall these notions. If we have a smooth extension with
abelian normal subgroup K,

{e} > K 5G5S H— {e}

then a unique smooth action o : H x K — K by automorphisms is given by
i(ap(k)) = s(h)i(k)s(h)~1, where s is any smooth local section of p defined near
h. If moreover p admits a global smooth section s : H — G, which we assume
without loss to satisfy s(e) = e, then we consider the smooth mapping ¢ : H X
H — K given by ic(h1,hs) := s(h1).s(ha).s(hi.ha)~!. Via the diffeomorphism
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K x H — G given by (k,h) — i(k).s(h) the identity corresponds to (0,e), the
multiplication and the inverse in G look as follows:

(1) (k,h)~t = (—ay,-1(k) —c(h‘l,h),h—ll)-

{ (K1, h1).(k2, ha) = (k1 + an, k2 + c(h1, ha), hihs),
Associativity and (0,e)? = (0,e) correspond to the fact that c satisfies the
following cocycle condition and normalization

(2) { apq (C(hg, hg)) — C(hlhg, hg) + C(hl, hghg) - C(hl, hg) =0

c(e,e) =0.

These imply that c(e,h) = 0 = c(h,e) and ap(c(h™1,h)) = c¢(h,h™!). For a
central extension the action is trivial, aj = Idx for all h € H.

If conversely H acts smoothly by automorphisms on an abelian Lie group
K and if ¢: H x H — K satisfies (2), then (1) describes a smooth Lie group
structure on K x H, which is a smooth extension of H over K with a global
smooth section.

For later purposes let us compute

(0,h1).(0, ho) ™t = (—au, (c(hy ', ha)) + c(hi, ho t), hahy ),
-1
T(O,hl)(:u(o’}w) )'(OvaM):
— (=T (a2 "12)) Y, +T(e( by ) Yoy, T("2 ). Yny).

Let us now assume that K and H are moreover regular Lie groups. We consider
acurve t — X(t) = (U(t),Y(¢t)) in the Lie algebra g which as convenient vector
space equals € x . From the proof of 5.5 we get that

g(t) : = Evolg(U,Y)(t) = (0,h(t)).(k(t),e) = (anw)(k(t)), h(t)), where
h(t) : = Evoly (Y)(t) € H,

(2(6),0) = Adg (0, h(1) " (U (1), Y (1)) = Tu® O™ (0, 2 (1))

Z(t) = To(an-)-(U() + (T(@ O 2O — T n(t) ™). Sh(0)),
k(t) : = Evolg (Z)(t) € K.

5.8. Semidirect products. From theorem 5.5 we see immediately that the
semidirect product of regular Lie groups is again regular. Since we shall need
explicit formulas later we specialize the proof of 5.5 to this case.

Let H and K be regular Lie groups with Lie algebras h and €, re-
spectively. Let a : H x K — K be smooth such that & : H — Aut(K)
is a group homomorphism. Then the semidirect product K x H is the Lie
group K x H with multiplication (k,h).(k',h") = (k.ap(k"), h.h') and inverse
(k,h)™' = (ap-1(k)~*, h~1). We have then T(E’E)(;L(k/’h/)).(U, Y) = (T(p*).U +
T(a).Y,T(u").Y).
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Now we consider a curve t — X(t) = (U(t),Y(t)) in the Lie algebra
t x bh. Since s: h — (e,h) is a smooth homomorphism of Lie groups, from the
proof of 5.5 we get that

g(t) : = Evolg g (U, Y)(t) = (e, h(t)).(k(t), e) = (ah(t)(k(t)), h(t)), where
h(t) : = Evoly(Y)(t) € H,

(2(6),0) : = Adicsr (e h(H) ) (U(1),0) = (T any )-U(0),0),

k(t) : = Evolg (Z)(t) € K.

5.9. Corollary. Let G be a Lie group. Then via right trivialization (K", 7q) :
TG — gx G the tangent group T'G is isomorphic to the semidirect product gx G,
where G acts by Ad : G — Aut(g).

So if G is a regular Lie group, then TG = g x G is also regular, and
Tevoly corresponds to evolpo. In particular for (Y, X) € C®(R,g x g) =
TC>®(R,g), where X is the footpoint, and we have

evoll o (Y, X) = (Ad(evolg(X)) /O Ad(Evoll(X)(s)"1).Y (s) ds, evolg(X))
Tevolly.Y = T(ftevely (). /0 Ad(Evoll, (X)(s) ). (s) ds,

Tx (Evolg( )(t))-YZT(uEvolg<X>(t))-/O Ad(Evolg (X)(s) ™).V (s) ds.

Note that in the semidirect product representation T'G = g x G the
footpoint appears in the right factor GG, contrary to the usual convention. We
followed this also in Tg =g x g.

Proof. Viaright trivialization the tangent group T'G is the semidirect product
g X G, where G acts on the Lie algebra g by Ad: G — Aut(g), because by 3.2
we have for g,h € G and X,Y € g, where u = ug is the multiplication on G':

Tig.mi-(Rx(9), Ry (h)) = T(u").Rx (g) + T(pg)-Ry (h)
= T(u").T(p?). X + T(pg) T(u").Y
= Rx(gh) + Raag)y (),
TyvRx(g) = —T(p? )T (pg—).T(u?).X
= —Raag-1x(g "),

so that we have

(1) taxc((X,9), (Y, h)) = (X + Ad(9)Y, gh)
Vana (X, 9) = (Ad(g~ 1) X, g7).
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Now we shall prove that the following diagram commutes and that the equations
of the corollary follow. The lower triangle commutes by definition.

TC™(R,g) (R,g > g)
Tevolg L N LeVOIQ xG
N
5 evolra
TG w X G

~

For that we choose X,Y € C*°(R, g). Let us first consider the evolution operator
of the tangent group 7T'G in the plcture gxG. On (g,+) the evolution mapping
is the definite integral, so going through the prescription 5.8 for evolg, e we have
in turn the following data:

(2) evolgwa (Y, X) = (h(1),9(1)), where
g(t) : = Evolg(X)(t) € G,
Z(t): = Ad(g(t)™).Y(t) € g,

ho(t) : = Evol(g 1)(Z)(t) = /0 Ad(g(u)™).Y (u) du € g,

h(t) - = Ad(g(t))ho(t) = Ad(g(t)) /O Ad(g(u)™").Y (u) du € g.

This shows the first equation in the corollary. The differential equation for the
curve (h(t),g(t)), which by Lemma 5.2 has a unique solution starting at (0,e),
looks as follows, using (1):

(/0 h(1).9'®)) = To.e (W& ). (¥ (8),0), X (1))

Y (t) (dAd( (t)).h(t),0+Ad(e).h(t)> T(pdD).X (¢ ))
Y (t) + ad(X (1)) h(?)

T(uf") X (t).

(3) h'(t)
g'(t)

For the computation of Tevolg we let
g(t, s) :==evolg (u — (X (tu) + 3Y(tu))> = Evolg(X + sY)(¢),
satisfying 0" g(0:(t, s)) = X (t) + sY ().

Then Tevolg(Y, X) = 0slog(1,s), and the derivative 0s|og(t,s) in TG corre-
sponds to the element

(T(9 0 ).05l0g(t, 5), 9(1,0)) = (8" g(d5(£,0)), g(¢,0)) € g x G

via right trivialization. For the right hand side we have ¢(¢,0) = g(t), so it
remains to show that §"¢(0s(¢,0)) = h(t). We will show that §"¢(0s(¢,0)) is



KRIEGL AND MICHOR 87

the unique solution of the differential equation (3) for h(¢). Using the Maurer
Cartan equation dé"g — [6"g,6"g] = 0 from Lemma 5.1 we get

0,07 g(05) = 856" g(y) + d(67g) (8%, Ds) + 6" g ([0, Ds))
= 0,07 g(8,) + [079(8y), 6" g(Ds)]g + O
= 0,(X(t) + sY (1) + [X(t) + sY(t),079(s)]q

so that for s =0 we get

9:6"g(95(t,0)) = Y (t) + [X(2),6"9(95(¢, 0))]q
— Y (£) + ad (X (5)& g(04(t,0)).
Thus §"¢(0s(t,0)) is a solution of the inhomogeneous linear ordinary differential
equation (3) as required.

It remains to check the last formula. Note that X — tX(¢t ) is a
bounded linear operator. So we have

Evol"(X)(t) = evol(s — tX(ts)),
Tx(Evolg( )(1).Y =Tixu yevolg.(tY(t ))

1
— T(Jtevorr, axc )- /0 AdG(Evolg(tX(t ))(s)—l).ﬂ/(ts)ds
1
= T(pmvorr, (x)(1)- /0 AdG(evolg(stX(st ))_1).tY(ts)ds
t
= T (psvorr, (X)(1))- /0 AdG(Evolg(X)(s)—l).Y(s) ds.
This finishes the proof. [ ]

5.10. Corollary. For a regular Lie group G the tangent mapping of the
exponential mapping exp : g — G is given by:

1
Txexp.Y = Teflexp x - / Ad(exp(—tX))Ydt
0
1
= EMGXPX./ Ad(exp(tX))Ydt
0

Remark. This formula was first proved by [6] for Lie groups with smooth
exponential mapping. If G is a Banach Lie group then we have from 3.7.(iv) and

3.8 the series Ad(exp(tX)) = > i, %ad(X )%, so that we get the usual formula

Tx exp = Tep™P Xy byrad(X)'.
1=0

Proof. Just apply 5.9 to constant curves X,Y € g. [ ]
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6. Bundles with regular structure groups

6.1. Theorem. Let (P,p, M,G) be a smooth (locally trivial) principal fiber
bundle with a reqular Lie group as structure group. Let w € QY (P,g) be a

principal connection form.

Then the parallel transport for the principal connection exists, is globally
defined, and is G -equivariant. In detail: For each smooth curve ¢ : R — M
there is a unique smooth mapping Pt. : R x P,y — P such that the following

holds:

(i) Ptle,t,u) € Py, Pt(c,0) = Idp,, , and w(LPt(c,t,u)) =0.
It has the following further properties:

(ii) Pt(c,t) : Pyoy — Pewy is G-equivariant, i.e., for all g € G and v € P
we have Pt(c,t,u.g) = Pt(c,t,u).g. Moreover, Pt(c,t)*((x|Pey)) =
Cx|Peoy for all X € g.

(iii) For any smooth function f:R — R we have
Pt(c, f(t),u) = Pt(co f,t, Pt(c, f(0),u)).

(iv) The parallel transport is smooth as a mapping

Pt : COO(R, M) X(eVQ,M,pOprz) (R X P) — P,

where C*(R, M) is considered as a smooth space, see [4], 1.4.1.
Proof. For a principal bundle chart (U,, ¢,) we have the data from 4.4

Sa(x> F= 90;1("37 8)7

Wo @ = Shw,
woT(p') = (pa")w e Q' Uy x G; g)
(ea ) w(&s, Trg-X) = (03" ) w( 0g) + X = Ad(g™ Hwa (&) + X.

For a smooth curve ¢ : R — M the horizontal lift Pt(c, ,u) through u € P,
is given by the ordinary differential equation w(%Pt(c,t,u)) = 0 with initial
condition Pt(c,0,u) = u, among all smooth lifts of ¢. Locally we have

(:Oa(Pt(Cv t, u)) = (C<t)> ’)/(t)),

so that
0= Ad(v()w(GPt(c, t,u)) = Ad(y(1))(wo T(p"))(C'(t),7'())
= Ad(v(0) (9 )"@)(€ (1), 7 (£) = walc/(£) + T D)y (8),
ie., v(t) = =T (W ®).wa(c(t)), thus y(t) is given by

v(t) = Evolg(—wa () (t).7(0) = evolg(s — —tws(c'(ts))).7(0).
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By Lemma 5.2 we may glue the local solutions over different bundle charts U, ,
so Pt exists globally.

Properties (i) and (iii) are now clear, and (ii) can be checked as fol-
lows: The condition w(%Pt(c,t,u).g) = Ad(g~")w(4£Pt(c,t,u)) = 0 implies
Pt(c,t,u).g = Pt(c,t,u.g). For the second assertion we compute for u € Pq):

Pt(c,t)*((x|Pery) (w) = TPt(c, t) " Cx (Pt(c, t, u))
= TPt(c,t) ' L|oPt(c, t, u). exp(sX)
= TPt(c,t) " L|oPt(c,t, u. exp(sX))
= L|,Pt(c,t) 'Pt(c, t, u. exp(s X))
= flou.exp(sX) = Cx(u).

(iv) It suffices to check that Pt respects smooth curves. So let (f,g) :
R — C®(R,M) xpy P C C®(R,M) x P be a smooth curve. By cartesian
closedness of smooth spaces (see [4], 1.4.3) the smooth curve f: R — C*(R, M)
corresponds to a smooth mapping f € C*°(R?, M). For a principal bundle chart

(Ua, 0a) as above we have o (Pt(f(s),t,9(s))) = (f(s)(t),7(s,t)), where v is
the evolution curve

1(s,8) = Bvolg (~wa (Z/(s, )))(1)¢alg(5)),
which is clearly smooth in (s,t). u

6.2. Theorem. Let (P,p, M,G) be a smooth principal bundle with a reqular
Lie group as structure group. Let w € Q1 (P, g) be a principal connection form.
If the connection is flat, then the horizontal subbundle H*(P) := ker(w) C TP
1s integrable and defines a foliation.

If M is connected then each leaf of this horizontal foliation is a covering
of M. All leaves are isomorphic.

By standard arguments it follows that the principal bundle P is asso-
ciated to the universal covering of M viewed as a principal fiber bundle with
structure group the (discrete) fundamental group w1 (M).

Proof. Let (Uy,uq : Uy — uo(Uy) C E,) be a smooth chart of the manifold
M and let z, € U, be such that u,(z,) = 0 and the ¢ -open subset u,(Uy)
is disked in FE,, . Let us also suppose that we have a principal fiber bundle chart
(Uas po : PlUy — Uy X G). We may cover M by such U, .

We shall now construct for each w, € P, asmooth section ¢, : U, — P
whose image is an integral submanifold for the horizontal subbundle ker(w).
Namely, for z € U, let c,(t) := uy (tus(z)) for t € [0,1]. Then we put

Yo (x) = Pt(cg, 1, wy).

We have to show that the image of T, is contained in the horizontal bundle

ker(w). Then we get T,v, = TplH “’(p);i(m). This is a consequence of the

following notationally more suitable claim.
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Let h:R? — U, be smooth with h(0,s) =z, for all s.

Claim. 9 |Pt(h(.,s),1,w,) is horizontal.
Let ¢o(ws) = (T, ga) € Uy X G. Then from the proof of Theorem 6.1

we know that

waPt(h( ,s),1,w,) = (h(1,s),v(1,s)), where
t

Since the curvature Q = dw + 3w, w]s = 0 we have

9s(h*wa)(8;) = 0¢(h*wa)(9s) — d(h*wa) (9, 9s) — (h*wa)([0r, Os])
= 0t (h*wa)(0s) + [(W*'wa)(0r), (W'wa)(0s)]g — 0.

Using this and the expression for Tevols from 5.9 we have then:

2.5(1,5) = T (hewrn(00)( S)evolg.(—ﬁs(h*wa)(at)( 9))

M’Y(ls A Ad (h woz)(at>dt
'MW(I s) (/0 Ad (h*wa)(83>dt+
+ /0 Ad(Y ad((h*wa)(at)).(h*wa)(85)dt)_

Next we integrate by parts, use 3.9.(3), and x'(9:7(t,s)™1) = (h*wa)(0%)(t, s)
which follows from 5.2.

/0 AdG(E, 8) )0 (hwe) (Ds) dt =

_ /1<8tAd ) ds) dt + Ad(5(t, s) ") (h*wa)(9s) o
0 t=0
—— [ aq ad(,aat )™)-(hwa)(,) dt
+Ad(3(1,5) ) (h wa) (95)(1, ) —
:_/O ad( ) wa)(0s) dt
+Ad(F(L,8) ) (W wa) (95) (1, 5)
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so that finally

2A(1,5) = ~T(p5(1,)-Ad(3(L, ) ™) (h*wa) (9:) (1, 5)
= —T (7). (h*wa) (D6 (1, 5),
2(1,5) = T(uo). £3(1,5)
= ~T(j1y1,9)-Ad(7(L,5) ™) (hwa) (8,)(1, 5)
W(ZPHA(8),1,wa)) = (e5")w) (B h(1s), S7(1,9))
= Ad(y(1,) a1, 5)) = Ad(3(1,5) 1) (Awa) (8,)(1,5) = 0,

where in the end we used 4.4.(6). So the claim follows.

By the claim and by the uniqueness of parallel transport 6.1.(i) we con-
clude that for any smooth curve ¢ in U, the horizontal curve 1, (c(t)) coincides
with Pt(c,t,14(c(0))). Moreover U, x G is G-equivariantly diffeomorphic to
p 1 (Us) via (z,g) - Ya(2).g.

To finish the proof we may now glue overlapping right translations of
Yo (Uy) to maximal integral manifolds of the horizontal subbundle. As a subset
such an integral manifold consists of all endpoints of parallel transports of a fixed
point. These are diffeomorphic covering spaces of M via right translations. =

It is not clear, however, that the integral submanifolds of the theorem
are initial submanifolds of P, or that they intersect each fiber in a totally
disconnected subset, since M might have uncountable fundamental group.

6.3. Holonomy groups. Let (P,p, M,G) be a principal fiber bundle with
regular structure group G so that all parallel transports exist by Theorem 6.1.
Let & = ( ow be a principal connection. We assume that M is connected and
we fix xg € M.

Now let us fix ug € P,,. Consider the subgroup Hol(w,ug) of the
structure group G which consists of all elements 7(ug, Pt(c,t,up)) € G for ¢
any piecewise smooth closed loop through z¢. Reparametrizing ¢ by a function
which is flat at each corner of ¢ we may assume that any c is smooth. We call
Hol(w, ug) the holonomy group of the connection. If we consider only those curves
¢ which are nullhomotopic, we obtain the restricted holonomy group Holg(w, z¢),
a normal subgroup in Hol(w, ug) .

Theorem.
(i) We have Hol(w,ug.g) = conj(g~!)Hol(w, ug) and
Holg(w, ug.g) = conj(g~1)Holy(w, ug) .
(ii) For each curve ¢ in M with ¢(0) = x¢ we have Hol(w, Pt(c,t,up)) =
Hol(w, ug) and Holp(w, Pt(c,t,up)) = Holp(w, ugp) .
Proof. (i) This follows from the properties of the mapping 7 from 4.1 and
from the from the G-equivariance of the parallel transport:

7(ug.g, Pt(e, 1, u0.9)) = 7(uo, Pt(e, 1,up).g) = g_l.T(uO, Pt(c, 1,u0)).g.

(ii) By reparametrizing the curve ¢ we may assume that ¢ = 1, and
we put Pt(c,1,ug) =: u3. Then by definition for an element g € G we have
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g € Hol(w, uy) if and only if g = 7(uy,Pt(e,1,u1)) for some closed smooth loop
e through x; := ¢(1) = p(u1), i.e.,

Pt(e, 1)(r9(ug)) = r?(Pt(e, 1)(up)) = u1rg = Pt(e, 1)(Pt(c, 1)(uo))
ugg = Pt(c, 1) 'Pt(e, 1)Pt(c, 1) (ug) = Pt(c.e.c™,3)(ug),

where c.e.c™! is the curve travelling along c(t) for 0 <t < 1, along e(t — 1) for
1 <t <3, and along ¢(3—1t) for 2 <t < 3. This is equivalent to g € Hol(w, ug).
Furthermore e is nullhomotopic if and only if c.e.c™! is nullhomotopic, so we
also have Holg(w, u1) = Holg(w, ug) . u

7. Rudiments of Lie theory for regular Lie groups

7.1. From Lie algebras to Lie groups. It is not true in general that every
convenient Lie agebra is the Lie algebra of a convenient Lie group. This is wrong
for Banach Lie algebras and Banach Lie groups, one of the first examples is from
[3], see also [T7].

To Lie subalgebras in the Lie algebra of a Lie group do not correspond
Lie subgroups in general, see the following easy example:

Let g C X.(R?) be the closed Lie subalgebra of all vector fields with
compact support on R? of the form X (z,y) = f(a:,y)a% + g(x,y)a% where g
vanishes on the strip 0 < x <1.

Claim. There is no Lie subgroup G of Diff(R?) corresponding to g.

If G exists there is a smooth curve t — f; € G C Diff.(R?) such that
the smooth curve X; := (%ﬁt)of{1 in g has the property that Xy = fa% where
f =1 near 0. But then f; moves the strip to the right for small ¢, so g is not
invariant under Ad®(f;) = f, a contradiction.

So we see that on any manifold of dimension greater that 2 there are
closed Lie subalgebras of the Lie algebra of vector fields with compact support,
which do not admit Lie subgroups.

Note that this example does not work for the Lie group of real analytic
diffeomorphisms on a compact manifold, see [9].

7.2. Let G be a connected Lie group with Lie algebra g. For a smooth mapping
f: M — G we considered in 5.1 the right logarithmic derivative 6" f € Q1 (M;g)

which is given by " f, := T(,uf(w)_l) oTpf : TyM — Ty)G — g and which
satisfies the left (from the left action) Maurer-Cartan equation

45" f — (67 £,67 1% = 0.
Similarly the left logarithmic derivative §'f € QY(M;g) of f € C°(M,G) was

given by 0'f, := T(ppy-1) o Tof : ToM — Ty,;)G — g and satisfies the right
(from the right action) Maurer Cartan equation

ds'f + 4[5 1,618 = 0.
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For regular Lie groups we have the following converse:

Theorem. Let G be a connected reqular Lie group with Lie algebra g.

If a 1-form ¢ € Q' (M;g) satisfies dp — 2[p,0]n = 0 then for each
simply connected subset U C M there exists a smooth mapping f: U — G with
0" f =¢|U, and f is uniquely detemined up to a right translation in G.

If a 1-form € QY (M;g) satisfies dip + 3[,¢]n = O then for each
simply connected subset U C M there exists a smooth mapping f: U — G with
S'f =|U, and f is uniquely determined up to a left translation in G.

The mapping f is called the left developping of ¢, or the right develop-

ping of 1, respectively.
Proof. Let us treat the right logarithmic derivative since it leads to a principal
connection for a bundle with right principal action. For the left logarithmic
derivative the proof is similar, with the changes described in the second part of
the proof of 5.1.

We put ourselves into the situation of the proof of 5.1. If we are given
a 1-form ¢ € QY(M;g) with dp — 5[, ¢]n = 0 then we consider the 1-form
w" € QY (M x G;g), given by the analogon of 5.1(1),

(1) w" =K' — (AdoInv).p

Then w” is a principal connection form on M x G, since it reproduces the
generators in g of the fundamental vector fields for the principal right action,
i.e., the left invariant vector fields, and w" is G-equivariant:

(1) " = why © (Id X T(u)) = T(ttg-1 5-1)-T () — Ad(g~ A1)
= Ad(g™ 1) .wj,.
The computation in 5.1(3) for ¢ instead of §" f shows that this connection is flat.
Since the structure group G is regular, by Theorem 6.2 the horizontal bundle
is integrable, and pr; : M x G — M, restricted to each horizontal leaf, is a
covering. Thus it may be inverted over each simply connected subset U C M,
and the inverse (Id, f) : U — M X G is unique up to the choice of the branch of the

covering, and the choice of the leaf, i.e., f is unique up to a right translation by
an element of G. The beginning of the proof of 5.1 then shows that 6" f = ¢|U .m

7.3. Theorem. Let G and H be Lie groups with Lie algebras g and b,
respectively. Let f: g — b be a bounded homomorphism of Lie algebras. If H is
reqular and if G is simply connected then there exists a unique homomorphism
F :G — H of Lie groups with T.F = f.

This theorem is due to Milnor ( [13]) and Yoshioka et al. ( [19]).

Proof. We consider the 1-form

(RS Ql(G; h)y Y= fork", ¢g(§g) = f(T(:“g_ )-§g>a
where k" is the right Maurer Cartan form from 5.1. It satisfies the left Maurer
Cartan equation

dip — L[, )k = d(for") — L[for”, for"I)

=fo (d’{r - %[/{Tv "{T]g\) =0,
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by 5.1.(2"). But then we can use Theorem 7.2 to conclude that there exists a
unique smooth mapping F' : G — H with F'(e) = e and whose right logarithmic
derivative satisfies §"F = 1. For g € G we have (u9)*1) = 1, thus also

0"(Fop?)=06"FoT(p!)=(pn)"¢=1.

By uniqueness in Theorem 7.2 again the mappings Fou?, F': G — H differ only
by right translation in H by (F o pu9)(e) = F(g), so that Fopud = @ o F, or
F(g.91) = F(g).F(g1). This also implies F(g).F(g~!) = F(g.97!) = F(e) = e,
so that F' is the unique homomorphism of Lie groups we looked for. ]

7.4. Theorem. For a regular Lie group G we have

evol” (X ).evol” (Y) = evol” (t — X (1) + AdG(EvolT(X)(t)).Y(t)),

evol”(X)~! = evol” (t — —AdG(EvolT(X)(t)_l).X(t)),

so that evol” : C*(R,g) — G is a surjective smooth homomorphism of Lie
groups, where on C*(R,g) we consider the operations

(X +Y)(t) = X(t) + Ade(Evol” (X)(1)).Y (¢),
X~Y(t) = —Adg (Evol"(X)(£)~1).X (¢).

With this operations and with 0 as unit element (C*°(R,g),*) becomes again a
reqular Lie group. Its Lie algebra is C*°(R,g) with bracket

(X, Y] oo (r,g) (£) = [/OtX(S) ds,Y(t)L + [X<t)’/0ty<5) ds]g
= % [f(f X (s)ds, f(f Y (s) ds]g.

Its evolution operator is given by
1
evol(cee (,g),) (X) 1 = Adg(evolg(Ys))./ Adg (Evolg(Y*)(v) ™). X (v)(s) do,
0
Yo(t) :/ X (t)(u)du.
0

Proof. For XY € C*(R,g) we compute

2 (Evor(X)(t).Evor(Y)(t)) -
= (B O) P(uBv ) X (1) 1 Tjapuor 1)) TR V) ¥ (1)
_ T(MEVOI’"(X)(t).EVOlT(Y)(t) )(X(t) + Adg(EVOIT(X) (t))Y(t)),

which implies also

Evol”(X).Evol"(Y) = Evol" (X *Y), Evol(X) ' = Evol(X ).
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Thus Evol : C*°(R,g) — C*°(R,G) is a group isomorphism onto the subgroup
{c € C®(R,G) : ¢(0) = e} of C*(R,G) with the pointwise product, which,
however, is only a smooth space, see [4], 1.4.1. Nevertheless it follows that
the product on C*°(R,g) is associative. It is clear that these operations are
smooth, so that the convenient vector space C*°(R, g) becomes a Lie group; and
C>(R,G) becomes a manifold.

Now we aim for the Lie bracket. We have
(XY % X~1)(t) = ((X + Ad(Evol’"(X)).Y) * (—Ad(Evolr(X)_l).X>) (t)
= X(t) + Ad(Evol’ (X) ()Y ()
~ Ad (Evor X *Y) t)) Ad (Evor )(t) 1) X (1)
= X(t)+ Ad (Evol’“ )(t)).Y (£)—

—Ad(EvolT(X) >.Ad(EvolT )(t)).Ad(EvoV(X)(t)—l).X(t).

We shall need
T (AdG(EvoV( )(t))) Y = T.AdG.Tp(Evol"( )(t)).Y

= ad, (/tY(s) ds), by 5.9.

Using this we can differentiate the conjugation,
(Ado (m,g)(X).Y)(t) = (To(X * () * X7H).Y)(1)
=0+ Ad(Evol"(X)(t)).Y(t)—
— Ad(Evol”(X)(1)). (TO(Ad(Evol”( )(t))).Y) Ad(Evol” (X)(t)~1).X (¢)
= Ad(Evol"(X)(t)).Y(t)—

— Ad(Evol” (X)(t)).adg ( /O t Y (s) ds) Ad(Evol” (X)(1)™).X (¢)
= Ad(Evol"(X)(t)).Y(t) — ad,. (Ad(Evolr(X)(t)). /O t Y (s) ds) X(1).
Now we can compute the Lie bracket
X, Y]ew@a () = (To(Adex g ()Y).X)(0)
~ T (Ad(Evolr( )(t)).X).Y(t) 00— [Ad(Evol’"(O)(t)). /O t Y () ds,X(t)]
/ s)ds, Y (t g - [/Oty(s) ds,X(t)]g
/ s)ds, Y(t)| + [X(t), /Ot Y (s) ds]g

o X(s)ds fo s]g.

g

t

Fl
= ot

l—l



96 KRIEGL AND MICHOR

Now we show that the Lie group (C*°(R,g),*) is regular. For this let X €
C>®(R,C*®(R, g)) correspond to X € C*(R?, g). We look for g € C>(R?,g)
which satisfies the equation 5.3.(1):

Pt I(V)(s) = (V gt ))(s) = Y(s) + Ada(Evola(Y)(s) (¢, 5)
2t pot )X (L))

(
X(t (O(AdG Evolg( )(s))).x<t, )).g<t,s)
X(t,5) + adg

— X(t,5) + [/OSX(t,u)du),g(t, S)L.

OXtudu) g(t,s)

This is the differential equation 5.9.(3), depending smoothly on a further param-
eter s, which has the following unique solution which is given by 5.9.(2)

g(t,s): = Adg(Evolg(Ys)(t))./O Adg(Evolg(Y*)(v) ™). X (v, 5) dv

- /OSX(t,u)du

Since this solution is visibly smooth in X, the Lie group C*°(R, g) is regular. For
convenience (yours not ours) we show now (once more) that this is a solution.
Putting Y*(t) := [; X (t,u)du we have by 3.9.(iii)

%9@7 S) =
= dAd(%Evol( )(t) fo Ad(Evol(Y*)(v)™1). X (v, s) dv
+ Ad(Evol(Y*)(t)).Ad(Evol(Y*) ()™ 1). X (¢, 5)

— ((ad o K"). Evol(Y*® )(t) VO s v. s) dv
((ad )Ad)(T( )/OAdE (Y*)(0)"1). X (v, 8) d
+ X(t,s)

=ad(Y*(t)).Ad(Evol(Y®)(t)). /0 Ad(Evol(Y*)(v) ). X (v, s)dv+ X(t, s)

- [/OSX(t,u)du),g(t, S)L + X(t,s).

7.5. Corollary. Let G be a regular Lie group. Then as smooth spaces and
groups we have the following isomorphims

(C*(R,g),*) x G={f e C®R,G): f(0) =e} x G=CR,qG),

where g € G acts on [ by (ayz(f))(t) = g.f(t).g7, and on X € C*(R,g) by
ay(X)(t) = Ada(9)(X(t)). The leftmost space is a smooth manifold, thus all
spaces are reqular Lie groups.
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For the Lie algebras we have an isomorphism
C*(R,g) x g = C*(R,g),

(X,n) — (t = n+/0tX(s)ds>
(Y, ¥(0)) <Y

where on the left hand side the Lie bracket is given by

[(X1,m), (X2,m2)] =
= (t [ X1(s) ds, Xa(t)]g + [X1(t), fy Xa(s) dslg + [n1, X2(8)]g — [112, X1lg.

[771,772]9),
and where on the right hand side the bracket is given by
X, Y = [X(0), Y (1)]
On the right hand sides the evolution operator is given by

Evolte g,y = O (R, Evolg;).

7.6. Remarks . Let GG be a connected regular Lie group. The smooth
homomorphism evoly; : C*(R,g) — G admits local smooth sections. Namely
using a smooth chart near e of G we can choose a smooth curve ¢, : R — G
with ¢4(0) = e and ¢4(1) = g, depending smoothly on g, for g near e. Then
s(g) :== 0"cg4 is a local smooth section. We have an extension of groups

0—- K — C*R,g) e TN {e}

where K = ker(evoly) is isomorphic to the smooth group {f € C*(R,G) :
f(0) = e, f(1) = e} via the mapping Evols. We do not know whether K is a
submanifold.

Next we consider the smooth group C*°((S',1),(G,e)) of all smooth
mappings f : S1 — G with f(1) = e. With pointwise multiplication this is
a splitting closed normal subgroup of the regular Lie group C*°(S!,G) with
the manifold structure described in [10] and [12]. Moreover C'*°(S!, G) is the
semidirect product C*°((S,1),(G,e)) x G, where G acts by conjugation on
C>((S1,1),(G,e)). So by Theorem 5.5 the subgroup C*((S*, 1), (G,e)) is also
regular.

The right logarithmic derivative 6" : C*°(S, G) — C> (S, g) restricts
to a diffeomorphism C*°((S*,1),(G,e)) — ker(evolg) C C*(S',g), thus the
group ker(evolg : C*°(St, g) — G) is a regular Lie group which is isomorphic to
C>((81,1),(G,e)). It is also a subgroup (via pullback by the covering mapping
e?™ : R — S1) of the regular Lie group (C°(R,g),*). Note that C>°(S?, g) is
not a subgroup, it is not closed under the product *, if G is not abelian.
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