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Abstract. We extend wavelet analysis to the symmetric tube domains
and their Shilov boundaries. Our approach is based on the theory of Jordan
algebra.

One-dimensional wavelet analysis can be explained in terms of square-integrable
representation of the affine group (cf. [4], [6]). It is an intermediate between the
function theory on the upper half-plane of one complex variable and the harmonic
analysis on the real line (cf. [7], [9]). In this paper we extend wavelet analysis to
the symmetric tube domains and their Shilov boundaries, the higher dimensional
analogues of the upper half-plane and the real line. We assume that V is a simple
Euclidean Jordan algebra, €2 is the associated symmetric cone and Tq is the
symmetric tube domain over 2. In §1, we recall some notations and facts about
Jordan algebras and symmetric cones, especially the Iwasawa subgroup P of the
holomorphic automorphism group of T. P has a natural unitary representation
7 on L*(V). In §2, we decompose L?(V) into the direct sum of the irreducible
invariant closed subspaces under 7. In §3, we give an explicit characterization
of the admissibility condition in terms of Fourier transform and Jordan algebra.
We also give a family of admissible wavelets, which is a complete orthonormal
system in a sense. Finally in §4, we use wavelet transforms to decompose the
weighted L?-space on the tube domain Ty into a direct sum of subspaces such
that the first component is exactly the weighted Bergman space.

A good reference on Jordan algebras, symmetric cones and tube domains
is the book [3] by J. Faraut and A. Kordnyi. Various authors developed the
theory of continuous wavelet in view of square-integrable group representations,
for example, in [5], [8] and in particular [1].

1. Iwasawa subgroup

Throughout this paper we keep the following assumptions and notations, which
are the same as in [3].
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V' is an n-dimensional simple Euclidean Jordan algebra with identity e.
xy denotes the Jordan product of z and y. tr(z) and det(x) are defined as in
[3]. We also write A(z) instead of det(x). The inner product on V is given by
(x|ly) = tr(zy). L(zx) is the linear map of V' defined by L(z)y = zy. An element
c € V is idempotent if ¢ = c¢. The only eigenvalues of L(c) are 1, %, and 0.
The corresponding eigenspaces are denoted by V(c,1), V(c, 3) and V(c,0). We
fix a Jordan frame {ci,---,c,.}, where r is the rank of V. Then we have the

Peirce decomposition
V-

J<k
where
V;' = V(Ci, 1) = RCi,
1
2
d = dimVj;, which does not depend on 4 and j, is called the degree of V. Let
P(z) = 2L(z)* — L(2?%)

1
Vij = Vi, 5) N Viej,

be the quadratic representation, and write

0y = L(zy) — [L(x), L(y)].

For given j and for 2\9) € @ _ j+1 Vi the Frobenius transform 7(2(9)) is defined
by
7(29)) = exp(?z(j)ch).
Let € be the symmetric cone which consists of elements x in V' such that
L(z) is positive definite. G(2) denotes the automorphism group of € and G
is the identity component of G(2). G has Iwasawa decomposition G = NAK,
where

K={9geG: ge=e},

A={P(a): a= Zajcj, a; >0},

J=1

N ={r(z") .. 7Dy 20) ¢ @ Vii}
k=j+1

are compact, diagonal and strict triangular respectively. A normalizes N and
(1.1) P(a)r(z(j)) = T(E(j))P(a)
where
2 = szk, Zjk € Vjk,
j<k
70 = Z%k, Zjk € Vi,
j<k
ag

Z‘k = —Zjk-
J CLj J
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T = NA is a semi-direct product. We will use another parametrization of the
triangular subgroup 7T'. Set

™
Vi = {u = ZUjCj +Zujk Duy > 0, Ujk € ijk}
Jj=1 J<k
For u € V , we define

t(u) = P(b1)m(uM)P(bs) - 7(u"V)P(by),

where
bj=ci+---+cj_1+ujc; +cjp1+ -+ e,
= 3 e
k=j+1
Then

T={t(u): ueVi}

Using (1.1), it is easy to determine the left and right Haar measures of 7. The
left Haar measure of T' is given by

dpu(t(u) = 2" [T u; "7 du,
j=1

and the right Haar measure of T is given by

r

dp (t(u)) =27 uj_d(r_j)_ldu.

j=1
T acts simply and transitively on 2. If
T
T=) wie+ ) Tk
J=1 J<k

is the Peirce decomposition of = = t(u)e, then

71—1
2 1 2
Tj=uj+ g >l 17,
k=1
7j—1
Tjk = UjUjk + QZuljulk.
=1

We identify Q with 7' by identification of x = t(u)e and t(u). Then we have

T

dx = 2" H u‘-i(r_j)ﬂdu,

J
j=1

Ax) = H u?
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Therefore
A(x)” 7 dx = duy(t(u)),

which gives the GG-invariant measure on ().

Let V¢ denote the complexification of V. Tg = V + i€ is the tube
domain over Q in V. G(Ty) denotes the holomorphic automorphism group of
Tq and G(Tq)? is the identity component of G(Tg). The Iwasawa decomposition
of G(T)? is given by G(T)? = NAK , where

K ={g€G(Ta)": glie) = ie} D K,
N =N*N,
Nt={r,: 2= 2+u, ueV}2V

Therefore,
G(Ta)’ = NTTK.

We call it the partial Iwasawa decomposition as in Terras’ book [11]. T normal-
izes NT as
t(’U)Tu = Tt(v)ut(v)v U< ‘/, Ve V_|_.

P=NA= NTT is called the Iwasawa subgroup. P is a nonunimodular group.
Using the parametrization (u,v) for 7,t(v) € P, the left Haar measure of P is
given by

T T

dpy(u,v) = 2" H o7 M8 gy dy = H TR du(t(v)),

J J
j=1 j=1

and the right Haar measure of P is given by
dpy(u,v) =27 H vj_d(r_j)_ldu dv = dudp,(t(v)).
j=1

P acts on T simply and transitively. We identify T, with P by identification
of T,t(v)(ie) and 7,t(v). If z + iy = 7,t(v)(ie) = u + it(v)e, then

A(y)~ " da dy = dpu(u, v),
which is the G(T)?-invariant measure on Ty, . Note that
Det(g) = A(ge)™, g€G.
P has a natural unitary representation on L?(V) defined by
Ty ¢ (&) = AH)e)~F F(t(0) e — o) w).

We shall decompose L?(V) into the direct sum of irreducible invariant closed
subspaces under .
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2. The decomposition of L?(V)

In order to decompose L?(V), we need to identify the non-degenerate T'-orbits
of V under the contragredient action of T', which is given by = — t(v) 'z
where t(v)" denotes the transpose of ¢(v). First we prove
Lemma 1. (1) Suppose z;j € Vij, wiy € Vi, i < j, k<l,i#1, k# j, then
[ZijDCZ', wleCk] =0.
(2) Suppose z;; € Vij;, then
(ZijDCi)/ = ZijDCj.
Proof. (a) To prove (1), we use the facts

Vij - Vir C Vig, if i#k,
Vij - Viu = {0}, if {i,5}N{k,1} =0,

1 .
Ty = §($|y)(cz’+0j), it x,yeVy

(cf [3], Theorem IV.2.1 (iii) and Proposition IV.1.4 (i) ). We also use the matrix
of zOc with respect to the Peirce decomposition, when ¢ is idempotent in V'
and z € V(c,3) ( see [3], proof of Lemma VL.3.1 ). Let

s
xTr = E ZT;Cj + E Tjk, Tjk € V}k
Jj=1 i<k

We compute separately in four cases.
)If k=i, 1l=j, i<j, then

(z:;0¢;) (wi;0¢;)x = %(zij\wij)cj = (w;;0¢;)(2:;0¢;)x.
2)If k=i, l+#j,i<jl, then
(zi;0¢;) (wyOe; )x = %zijwil = (wye; ) (z:;0¢;)x.
3)If k#4, | =j, i,k < j, then
(2i;0ci) (w;Bex )z = %(Zij\xikwkj)cj = %(wkj\xikzij)cj = (wp;8er) (zi;0c:)

where the second equality is due to the associativity of the inner product.
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NI k#4,5,l#14,7,1<j, k<l,wemay assume i < k, then
(zi0¢;) (Wi Oc)x = zij(zipwi) = wr(Tikzi;) = (wOer) (2;0¢) 2,

where the second equality follows from the Lemma V.3.2 in [3].
(b) Take x = 2;j, ¥y = ¢; + ¢; in the identity

[L(x), L(y*)] + 2([L(y), L(zy)] = 0
( cf [3]. Proposition I1.1.1 ), we obtain
[L(ci), L(zi3)] = [L(zi), L(c;)]-

It follows that
(ZijDCi)/ == CiDZij = ZijDCj.

Let zj, € Vi, (j < k) and put

r k—1
Z(]) = Z ij, Z(k) = Zij.
k=j+1 j=1

Put
7' (2(k)) = exp(2z()Oex).

If 2;; € Vij, we € Viu, i < j, k <1, i#1, k# j, Lemma 1 implies that
7(2i5)T(wk1) = 7(wk1) T (2i5)

and
7(2i)" = 7'(2i5)-

Thus 7'(z;;) is a dual Frobenius transform. Also, by Lemma 1,

T(29)) = 7(zjj41) + T(2).0),

7' (2(0) = 7'(21k) -+ 7 (Bh-18).

Therefore, for
T
u = E ujc; + E Uik, wj >0, ujr € Vi,
=1 i<k

we have, by also using (1.1),

t(u) = P(by)m(uM)P(by) - 7(u""D)P(b,)
= P(b1)7(u12)P(b2)7T(u13)7(ug3) - - - P(br—1)7(u1y) - - - 7(tp—1,) P(by).
t(w) = P(b)7 (ur—1 )7 (up—2p) -+ 7' (urr) P(byp—1) - - - P(b2) 7" (u12) P(b1)
= P(by)7 (u(r)) P(bp—1) - 7' (u2)) P(b1)
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where
k—1
=1

For j =1,---,r,let VU be the subalgebra V(ei+---+¢;,1) of V and
W) be the subalgebra V(er—jy1 +---+¢,1) of V. P; and P} denote the

orthogonal projections onto V) and W) respectively. det(;) and detz“j) are

the determinants relative to V) and W) respectively. We define

Aj(z) = det(;) (Pjr),
Al (z) = det(;) (P ).
Furthermore, for s = (s1,--+,s,). We let
Ag(z) = Ay (z) 752 - Ap_q ()75 Ay (),
AZ() = M) AT ()" A )

For z € V,t(u) € T', we have

(2.1) AL (t(u)'z) = ui™ - uf A (z) = AL (H(w) e) AL ().

S S

In particular, A} is invariant under the Frobenius transform 7/(z)) ( cf [3],
Proposition VII.1.5 ).
Set

E:{szz:ejcj: ej =1 or i},
j=1
Q.={xeV:z=tu)Ple)e,uecV,}.

Lemma 2. (1) The Q. ’s are disjoint and simply transitive orbits under the
contragredient action of T. (2) U.cp Qe is a set with a complementary of
measure zero.

Proof. (a) Suppose that
t(u)' P(e)e =t(v)' P(d)e, u,veVyed€E.

Write
g =P(d)t(v)" ~'t(u) P(e).

Since t(u),t(v) are triangular and P(e), P(d) are diagonal, ¢ is triangular. On
the other hand, since ge = e, from the Proposition VIII.2.4 in [3] ¢ is an
automorphism of V¢ and ¢’ = g~1. Therefore g is diagonal. Because t(u),t(v)
have positive diagonal elements and P(¢), P(J) have diagonal elements 1, —1 or
1, it is concluded that v =v,e = 4.
(b) Set
B={zeV:A(z)#0,k=1,---,r}.
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Obviously, V'\ B is a zero measure set. We will prove that B = [ J,. 5 Q. It is
easy to see that B D |J,.p Q.. Assume that

r
T = ijCj +Z$jk € B.
j=1

j<k

By [3], Theorem VI.3.5 we can write

r=1"(204)) 7' (22)) Z a;c;
=1

where
k—1 k—1
2 = )2k € D Vik,
j=1 j=1
Al ()
r—j+1 .
aj:*i%ov jzla"'ar_:[?
Ar—j<x)
ar = Al(x) £0.
Set

{1, if a; >0,
E; =
/ i, if a; <0,

’LLj = |6Lj|,
Ujk = Uk Zjk-

Then, by (1.1),
x = t(u) P(e)e. u

Remark. Clearly, Q. = Q, Q;c = —Q. €. is a connected open set in V
because (). is homeomorphic to V.. But 2. may not be convex neither K-
invariant in general.

A simple example of Lemma 2 can be given as follows. Let V' be the space
Sym(m, R) of all m xm symmetric matrices and ¢; = diag(0,---,0,1,0,---,0).
An element ¢ in T has the following form: tx = wzu’, where u is a lower
triangular matrix with positive diagonal elements. Let ¥ denote the set of all
diagonal matrices with diagonal elements +1. Q,(c € X) consists of all matrices
of form u'ou. Then Q,’s are disjoint and simply transitive orbits under the
adjoint action of 7" and |J, .y, Q2o is a total measure set. Now we are ready to
decompose L2(V). Set

H.={f e L*V): suppf C CL(Q:)}.

Proposition 1. Each of H. is an irreducible invariant closed subspace of
L?(V) under = and

(2.2) L*(V) = P H..

eek
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Proof. (2.2) follows from Lemma 2. Because

(W) ) (y) = Alt(v)e) Fe= ) f(1(v)'y),

it is easy to see that H. is invariant under m. We need to prove that H. is
irreducible. Let W be a non-zero invariant closed subspace of H. under 7w and
W the orthogonal complement of W in H.. Taking a function ¢ € W, not
identically zero, if f € W™, then

<f, W(u,v)g>L2(V) = /Vf(.’li)ﬂ'(u’v)g(x) de =0, weV,velV,.

Write
g(z) = g(—z),
gi(w) () = A(t(v)e) "2 g(t(v) ')
We have
(23) <f= ﬂ-(u,v)g>L2(V) = f * gt(v) ('LL)
Therefore,
(2.4) (f * i) () = A(t(v)e)# f(y)g(t(v)y) =0, ae. yeV.
Set

S1 = suppf N K.,

Sy = suppg N 2.
S¢ and S¢ consist of points of density of S; and Sy respectively. S¢ is a
positive measure set since g is not identically zero. If S{ has positive measure,

by Lemma 2, there exists t(vg) € T such that S =S¢ Nt(vy) ~1S¢ has positive
measure. But

(f * gt(v))A(y) #0, yes,

which contradicts (2.4). Therefore f is identically zero. This proves that H. is
irreducible. u

Remark. For F in H?(Tg), the Hardy space on Tq, the following limit exists,

li F(-+iy) = in L2(V).
,m  F(+iy)=f,  in LX(V)

Then
H*(V)={f € L*(V): there exists F € H*(Tq) such that f = lim F'}

is called the Hardy space on V. It is easy to see that H, = H?(V) and
H;ce = H2(V).
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3. The admissibility condition

The restriction of m on H. is square-integrable, i.e., there exists a function
¢(# 0) in H. such that

(3.1 Cy = [ 6. R P, ) < oo,

||¢||L2<V>

(3.1) is called the admissibility condition and ¢ is called an admissible wavelet.
We want to give a characterization of the admissibility conditioin in terms of
Fourier transform and Jordan algebra, which does not involve any group repre-
sentation.

Lemma 3. Suppose x =t(u) P(e)e in Q.. If

x—Zx]c]+Zx]k

i<k

is the Peirce decomposition of x, then

T

1
xj:g§u§+§ > R llunl?,

k=j+1

2 2
Tjk = ERUKLU K + 2 Z €U UK -
I=k+1
Lemma 3 can be proved in a similar way as in [3], Proposition VI.3.8.

For the transformation z = t¢(u)' P(¢)e, by Lemma 3, it is easy to
compute that

dz =2 j(ﬂ D du

j=1

H T o).

Let
s=01+d(r—-1),1+d(r—2),---,1).
By (2.1),
Af(r) = A;(t(u)'e)A;(P(a)e).
Therefore,
A (z)] = A (t(u)'e).
and we have
(3.2) A ()|~ da = dpu(t(w)).

We denoted by AW, the set of all admissible wavelets in H. .
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Theorem 1.  Suppose ¢(#0) in H.. Then ¢ € AW, if and only if

Co= [ 1BWPIA W dy < oc.

£

Proof. Using (2.3), we have

Cy = / (¢, 7 (u, U)¢>L2(V)| dpu(u,v)

H<bHLz(v)

|r¢|\Lz<v>/ (f oo 'd“>H )

1
LR rwuw / (/ G)o(t0)'y) dy) dpu(t(v))
< rwup(v) / 9y ‘(/ [(1( \Wz(()))dy.

For y € ., there exists v* € V, such that y = t(v!)'P(¢)e. Using (3.2) we
obtain

/ B(1(0)'y) Pdpa(1(0))
(<t<v1>t<v>>'P<e>e) [ (1(0))
/ B(1(0) P)e) P (0)

- / B PIA ()|~ dy.
Qe

The proof of Theorem 1 is completed. [ ]

Suppose ¢ and v are admissible wavelets. We define the “inner produc-
t”of ¢ and v by

(@ ¥)aw = | W) P(y)| Az (y)] dy.

Remark. If ¢ € AW,, ¢ € AWy, e # §, then (p,¢)aw =0. For f € H., ¢ €
AW, , we define the wavelet transform of f with respect to ¢ by

W¢f<u7 U) = <f7 7T(u,v)¢>L2(V)~
Theorem 2.  Suppose f,g € H., ¢, € AW.. Then

<W¢f7 WI/JQ)LZ(P, duy) — <1/} ¢>AW <f7 >L2(V
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In particular,
IWo fl172(p, ap) = Coll FllZ20vy-

Theorem 2 can be proved in a similar way as Theorem 1. From the theory
of square-integrable representation of nonunimodular groups ( cf [2] ), Theorem
1 and Theorem 2 are equivalent.

We are going to construct a family of admissible wavelets which is com-
plete and orthonormal with respect to (-, ) aw .

Let {cék : 1 =1,---,d} be an orthonormal basis of Vj;. The set of
indices A is defined by

T
A={aecV:a= E ;e + E E aékcé-k, aj,aé-k are nonnegative integers}.
j=1 j<k =1

Let LY )(s) be the Laguerre polynomials defined by

ppe) =Y (MR - Lo (e, s -,

c\m—J J! m!

and H,,(s) be the Hermite polynomials defined by

m/2] , m! . 2,d . m 2
Hp(s) = Z (—1)]m(25)m_2‘7 = (=1)"e’ (%) (e™).

The Laguerre polynomials and the Hermite polynomials satisfy the following
orthogonal relations respectively.

/ e st LI ($) LM (s) ds = T(pu + 1) (m;— “) S,
0

/ e_SQHm(s)Hk(s) ds = 722" m! 8.

— o0

And they are complete in L?(R™*, e *s#ds) and L?(R, e_szds) respectively ( cf
[10], Chapter V ). We also need following notations. For

a—Za]c]+ZZa]kc]k € A,

i<k l=1
we set

o] = ZaﬁZZam

]<kl 1
H% HH%m
i<kl=1
0 _
« _(alv'”?a?")?

T
% =) ay,
j=1
-
0
« ' = HO&j!.
j=1
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For s € C", A € C, we write
SHA=(s1+ A+ ,8-+A).

The gamma function of the symmetric cone €2 is defined by
Cq(s) :/ e @A (2)A(x) T da
Q

TL T d d
(27) IIP g—ngy Res; > (j — 1) =,

S
2 j ) 7/’0

Assume that
ST BRI
i<k l=1
we define
¢a<v) =C H e_vJZ'U;./_TL(HJ H He 2(v3k) H l (’U;k)
j=1 j<ki=1

where

o=

C = 2%(W_”Ho‘l_'o‘()')ozo!(oz!)_%FQ(on +v-— E)_ ,
"
d
;@:y—ﬁ—1—§@—1% v>1+dr—1).
T

We regard 1, (v) as the functions on group 7'. From the orthogonal relations and
completeness of the Laguerre polynomials and Hermite polynomials, we conclude
that {1q(v): a € A} is an orthonormal basis of L2(T,du;).

Now we define a family of functions ¢¢, by

Te . ¢a(v)7 Y= t(’U)/P(E)Q
s ={ e

Then ¢¢, € H. is admissible and {¢%, : € € E,a € A} is an complete orthonormal
system with respect to (-, ) aw .

4. The decomposition of L2(Ty)

The weighted L?-space on the symmetric tube domain T is defined by

I2(To) = {F : |FJ2 = /T P +iy) PA(y)" 2 dzdy < oo).
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H2(Tq), the weighted Bergman space, is the subspace of all holomorphic func-
tions in L2(Tg), i.e.,

HZ(Tq) = {F € L3(Ty) : F is holomorphic on Tq}.

We assume that v > 1+d(r — 1) so that H2(Tq) # {0}. We want to decompose
L2(Tq) into the direct sum of subspaces such that the first component is exactly
the weighted Bergman space H2(Tg).

Suppose f € H., ¢ € AW,. For v > 1+d(r—1), we define the weighted
wavelet transform Wg by

NN

Fu+it(v)e) = Wg f(u+it(v)e) = C, > Wy f(u, v)A(t(v)e) 2.
Set
Proposition 2. For v >1+4d(r — 1), we have

(4.1) L(To)= P ™,

e€eE,acA

and

My =My (Ta).
Proof. By Theorem 2, W is an isometric operator from H. into L2(Tq)
and ‘HE,’s are mutually orthogonal subspaces of L2(Tq). We need to prove

L(To)c P H.

e€FE,acA

Suppose F € L2(Tg). Write F,(u) = F(u+ it(v)e). For v € V. almost every
where, F, € L3(V). We let G(v,y) = F,(y). Fix y = t(v!) P(e)e € Q., then
G(v,y), regarded as the function on T, is in L2(T, A(t(v)e)” ™= dui(t(v)) ). Since

~

{A(t(v)e) 22 L (t(v)'y) - a € A}

is an orthonormal basis of L2(T, A(t(v)e)” ™+ du(t(v)) ), we get

G(v,y) = Y aa(y)Alt(v)e) TF G (Hv)'y), v € Qo
acA
We define the functions f; by
A aa(y), Y€,
OB
0, y ¢ .
It is easy to see that f5 € H.. Therefore we have

Flu+it(v)e) = Y W fi(u+it(v)e).

eeFE,acA
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This proves (4.1).
Now we assume that

Fu+it(v)e) = Wi f(u+it(v)e), f € He.

Note that
r r 1 d
w0 =30 = S+ 5 TS
j=1 j=1 <k l=1
Aw) =T[5 v=tw)e
j=1
we have
e To(v —2)72272 e MWA(y)s 3,  yeq,
¢0(y) =
0, y¢Q
Therefore,

F(u+it(v)e) = A(t(v)e) "2 2r /V f(z)p(t(v)~tae — t(v)~tu) dz

— (2n) " A(t(v)e) T E / ) G (x(0)y) dy

—-n n,_1 i(utit(v)e i -
— (2m) T — ) / el Fy) A (29) 5 dy,

<

where we make use of the equality
A(t(v)e) = Det(t(v))® = Det(t(v)')n = A(t(v)'e).
We define the map F,, by
_n n,_1ia, _v,in
9(y) = Fuf(y) = 2m) "5 Ta(v — 2) 72 f(y)A(2y) "%
and the map £, by

F(u+it(v)e) = L,g(u+it(v)e) = (27) "2 /Qe““*‘”(“)e'y)g(y)A(Qy)”—% dy.

It is obvious that F, is an isomorphism from H?(V) onto L?(Q) =
L2(, A(2y)*~*dy). L, is an isomorphism from L2(f) onto H2(Tq) ( cf [3] ).
We see that W(’;S =L,0F, and
n
HFH%E(TQ) =Ta(v - ;)HQH%E(Q) = Hf”2L2(V)-

Clearly, H§ is exactly the weighted Bergman space H2(Tg). [ ]
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