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Abstract. Let g be a semisimple complex Lie algebra and 9 € Autg be
an involution. If g = @ p is the decomposition associated to ¥, define a
Lie subalgebra of Endp by & = {X: Vf € S(p*)%, X.f = 0}. We prove that
ady () = € if, and only if, each irreducible factor of rank one of the symmetric
pair (g,¢) is isomorphic to (so(¢+ 1),s0(q)).

0. Introduction

Let g be a semisimple complex Lie algebra with adjoint group G. Let ¥ € Aut(g)
be an involution and set ¢ = Ker(¢ — I), p = Ker(d + I), hence g =t @ p. The
pair (g,9), or (g, ), will be called a (semisimple) symmetric pair. Let ©(p) be the
Lie algebra of (algebraic) vector fields on p. Thus O(p) identifies with Derc O(p),
where O(p) = S(p*). There exists a Lie algebra homomorphism 7 : gl(p) — O(p)
defined by (7(X).f)(v) = %Itzof(e*tx.v) for vep, f € O(p) and X € gl(p). This
applies in particular to ad(X), X € ¢, and we still set 7(X) = 7(ad(X)).

Let K be the connected algebraic subgroup of G such that Lie(K) = €.
Recall, cf. [7], that

O ={fecOp) :7(6).f =0} = Cluy, ..., u)

is a polynomial ring. Here, p is the rank of (g, ), i.e. the dimension of a Cartan
subspace a C p for (g,7). One defines a Lie subalgebra of gl(p), containing ad(¥),
by setting B

t={Xeglp):7(X).f =0forall feO(p)~}.

The Lie algebra £ has been considered by various authors (see, e.g., [8, 10]), in
relation with the description of spherical hyperfunctions, or eigendistributions,
on p. Observe that if s C € is an ideal of g, we have ad(s) = 0 and ad(¢) =
ad(€/s). We will therefore assume that £ does not contain a nonzero ideal of g.
Then (g, ) decomposes as a direct product []._,(g’, &) where each factor (g’, &)
is irreducible, see [4, VIIL5].
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When p = 1, the invariant u; is (up to a non-zero scalar) the nondegenerate
quadratic form on p induced by the Killing form B of g. Then, = so0(p,uy) and
€D ad(k), unless (g,8) = (so(g+ 1,C),s0(¢,C)). The main result of this note is
the following theorem, which does not seem to have been noticed before.

Theorem. (Main Theorem) Let (g, ) be as above. Then ad(k) = € if, and only if,
each irreducible factor of rank one of (g, ) is isomorphic to (so(q+1,C),s0(q,C)).

The proof of the theorem goes as follows. Let K be the connected algebraic
subgroup of GL(p) such that Lie(K) = ¢, we first prove that the representation
(K : p) is polar (see [1, 2]). Now, using the results of [1] one can suppose that there
exists a semisimple symmetric pair (g, 5) with associated decomposition g = EEBp
and Cartan subspace a. Then, a case by case examination of the restricted root
systems Y(g,a) and (g, a) enables us to conclude the proof.

Our interest in this theorem originates in the more general problem of
describing the O(p)-module of vector fields on p which annihilate O(p)%. Set

E={deO(p):df=0forall feO(p)¥~}.

Then, E = O(p)7(t) C E = O(p)r(E) C & and we conjecture that & = O(p)7(E).
The equality € = O(p)7(¢) was established by J. Dixmier [3] in the diagonal case,
that is to say when g = g1 X g1, g1 semisimple, ¥(z,y) = (y,z). It is not difficult
to prove that the same conclusion holds when (g, ¢) has maximal rank, i.e. p =rkg
(this is also a very particular case of the results in [13]). Furthermore, the modules
E, E and & are graded O(p)-submodules of O(p) whose degree zero parts are
given by Ey = 7(¢), Ey = & = 7(€). Therefore, the Main Theorem indicates in
which case one has E C E = O(p)&,.

1. Generalities

We retain the notation of the introduction. Furthermore, we set n = dimp,
ad(x).y = [z,y] and g.x = Ad(g).x for z,y € g, g € G. If V C g, we denote by
V' the subset of elements of V' which commute with x.

By [7], dimp — dimt = dimp” — dim¢¥ for all v € p. Define the set of
regular elements in p by

pe={vep:dmKv=n—p}={vep:dimp”=p}.

Then, cf. [7], one has p = min,¢, dimp¥ = dim a and max,e, dim K.v = dimp —p.
One can write a = p* for a generic element z, i.e. x € p*® and x semisimple in g.

Recall (see [4, Proposition X.1.4] and [5, Lemma III.4.1]) that the symmetric
pair (g,v) is the complexification of a real symmetric pair (go,J9) where gy =
£y D po is a Cartan decomposition of the real form gy of g. Thus €, is a compactly
embedded subalgebra of go and the restriction of B to pg is a gy-invariant scalar
product. We then have € =€, R C, p =po R C, ¥ =y ®r 1 and

S(py)? @r C = S(p*) = O(p)* = Cluy, ..., up).

It follows that S(p§)* is a polynomial ring in p variables and that we may choose
the generators uy,...,u, in S(p)), the first invariant u; being the nondegenerate
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quadratic form on py induced by the restriction of B. We have gl(p) = gl(po) ®r
C = gl(po) @ igl(po) and, if X € gl(po), the vector field 7(X) is a derivation of
the polynomial ring S(pg). Notice that so = {X € gl(po) : 7(X).uy = 0} is the
orthogonal Lie algebra so(po, u;) = so(n, R).

Define [8, §4] a closed subgroup of GL(pg) by

Kj={9 € GL(po) : gu; =u; forall j=1,...,p}.

Since K| C SO(po,u1), K| is a compact Lie group. Denote by K, its identity
component and set €, = Lie(K()) = Lie(Ky). We have

t = {X € gl(po) : 7(X).f = 0 for all f € S(pf)®}

and ad(g) C € C s9. Let K = (Ko)c C GL(p) be the complexification of K
(see [11, Chap. 5, Theorem 12]). Then, K is a reductive algebraic group and is the
unique connected reductive subgroup of GL(p) such that Lie(K) = EO ®r C. One
verifies easily that t= Eo ®r C. It will be convenient to denote the Ko module pg
by po-

Recall that the pair (g, £) is said to be irreducible if (g, &) is irreducible in
the following sense [5, VIIL.5]: €, does not contain a nonzero ideal of gy and the
Ky-module pg is simple. Decompose (go, ) as a finite direct sum of irreducible
symmetric pairs (g§,8), 1 < ¢ < t. We can then define, in a similar way,
¥ C gl(pl), K' C GL(p?) etc., for each i =1,...,t.

Lemma 1.1.  We have = & x -+ x & and Ko = K} x --- x K.

Proof. = We write the proof for t = 2, the general case being similar. Let
{ei,z; = e}; and {f;,y; = f*}; be orthonormal coordinate systems (w.r.t. the
Killing forms) on p} and p2. Thus, S(pf)¥ = S((p})*)% @r S((p2)*)¥. Let
X € Endpy and write X = (43) with A = [a;;] € Endp§, B = [b;] € L(p3,p}),
C = [ci5] € L(po, p5), D = [di] € End pg. Then,

T(X) = 32, (As(@) +Bu(y)) gz + 224(Cal@) + Dg(1)) 5

where Ay(z) = =30, aau®u, Bs(y) = =3, baulu, Co(x) = =3, cquu, Dy(y)
= — 3 dgy.. Suppose that X € € and let f(z) € S((p5)*)%. Then, from
7(X).f =0 we deduce that

which forces ) Ay(x) aggf) =>.Bs(v) /@) _ . Similarly,

S, Cola) 20 — 3 b, ()% —

for all g(y) € S((p2)*)%. Now, taking f(z) = 3,22 we obtain 3 By(y)zs = 0
and therefore B,(y) = 0. Hence B = 0 and, similarly, C =0 (use g(y) = > 7).

This proves that X = A x D with A € Eé, D e Eg The second assertion follows
easily. [ ]
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Remark 1.2.  The previous lemma shows that ad(t) = EO if and only if
ad(€)) = € for all . Therefore, to prove the theorem of the introduction, we
may assume that the symmetric pair (g, €) is irreducible.

Lemma 1.3.  Suppose that (g, ) is irreducible and p = 1. Then, ad(k,) = &
if and only if (g,%) is isomorphic to (so(n+ 1,C),s0(n,C)).

Proof. Note that ¢ = ad(t) C ¥, = 50 with s ®p C = s0(n,C). Assume
that (g, %) = (so(n+1,C),s0(n,C)); then, dim ¢, = dim¢ ¢ = dim sy and therefore
ad(f)) = so. Conversely, if ad(¥)) = s9, we obtain that & = so(n,C) acting
naturally on p =2 C". It follows that (g,€) = (so(n+ 1,C), s0(n,C)). m

Recall (for completeness) the following lemma, cf. [8, Corollary 4.4] for a
proof in the analytic case.

Lemma 1.4. Let V Cp be an affine open subset and f € O(V), then
(VX et 7(X).f =0} «— {vXet 7(X).f =0}

In particular, O(p)% = O(p)k and S(pg)=e = S(PS)RO'

Proof. Let X € € and let f € O(V) be such that 7(8).f = 0. By [9,
Lemma 4.9] (or the proof of [8, Lemma 4.3]), there exists 0 # ¢ € O(p) such
that ¢¥7(X) € O(p)7r(¢). Hence (¥7(X)).f = 0, forcing 7(X).f = 0. The converse
is obvious and the last assertions follow easily by taking V =p. |

Corollary 1.5.  Let v € pg. Then Ky.v = [?O.U.

Proof. By Lemma 1.4, the invariant functions u; separate both the Ky-orbits
and the Ky-orbits, see e.g. [12, (0.4)]. We clearly have Ko.v C Ko.v. Suppose
that y € Ko.v \ Ko.v. Since Ko.y # Ko.v, we get that u;(y) # u;(v) for some j.
But this yields [?O.U #* I?O.y and a contradiction. [ ]

Let (L : E) be a finite dimensional representation of a compact group
L. Fix an L-invariant scalar product B on E and set [ = Lie(L). Recall [1]
that v € F is said to be L-regular if dim L.v is maximal. The representation
(L : E) is called polar if, whenever v,v' € E are regular, there exists k € L
such that a, = k.a,, where a, is the orthogonal of [.v with respect to B. A
subspace of the form a,, v regular, is called a Cartan subspace for (L : F)
and we define the rank of (L : E) to be rk(L : F) = dima,. We then have
max,cp dim L.v = dim £ — rk(L : E).

The representation (K : po) is known to be polar and is called a symmetric
space representation, see [1]. In this case a Cartan subspace is provided by a
maximal abelian Lie subalgebra ay contained in pg; then, a = ay®g C is a Cartan
subspace for (g, 7).

Proposition 1.6.  The representation (Ko : po) is polar.
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Proof. By Corollary 1.5, vy € p is Ky-regular if and only if it is [?O—regular
and we have €y.vy = Ey.v9. Set ay = a,, = (E.v9)~. Let v € py be regular, we

then have ag = k.a, = k.(8.v)* = k.(¢.v)* for some k € K;. This implies that
(Ko : po) is polar with ay as Cartan subspace. ]

We need to recall a few facts from the theory of symmetric spaces [4, VI.3].
Let ag be a Cartan subspace for (Kj : pg) and let A € aj. One sets:

gy = {z € go: [a,7] = Ma)z for all a € ay}
Y={a€caj:a#0and gy #0}
mgy = gg N Eo = CGIlteO(Clo)

Then X is a root system, possibly non reduced; we fix a choice X of positive
roots. Define the reduced associated root system by

Srea = {AED: A ¢ 25}

(If 3 is reduced we have ¥,.q = X; otherwise, in the irreducible case, X is of type
(BC), and ¥,cq = B,.)

If V is a real vector space we denote by V¢ its complexification and if
l[p is a subspace of go, we set [ = (lp)c. With this notation the decomposition

g0 = Brexu(o1 8y vields

g=tdp= @,\ezu{o}g/\
m = cente(a)

Recall that the multiplicity of A € ¥ is my = dimc g* = dimg). Let A € ¥t and
set

g) = {X € € :ad(a)®.X = A(a)*X for all a € ag}
py = {v € po : ad(a)®.v = A\(a)?v for all a € ag}.

Then, & = mg & (EB,\62+?8‘), Po = ap D (EBA@HJS‘). Furthermore, see [5, TI1.4],
g Dg = @p* Let v € a be generic, i.e. Av) # 0 for all X € Y.,
then ad(v) induces an isomorphism p* = €*. It follows in particular that my =
dim g* = dim & = dim p*.

Denote the set of generic elements in a by

d={vea:a) #0foral o« € X}

and let a*"® = a\ a’ be the set of singular elements. We recall, for completeness,
the following lemma.

Lemma 1.7. Let x € a. Then

(i) € =m® (Bpes+aw-ot")

(ii) x generic <= € =m <= dim¥* is minimal <= dim¥* = dimp—p.



298 LEVASSEUR AND USHIROBIRA

Proof. (i) follows from ¢ = m @ (@ex+t') and Kerad(a)? = Kerad(a) for
a € a (since a is semisimple).
(ii) is consequence of (i) and the definitions. n

For a € ©F, we set a, = Kera = {a € a: a(a) = 0}. Therefore,

asing = Ua62+ Qo (1)

red
and the a, are pairwise distinct hyperplanes. Set

ay=a Nag, ™ =ua9Na™, g, =0gNd,.
Since dim Ky.x = dim¢ K.2 for all © € ag, it follows from Lemma 1.7 that aj is
the set of regular elements in ag.

2. Proof of ad(t) =t

We continue with the notation of the previous sections. Recall that the proof of the
Main Theorem reduces to the case when (go, ) is irreducible, see Remark 1.2.
From now on, we assume that this hypothesis holds. Since ad : €, — gl(po) is
injective, we will identify €, with the Lie subalgebra ad(€,) of EO, therefore £ is
identified with ad(€). Note that the representations (Ko : po) and (Ko : Po) are
irreducible and faithful.

From the classification of irreducible polar representations one can deduce
the following result, see [1, Theorem 9, Theorem 10 and Proposition 6].

Proposition 2.1.  Let (Lg : V) be an irreducible faithful polar representation
of a compact Lie group Lo. Then, there exists a semisimple symmetric pair (g, &)
such that (with obvious notation):

(i) G, = € @ Vi is the associated Cartan decomposition;
(ii) Lo C Ko and (Lo : Vi) is the restriction of (Ko : Vo) ;

(i) S(Vy)Fo = S(V)".

Corollary 2.2. The representation (l?o 1 Po) is an irreducible symmetric space
representation.

Proof. By Proposition 1.6 and Proposition 2.1, there exists a semisimple sym-
metric pair (g, ) such that py = po = Py (as vector spaces), & C € C €& and
S(pg)o = S(py)Koe. Tt follows then from the definition of € that & = . ]

Remark. B. Kostant has informed us that Corollary 2.2 can also be deduced from
the results contained in [6].

From the previous corollary we may suppose now that (I?O : Po) is coming
from a semisimple symmetric pair (go,€). Without lost of generality we can

assume that gy has Cartan decomposition gy = & @ po and that, if [, ]~ is the
bracket on go, [X,v] = [X,v]~, [X,Y] = [X,Y]™ for all X,Y € &, v € pg = po. Notice
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that if [y C €, C Endpy is an ideal of gy, then ly.po = [lo, po]™ C ¥ NPo =0 and
therefore [p = 0. Thus the symmetric pair (ﬁo,%) is also irreducible. Recall that
we have fixed the Cartan subspace ag and that we can take ap = ap as Cartan
subspace for (go,f?o) see Proposition 1.6. The associated Weyl groups will be
denoted by W and W.

The notation given in §1 for €y, po, a9, go, etc. can be introduced for
Eo,ﬁo,ﬁo,ﬁo, etc. If an object = is defined relatively to (go,%)) we denote by
T the corresponding one, relatively to (ﬁo,%). Since there is only one degree two
invariant in S(pj)Ee = S(Eg)f(o, the scalar product B on pq is a positive scalar
multiple of the scalar product B on po and we will suppose in the sequel that they
are actually equal.

Proposition 2.3. (1) There exists a bijection t : X5, — SF
that agq = o -

(2) W=W.

(3) Let o € %, and w € W be such that w.a € Xt ;. Then t(w.a) =
tw.t(a).

(4) There ezist ¢y, cy € R* such that

o — a, such

- +cia  if a short,
o =
+cea if a long.

sing ~sin;

Proof. (1) By Corollary 1.5 we have ap™® = a;"®, hence we get from (1):

Uaezjed Go,0 = Uﬁeijed do,3

Since the hyperplanes occuring in each side of the previous equality are pairwise
distinct, we obtain that

Vae i, 3t(a) € i, doa = dot(a)-

It is then clear that a — t(a) = @ gives the required bijection. Notice that
Kera = Kera (in ag) implies that @ = ¢, for some ¢, € R*.

(2) Recall that W is generated by the reflections r,, o € X, and that
the reflecting hyperplane of r, is ag,. Thus r, = r5z and it follows that W = w.

(3) We have Kerw.ao = w(Ker ), thus w(ag.) = w(dpg) is equivalent to
Kerw.ao = Kerw.av. Let € = &1 such that ew.a € i:d. Then Kerw.a = ag epq =
ap.w.o and, by definition of t(w.a), we obtain that t(w.a) = ew.a.

(4) Let « 6 € Y, having the same length and w € W be such that
B =w.a. By (3), ﬁ +w.a and, therefore, ﬁ = ¢l = £caw.a = £c, . Hence
¢ = %c,. The assertion then follows easily (with the convention that all the roots
are short when there is only one root length in X). |

Corollary 2.4. (1) If Xea ¢ {B,,C,}, then Xieq and i«ed are of the same

type. B
(2) If Xrea € {B,, C,}, then e € {B,, C,}.
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Proof.  Recall that the Weyl group distinguishes irreducible root systems which
are not of type B, or C, and that the Weyl groups of B, and C, are the same.
The claims are therefore consequences of Proposition 2.3(2). n

Observe that it could happen that X,.q = B, and f]red = C,, the bijection
t being given by t(a) = 2a, « short, t(a) = «, « long. (Similarly, ¥,.q = C,
and Y..q = B, could occur.) In case ¥ = ¥,.q = F; (resp. Gz) we must have

Y 2 F, (resp. Gy) but it possible that t interchanges the short and long roots. In
summary, we have the following possibilities for the pair (X;eq, Zred):

® (Ap,Ap), (Dp,Dyp), (Ep, Ep);
d (F47 F4)7 (G27 G2);
e (By,By), (Cp.Cy), (By, Cy), (CpyBy)-

For all A € &, we set my = cente(ay) = {x € £: [z,a,] = 0}. If, similarly,
my = centy(dy) we obtain from a, = a5 that
my, = ﬁix N e (2)
The Lie algebra m, is described by the following well known lemma.

Lemma 2.5. Let \ € Zjed. Then, my = m @ & @ £ (with the convention
that ®A =0 if 2 ¢ ¥).

Proof. Let Xc t andset X =Xo+ > v+ Xa, X0 €m, X, € €. Thus X € m,
if and only if > _o.[a,X,] = 0 for all a € ay. But, since [a,X,] € p®, this is
equivalent to [a,X,] = 0 for all « € X" and a € a,. Hence,
Xemy <= VaeXt Vaca,, X, € Kerad(a) = Kerad(a)?
< VaeXt Vaeay, ala)=0or X, =0.
Therefore, if X, # 0, a), = Ker A C Ker «; thus Ker A = Kera and o = A or 2)\.

Conversely, if X € 8 or £* we have X € Kerad(a)? = Kerad(a) for all a € a,.
Hence X € cente(ay). u

Let A € X7 ; set
EA:EAEBE”\, S)\:dimﬁ)\:m)\—Fmg)\

(with mgy = 0 if 2)\ ¢ ). Notice that s, = dim(p* @ p*).
Lemma 2.6.  One has sy = 55 for all A € ;.

Proof. It follows from Lemma 2.5 and (2) that m @ sy C m @ s5. Let
¢ : m;z — s; be the projection afforded by the decomposition m; = m @ s5.
By composing ¢ with the inclusions sy — m, < ms, we obtain a linear map
@ : 5\ — &5. Suppose that p(z) =0, then z emNsy =mNENsy =mns, =0.
Thus ¢ is injective and, consequently, sy < s5. Now, recall that

p=p=a® (@,\ezjedpA ®p*) =ad (@Xeijedgx D EZX)'

Therefore Z)\ezjed Sy = eri;d sy and, since sy < 53, we obtain that sy = 55 for
J’_
all A e T, "
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Remark. One has p* @ p** = p* @ p** for all A € ¥F ;. This can be shown as
follows. Let v € a’, then ad(v) induces an isomorphism €* = p® for all o« € XF.
Recall that if X € €, [v,X]~ = [v,X]. Thus adg(v) restricted to my coincides with
ad(v). It follows that

p* @ p* = adg(v).5) C adg(v).(M B 55) = EX D EQX
Since sy = 55, we get that p* @ p? = P PP
We now set:
sy = sy if A € X1 is short,
sp = sy if A € X1, is long, (3)
sy =0 if all A\ € X7 are short.

Hence, we can associate to the Lie algebra gy two ordered pairs (s1,s2) and
(s2,51). It is shown in Appendix A that these pairs almost determine go. A
similar definition holds for the pair gy and gives the pairs (51,352), (S2,51). We
now compare the s; and s;.

Lemma 2.7. (1) Assume that 3 is simply laced. Then, (s1,s2) = (51, 52).
(2) Assume that ¥ has two root lengths. Then,

(51752) or (§2,§1) Zf( reds red) (F4,F4) (G27G2), (52752);
(81732) = (§17§2) Zf( red» red) (Bpa B ) (Cpac )7 / ;
(§27§1) Zf( red; red) (BI” Cp): (CIH Bp)f = 3.

Proof.  Observe first that s, = sg if a, 8 have the same length; then Lemma 2.6
yields sz = 3'5 =5, or S, depending on the length of a.

(1) is clear.

(2) Recall that if ¥,.q has two root lengths, then the number of short roots
is equal to the number of long roots if, and only if, X4 is of type By = Cy, F4 or
Gy. The assertion then follows from Lemma 2.6 and Proposition 2.3(4). u

Theorem 2.8.  Assume that p > 2. Then, go = go and, therefore, &y = EO

Proof. By Corollary 2.4 and Lemma 2.7, the hypothesis (h.j), j =1,...,4, of
Appendix A hold. Thus, by Theorem 2.9, if gq % go we are in one of the following
cases.

Case 1: Dlagonal case with X, 3 € {B,,C,}. Then, dimty = dimgy = dimg, =
dim EO and €y C ?0 force ¢, = {?0 and, consequently, go = go.

Case 2: go and go are of type Bl(p,p+ 1) or Cl(p). This implies that ¢ and Eo
are isomorphic to so(p) x so(p+1) or u(p), which are both of dimension p?. Since
k) C Eo, this implies & = ¥,. But 50(p) X 50(]0 + 1) = u(p) only happens when
p =2 (see [4, p. 519]), in which case gy = go = 50(2,3). u

Proof of the Main Theorem. As noticed in Remark 1.2, we may assume that (g, €)
is irreducible. Now, the assertion follows from Lemma 1.3 if (g, €) has rank one
and from Theorem 2.8 if this rank is > 2. [
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A. Appendix

Let go be a real semisimple Lie algebra. We adopt the notation of §§1 and 2. In
particular, we fix a Cartan decomposition gy = €, @ py and a Cartan subspace
ap C po of dimension p. Let gy be another semisimple Lie algebra with Cartan
decomposition gy = £ @ po. Any object x defined relatively to gy has an analogue
for go and it will be denoted by .

We will assume that the pairs (go, &) and (g, £) are both irreducible and
that the following hypothesis hold.

(h.1) p=>2.

(h.2) Yreq € {B,,C,} if, and only if, Syeq € {B,, C,}.

(h.3) Yieq = Xyeq when X, is not of type B, or C,.

(h.4) The pairs (s1,S2), (51,52) being defined as in (3), one has

if 3 is simply laced,

(1, 82)
(gl,gz) or (gg,gl) lf (Ereda Zred) = (F4, F4), (GQ, GQ), (BQ, BQ),
(1, 82)
(52,51)

if (Ereda Zred) = (Bpa Bp)a (Cpa Cp)a p > 37

if (Ered7 2red) = (Bp7 Cp)a (Cpa Bp)a p 2 3-

(81,82) =

Observe that the hypothesis are symmetric in g and go.

The notation for the classification of irreducible symmetric pairs, i.e. of
semisimple real Lie algebras, will be (almost) as in [4, X.6]; in particular, we adopt
the notation of [4, pp. 532-534]. For instance, if go = so(p, q), € = s0(p) x so0(q),
p < ¢, p+ q even, we say that go is of type Dl(p, q).

Suppose that gy = g for some complex simple Lie algebra g;. Define an
involution ¥ on g = go ®r C = gy x g1 by ¥(x,y) = (y,z). Then the symmetric
pair (g, ) is isomorphic to (g1 X g1, 91). This case will be called the diagonal case
and (g, ) is said to be of diagonal type.

Theorem 2.9. Up to symmetry between go and go, the following (exclusive)
possibilities hold.

(i) g0 = go-
(ii) (g,9) and (§,9) are of diagonal type, = B,, ¥C,.

(iii) go 4s of type Bl(p,p+1), go is of type Cl(p), p = 3 (thus & = s0(p) x s0(p+
1), & = u(p)).

Proof.  The proofis a case by case analysis using [4, X, Table VI|: One computes
the pairs (sq, s9) for each type of irreducible symmetric pair (go, &) and, then, one
notes that the hypothesis (h.i), i =1,...,4, yield the desired result. We will simply
make a few remarks in order to explain the method and the appearance of cases

(i), (i), (iii).
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If (g,9) is of diagonal type with g = g; X g1, g1 complex simple of type
T, (T=AB,C,D,E,F,G), then ¥ = T, and (s1,52) = (2,0) or (2,2). Then, the
(h.i)’s show that only cases (i) or (ii) may occur.

If gy of type Alll(p,p), then (s1,s2) = (2,1), X = C,. The only possibility
for go and (51,352) = (s1,82) or (s2,s1) occurs when g is of type DI(p,p+2). In
this case & = B,. When p =2 we find the isomorphism DI(2,2 + 2) = Alll(2,2),
see [4, p. 519]. When p > 3, the hypothesis (h.4) forces (s1,s2) = (2,1) =
(S2,51) = (1,2), hence a contradiction.

If go is of type Bl(p,2¢+ 1 —p), then (s1,s2) = (20 —2p+1,1), ¥ = B,,.
From sy = 1 and s; odd, it follows that the only possibility for gy may occur in
type Cl(p), where (S3,51) = (1,1), ¥ = C,. But this forces 20 —2p+1 =1, i.e.
¢ = p. Recalling that Bl(2,3) = CI(2), see [4, p. 519], this yields case (iii). u
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