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On classification of metabelian Lie algebras

L. Yu. Galitski, D. A. Timashev

Abstract. We classify metabelian Lie algebras with successive dimensions
of quotients of the lower central series (m,n)=(5,5) and (6,3). The problem is
reduced to describing orbits of the linear group /\QSLm®SLn, the latter being
a f-group in both cases. The results obtained in the paper allow to complete

the classification of metabelian Lie algebras of dimension up to 9.

Introduction

The classification of finite-dimensional Lie algebras divides in three parts: (1) clas-
sification of nilpotent Lie algebras; (2) description of solvable Lie algebras with
given nilradical; (3) description of Lie algebras with given radical. The third
problem reduces to the description of semisimple subalgebras in the algebra of
derivations of a given solvable algebra [8]. The second problem reduces to the
description of orbits of certain unipotent linear groups [9]. The first problem is
most complicated. Just recall that the classification of all Lie algebras over C is
obtained in dimension up to 6, and nilpotent complex Lie algebras are classified
only in dimension up to 7.

Two-step nilpotent, or metabelian, Lie algebras form the first non-trivial
subclass of nilpotent algebras. However even the classification of metabelian
algebras is a rather complicated problem. The solution in dimension up to 7
is given in [4]. In greater dimensions, only partial results are obtained. In this
paper, we introduce an invariant-theoretic approach to this problem, which allows
to complete the classification of complex metabelian Lie algebras in dimension up
to 9.

Let m,n be the dimensions of successive quotients of the lower central
series for a metabelian Lie algebra. We call the pair (m,n) the signature of
the metabelian Lie algebra. The classification of metabelian Lie algebras with
given signature reduces to the following problem of linear algebra: classify the
orbits of G L, (C) x GL,(C) acting naturally on A*C™ ® C*. Moreover, the
solution of the latter problem yields the classification of all metabelian Lie algebras
with signature (p,q), p < m, ¢ < n. The problem of classifying the orbits of
the linear group A’GL,,(C) ® GL,(C) belongs to Invariant Theory and may be
attacked by invariant-theoretic methods. It is more convenient to consider the
respective unimodular group A>SLy,(C) ® SL,(C), since A\*G Ly, (C) ® GL,(C)
has no polynomial invariants, and homotheties are easily controlled.

An inspection of tables in [5] yields the list of pairs (m,n) such that the
group /\QSLm((C) ® SL,(C) is visible: (5,2), (6,2), (7,2), (8,2), (5,3), (6,3),
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(5,4), (5,5), (4,n). (A linear algebraic group is called visible if each level variety
for the polynomial invariants consists of finitely many orbits.) The description of
orbits for the group A*SL,,(C)® SLy(C), or classes of two-dimensional subspaces
of skew-symmetric matrices, can be obtained in terms of the Weierstrafi-Kronecker
theory of pencils, see sect. 1 and references therein. Here we classify the orbits of
A?>SLy,(C) @ SL,(C) for (m,n) = (5,5) and (6,3). This yields the solution in
all remaining visible cases. If a group is not visible, then there arise “conditional”
continuous invariants on some “bad” level varieties of invariant polynomials, and
the classification of orbits is much more complicated if at all possible.

Our linear groups in the cases (m,n) = (5,5) and (6,3) are not only
visible, but they are f-groups, i. e., they integrate the adjoint action of the degree-
zero component of a periodically graded semisimple Lie algebra on its degree-one
component. The invariant theory of #-groups is very nice. It resembles the theory
of the adjoint representation in many features. We use the theory of 6-groups
developed in [13] and [14] (see sect. 2) in order to describe the invariants and
classify the orbits of our linear groups.

We obtain the following results. There are three families of metabelian
complex Lie algebras of signature (5,5). The first one depends on one continuous
parameter. The second family contains 7 algebras. The third family consists of
those algebras, whose structure tensor can be contracted to zero by unimodular
change of coordinates. It contains 43 algebras. Moreover, there are 38 algebras of
signature (5,4), 17 of (5,3), 5 of (5,2), 2 of (5,1), 2 of (4,5), 3 of (4,4), 5 of
(4,3), 3 of (4,2), 2 of (4,1), 1 of (3,3), 1 of (3,2), 1 of (3,1), and 1 of (2,1).
This reproduces the results of [4]. For the signature (6,3) we have 7 families. The
first one depends on 2 continuous parameters. The second and third families
depend on one continuous and one arithmetic parameter. The fourth family
contains 6 algebras, the fifth one contains 6 algebras, and the sixth family contains
15 algebras. The seventh family consists of those algebras, whose structure tensor
can be contracted to zero by unimodular change of coordinates. It contains
61 algebras. Moreover, there are 11 algebras of signature (6,2), and 3 of (6,1).
See sect. 3-4 and the tables therein.

The paper is organized as follows. In section 1 we recall the general theory of
metabelian algebras from [4], whereas section 2 contains a brief review of §-groups.
In section 3 we study the linear 6-group A\*SLs;(C) ® SLs(C), and section 4 deals
with A>SLg(C) ® SLs(C).

Acknowledgments. Both authors would like to express their gratitude to Profes-
sor E. B. Vinberg, whose encouraging help made possible to carry on the work. The
second author thanks CRDF (grant RM1-206) and RFBR (grant 98-01-00598) for
the support.

1. Metabelian Lie algebras

In this section we recall basic facts on metabelian Lie algebras and reduce their
classification to a certain problem of linear algebra. The paper [4] will be our basic
reference.
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1.1. General definitions. All Lie algebras, algebraic varieties and groups
are considered over C. However all definitions and results remain valid over an
arbitrary algebraically closed field of characteristic zero.

Definition 1.1. A finite-dimensional Lie algebra L is called metabelian if
[L,[L,L]] = 0. Its signature is a pair (m,n), where m = dim L/[L,L], n =
dim[L, L].

A metabelian Lie algebra structure on L is completely determined by the
commutator map A°U — V', where V = [L,L] and U is its complement in L.
Conversely, let U,V be two vector spaces of dimensions m,n. Then each skew-
symmetric bilinear surjective map b : /\2U — V' determines a metabelian Lie
algebra structure on L = U @ V' such that V' = [L,L]. Two such structures
are isomorphic iff the respective bilinear maps differ by a transformation from the
group GL(U) x GL(V) acting naturally on the space /\QU* ® V' of all such maps.

Surjective maps, or tensors of full rank, form a Zariski open GL(U) X
GL(V)-stable subset in A’U* ® V. Thus the classification of metabelian Lie
algebras of signature (m,n) is equivalent to the classification of orbits in an open
subset of A’U* ® V stable under the action of GL(U) x GL(V). Moreover,
if Ly = Uy @ Vp is a metabelian algebra of signature (p,q), p < m, q¢ < n,
then its structure map is an element of /\2U§ ® Vo, and embeddings U — U™,
Vo — V induce an embedding A*Uz @V, — A*U*®@V such that GL(U)x GL(V)-
orbits intersect the subspace in GL(Uy) x GL(Vj)-orbits. Now it is clear that the
description of GL(U) x GL(V)-orbits on A\°U* @ V is the same thing as the
classification of metabelian Lie algebras of signature (p,q), p < m, ¢ < n. This is
the problem we are interested in.

Remark 1.2.  Each tensor of full rank in /\ZUg ® Vg, i. e., such that its contrac-
tions with all bivectors from /\2U0 generate Vj, represents not only a metabelian
Lie algebra of signature (p,q) but also a series of metabelian algebras of signa-
ture (I,q), p <! < m that are obtained by adding a (I — p)-dimensional central
subalgebra.

Next we describe the automorphism group of a metabelian Lie algebra. Let
L = U®V be ametabelian algebra defined by a structure map b : /\2U — V. Then
Aut L is a semidirect product of the subgroup of automorphisms normalizing U,
which is exactly the stabilizer G(b) of b in GL(U) x GL(V'), and the normal
unipotent subgroup of inner automorphisms (acting trivially on V' and L/V),
which is isomorphic to the vector group Home¢(U, V). The identity component
G(b)° of G(b) is a quasi-direct product of C*, or (C*)? if the SL(U) x SL(V)-
orbit of b is conical, and S(b)?, the identity component of the stabilizer S(b) of b
in SL(U) x SL(V'). The subgroups S(b)° are computed (in a sense) in sect. 3-4
for all orbits in A°U* ® V' whenever (m,n) = (5,5) or (6,3).

Furthermore, suppose a tensor b belongs to a subspace /\QU()k ® Vo of
/\2U *® V, and Uj,Vp are minimal subspaces with this property. This means
that Uj (resp. V) is generated by all contractions of b with a vector from U and
a covector from V* (resp. a bivector from /\2U ), or equivalently, that b defines a
metabelian algebra structure on Ly = Uy @V such that Z(Lg) = [Lo, Lo] = Vp.
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Then G(b) is a semidirect product of the stabilizer Go(b) of b in GL(Uy) x GL(Vp),
and the subgroup of transformations from GL(U) x GL(V') acting trivially on U
and V5. Thus we may compute the dimension of Gy(b) (or Aut Ly) and the type
of its Levi part if we know these data for G(b), and conversely.

1.2. Duality. Another interesting thing is a natural duality on metabelian Lie
algebras, cf. [4, §3]. To each surjective map b: A\°U — V we assign the projection
map b : AN°U* — A’U*/(Kerb):. (Here - denotes annihilator in the dual
space.) This is a bijection between (isomorphism classes of) metabelian algebras
of signature (m,n), and those of signature (m, (m) - n) . Therefore it suffices to

2
classify the algebras in one of the two cases, say, for 2n < (”21) .

1.3. Classification in simple cases. First we consider metabelian Lie alge-
bras of signature (m,1). It is clear from the above discussion that to classify them
is the same thing as to classify skew-symmetric bilinear forms on U. These forms
are classified by their rank 2r. It now follows that each metabelian Lie algebra
of signature (m,1) is isomorphic to one of L = H,(C) ® C™ ", where H,(C) is
the (2r + 1)-dimensional Heisenberg algebra determined by commutator relations
€, €rti) = €pp1, 1 <0<

Now we consider the classification of metabelian algebras of signature
(m,2). This problem reduces to classifying pairs or, more precisely, two-dimen-
sional subspaces of skew-symmetric bilinear forms on U. This problem can be
solved in general with the aid of the Weierstrafi-Kronecker theory of pencils, see
[4, §6] and [3, Chap. 12].

Consider a pencil of skew-symmetric (m x m)-matrices xA+yB (x and y
are indeterminates). We say that a pencil xA’ + yB’ is equivalent (congruent) to
xA+yB if xA'+yB = C(xA+yB)C’, where C,C" are non-degenerate complex
matrices (respectively, xA’ + yB' = C(xA + yB)CT for some non-degenerate
complex matrix C').

Definition 1.3.  Inwvariant factors of the pencil x A+ yB are the homogeneous
polynomials d;(x,y) = Aijl, i=1,...,r, where A;(x,y) isthe g. c. d. of all (ixi)-
minors of xA+yB, and r = rk(xA+yB). Each invariant factor decomposes into
a product of powers of prime (linear) polynomials in x,y. These prime power

factors are called elementary divisors of the pencil.

Minimal indices 61, ...,0,_, of the pencil are defined by induction. Con-
sider polynomial solutions of a linear system (xA+yB)X = 0. Each m-column X
with polynomial entries satisfying the above equation is the sum of homogeneous
components satisfying the equation, too. (A column X is said to be homogeneous
if all its entries are homogeneous polynomials in x,y of the same degree denoted
by deg X'.)

Suppose we have chosen homogeneous solutions X; and defined the minimal
indices ¢; = deg X; for i < k. Among all homogeneous solutions that are linearly
independent of X; (i < k), choose one, say Xy, of the lowest degree and set
0r = deg X}. Clearly, we have 0 < §; < ... < 0,,_. It is easy to show
that the sequence 9y, ...,d,,_, does not depend on the choice of the fundamental
solutions X;.
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Theorem 1.4. [4, §6|, [3, Chap. 12| For two skew-symmetric pencils, the follow-
ing assertions are equivalent:

1. The pencils are congruent.
2. The pencils are equivalent.
3. Their sets of elementary divisors and minimal indices coincide.

For a skew-symmetric pencil, elementary divisors occur with even multi-
plicities. One can write out a canonical form for a skew-symmetric pencil [4, §6],
which generalizes both the canonical form for one skew-symmetric matrix and
Jordan normal form.

If we are interested rather in classifying two-dimensional subspaces than
pairs of skew-symmetric matrices, then we should allow linear substitutions of
X,y. Minimal indices do not change under a linear substitution of x,y and
elementary divisors transform in accordance with the change of variables. One
can find a “canonical set” in each equivalence class of sets of elementary divisors
by transforming three given linear forms to x, y, x+y. Thus we obtain a canonical
form for a two-dimensional subspace of skew-symmetric matrices or skew bilinear
forms. See [4] for precise formulations.

1.4. Invariant-theoretic approach. Now we return to our problem in its
general setting: classify the orbits for the natural action GL(U) x GL(V) : N*U*®
V. It will be more convenient for us to consider the equivalent action GL(U) x
GL(V) : N’U®V, so that each orbit determines a class of isomorphic metabelian
algebra structures on L = U*@®V . The respective linear group A\*GL(U)RGL(V)
contains homotheties, hence this action has no non-constant polynomial invariants.
Thus it is more convenient to consider the respective unimodular linear group
A>SL(U) ® SL(V) and classify its orbits. Homotheties leave conical orbits stable
and glue together one-parametric families of non-conical orbits.

The first approximation in classifying orbits of a linear algebraic group
is to separate them by invariant polynomials. If each level variety of invariant
polynomials contains already finitely many orbits, then a group is “good” from the
invariant-theoretic point of view, and one may hope to complete the classification
by introducing some arithmetic invariants on each level variety. Such algebraic
linear groups are called wvisible. We give the precise definition.

Definition 1.5. Let H C GL(M) be a reductive algebraic linear group, 7 :
M — MJ/H := Spec C[M]" the categorical quotient. The group H is wvisible if
771(z) contains finitely many H-orbits for Vz € M/ H.

The visibility correlates with other good invariant-theoretic properties of
a representation (equidimensionality, freeness of the algebra of invariants etc.).
Visible semisimple irreducible linear groups are classified by Kac [5]. An easy
inspection of tables in [5] gives the list of pairs (m,n) such that the semisimple
irreducible linear group A*SL(U) ® SL(V) is visible: (5,2), (6,2), (7,2), (8,2),
(5,3), (6,3), (5,4), (5,5), (4,n). The classification of orbits in the first four cases
is covered by 1.3. It is clear from the discussion in 1.1 that the five remaining cases
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reduce to the cases (m,n) = (5,5) and (6,3). (In the last case, we may assume
n <3 by 1.2.)

In the latter two cases, the group A’SL(U)® SL(V) is even a §-group, and
its invariant theory is especially nice. See sect. 2 for the definition and properties
of O-groups. The case (m,n) = (5,5) is considered in sect. 3, and the case
(m,n) = (6,3) is considered in sect. 4.

Remark 1.6.  Suppose b € /\ZU ® V' is degenerate, i. e., it lies in a subspace
of the type /\2U0 R Vo, Ug C U, Vo CV, and one of the inclusions is strict. It is
easy to see that the intersection of the SL(U) x SL(V)-orbit of b with A\*Uy @ V
is a GL(Up) x GL(Vp)-orbit. In particular, it contains \b, YA € C*. Hence
(SL(U) x SL(V))b = (GL(U) x GL(V'))b contains 0 in its closure, and b lies
in the null-cone 7=!(7(0)). Elements of the null-cone are called nilpotent. Thus
the classification of orbits for A’GL,(C) ® GL,(C), where p < m, ¢ < n and
one of the inequalities is strict, reduces to the classification of nilpotent orbits for

N’SL,(C) ® SL,(CT).

It remains to note that each metabelian algebra of dimension < 9 has the
signature (m,n) such that either n < 2, or m,n < 5, or m < 6,n < 3. The
same holds for 10-dimensional algebras with the two exceptions: (m,n) = (7,3)
and (6,4). Thus we obtain a complete classification of metabelian Lie algebras in
dimension up to 9.

1.5. Notation and terminology. It is a good time to introduce some nota-
tion and terminology that will be used in the sequel.

We fix bases i¢e,...,,e in U and eq,...,e, in V, thus identifying U,V
with C™, C".

We denote dual bases of U* and V* by lifting indices: ‘e and e*.

We denote respective tensor bases in various spaces of tensors by writing
indices in a sequence, as in the “tensor notation”. For example, e, = ;e\ je®ey,
ek =ieNe®el | etc. Intables 1-8, we use the shorthand notation: (abe ... ijk) :=
abCe T+ ---+ijek-

Let t C sl(U) @ sl(V) be the standard Cartan subalgebra of operators
diagonal in the chosen bases, and 7' C SL(U) x SL(V') be the respective Cartan
subgroup.

Let ;e, e be the weights of ;e, ex with respect to t or T'. (We will not
distinguish the notation.) We have > ,c = > ¢, = 0. Choose ;& — j&, € — &
(i <7, k<1) as positive roots of sl(U) & sl(V') relative to t.

For any vector space M with a fixed basis ey, ..., e,, we use the following
notation. Let (-,-) denote the natural pairing between tensor spaces M®P and
(M*)®P. Denote by C(v) the contraction of v € M®" ® (M*)®P in the first
index. We use the “big” exterior product of skew-symmetric tensors, so that
(VI AL A o AL A y) = pldet(v], vy) (vi € M*, v; € M ). The isomorphism
L A\PM — N\""PM* is defined by aAB = (i(a),B)-e1A...Ne,, Voo e NPM, 3 €
NP M*.

Suppose H : M is a rational representation of a reductive algebraic group,
m: M — MJ/H is the categorical quotient. A vector v € M is called nilpotent
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if v € w(71(0)) (or, equivalently, if all homogeneous invariants of positive degree
vanish at v). A vector v € M is called semisimple if the orbit Hv C M is closed.
A vector that is neither semisimple nor nilpotent is called mixed.

Suppose H is an algebraic group with the Lie algebra h. Then H° denotes
its identity component, and H' (") the commutator subgroup (subalgebra) of H
(resp. b). For any subset m C b, let Z(m) (3(m)) be the centralizer of m in H
(resp. in b).

If X is an H-variety (H-module), then H : X denotes the action of H
on X, X (XP") is the fixed point set of H (resp. the annihilator of §) in X, and
H, (h,) denotes the stabilizer (subalgebra) of x € X.

2. Generalities on #-groups

In this section, we will give a brief review of the theory of #-groups. For a detailed
narration of this topic, see [13] and [14]. In [13], the theory of Cartan subspaces,
of Weyl groups, and of invariants for a 6-group is considered. In [14], a method
for classifying nilpotent elements w. r. t. the action of a 6-group is described.
Papers [11] and [12] contain a shorthand exposition of main results of [13] and [14],
respectively.

In [15], one of the most interesting examples of a f-group, namely the group
A?SLy(C), is considered, and the orbits and the invariants are described in that
case.

2.1. Definition of a f-group. Let G be a semisimple algebraic group, g its
Lie algebra. Assume that g is graded modulo m:

9= EB%-

k€Z,

(Here m is any natural number or co; Z,, is the respective residue group; Z., = Z.
We also write gx = @k modam for any k& € Z.) If m < oo, then this gradation
determines an automorphism 6 € Aut g:

0(r) = wkx for Va € gy,

27

where w = em . If m = oo, then this gradation determines a one-parameter
subgroup 6, € Autg, t € C*:

0,(x) = thx for Va € gy.

Conversely, each automorphism of finite order m (or a one-parameter subgroup in
Aut g) determines a Z,,- (or Z-) gradation of g. We may (and will) assume that
G is simply connected. Then 6 (or 6,) is the differential of an automorphism of
G (or a one-parameter subgroup of them) denoted by the same letter.

Let Gy be the connected reductive subgroup of G corresponding to the
subalgebra gy C g. Since G is simply connected, Gy = GY. The restriction of the
adjoint representation of G to Gg leaves each g stable. Let p: Gy — GL(g1) be
the restriction of the adjoint action of Gy to g;. The linear algebraic group p(Gy)
is called a €-group. The representation G [:)gl is said to be a 0-representation.
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2.2. Jordan decomposition. Each element z € g has the (unique) Jordan
decomposition x = x4 + x,, where x, is a semisimple element, x, is a nilpotent
element, and [z, z,] = 0. Recall from the theory of the adjoint representation that
adjoint orbits of semisimple elements are closed, and those of nilpotent elements
contain 0 in their closure. The same thing holds for any #-group.

Theorem 2.1. [13, §§1-2] 1. Each element x € g1 has the Jordan decompo-
sition x = xs + T, , where T4, T, € g1.

2. If x € g1 is semisimple, then the orbit Gox is closed.
3. If x € gy s nilpotent, then Gox > 0.

4. Under the assumptions of 1, Goxs is the unique closed Gg-orbit in Gox.

Remark 2.2.  Many representations with nice invariant-theoretic properties are
f-representations. The theorem gives a strong motivation for the following general
terminology: a vector is called semisimple w. r. t. an algebraic linear group if its
orbit is closed, and is called nilpotent if its orbit contains 0 in the closure.

2.3. The Cartan subspace, the Weyl group, and invariants. Any max-
imal abelian subspace ¢ C g that consists of commuting semisimple elements is
called a Cartan subspace. This notion generalizes Cartan subalgebras. All Cartan
subspaces are G-conjugated [13, §3], hence we can fix one of them, say ¢, for the
sequel. Let Zy(-) (No(+)) denote the centralizer (resp. normalizer) in Gy.

Theorem 2.3. [13, 8§§3-4,6] 1. Fach semisimple element of g1 is Go-equiva-
lent to some element of ¢.

2. The group W = Ny(c)/Zy(c) is a finite reflection group acting naturally on
¢. It is called the Weyl group of the 0-representation.

3. ForVxec: GoxNe=Wz.

4. The restriction of functions on g1 to ¢ induces an isomorphism
Clg]* — C[e]".

Thus the classification of semisimple elements in g; reduces to the description of
orbits for a finite reflection group.

Furthermore, each level variety of invariants, i. e., a fiber 77! (7(z)) of the
quotient morphism 7 : g3 — g1/Go, has finitely many orbits (and exactly one
closed orbit Goxs). In other words, each #-group is visible.

2.4. The covering loop algebra. The description of all Z-gradations on a
semisimple algebra g may be obtained in the following way. Choose a maximal
torus T in G containing a one-parameter subgroup 6, related to the Z-gradation.
Its Lie algebra t is a Cartan subalgebra of g contained in gy, and each root
subspace g, is contained in some g;. Hence each root a receives the degree
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dega = k. The degree is an additive function on the root system, hence it is
determined by its values on simple roots. We may choose simple roots so that
their degrees are non-negative. Conversely, each non-negative integer labelling of
the Dynkin diagram of g determines a Z-gradation on g.

In order to describe all Z,,-gradations on g, it is convenient to pass to
a “covering” infinite-dimensional Lie algebra. Assume g = @ gx is Z,-graded.
Consider a twisted loop algebra

6=Pe.cCltt|owg & =ty
keZ
so that g = &/(t™ —1)&. In case, where g is simple, & is a simple codimension 2
subquotient of an affine Kac-Moody algebra. In general, & is a direct sum of such
algebras. For the rest of this subsection, we will assume that g is simple.

See [6, Chap. 7-8] for a detailed exposition of the theory of loop algebras. Tt
resembles the theory of finite-dimensional (semi)simple Lie algebras. In particular,
& is graded by a free abelian finitely-generated group @ (the root lattice) so that
its component t of degree zero is a Cartan subalgebra in &, = gy, and each
component &, of degree o € () is contained in some &;. Elements a € ) such
that &, # 0 are called roots. Thus each root «a receives the degree dega = k.

The period s of 8 mod Int g is called the index of &. There exists a unique
root v € @ such that Va € Q : t"&, = G, . There exists a homomorphism
Q — t*, a— a, such that Vh € t, z € &, : [h,x2] = a(h)r,and a =0 iff a is a
multiple of v (such roots are called imaginary). For real roots (i. e., such « that
a # 0) we have dim &, = 1.

The set A ={a |« is a real root } is exactly the set of nonzero weights of
g relative to t. If t is a Cartan subalgebra of g, not only of gg, or equivalently,
s =1, then A is just the root system of g relative to t.

There exists a base II of ) consisting of real roots, and we may choose
it so that dega > 0 for Va € II. One may associate a Cartan matrix and a
Dynkin diagram with II exactly in the same way as in the theory of semisimple
algebras. The diagrams thus obtained are affine Dynkin diagrams Xl(s), where X
is the Dynkin diagram of g. We label the nodes of an affine Dynkin diagram by
Kac labels a,,, which are the (integer mutually coprime) coefficients of the linear
dependence among the columns of the respective Cartan matrix. We have

V= g Ao

acll

The loop algebra is determined by its Dynkin diagram up to an isomorphism
discarding the gradation. Since the degree function is additive on the roots, it is
determined by its values d, = dega on «a € II. Clearly we have

(1) Z%%:%

acll

Conversely, each non-negative integer labelling of the affine Dynkin diagram sat-
isfying (1) determines a Z-gradation of & and Z,,-gradation of g. Simple roots
a with zero labels (or, more precisely, their restrictions @ to t) form a base of the
root system of go, whereas the functionals & such that d, = 1 are exactly the
lowest weights of irreducible components of the f-representation Gy : g;.
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Remark 2.4. If g is not simple, then the respective #-group is a direct product
of O-groups for simple graded algebras acting each on its own space, and the 6-
representation is a direct sum of the respective 6-representations. The covering
algebra & is a direct sum of simple twisted loop algebras, and the whole theory
generalizes with minor changes.

2.5. Classification of nilpotent elements. For 6-groups, we have the fol-
lowing generalization of the Morozov-Jacobson theorem.

Theorem 2.5. [14, §2] Suppose e € g1 is a nonzero nilpotent element. Then
there exists a nilpotent element f € g_1 and a semisimple element h € gy such
that {e, f,h} is an sly-triple. The element h is called a characteristic of e. It is
determined up to conjugation by Zy(e), whereas e is determined up to conjugation

Replacing a nilpotent element e by its conjugate, we may (and will) assume that
a maximal torus of Ny(e) lies in t. In particular, h € t. Moreover, h lies in
the rational form ¢(Q) of t defined by the condition that differentials of all T'-
characters have rational values, and we may assume that h lies in the positive Weyl
chamber of t(Q) w. r. t. a given base of the root system. Such h is determined
uniquely by the orbit Gye.

We will consider Z-graded subalgebras s C g. (This means that s, C g
for Yk € Z.) A Z-graded subalgebra is said to be regular if it is normalized by a
maximal torus in Gy, and complete if it is maximal among all semisimple regular
subalgebras of the same rank.

Definition 2.6. A support of a nilpotent element e € g; is a minimal complete
subalgebra containing e.

A support is determined up to conjugacy and may be constructed as follows.
Consider a reductive Z-graded subalgebra

(2) g(h) => ar(h),  gu(h) ={z €gp|[h.2] =2k},

kEZ

and let t. be the centralizer of e in t. Then s = (g(h)*)" is the (T-regular)
support of e [14, §4].

Let Sy be the reductive subgroup of Gy corresponding to s,. Then all
elements of s; are nilpotent, Sy acts on s; with finitely many orbits, e lies in the
dense orbit, and the stabilizer (Sy). is finite. In particular, a nilpotent element
is determined by its support up to conjugacy. Conversely, if s C g is a complete
subalgebra such that the stabilizer of the dense Sy-orbit in s; is finite, then s is
the support of any element e from the dense orbit. Semisimple Z-graded algebras
with the above property (or, equivalently, such that dims, = dims;) are called
locally flat. Simple locally flat algebras are listed in [14, §4], and semisimple ones
are their direct sums.

The above discussion gives us the following method of classifying nilpotent
elements in g;.
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1. Classify all complete T -regular locally flat subalgebras of g up to Wy -conjugacy,
where Wo = No(T)/T is the Weyl group for Gy. Note that each 7 -graded
subalgebra s C g s canonically embedded in the covering algebra & so that
s C &y for Yk € Z. Hence the root lattice of s may be regarded as a sub-
lattice Q(s) C Q. It is easy to see that s is complete iff this sublattice is
saturated or, in other words, the quotient group Q/Q(s) is torsion-free. Thus
we have to classify all embeddings of the root systems A(s) of locally flat al-
gebras, or even of their systems of simple roots 11(s), in A which preserve
the degrees and the invariant inner product, up to Wy-conjugacy.

2. For each complete locally flat subalgebra s C g, take an element e from the
dense Sy-orbit in s,. These e compose a full coset for the set of Gg-orbits
of nilpotent elements in g; .

For the sequel, we need the third step of this procedure.

3. Compute characteristics h € t(Q). Each h must lie in the Cartan subalgebra
t(s) of s, hence it must be orthogonal to the annihilator of Q(s) in t w. r. t.
the invariant inner product. Moreover, h must have prescribed values on
a € Il(s), since it defines the grading of s. These conditions determine h
uniquely, and we may apply a transformation from Wy to take h into the
positive Weyl chamber of t.

2.6. Classification of mixed elements. To classify vectors that are neither
semisimple nor nilpotent, we first classify their semisimple parts, and then classify
vectors x* = u + e with a given semisimple part uw. We may assume u € c.
The nilpotent part e belongs to the semisimple Z,,-graded subalgebra 3(u)". The
problem is reduced to the classification of nilpotent elements in 3(u); up to Zo(u)-
conjugacy. The classification up to Zy(u)?-conjugacy may be performed using
the method of the previous subsection applied to the graded algebra 3(u)’. The
finite component group may glue some of these orbits together in one Zy(u)-orbit.
Taking this into consideration completes the classification.

2.7. Computing stabilizers. The centralizer of a semisimple element u € g,
is a graded reductive Levi subalgebra 3(u) C g. We may assume u € ¢, embed
¢ in a (graded) Cartan subalgebra h C g, and determine the root system of 3(u)
relative to b.

The stabilizer of a mixed element x = u + e is the stabilizer of its nilpotent
part e in the group Zy(u). If we are interested only in the stabilizer subalgebra,
then we may pass to the identity component Z(u)?. The center of Z(u) stabilizes
e, and it remains to determine the stabilizer of e € 3(u); in (Z(u))g. Thus the
problem is reduced to computing the stabilizer of a nilpotent element.

The stabilizer subalgebra 30(€e) of a nilpotent element e € g; is spanned (as
a linear space) by highest vectors of the 3-dimensional simple subalgebra (e, f, h)
which lie in gg. It follows from the theory of sl;-representations that eigenvalues
of adh on 3p(e) are non-negative, and ade maps an eigenspace gox(h) C go of
eigenvalue k > 0 onto an eigenspace @i x4+2(h) C g1 of eigenvalue k+ 2. Now it is
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easy to see [15, 4.5] that
(3) dimgo(e) = Y _ dim go(h) — dim gy 12 (h).
k=0

The reductive subalgebra 3o(e) N 30(h) is a Levi part of 30(e). It coincides
with the stabilizer subalgebra of general position for the f-representation gg(h) :
g1(h) of the Z-graded algebra g(h) defined by (2). Indeed, the orbit of e in g;(h)
is Zariski open [15, 4.5]. The algebra go(h) = 30(h) and its O-representation in
g1(h) are easy to find. Then the stabilizer subalgebra of general position can be
found using Elashvili’s tables [1], [2].

3. Metabelian algebras of signature (5,5)

This section deals with the #-group /\25L5(C) ® SLs(C). We apply the general
theory of 6-groups to classifying the orbits of this linear group. This is the same
thing as to classify metabelian Lie algebras of signature (m,n), m,n <5.

3.1. Formulation of results. We retain the notation of 1.5 with m =n = 5.
The classification of tensors in A*U ® V under the action of SL(U) x SL(V) is
made as follows. Each tensor has the Jordan decomposition x = u + e (see 2.2),
where u is semisimple and e is nilpotent. Semisimple tensors fall into 3 families
according to the type of stabilizer. For each family, we give a canonical form u
of a semisimple tensor and classify all possible nilpotent parts e up to the action
of the stabilizer of u. See tables 1-2 below. If we want to classify tensors under
the action of GL(U) x GL(V'), then the canonical form for u can be reduced by
multiplying « by a nonzero scalar.

Thus the elements of A*U ® V' are divided into 3 families according to the
type of the semisimple part. All elements in the first family are semisimple, all
elements in the third family are nilpotent. Tensors of the first two families and
tensors of full rank in the third family represent metabelian algebras of signature
(5,5). All degenerate tensors lie in the third family (Remark 1.6), and each of
them represents a series of metabelian algebras of signature (I,q), p < 1 <5
(Remark 1.2). We indicate the “minimal” signature (p,¢) in table 2.

The last two columns in each table contain information on the dimension of
the stabilizer and the type of its (connected reductive) Levi part. Here T, denotes
an algebraic torus of dimension [. Making use of these data, one easily computes
the dimension and the type of Levi part for the automorphism group (or algebra
of derivations) of the respective metabelian algebra (cf. 1.1).

We indicate characteristics of nilpotent elements by their indices, i. e., values
of simple roots. All other information contained in the tables is explained in
section 2 and in 3.2-3.6.

Here is the classification.

Family 1. This family contains only semisimple tensors. The canonical form is

u = /\1U1 + )\2’&2, )\1)\2()\%0 — 11/\?)\3 — )\%0) 7& 0,
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where

Uy = 1264 + 34€1 + 5163 + 2365 + 45€2,

Ug = 1362 + 52€1 + 4165 + 35€4 + 24€3.

The coefficients \; are determined up to the action of a certain finite group W
described explicitly in 3.4. Two canonical forms are equivalent iff they have the
same values of

A20 220 4 228A15)\3 — 228\ AL5 4 494710710 and
A30 4 A0 _ 52222575 4 522X%A2 — 10005A2°AL0 — 10005A10\2°.
1 2 1 72 172 1 72 1 72

The stabilizer subgroup of « is finite.

Family 2. The canonical form of a semisimple part is
U= Auq, A#£0,

where A is determined up to multiplication by a 10-th root of unity.

Table 1: Nilpotent parts of elements of family 2

No. | Canonical form | Support | Characteristic | Stabilizer
dim | Type

1] 132521 415 354 A, 2222 0 0
2 | 132 521 415 Aj 2220 1] T,
3| 132 521 354 A, + A 2202 1] T,
41132521 A, 2200 21 T,
5| 132415 2A, 2020 21 T,
6| 132 A, 2000 3| Ts
710 4| Ty

Family 3. In this family, v = 0 and all elements are nilpotent.

Table 2: Elements of family 3

No Canonical form Signature Support Characteristic Stabilizer
dim Type
1 125 144 153 234 243 252 342 351 (5,5) Eg 10101010 10101020 0 0
2 | 125134 153 233 243 252 342 451 (5,5) Eg(a1) 1010010 10101010 1 0
3 | 125135 144 152 234 242 251 343 (5,5) Eg(a2) 1001010 1001010 1 0
4 | 125134 143 152 233 244 342 451 (5,5) Es(b) 010010 1010010 2 0
5 | 125 143 154 233 242 251 341 352 (5,5) Eg(d1) 100100 010010 2 0
6 | 125132 144 153 234 243 252 351 (5,5) Esg(c2) 01000 100010 3 0
7 | 125 134 141 153 243 252 342 351 (5,5) Es(ds) 00100 00100 3 0
8 | 125134 143 233 252 342 451 (5,5) E7 1919 101019 3 T
9 | 125135 144 153 233 242 351 (5,5) E7(a1) 10037 7373 3 T
10 | 135 144 152 234 243 251 341 (5,5) D~ 3737 3433 3 T
11 121 144 153 234 243 252 342 451 (5,4) Eg(ds) 0000 00010 4 0
12 | 125 134 144 152 232 243 351 (5,5) E7(a2) 1901 10019 4 T
13 | 125 142 153 234 243 252 341 (5,5) E~7(b) 0370 3073 4 T
14 | 135 143 152 234 242 251 342 (5,5) D7(a1) 2082 2262 4 T
15 | 134 141 153 243 252 342 351 (5,4) E7(c2) 0010 0019 5 T
16 | 125 133 144 152 233 251 342 (5,5) D7 (a2) 0505 0505 5 T
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Table 2: (Continued)

No. Canonical form Signature Support Characteristic Stabilizer
dim Type

17 | 135 143 152 234 242 251 341 (5,5) Az 3343 3313 5 Ty
18 | 125 134 143 152 233 242 451 (5,5) Eg + A; 1811 10118 5 Ty
19 | 125134 143 153 233 251 342 (5,5) Eg(a1) + A1 5050 0550 5 Ty
20 | 125 143 152 234 242 351 (5,5) D¢ 1271 3163 5 To
21 | 124 153 233 241 252 342 351 (5,4) Eg(b) + A 10100118 6 T
22 | 125 144 152 233 242 251 341 (5,5) A+ A 3313 3124 6 Ty
23 | 125134 143 152 233 251 342 (5,5) D5+ Ao 2224 2422 6 Ty
24 | 125 134 143 153 251 342 (5,5) Eg(a1) 6040 0640 6 To
25 | 125 144 151 233 244 342 (5,5) D¢ (a1) 0307 4303 6 T
26 | 133 152 233 244 251 341 (5,4) D¢ (a2) 01010109 6 To
27 | 125134 143 152 233 242 251 341 (5,5) 2A 4 2222 2222 7 0
28 | 134 143 152 233 242 251 342 (5,4) Ds(a1) + Az 10111117 7 Ty
29 | 125 144 153 232 251 341 (5,5) Ag 4222 4024 7 T
30 | 125134 143 233 251 342 (5,5) Ds+ A1 1216 4312 7 T
31 | 144 152 233 242 251 341 (5,4) As + A 1101 1018 7 T
32 | 125134 142 233 252 451 (5,5) Eg¢ 0820 10208 7 A+ T,
33 | 135141 152 234 243 251 (5,5) Ag 0820 0020 7 A +Tq
34 | 134 143 152 233 242 251 341 (5,4) As+ As 11111116 8 Ty
35 | 124 132 153 233 242 451 (5,4) Dy + A2 0200 2026 8 To
36 | 134 143 231 252 342 451 (5,4) Es(b) 2000 0208 8 A +Tq
37 | 125133 144 152 251 342 (5,5) D5+ Ay 3205 3502 8 A+ T4
38 | 135 144 151 232 243 341 (5,5) As + Ay 3205 2030 8 A +Tq
39 | 125134 143 152 232 251 341 (5,5) As+ As 3121 3121 9 Ty
40 | 125134 143 151 233 242 341 (5,5) Ay +Ax+ A 1213 2112 9 Ty
41 | 124 143 152 233 242 251 341 (5,4) Ay + Az + Ay 1111 1124 9 Ty
42 | 123 135 152 234 242 251 341 (5,5) Ay + A3 0050 0500 9 Ay
43 | 125 131 144 153 234 242 251 (5,5) As+ A+ Ay 0500 0005 9 Ay
44 | 124 143 152 232 242 351 (5,4) Ds(a1) + Ax 1101 2116 9 T
45 | 123 142 151 232 243 344 (5,4) Ds(a1) + A1 0003 3007 9 A +T
46 | 125 133 144 251 342 (5,5) Ds 2206 4402 9 A +T>
47 | 134 145 151 233 242 (5,5) As 3304 1030 9 A +To
48 | 144 153 232 241 351 (5,4) As 2010 1108 9 A +T>
49 | 125 133 142 234 251 341 (5,5) As+ Ao 0222 2202 10 To
50 | 134 143 152 232 251 341 (5,4) As+ A 2020 2024 10 T
51 | 125134 143 151 233 242 (5,5) Ay +2A, 13110113 10 T
52 | 123 152 234 242 251 341 (5,4) As+2A, 0030 0304 10 To
53 | 134 143 151 233 242 341 (5,4) Ay +2A, 11121114 10 To
54 | 131 144 153 234 242 251 (5,4) A+ As 0400 0006 10 A +Tq
55 | 124 132 142 243 351 (5,4) Ds(a1) 0102 3016 10 T3
56 | 124 133 152 242 251 341 (5,4) 2A3 11111213 11 To
57 | 125133 152 234 241 (5,5) Ay + Ay 0320 0203 11 T3
58 | 134 143 151 233 242 (5,4) As+ A 12110114 11 T3
59 | 133 142 234 251 341 (5,4) As+ A 01211204 11 T3
60 | 124 132 143 232 251 341 (5,4) Dy(a1) + Az 0202 2022 12 To
61 | 125134 143 151 232 241 (5,5) As +Asx+ Ay 21121111 12 To
62 | 121 153 233 252 342 451 (5,3) Az +Arx + Ay 0000 0050 12 2A,
63 | 123 134 142 232 451 (5,4) Ds+ A 1011 3106 12 A +T>
64 | 133 152 234 241 (5,4) Ay 0220 0204 12 Ty
65 | 124 133 142 232 251 341 (5,4) As +Asx+ Ay 11112112 13 To
66 | 124 131 153 231 242 (5,4) Dy(a1) + Ax 0300 0031 13 T3
67 | 134 143 151 232 241 (5,4) As + A 2012 1112 13 T3
68 | 141 152 233 242 351 (5,3) As+ As 0010 0140 13 A +T>
69 | 122134 145 153 251 341 (5,5) 2A3 5000 5000 14 C»
70 | 121 133 145 235 244 342 (4,5) 2A> +2A4 0005 0000 14 C.
71 | 124 143 151 232 241 (5,4) A3+ 2A; 12010121 14 T3
72 | 132 143 232 251 341 (5,3) Dy(a1) + Ay 0101 1040 14 A +T>
73 | 124 133 142 151 232 241 (5,4) 2A5 +2A4 11111111 15 To
74 | 124 132 143 251 341 (5,4) As + A 2101 3012 15 A+ T2
75 | 123 152 232 251 341 (5,3) As +2A, 1010 1130 15 A +T>
76 | 124 135 142 153 231 (5,5) A3+ 2A; 3020 1020 15 2A1 +Tq
77 | 125131 143 234 242 (4,5) 2A5 + A 0104 0001 15 2A1 +T
78 | 131 153 231 242 (5,3) Dy(a1) 0200 0040 15 A1+ T3
79 | 124 142 153 231 (5,4) As+ A 2110 1021 16 A+ T3
80 | 133 152 232 241 (5,3) As + A 1101 0130 16 A+ T3
81 | 121 133 244 342 (4,4) 2A9 0004 0002 16 2A1 + T2
82 | 122133 234 451 (5,4) Dy 0020 4006 16 A+ A1 +T
83 | 124 132 151 233 241 (5,4) 2A0 + A 0120 2011 17 A+ T2
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Table 2: (Continued)

No. Canonical form Signature Support Characteristic Stabilizer
dim Type

84 | 123 142 151 232 341 (5,3) 2A5 + A 1011 1120 17 A +T>

85 | 124 131 143 233 242 (4,4) A> +3A; 0103 0011 17 A +T>

86 | 123 134 142 151 231 (5,4) Az +3A; 20111101 18 A +T>

87 | 122 153 251 341 (5,3) Az + Ay 2000 2030 18 3A1+ T

88 | 123 131 152 242 251 (5,3) A> + 3A; 0200 0210 19 2A1 +Tq

89 | 123 134 141 232 (4,4) A +2A, 10120101 19 A+ T3

90 | 122133 251 341 (5,3) 2A 0020 2020 19 2A1 +Tso

91 | 142 153 231 (5,3) As 2010 1030 19 3A1 + T2

92 | 123 132 151 241 (5,3) Ao +2A, 1101 1110 20 A+ T3

93 | 121 133 243 342 (4,3) Ao +2A, 0003 0020 20 3A1+ T

94 | 123 131 242 (4,3) A + Ay 01020110 21 A+ Ty

95 | 131 152 242 251 (5,2) Ao +2A, 0100 0300 22 A+ A+ T

96 | 122 133 141 231 (4,3) 4A, 1011 1010 23 2A1 + Ty

97 | 121 132 143 154 (5,4) 4A, 3000 0001 24 Az + T

98 | 122151 341 (5,2) A+ A 1001 1200 24 Az + A+ T2

99 | 121132 143 (4,3) 3A, 2001 0010 26 Az + A+ T2
100 | 121 342 (4,2) Ao 0002 0200 26 Az +2A1 +Ts
101 | 122131 241 (4,2) 3A, 0101 1100 27 Az + A+ T2
102 | 121 132 233 (3,3) 3A1 0020 0010 27 Ay +2A1 4+ T,
103 | 121 132 (3,2) 2A1 1010 0100 30 Az +2A1 +Ts
104 | 121 341 (4,1) 2A1 0001 2000 34 Cy+ A3+ T
105 | 121 (2,1) A, 0100 1000 37 | A3+ Ax+ A1+ T
106 | O 48 2A4

3.2. The Z;-graded algebra Eg. Let g be a simple Lie algebra of the type

Egs. We define its Zj-grading by the following labelling of the affine Dynkin
: (1) :

diagram Eg’ (cf. 2.4):

i

(We omit zero labels.) From the discussion in 2.4, it is clear that the Lie algebra
go and its f-representation in g; is determined by the following Dynkin diagram
with numerical labels of the (unique) highest weight:

1 1
o—o0—0—>0 I—o—o
The precise description of the Zs-graded algebra g may be obtained as
follows. We consider a direct sum

g= (U NV NU Ve (s(U)@sl(V) e (NUV)e (U N\°V)

and introduce a Lie algebra structure on it so that the above direct sum is a
Zs-grading
g=92D9-1Dg D g1 D g

The commutator map go X g; — @; is the natural action of sl(U) @ s[(V') on the
respective space of tensors. The commutator maps g; X g; — @iy, (4,J € Z5) are
determined by their gg-equivariance uniquely up to proportionality. The coeffi-
cients of proportionality are determined uniquely by choosing the identification of
g; with the respective space of tensors and verifying the Jacobi identity.
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The commutators between g; and g, are given by the formulas

" @v,a®v] = (("a)/5-1-Ca"®a))- (v*,v)
@ (", a)/2- ((v*,0)/5-1 —v" @)
@ u @b = (Weu—(u,u)/5-1)- (5% 0)/2
@ (u,u) - ((8%,0)/5-1-C(5"®0))
= t(ug ANug Auz Auy) @ vy A vy
= —2C(u" @ up Aug) @ (v A vy Awvs)
= —uj Aujy® (v Avg Avg A vy)
2u(ul ANus Au™) @ C(v* @ v A vg)

[y A ug @ vy, ug A uy & o
[ug A ug @ v, u* @ vy A vg)
[u] ® v1 A v, uy @ vz A vy
[u] Auy @ v™,u" @ vy A vy
(where « € /\QU; g e /\QV; ot € /\QU*; 5* € /\ZV*; u,u; € U v,v; € V;
u*,uf € U*; v 0f € V*), and the formulas dual to the last four. (That is,
vectors and bivectors are replaced by those in dual spaces, and the terms in each
commutator are swapped.)

Next we describe the root system A of g relative to t. Denote by Aj the set
of nonzero weights of t in g;. We have Ay = {;e —je,ex —&i}, Ay = {ie+je+¢i},
Ny ={—iet+ep+e}, Ay ={—ie—je—er}, A s ={ie—ex—ca} (i#7, k#I).

The Weyl group W, permutes ;¢ and ¢; arbitrarily. We choose ;&6 — ;11¢,
g; — €1 (1 =1,...,4) as simple roots of gg. Together with & + 5¢ + 5, they
compose an extended system of simple roots of g.

An invariant inner product on t* can be determined by the formulas
(igng) = (587815) = _%7 (igvig) = (83,83) = %7 (i&',&‘s) =0 (Z 7é j: S 7£ t)'
In particular, if > ;o = >z, = 0, then (> ;mie + D wses, Y. Y€ + Y YsEs) =
> ixiy+ > xsys, and the inner products of roots of degree 1 can be computed by
the following rule:

1 if5=0,
0 ifd=1,
(4) (i€ + je+es,kE+i1E+61) = | ifo—2,
9 if§=3,

where ¢ is 05 plus the number of common elements in {i,j} and {k,[}.

3.3. A Cartan subspace. Consider regular Zs-graded subalgebras of type Ay
in g such that their degree 0 component is a Cartan subalgebra, and simple roots
and the lowest root have degree 1. They are classified by embeddings of the
extended system of simple roots Afll) in A; preserving the inner product. It is easy
to see that there is a unique such subalgebra up to Wj-conjugacy, say, the algebra
20, generated by root vectors jsey,34€1,51€3,23€5,45€2. LThe algebra 2, generated
by 13€2, 52€1, 41€5, 35€4, 24€3 1S the unique subalgebra of the same kind commuting
with ;. It follows that the elements w; = j9€4 + 3461 + 5163 + 2365 + 4569 and
Uy = 1362 + 52€1 + 4165 + 35€4 + 24€3 are semisimple and commute with each other.
Hence ¢ = (uy, us) is an abelian subspace in g; consisting of semisimple elements.
It can be included in a Zs5-graded Cartan subalgebra § of g constructed as follows.
The subspace b is generated by ugk), ugk), where ugk) is the sum of root vectors
of degree k in ;. An easy argument from [13, 3.1] shows that ¢ is a Cartan
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subspace. (Otherwise there exists a Cartan subspace of dimension > 3, whence
the minimal algebraic torus containing it has dimension > 3 -4 = 12, whereas
rkg =8.)

3.4. The Weyl group. Now we want to determine the Weyl group W asso-
ciated with the chosen Cartan subspace ¢. By definition, W is the group of linear
transformations of ¢ generated by elements of Gy normalizing ¢. First note that if
a scalar transformation « -1 belongs to W, then o'® = 1. Indeed, we may regard
u; as operators \’U* — V and consider u; @ uy : A’U* — V @ V. An element
g € No(c) acting on ¢ as « - 1 multiplies u; @ uy by a, hence A" (uy @ uy) # 0
by a'%; but recall that ¢ € SL(U) x SL(V) acts on a one-dimensional space
Hom(A"(A°U*), AN'*(V & V) trivially. It is easy to pick elements from Gy, diag-
onal in the bases e, e;, that multiply u, by arbitrary and independent 5-th roots
of unity. Also note that a pair of monomial transformations of U and V given by
the cyclic permutation (1243) of basic vectors je,e; combined with the multi-
plication by —1 yields a transformation r € W, whose matrix in the basis uy, us

is (_(1] (1] ) . It already follows that W is irreducible and its center is isomorphic

to ZlO-

Consider the (unique) Zs-graded Cartan subalgebra b DO ¢ constructed
in 3.3. The automorphism ¢ acts naturally on h* and permutes the roots of g
relative to h. It is represented by an integral matrix in a base of simple roots
and has eigenvalues w*',w®? of multiplicity 2, where w = e*". The minimal
polynomial pg(t) = t* + 3+ 2+t + 1 is irreducible over Q. The restriction of
0 to each invariant subspace of h* generated by roots has an integral matrix as
well, whence its eigenvalues are w*!, w*? (of equal multiplicities). It follows that
for each root a, tk{a,fa, 0%a, 03, 0*a} = 4 and > ;_,0%a = 0. We conclude
that {a,0a, 0%, 03a, 0%} is the extended system of simple roots of type Afll)
of a certain h-regular f-invariant simple subalgebra 2(«), whose 20 roots are
OFa+ ...+ 0o (k1> 0).

The 240 roots of g relative to b fall into 12 such subsystems of type Ay,
hence we have 12 subalgebras () of type Ay, ; and s being among them. We
have a decomposition h = h(a) @ h*, where h(a) is a Cartan subalgebra in («)
and h* is the centralizer of () in h. Since there are no outer automorphisms
of A(a) of order 5, the restriction 6y, is induced by an inner automorphism
Ad g,, where g, is an element of the subgroup A(a) of G with Lie algebra ().
Clearly, 6(ga) = ga, whence g, € Go. We have Adgaly = 0], ® 1], and
wo = Adgs|, € W has eigenspaces h(a); = ¢ N h(e) and hY = ¢ N h* and is

represented by the matrix in the eigenbasis.

w 0
0 1

Thus W contains 48 (complex) reflections w® (k = 1,...,4) of order 5,
and its center is isomorphic to Ziy. Among irreducible finite reflection groups
acting on a 2-dimensional space, only one has these properties, namely the group
No. 16 in the list of Shephard-Todd [10]. Its order is 600, and it can be represented
as W = Zs5 x I , Where Zj is generated by z = w-1 and I is the binary icosahedral
group. The above 12 reflections w, are all conjugated, and there are no other
reflections in W but w”.
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The binary icosahedral group is examined in detail in [7]. In the basis
uy, us, I is generated by the matrices (see remark 3.1 below)

Cz(w 0 ) 7’:(0 1) ands:i<w_WI w2—w2)
0 wt )’ -1 0 )’ V5 Ww—w? wl-w '
Each element w € W can be expressed uniquely as w = £2%risicFr!
a,bk=0,...,4;4,5,l=0,1;and i =1 —= j=0 = k=1[=0.

Let 21,2 be the coordinates on ¢ in the basis uj,up. Then the basic
invariants of I are

, Where

f = 212’2(—2’%0 + 1125",25’ + z%o)
H(f) 20 20

9 = o1 = A A~ 22821725 4 22820 23° — 49421 2.°
h — J(f? g) _ .30 30 5929 25_5 529 525 10005 20 10 10005 10 .20

where H(-) denotes the Hessian and J(-,-) the Jacobian, and the basic syzygy is
17285 — g3 — h? = 0. The polynomial f is an eigenfunction for z of eigenvalue
w2, and g, h are z-invariant. It follows that g, h are (algebraically independent)
basic invariants for W : ¢, which separate W -orbits.

3.5. Mixed elements. The centralizer 3(u) of u € ¢ is an h-regular subalge-
bra spanned by h and by the root subspaces g, such that a(u) = 0, or equivalently,
wau = u. The set of u € ¢ such that 3(u)" # 0 is a union of 12 lines in ¢ composing
one projective W -orbit given by the equation f = 0 [7]. By 2.6, the semisimple
part u of a mixed vector x = u + e is equivalent to a nonzero vector from one of
these lines. Hence the canonical form for u is © = Auq, where X is determined up
to multiplication by a 10-th root of unity.

For such u, 3(u) = s, 3(u)y is its Cartan subalgebra, and 3(u)| is
spanned by 5 root vectors corresponding to the extended system of simple roots
(of degree 1) of s relative to 3(u);. These root vectors are just the summands

in the expression for uy (3.3). Consider the coordinates on 3(u); w. r. t. this basis

of oot vectors. Nilpotent orbits for the action Zg(u)? : 3(u)] are given by the
condition that coordinates from a certain subset are zero and other coordinates
are Nonzero.

A pair of monomial transformations of U,V given by the same permutation
(12345) fixes u; and permutes basic vectors, their roots, and coordinates cycli-
cally. Hence certain Zy(u)®-orbits are glued together under the action of Zy(u).
No other orbits are glued together, since the respective sets of roots cannot be
transformed into each other via an automorphism of 3(u)’. (Just look at their

inner products!)

Remark 3.1. In fact, the discussion in 3.4 determines W only up to conjuga-
tion by transposition of uy, us. To make the correct choice, one should determine
the set of u = Aju; + Agug € ¢ such that 3(u)y # 0 explicitly. Consider the
metabelian Lie algebra L = U* @ V with the structure tensor w. Then 3(u)y is
identified with the subalgebra of Der LNsl(L) leaving U* stable. These derivations
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are determined by their restriction to U*, and the defining relations of L impose
25 linear equations on 25 matrix entries of a derivation restricted to U*. This
linear system splits into five 5 x 5 subsystems. Four of them have determinant
=A%+ 11A2A3 + MY and the 5-th one (involving diagonal entries) has corank 5
iff AiAs = 0, and has corank 1 (and no nonzero traceless solutions) otherwise.
Thence 3(u)g # 0 iff A Ao(=A1% + 11A7A5 + A1%) = 0, and our choice of W in 3.4
is correct.

3.6. Nilpotent elements. Consider the covering loop algebra & of g. The
mapping a — (@, deg a) is an embedding ) — ZA x Z. Under this identification,
the extended system of simple roots of g gives rise to a base (;& — ;41¢,0),
(i —€i41,0) (i = 1,...,4), (48 +5¢ +€5,1) of Q. As explained in 2.5, each
semisimple Z-graded T-regular subalgebra s C g (given by its system of simple
roots II(s) C A) is canonically embedded in & (so that II(s), — Ay x {k}), and
s is complete iff its root lattice Q(s) = ZII(s) C @ is saturated.

There are 61 types of complete subalgebras of & (given by types of various
subsystems of II). For some of these types, there are several (but no more than 11)
locally flat algebras, and some of these algebras admit several (but no more
than 4) non-conjugated embeddings in &. Summing up, we obtain 138 locally
flat subalgebras of &. Some of them are not complete. Excluding them, we
obtain, up to conjugacy, 105 supports of nilpotent elements, hence 106 nilpotent
orbits of Gy in g; (including 0).

Let us give an example of computation. Consider the locally flat algebra
of type Dy(ay). Its Dynkin diagram is given by the following picture, where the
simple roots of degree 1 are indicated by white nodes, and the simple root of
degree 0 is blackened:

O
5 o
e

An embedding of its system of simple roots in A is given by 3 pairwise orthogonal
roots of degree 1, and one root of degree 0, whose inner product with these three
equals 1. Up to a permutation of indices, there exists a unique such subset in A,
namely H(E) = {61 = 1E+5E+€3, ﬁz — 9E—1¢, ﬁg = (E+4E+E9, 54 = 1€+3e+¢e; }
The coordinates of f;, considered as elements of (), in the base Il are given by
the rows of the following matrix:

1110001171
-1 000 O0O0O0O0O0
111101111
112111111

The invariant factors of this matrix are equal to 1. Hence the sublattice Q(s) =
ZI1(s) C @ is saturated and the respective regular locally flat subalgebra s C g is
complete.

The sum of root vectors corresponding to the roots 3y, 8o + 33, B2+ B4, Sa
is a nilpotent element from the dense orbit of the 6-representation for the algebra
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of type Dy(a;). Hence s is a support of e = (153 242 231 131) (in the notation
of 1.5).

The characteristic h = (diag(zy,...,zs),diag(ys,...,ys)) of e is given by
the solution of the linear system

.
Tog —T1 =

Ty +T5 + Y3
1+ Ty + Y2
Ty + 23+
$'1+...—|—SC5 =
y1++y5 = 0

|
oSNNI O

\
orthogonal to all solutions of the corresponding homogeneous system. One finds

_ _ 6 _ _ _ _ 4 _ _ _ 8 _ 12
Ty = T2 = 5, I3 = X4 =5 = —5, Y1 = Y2=Y3s = 5, Y4 = Ys = —7% - Hence

h lies in the positive Weyl chamber, and its indices are (0200 0040). (If
x1,...,x5 and/or yi,...,ys were not in decreasing order, then we would apply an
appropriate pair of permutations of 1,...,5 to Il(s), e, and h, so as to put them
in order.)

Finally, we obtain information on the stabilizer of e. All eigenspaces g; x(h)
(1=0,1; kK> 0) are zero, except the following cases:

mat) = 0 ={ ((5 5)-(§ 5))|areme

B,C € M;(C); trA+trB:trC+trD:0}

o = {((23).0) [ xemo)
o = {(0.(3 ) vemeo)

gi2(h) = (gerl|i=1,2; j=3,45 k=1,2,3)
91,4(h) = (126k | k= 17273>

Hence the dimension formula (3) yields

dlmjo(e) = dim g(],()(h> — dim 9172(h> + dim 9072(h) — dim 9174<h) + dim 9074<h)
= 24—-1846—-3+6=15

The Levi part of 30(e) is the stabilizer subalgebra of general position for the repre-
sentation of go(h) = goo(h) in g1(h) = g12(h). This is the natural representation
of 5l3(C) @ s5l3(C) @ sl3(C) @ sl,(C) & C? in C* @ C* ® C3, where the last sl,(C)
acts trivially and the torus C? acts by homotheties via the weight (5,2). The
stabilizer of general position of the semisimple part of go(h) has the type A;+ Ty
and is smaller than the projective stabilizer. Hence the whole stabilizer has the
type A1+ Ty + T =A; +Ts.

4. Metabelian algebras of signature (6, 3)

In this section, we classify the orbits of the §-group A*SL¢(C) ® SLs(C) or,
equivalently, metabelian Lie algebras of signature (m,n), m <6, n < 3.
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4.1. Formulation of results. We retain the notation of 1.5 with m =6, n =
3. The classification of tensors in A*U ® V under the action of SL(U) x SL(V)
is performed along the same lines as in 3.1. Here all tensors fall into 7 families
according to the type of the stabilizer of their semisimple parts. The canonical
forms for semisimple parts are given below, and the canonical forms for nilpotent
parts are listed in tables 3-8. The notation in tables 3-8 is similar to that of
tables 1-2, with two additional remarks. First, the canonical form for nilpotent
parts in the 5-th family is represented in two ways, see 4.6.4 for details. Secondly,
the characteristics of nilpotent parts in the 6-th family are indicated by 3 numerical
indices (i. e., values of simple roots of 3(u);) and values of 3 linearly dependent
weights generating the dual to the center of 3(u)g, see 4.6.5 for details.
Here is the classification.

Family 1. This family contains only semisimple tensors. The canonical form is

u = Auy + Ao + Azus, ()\:f - )\g)()\:f - )‘g)()‘g - )\g) # 0,
M2z (A3 + A3+ 23)% — (3M1da2)3)?) # 0,

where
Uy = 1261 + 34€2 + 56€3,
Uy = 5461 + 16€2 + 32€3,
U3 = 3661 1 5262 + 14€3.

The coefficients \; are determined up to the action of a certain finite group W
described in 4.4. Two canonical forms are equivalent iff they have the same values
of

A8+ XS+ XS — TO(AIAS + N33 + A3A3),
(A3 4+ X3+ AD (AT 4+ 234+ A3)% + (6A102)3)?), and
(AT = AD2(A] = A% (A3 — A9)*.
The stabilizer subalgebra of u is a one-dimensional torus.

Family 2. The canonical form of a semisimple part is
u = Aug + pug, A, A £ A0,

where A, are determined up a permutation, simultaneous sign change and mul-
tiplication by two independent cubic roots of unity.

Family 3. The canonical form of a semisimple part is
u = Auy + p(ug + us), A, A2 — 3 N 4 8u® #£ 0,

where A, are determined up the action of a certain group of order 72 (group
No.5 in the list of Shephard—Todd [10]). Two canonical forms are equivalent iff
they have the same values of
A6 — 2033 — 8u® and
(A3 4+ 203) (A3 4 2p3)3 + 108N3 ).



146

GALITSKI, TIMASHEV

Table 3: Nilpotent parts of elements of family 2

No. | Canonical form | Support | Characteristic | Stabilizer
dim | Type
1] 121 342 A, 22 1] Ty
2| 121 A, 20 2| Ty
310 31 Ty
Table 4: Nilpotent parts of elements of family 3
No. | Canonical form | Support | Characteristic | Stabilizer
dim | Type
1] 531152313 A, 2 1 0
210 31 Ay

Family 4. The canonical form of a semisimple part is

u = Aug + us),

A0,

where X is determined up to multiplication by a 6-th root of unity.

Table 5: Nilpotent parts of elements of family 4

No Canonical form Support | Characteristic Stabilizer
dim | Type

1] 121342531 152313 | Ao + Ay 22 2 1 0
2 | 121 531 152 313 2A, 20 2 2 T,
3| 531 152 313 A, 00 2 3 T,
41121 342 A, 220 3 A,
5121 A, 20 0 41 A +T,
60 51A;+ Ty

Family 5. The canonical form of a semisimple part is

u = A ug — ug),

A0,

where X is determined up to multiplication by a 6-th root of unity.

Family 6. The canonical form of a semisimple part is

U= Auq,

A0,

where A is determined up to multiplication by a 6-th root of unity.

Family 7. This family consists of nilpotent elements.
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Table 6: Nilpotent parts of elements of family 5
No. Canonical form Support | Characteristic Stabilizer
in $2Q in /\2U QV dim | Type
1| da?2+ 1y% | 123 161 521 342 G 24 1| T
2 | 3222+ Jxy? | 123161521 142322341 | A, 22 2 T
31 g2+ gy® | 121342 Ga(f) 02 3 T,
4 L2y 122 141 321 A 11 4 Ty
5 a3 121 A, 10 6 A +Ty
6 0 0 9| Ay +T4
Table 7: Nilpotent parts of elements of family 6
No Canonical form Support | Characteristic Stabilizer
dim Type
1] 143 162 233 252 351 As 666 8 —4 —4 1 0
2 | 143 152 233 361 A, 660 22 —4 2 T,
3| 143 152 361 451 A;+A; 600 —422 2 T,
41133 152 361 451 2A, 422 —422 3 T,
5| 133 162 243 252 2A, 000 8 —4 —4 3 A,
6 | 143 162 351 A; 611 —211 3 T,
7| 133 152 361 A +A; 330 -1 —-12 4 T,
8 | 133 361 451 A, +A; | 211 —45 -1 4 T,
9 | 152 361 451 A, +A|211 —4 —15 4 T,
10 | 133 152 351 3A, 222 000 5 T,
11 | 152 361 A, 220 —2 —24 5 Ts
12 | 133 152 2A, 2112 —-1-1 6 Ts
13 | 133 243 2A, 00022 —4 712A,4+ T,
14 | 133 A, 11011 =2 81 A1+ T3
1510 11 | 3A; + T,
Table 8: Elements of family 7
No Canonical form Signature Support Characteristic Stabilizer
dim Type
T | 143 162 233 252 261 342 351 (6,3) o 66666 612 1 0
2 | 153162233 242 252 261 341 |  (6,3) E7(a1) 66606 66 2 0
3 | 133152 161 243 252 342 351 (6,3) E7(az2) 06066 66 2 0
4 | 143161233 242 251341352 |  (6,3) E7(b) 60606 06 3 0
5 | 143 152 233 261 342 351 (6,3) E¢ 24264 66 3 T,
6 | 123162 252 342 361 451 (6,3) Es 06060 612 3 Ay
7 | 133142153 161243252341 |  (6,3) E7(c1) 06006 60 4 0
8 | 143 151 233 262 341 342 (6,3) Eg(ar) 06060 06 4 T,
9 | 133152 242 261 342 451 (6,3) E(a1) 40242 66 4 T,
10 | 153 162 233 242 251 341 (6,3) Dg 61515 15 4 T,
11 | 123141152242 261 351362 |  (6,3) E7(c2) 00600 06 5 0
12 | 133 152 242 261 351 451 (6,3) D (a1) 15015 61 5 i
13 | 143 152 161 233 242 351 (6,3) Ag 22224 42 5 T,
14 | 143 152 233 242 261 341 (6,3) D5+ A, 15114 51 5 T,




148 GALITSKI, TIMASHEV

Table 8: (Continued)

No. Canonical form Signature Support Characteristic Stabilizer
dim Type

15 | 143 152 161 233 242 251 341 (6,3) As + Ao 22222 22 6 0
16 | 123 161 241 252 342 351 (6,3) Es(b) 20402 06 6 T
17 | 133 152 233 242 261 341 (6,3) D¢ (a2) 01501 15 6 Ty
18 | 142 153 232 261 341 (6,3) Ds 24204 60 6 To
19 | 133 152 161 242 251 351 (6,3) Ds(a1) + A1 20222 24 7 Ty
20 | 152 161 233 242 251 341 (6,3) As + A 11411 14 7 Ty
21 | 122133 151 243 261 342 (6,3) Es(b) 00060 60 7 Ay
22 | 133 162 242 251 341 (6,3) As 2131115 7 T
23 | 123 132 242 341 561 (6,3) D5 06000 66 7 2A4
24 | 143 152 161 232 251 341 (6,3) As+ Ao 22022 22 8 Ty
25 | 143 152 161 233 241 342 (6,3) As + Ay 30330 03 8 Ay
26 | 131 153 162 233 242 261 (6,3) As+ Ao 06000 00 8 Ay
27 | 121 153 233 252 342 451 (5,3) Az +Ax+ Ay 00006 00 8 Ay
28 | 133 161 242 251 351 (6,3) Ds(a1) 10231 33 8 To
29 | 123 161 162 252 341 (6,3) Ds(a1) 03030 06 8 A +Tq
30 | 123 132 242 361 451 (6,3) As 01050 61 8 A +T,
31 | 123 152 232 261 341 (6,3) As+ A 12102 33 9 T
32 | 143 152 161 232 251 (6,3) As+ A 14011 11 9 T
33 | 143 151 232 261 341 (6,3) Ay + Ay 03030 30 9 To
34 | 141 152 233 242 351 (5,3) Az + As 0010501 9 To
35 | 152 161 233 241 342 (6,3) As 20420 04 9 A+ Ty
36 | 123 152 161 251 342 (6,3) Dy+ A 12031 15 9 A +T
37 | 123 152 161 232 251 341 (6,3) Az + Az + Aq 20202 22 10 Ty
38 | 143 151 232 243 341 (5,3) Dy(a1) + Ay 01014 10 10 T
39 | 143 151 232 261 (6,3) Ay 04020 20 10 T3
40 | 133 152 161 232 241 (6,3) As+ Ao 2111112 11 To
41 | 123 152 232 251 341 (5,3) As +2A, 10104 11 11 T
42 | 131 153 242 253 (5,3) Dy(a1) 02004 00 11 T3
43 | 123 152 261 341 (6,3) Ay 22002 42 11 A +T>
44 | 123 151 261 342 (6,3) Dy 02040 24 11 2A1 + T
45 | 121 342 561 562 (6,2) Dy(a1) 00000 06 11 3A1
46 | 123 142 151 232 261 341 (6,3) 3A2 02020 22 12 Ay
47 | 133 152 232 241 (5,3) As+ A 11013 01 12 T3
48 | 142 151 232 461 (6,2) As+ A 00010 15 12 2A1 + T
49 | 133 142 151 232 241 (5,3) 2A0 + A 10112 11 13 T
50 | 142 151 232 261 341 (6,2) 2A5 + A 01010 14 13 A +T
51 | 122153 161 251 341 (6,3) Az +2A 30003 30 13 2A4
52 | 123 132 161 241 351 (6,3) 2A5 + A 10201 30 14 A +T
53 | 123 131 162 242 251 (6,3) 2A> + Ay 03000 03 14 2A1
54 | 142 153 161 231 (6,3) As+ A 30102 20 14 2A1 + T,
55 | 122153 251 341 (5,3) As+ A 20004 20 14 2A1 + T
56 | 123 131 152 242 251 (5,3) As +3A, 02002 02 15 A +T
57 | 123 141 232 351 (5,3) 2A5 00202 20 15 A +T>
58 | 131 162 242 251 (6,2) 2A5 02000 04 15 2A1 + T
59 | 142 153 231 (5,3) As 20103 10 15 2A1 + T
60 | 123 142 151 231 (5,3) Az +2A, 11011 11 16 T3
61 | 131 152 242 251 (5,2) As +2A, 01002 03 16 A +T>
62 | 122 341 561 (6,2) As 01000 24 16 Co+A1+T
63 | 122 161 251 341 (6,2) As +2A, 01010 22 17 2A1 + T,
64 | 121 133 243 342 (4,3) Ao +2A 00030 00 17 3A1
65 | 142 151 231 (5,2) A + Ay 10011 12 18 A+ T3
66 | 123 131 242 (4,3) Az + A 0102001 18 A+ T3
67 | 122 133 141 231 (4,3) 4A,4 10110 10 20 2A1 + T
68 | 121 342 (4,2) Ao 00020 02 21 3A1 + Ty
69 | 122 131 241 (4,2) 3A1 01010 11 22 2A1 + To
70 | 121 132 143 (4,3) 3A; 20010 00 23 Ax+ A1 +T
71 | 121 132 233 (3,3) 3A1 00200 00 25 2A-
72 | 121 341 561 (6,1) 3A1 00000 30 26 Cs+ Ay
73 | 121132 (3,2) 2A, 10100 01 26 Az + A+ T2
74 | 121 341 (4,1) 2A1 00010 20 27 | C2+2A;+ T
75 | 121 (2,1) A, 01000 10 32 | A3 +2A1+ T
76 0 43 As + Ao

4.2. The Zs-graded algebra E;. Let g be a simple Lie algebra of the type
E;. We define its Z3-grading and the respective f-representation by the following
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labelling of the affine Dynkin diagram E(71) (cf. 2.4):

1 * i

(We omit zero labels and blacken the unique simple root of positive degree. The
upright digit indicates the degree of this root, and italic digits indicate numerical
labels of the highest weight of the f-representation.)

The precise description of the Zs-graded algebra g may be obtained as
follows. We consider a direct sum

~C

g= (AU V)@ (s(U)esi(V)e (NUQV)

and introduce a Lie algebra structure on it so that the above direct sum is a
Z5-grading

g9=9-1Dgo Do
The commutator maps g; X g; — @i+; are determined as in 3.2. Here are the
precise formulas:

" @v,a®v] = ((a"a)/6-1—-Ca"®@a))- (v*,0v)
@ (o, a)/2- ((v",0)/3-1 —v" ®v)
[ug A ug @ v1,ug Aug @ va] = 2u(ug Aug Auz Auy) @ vy Avs)
[ul Augy @ vl ul Auy @yl = —2u(u] Auy Aui Auy) ® (o] Avs)

(where o € /\2U; a* € /\QU*; w € U v,v; € V5w uf € U v* uf € V*).

Let us describe the root system A of g relative to t. Denote by Ay the set
of nonzero weights of t in g. We have Ag = {;e —je,6,—¢,}, Ay = {ie+ e +ex},
Ay ={—ie—je—ex} (i #J).

The Weyl group Wy permutes ;¢ and ¢; arbitrarily. We choose ;& — ;11¢
(i=1,...,5), ¢j—€;+1 (j = 1,2) as simple roots of gy. Together with se+4c+¢3,
they compose an extended system of simple roots of g.

An invariant inner product on t* can be determined by the formulas
(igng) = _%7 (ievig) = %7 (ESvgt) = _é7 (‘58783) = %7 (i&‘,&‘s) =0 (Z 7é Js S 7£ t)'
In particular, we have (> ;x:6+> Tses, D i€+ D YsEs) = D iTiy+ Y Xsys when-
ever » ;v =>» x5 =0. The inner products of roots of degree 1 can be computed
by formula (4).

4.3. A Cartan subspace. Consider regular Zs-graded subalgebras of type A,
in g such that their degree 0 component is a Cartan subalgebra, and simple
roots and the lowest root have degree 1. They are classified by embeddings of
the extended system of simple roots Aél) in A; preserving the inner product.
Up to Wj-conjugacy, there is a unique such subalgebra, say, the algebra 2,
generated by root vectors 1se, 3462, s56¢3. Consider also an algebra 205 generated by
54€1, 16€2, 32€3, and A3 generated by sgeq, s2€2, 14€3. Making use of (4), it is easy to
see that (2;,2y,23) is the unique, up to Wy-conjugacy, triple of subalgebras
of the above type commuting with each other. It follows that the elements
U1 = 12€1+34€2 +56€3, Uz = 54€1 +16€2+32€3, U3 = 3661 + 5262 +14€3 are semisimple
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and commute with each other. Hence ¢ = (uj,us,us) is an abelian subspace in
g1 consisting of semisimple elements. It can be included in a Zs-graded Cartan
subalgebra h = ¢* @ (c) ¢ of g, where ¢ = (diag(1,—-1,1,—1,1,—1),0) € go, and
¢* = (ul,u? u?) C g_; is generated by semisimple elements v’ € 2; obtained from
u; by lifting the indices. (The u’ are sums of root vectors of degree —1 in 2l;.)
The same argument as in 3.3 shows that ¢ is a Cartan subspace.

4.4. The Weyl group. In order to find the Weyl group W associated with ¢,
we first collect sufficiently many linear transformations of ¢ induced by elements
of Gy normalizing ¢. It is easy to pick elements from G|, diagonal in the bases
j€,e;, that multiply w, by arbitrary and independent cubic roots of unity. The
permutation (12)(34)(56) of basic vectors je combined with the multiplication
by ¢ induces a linear transformation of ¢ transposing us, u3 and leaving u; fixed.
Other transpositions of u; can be obtained in the same way. It follows that W
contains a subgroup G(3,1,3) of monomial transformations in the basis wuy, whose
nonzero matrix entries are cubic roots of unity. In particular, W is irreducible.
Also note that a pair of monomial transformations of U and V' given by permuta-
tions (12)(54)(36) and (23) of basic vectors combined with the multiplication
by ¢ and —1, respectively, yields —1 € W.

Consider the root system of g relative to fh. The automorphism 6 acts
naturally on h* and permutes the roots. It is represented by an integral matrix in
a base of simple roots and has eigenvalues 1,w,w™!, where w = e’ Moreover,
the restriction of 6 to each invariant subspace of h* generated by roots has an
integral matrix, too, whence eigenvalues w,w™! occur with equal multiplicities.

The root system is divided in two subclasses. The first one consists of roots
a such that a(c) = 0. Since dim 3(c) = 79, there are 72 such roots. The second
subclass consists of remaining 54 roots (3, which satisfy §(c) # 0. Each root «
in the first subclass has nonzero projections on f-eigenspaces of eigenvalues w®!,
and a + fa + 6?a = 0. It follows that rk{a, 6, 0%a} = 2 and {«, Oa, 0%a} is the
extended system of simple roots of type A;l) of a certain h-regular f-invariant
simple subalgebra 2(a), whose 6 roots are +0%«a (k =0, 1,2).

The 72 roots of the first subclass fall into 12 such subsystems of type A,,
hence we obtain 12 subalgebras 2(«) of type A,, including 20y, s, A3. We have a
decomposition h = h(a) ® h, where h(«a) is a Cartan subalgebra in 2(«) and h*
is the centralizer of 2A(a) in h. (Note that ¢ € h*.) The same reasoning as in 3.4
shows that there exists an element g, € Go such that Ad ga|, = 0y, ® 1z, and
wo = Ad ga|, € W has eigenspaces h(a); = ¢ N h(a) and b} = cNh* = Kera],
and is represented by the matrix

o o &
o = O
_ o O

in the eigenbasis.

Thus W contains 24 reflections w! of order 3, and —1. Among irre-
ducible finite reflection groups acting on a 3-dimensional space, only one has these

properties, namely the group No. 26 in the list of Shephard-Todd. The order of W
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is 1296, and it is generated by —1, the subgroup G(3,1,3), and a 3-fold reflection

; wo w? w?
S = 7 CL)Q w (A)Q
3 W02 w2

w w

(in the basis uy ), see [10]. The above 12 reflections w, are conjugated, and there
are no 3-fold reflections in W other than wi?.

However, W contains in addition 9 reflections of order 2. They can be
described as follows. Let 3 be a root from the second subclass. Suppose that
B e 7 05 then 8 has nonzero projection on each eigenspace of 6. Tt follows that
k{3, 003,0%3} = 3. We claim that 6*3 are pairwise orthogonal. Indeed, if their
inner products are equal to —1, then rk{3,03,0?3} = 2. If their inner products
are equal to 1, then {03 —0**'3 |1 =1,2} is a root subsystem of type A, in the
first subclass. Since all such root subsystems are conjugated (by elements of G|
normalizing ¢), each one of them originates from a subsystem {03,043, +6%3}
of the second subclass, as above. Hence 12 subsystems of type Ay in the first
subclass give rise to at least 12 -6 = 72 roots in the second subclass, whereas it
contains only 54 roots. Our claim is proved. It follows that {+6*3} is a root
system of type 3A;, where 6 acts by a cyclic permutation of components.

The 54 roots of the second subclass fall into 9 such subsystems. (If there
is a root (3 such that (|... = 0, then there are exactly two such roots. But this
cannot happen, because the number of roots in the second subclass not belonging
to these subsystems is divisible by 6.) Hence we obtain 9 subalgebras B(/3) of
type 3A1, and 6 acts on each B(3) by a cyclic permutation of its components. As
above, we have a decomposition b = h(3) ®h?, where h(3) is a Cartan subalgebra
in B(5) and hP is the centralizer of B(3) in h. (Note that c € h(3).) Let B(3)
be the subgroup of G corresponding to B(3). Take a §-invariant element gs from
the normalizer of h(8) in B(f3) such that Ad gg|y 5 = —1, Adggsls = 1. We have
gs € Go, and rg = Ad gg|, € W is a reflection of order two. These 9 reflections rg
are conjugated and all 2-fold reflections in W are obtained in this way.

Among B(3), there is a subalgebra B, constructed as follows. Let E;;
denote (the linear operator on U given in the basis ;e by) the (i,7)-th matrix
unit. Put

eo = Fho + B3y + Esg, fo = Ea + Ey3 + Egs, ho = ¢,
€1 = 53€1 + 15€2 + 31€3, f1 = s6€1 + 6262 + 2163, hi = us — ua,
ey =6l 4 6202 4 2403 Foy =3l 41562 4 3163 hoy=ud —ul.

Then By = (e, fr,hr | £ = 0,£1) is a graded h-regular semisimple subalgebra
of type 3A;, deger, = degfr = deghy = k € Zj3, and the representations
(Bo)o : (Bo)+1 are isomorphic to the adjoint representation of (By)y = sly(C)
under the identifications eg +— exq1, fo+— fi1, ho+— hir.

Let 2z, 29,23 be the coordinates on ¢ in the basis wuy,us,u3. The basic
projective invariants of W are

6 6 6 3.3 3.3 3.3
J = 2+tzm+tz— 10(2725 + 2123 + 2223)
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g = (B +28+2)(2 4+ 25 4+ 25 +6212023)
X (23 + 25 4 25 + 6wz 2023) (25 + 25 + 25 + 6wz 2923)
- G- DE-DE-D
q = znzmzs(2 + 2+ 23) (21 + w2 + W) (21 + Wiz + wes)

X (21 + 22 + wz3) (21 + wze + 23) (w21 + 29 + 23)

X (21 + 22 + w2z3)(z1 + w222 + 23)(w221 + 22 + 23)
(see [10]) connected with the basic syzygy
(5)  6912¢% — 4g® + 186624p* + f© — 6f*g — 864 f3p? + 9f2¢* + 2592 fp*g = 0.

The polynomials p,q are products of mirror functionals of all 2-fold and 3-fold
reflections, respectively. It is easily shown that p is invariant under all w,, and
each r3 multiplies it by —1. Similarly, ¢ is invariant under all 75, and each w,
multiplies it by w™!. Tt follows that f,g,h = p? are (algebraically independent)
basic invariants for W : ¢, which separate W -orbits.

4.5. Nilpotent elements. Our next task is to classify nilpotent elements. We
proceed as in 3.6 using the methods of 2.5. The root lattice @) of the covering loop
algebra & is embedded in ZA x Z, so that the extended system of simple roots
of g gives rise to a base II = { (;6 —i11¢,0), (¢; — €j4+1,0), (56 + 6 + €3,1) | i =
1,...,5; j=1,2} of @. There are 37 types of complete subalgebras of & (given
by types of various subsystems of IT). For some of these types, there are several
(but no more than 6) locally flat algebras, and some of these algebras admit several
(but no more than 4) non-conjugated embeddings in &. Summing up, we obtain
93 locally flat subalgebras of &. Some of them are not complete. Excluding them,
we obtain, up to conjugacy, 75 supports of nilpotent elements, hence 76 nilpotent
orbits of Gy in g; (including 0).

4.6. Mixed elements. The centralizer 3(u) of u € ¢ is an h-regular subal-
gebra spanned by b and the root subspaces g, such that a(u) = 0. The latter
equality is equivalent to w,u = u or rou = u if o belongs to the first or second
subclass of the root system, respectively. Therefore u is a semisimple part of a
mixed element iff u lies on mirror hyperplanes of some reflections from W.

In this subsection, we use the following shorthand terminology. The mirror
hyperplane of an s-fold reflection will be called an s-mirror. Linear functionals
defining 2- or 3-mirrors in ¢ (mirror functionals) are easily obtained by decom-
posing p and ¢ into linear factors.

The collection of mirrors containing u may belong to one of the following

types.

4.6.1. One 3-mirror. The set of such u is determined by the conditions p(u) #
0, g(u) =0, g(u) # 0. Passing to a conjugate, we may assume that the equation of
the mirror is z; =0 = 3(u) =24, 3(u); is its Cartan subalgebra, and 3(u)) is
spanned by three summands of u;, which are the root vectors corresponding to the
extended system of simple roots (of degree 1) of 2 relative to 3(u);. These roots

and root vectors are permuted cyclically by a pair of monomial transformations
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of U,V given by permutations (135)(246), (123). The respective element of
Gy fixes u and glues together some nilpotent orbits of the action Zy(u)® : 3(u)].
Finally, nilpotent orbits for Zy(u) : 3(u)} are determined by the condition that
a certain number of coordinates (in the basis of root vectors) vanish and other
coordinates are nonzero.

4.6.2. One 2-marror. The respective subset of u € ¢ is determined by the
conditions p(u) = 0, g(u) # 0. We may assume that the equation of the mirror
is 29 = 23 = j3(u) =By, 3(u)y = (eo, fo, ho) = 5l2(C), and 3(u)| = (e, f1, h1)
is isomorphic to the adjoint representation of sly(C). Hence there is a unique
nilpotent orbit for the action Zy(u) : 3(u)];—the orbit of e;.

4.6.3. One 3-mirror and one 2-mirror. The respective subset in ¢ is determined
by the equations p(u) = 0, q(u) = 0, f*(u) = 4g(u). We may assume that the
equations of the mirrors are z; =0, 25 = 23 = 3(u) = 2; ® By, and nilpotent
orbits for the action Zy(u) : 3(u)| are direct products (or sums, is a reader prefers)
of nilpotent orbits of the above two types.

Remark 4.1. If p = ¢ = 0, then the syzygy (5) transforms into (f%— g)(f? —
4g) = 0, so that either f? = 4g or f?> = g. The first possibility has been just
considered, and the second one is considered below (4.6.5).

4.6.4. Four 3-mirrors. The respective subset of ¢ is determined by the condi-
tions p(u) # 0, q(u) = 0, g(u) = 0. We may assume that the equations of the
mirrors are z; =0, 21 + 20+ 23 =0, wzy + 20+ 23 =0, W?2 + 29+ 23 =0 =
u = A(ug —uz). The centralizer g, = 3(u) is a graded reductive subalgebra of type
D, + T3 described as follows. First, its center is 3(g,) = (h_1,¢, hy). Further, con-
sider a 3-dimensional space @) = (z,y,2) and let ¢y, 19, t3 be three embeddings of
@ in U @V mapping the triple (z,y, z) to (1€,36,5¢), (26,4€,6€), and (eq, e, €3),
respectively. Then s[(Q) is embedded diagonally in sl(U) & sl(V) via ¢, 9,3,
and S3(Q is embedded in /\2U ® V' by mapping, for ¢i,q,q3 € Q,

d19243 — Z %1 /\ L2 QZ2) ® L3(QZ3)

(91,%2,i3)

where the sum is taken over all permutations of (1,2,3). Similarly, S?Q* is
embedded in A*U*®@V*. One verifies that 3(u) = S*Q* ®sl(Q)® S>Q is a graded
subalgebra of type Dy, whose grading is determined by the following labelling of
the affine Dynkin diagram Df’):

1
O—0<=0

It is known (and easy to verify using the methods of 2.5, see [15, 5.3,

[14, §5]) that there are 5 nonzero nilpotent orbits for the action (Z(u))g : 3(w)},

whose characteristics cannot be transformed into each other via an automorphism
of 3(u)y, see table 6. Hence these orbits are not glued together under the action
/

of Zy(u) and are exactly nilpotent orbits for Zy(u) : 3(u)].
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4.6.5. Two 3-mirrors and three 2-mirrors. The respective subset of ¢ is deter-
mined by the equations p(u) = 0, q(u) = 0, f?(u) = g(u). We may assume
that the equations of the mirrors are zo = 0, 23 = 0, 20 — 23 = 0, 20 — wz3 =
0, 22 —w?23 =0 = w = Au;. The centralizer g, = 3(u) is a graded reduc-
tive subalgebra of type Ajs + Ty described as follows. For its center, we have
3(g.) = (Whu). Let Uy = (1e,2¢), Uy = (3e,4¢), Us = (5¢,6¢). We identify
V with AU @ N°Us @ N*Us by mapping e; — 2e, ey — e, e3 — e and
thus embed gl(U;) @ gl(Us) @ gl(Us) in gl(U) @ gl(V'). There are also natural
embeddings

Puev,eNU; > NUeV and PU U@ N'Us— NU V"
(,3,k) (4,3,k)
(the direct sums are taken over all cyclic permutations of (1,2,3)). One verifies
that

W = P urevre Nvo (U)o sv) N @)

(i.3,k)
o P uiev;eNU;
(4.3,k)
is a t-regular subalgebra of type Ay, whose grading is determined by the following

labelling of the affine Dynkin diagram Aél):
1

1

We may assume that characteristics of nilpotent orbits for Zg(u)? : 3(u)}
lie in the positive Weyl chamber of t, and we indicate them by 6 indices, where
the first triple is given by the values of the simple roots 16 — 5e, 36 — 4&, 56 — g€
of 3(u); and the second triple is composed of the values of the weights 1€ + 2c —
261, 36 + 46 — 269, 56 + ¢¢ — 2e3, which generate the dual to the 2-dimensional
center of 3(u)j.

A pair of monomial transformations of U,V determined by permutations
(135)(246), (123) fixes u and permutes simple components sl(U;) of 3(u);
and both triples in each characteristic cyclically. On the contrary, an outer auto-
morphism transposing two simple components of 3(u); cannot be induced by an
element of Zy(u). (That is why the elements No. 8 and 9 in table 7 are not equiv-
alent.) Indeed, suppose for example that a pair (a,b) € SL(U) x SL(V) fixes u
and permutes U; and U, leaving Us stable. Then we must have

(1(126) = )\3467 a’(346) = H12€, a/(566) = Usg€,
b(er) = A"ley, bles) = p ey, bleg) = v ey

= deta = Aur =1, detb = —(Aur)~! = 1. A contradiction! It is also clear

that an element of Zy(u) normalizing each sl(U;) leaves each U; stable, whence

belongs to Zy(u)?. Therefore two nilpotent orbits for the action Zo(u)? : 3(u)} are

glued together under the action of Zy(u) iff their characteristics are obtained from
each other by a cyclic permutation of both triples. This remark allows to complete

the classification of nilpotent orbits for the action Zy(u) : 3(u)].
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