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1. Introduction

It turns out that the theory of singular integrals is is very fruitful in harmonic
analysis. Starting in 50’s from the works of Calderén and Zygmund [4], this topic
has inexorably drawn an increasing number of mathematicians. Motivated, in
part by the study of the Hilbert transform (singular integral of convolution type)
Calderén and Zygmund created what is nowadays called real-variable method. The
smoothness of the kernel and the Calderén-Zygmund decomposition lead to the
weak-type (1,1) and strong type (p, p), 1 < p < oo estimates, from interpolation
and duality techniques.

Dunkl’s theory generalizes classical Fourier analysis on RY. It started
twenty years ago with Dunkls seminal work [9] and was further developed by
several mathematicians. See for instance the surveys [14, [I§] and the references
cited therein. The use of singular integral is limited in the latter setting. However
the generalization of some classical LP-inequalities seems to be difficult and has
been only discussed in particular cases. Partly, this due to insufficient information
about Dunkl kernel and Dunkl translation operator, see [2, 19]. In this paper,
we establish an interesting relationship between a singular integral and a finite
group of reflections G that appears in Dunkl’s theory, then following ideas of [11]
we prove a Fefferman-Stein inequality for the Dunkl-maximal function. We recall
that similar result is obtained in [6] for G = Z% with a different approach. Inspired
by ideas developed in ([I0], Ch,4), we establish an LP-estimate for the analogue
of Littlewood-Paley g-function, with 1 < p < co. To be more precise we shall
be concerned with vector-valued singular integral operators T on L”-spaces for
which there is a function I of two variables x and y defined away from the set
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x = g.y, g € G and taking values in a space of bounded linear operators between
two Banach spaces, such that

1(7)(e) = [ Koo)wdunto)

where for all g € G, g.x ¢ supp(f) and py is a weighted measure with respect
to Lebesgue measure. We show that if K satisfies a Hormander-type conditions,
then T' is an LP- bounded operator, for 1 < p < cc.

The paper is organized as follows : In Section 2, we shall introduce some
necessary notations, definitions and results about Dunkl’s theory. In Section 3, we
reformulate and prove an adaptable version of singular integral theorem. Section
4 is devoted to the vector-valued estimates for the Dunkl-maximal function. In
section 5, we study the Dunkl-Littlewood-Paley g-function.

Finally, C' (eventually with subindex) stands for a positive constant whose value
may vary from line to line.

2. Preliminaries

In this section we give some relevant background material from Dunkl analysis.
The results listed below can be found in [14], 13], 18] O, [7].

Let G C O(RY) be a finite reflection group associated to a reduced root
system R, normalized in the sense that |a]? = (a,a) = 2 for all a € R, where
(,) denotes the usual Euclidean inner product RY. Let k : R — [0,+00) a
G—invariant function (called multiplicity function) and R, be a fixed positive
subsystem of R. Define the weighted measure,

dur(z) = [T 1w ) da. (1)

acER

The Dunkl operators T¢, ¢ € RY are the following k-deformations of
directional derivatives J; by difference operators:

Tef(o) = 0cfa) + 3 k) (o) T e ey

where o, denotes the reflection with respect to the hyperplane orthogonal to «,

oa(y) =y — (y, ).

We denote by 7; the operator 7, , where (e;); is the canonical basis of RY.
The operators 0: and 7¢ are intertwined by a Laplace-type operator

Vif@) = [ F@)dui(o),

associated to a family of compactly supported probability measures {v, |z €RN} .
Specifically, v, is supported in the the convex hull co(G.z).
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For every A€ CY, the simultaneous eigenfunction problem

Tef=(\&f,  €eRY
has a unique solution f(x)=Ey(A,x) such that Ey(\,0)=1, which is given by
Ei(\ z) = Vi(e™)(z) :/ e ™M du,(y), reRY.
RN

Furthermore (\,x) — Ei()\, z) extends to a holomorphic function on CV x CV.
For evry 1 < p < 400, we denote by LE(RY C) the space of complex
valued measurable functions f on RY | satisfying

e = ([, @l dn@)” <+, 1<p<-+,

[ flloos = ess sup |f(z)] < +oo.
z€RN
The Dunkl transform Fj is defined on LL(RY,C) by
1 .
fkf(f) = f(:li') Ek(_z €7$)dﬂk(x)>

Ck JRN

_l=?
Ck:/ e 2 du(x).
RN

It can be considered as a generalization of the usual Fourier transform which is
corresponding to Fy. However, it shares many properties of the Fourier transform.

where

(i) The Dunkl transform is a topological automorphism of the Schwartz space
S(RY).

(ii) (Plancherel Theorem) The Dunkl transform extends to an isometric auto-
morphism of LZ(RY C).

(iii) (Inversion formula) For every f€ LL(RY C) such that Ff€ LL(RY,C), we
have
f(x) = Fif(—z),  zeRY.

(iv) For all £ € RY and f € S(RY)
Fe(Te(f))(x) =< i€z > Fi(f)(x),  xeR".

Let z € RY | the Dunkl translation operator 7, is given for f € LZ(RY,C)
by

Fie(r(M))(y) = Fuf(y) Ex(iz,y), yeRN.

An explicit formula for 7,(f) due to Rosler [13] is given when f is a radial function

in S(RY) such that f(y) = f(lyl), by

2 (f)(y) = . f(A(z,y,m))dva(n), (2)
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where

Alw,y,m) = Iy + 02 + |22 = I = Iyl + 22 +2 < y,n >

This formula is extended later by F. Dai and H. Wang ( [5], Lemma 3.4 ) to a
continuous radial function f € Li(RY,C). For applications, we note the following
remarkable inequality

in|g. <A < . . 3
grgglgrrﬂryl_ (:r,y,n)_gglgwryl (3)

In the next we collect some known facts about Dunkl translation.

(i) For all z,y € RY,
() (y) = 7y(f)(2). (4)

(i) For all z,£ € RY and f € S(RY),

(iii) For all z € RY and 1 < p < oo, the operator 7, can be extended to all
radial functions f in L} (R™,C), and the following holds

17 (P o < A1Vl (5)

Remark. The inequality is proved in [I§] only for 1 < p < 2, by using an
interpolation argument. But since in view of (2) we see that |7.(f)|P < 7.(|f?)
for all radial function f € S(RY) and all 1 < p < oo, we can then conclude
by using the L'-boundedness of 7, and density argument.

The convolution product is defined for suitable functions f and g by

Frg@) = [ m(DEnewinG), R

We just need the following property, if f and g belong to LZ(RY,C),

Fi(f *1 g) = Fr(f)Fr(g)- (6)

3. Banach-Valued Singular Integral Operators

Notations. We denote by :

i) Ag = {(z,9.7); z € RY; g € G}.

ii) For %B; and B, two Banach spaces, L£(B1,B,) the space of all bounded linear
operators from 8, to B,.

Let K a locally integrable function defined on RY x RY \ Ag, which takes values
in L(B1,B,). We say that K satisfies the Hormander’s type conditions, if :
There exists constant C' > 0 such that,

/ 1K) — Ko yo)| din(@) < C, g €RY,  (7)
mingeg |9.-2—y|>2|y—yol
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and
/ IK(.9) ~ Kol du() < O, mmp eRY. (9
mingeg |g.2—y|>2|z—z0|
Here ||.|| designs the usual norm of L£(B;,B,) and puy is the weighted measure
given by .

Remark. An important fact is that (R, ;) is a space of homogeneous type with
respect to the Fuclidean distance, ie : there exists a constant C' > 0 such that for
all z € RY and r >0,

where B(z,r) = {y € RY, |y — 2| < r}. This fact allows us to use the theory of
singular integral operators on spaces of homogeneous type.

For every 1 < p < oo, we denote by L} (RY, %) the Bochner space that is
the space of measurable functions f from RY into a Banach space 98, which the
corresponding norm is finite:

s = s = ([ 1@ @) <00 1<p<

oo = Ifllcpe = esssup ||f(z)] < oo
z€RN

For definitions and properties of these spaces we refer to [§] and much of this sec-
tion follows the treatment of Bochner integrals in [I1].

The main result of this paper is the following :

Theorem 3.1.  Let T : L;(RY B,) — Ly (RN, By) be a bounded operator for
some 1 <r < oo. Suppose that T s associated with a kernel K, such that

1(7)(e) = | Kao)f@iduniy) (10)

for all compactly supported f € L*(RN B,) and for pur-a.e v € RY, gx ¢
supp(f), for all g € G. We assume that K satisfies the conditions (@ and (@
Then T can be extended to a bounded operator from LY (RN, B;) to L7 (RN, B,)
forall 1 <p<oo.

Proof. The idea seems to be classical in the theory of singular integrals and
makes use of a generalized version of Calderén-Zygmund decomposition and vector
version of the Marcinkiewicz interpolation. We shall here follow the same argument
developed in the proof of ( [I1], Theorem 1.1 ). Then it’s enough to show that T
satisfies a weak (1.1), i.e : there exists a constant C' > 0 such that for all A > 0
and f € LIIC(RH, %1) N LZ(Rn, %1),

(e e RY TN @) > ) < 0 s (1)
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We first assume that 1 < r < oco. By density argument we can take

f € L°(R",%B;) with bounded support. For A > 0, the lemma 2.8 of [I1] states
that there is a decomposition f =g+ h =g+ > i h; and a collection of balls
(Bj); = (B(yj,r;)); such that

(i) For all z € RY, |lg(z)| < Ci A
(@) gl < Coll -
(i13) supp(h;) C B;.

i) [ hle)data) =0.

J

) D MRl < Cullfllg
J

||f||
(vi) Zuk )\m

Here ('} is a constant depending only on the measure .
Let Bj = Uge 9.B(yj,2r;). then,

ui({z € RYIT(f)(2)] > A})

< m(tz €RVIT@@N > 51) + e (fr R IT@@)] > 1)
< 2l + w(UB) 4o e (UB)irme > )

< i+ Zy+ Zs.

The boundedness of 7" on Lj(RY,%B,) with (i) and (i), imply

c . C
Z1 S gll.h < 5 £l g -

By (9) and (vi),

Zy = Mk(UR’) < |G| Zuk(B(yj,QTj)) < Ozuk(Bj) <C Hf/’\’lv’“.

On the other hand, we can estimate

2
255 e TN < T3 [ 170N dinto)

ij)c

In view of (iii), (iv) and the representation ([10) we can write

T(hy)(x) = / (K, y) — K)oy (9)dpan ()
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for all x € ch In addition, when z € ch and y € B;, we have

min |g.z — y;| > 2r; 2 2y — y;|.
Therefore, by (7)) and (v),

o< 33 [ ] = Kl Il dis@)d )

2
<2/ 1K) o) 10| ) ()
;RN Jmingeq |g.a—y;[>2ly—y;]

C
< Sl
This achieves the proof of .
When r = oo, we let A a constant such that || T(g)|l, < Allgll, and we
consider a decomposition of f with \' = 5 AC . For this choice, we see that
A
(€ R T > 5}) =
and then,

({2 € BTN @) > ) < 2o + Zs,

which can be estimate by the same manner as above.
Now, as in [I1], we conclude the proof of the theorem by interpolation and
duality. [ |

Corollary 3.2. Let 1 < p,r < oo and T as in Theorem [3.1. There exists a
constant C' > 0 such that for all sequences of functions {fi},

H(i )| <el (i)’

.k

and for A > 0,

w(te e (Sirer) >n) < Sl ar)

Proof.  Consider the Banach spaces ¢"(%5;) and ("(B3) and define the opera-
tors

1,k

S L (RY, E’“(%l)) —  Lp(RY,07(8,))
=(fi)r = S(f)=(Tf)
and
Ks(x,y) : £7(B1) — (7(By)

t = (tl)l —> ICS(xay)(t) - (IC(QT y)(tl)>l
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where (z,y) € RY x RY \ Ag. Clearly, S is a continuous operator satisfying
IIS|| < |T||. In addition,

S(A) = [ Kl fo)diato)

for all z € RY, g.x ¢ supp(f), g € G. However, Kg(z,y) is a continuous operator
with ||[Cs(x,y)|| = ||K(z,y)||. Moreover, since

1Ks(z,y) = Ks(', y)ll = 1 K(z,y) = K=" )],

under the assumption on 7', the conditions and are satisfied by the kernel
Ks. The corollary follows from Theorem [3.1] ]

4. Applications.

4.1. Vector-valued estimates for Dunkl maximal functions.. The Dunkl
maximal function Mj was introduced in [I8] as the analogue of the Hardy-
Littlewood maximal function and defined for a locally integrable function f, by

Y

1
My (f)(z) = sup W ‘XB(O,r) i f(x)

r>0 W

where xp(o, is the characteristic function of the ball B(0,7).
In ([I8], Theorem 6.1) a basic ingredient in the proof of the LP-boundedness for
M, is the following estimate

Mi(f)(z) < € sup(B+ | f) (@), (12)

where
t 1 1

P(—(L’),

(t+[aPyme BT

Pi(z) = a

and P is the generalized Poisson kernel,

1 F(mk) N+1
P(z)=ay——5—, ar=cx . my = kla) + ——.
(1 + [a]*)m VT gﬁ; 2
We recall that
Fi(P)(z) = e, (13)

(see [18], Theorem 5.3).

As in the classical case ( [10], Theorem 4.6.6) the above corollary can be
used to obtain the Fefferman-Stein vector-valued inequality for the Dunkl maximal
operator My.
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Theorem 4.1. Let 1 < p,r < co. There exists a constant C' > 0 such that for
all sequence {fi}; of locally integrable functions on RY

() H@M(ﬁ)r)i (1)’

@) (e e ® (LMl > a) ggu(iw)i

<C

I

.k

1,k

Proof. By writing |0, +o0o[ as the union of intervals of the form [2/71 29[,
J € Z and using the fact that the function r — P(r ||z||) is decreasing, we obtain

sup(B; # | f])(z) < 22 =L sup Py %5 | f](x).
>0 jez

Set
M. (f)(z) = sup | Py * f()].

JEZ.

Observe that in view of (12)),

M (f)(z) < C M ([ f]) ().

Then, it suffices to prove the vector-valued inequalities for 9;. Let us consider
the Banach spaces B, = C ,B, = (*°(C) and the bounded operator

T : L°(RN,9B8,) — L°(RYN,9B,)

defined by
T(f)(@) = { Py * f(2)}jez-

The boundedness of T is easily obtained from the following,

(| Pas f”ook < HPHlk ||fHook'

Moreover, T" admits the following integral representation,

1)) = [ Kl (),

where KC(x,y) is the linear bounded operator from B; to B,, given by
K(z,y) : a = {1 Pai(—y)a}jez

with ||IC(z, y)|| = sup;ez |72 P2 (—y)|. In the next, we will show that there exists a
constant C' > 0, such that

/ 1K () — K.l dus(e) < C. oo €RY.  (14)
mingeg [g-2—y|>2|y—yol
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Indeed,

/ 1K, ) — K yo) | dp ()
mingeg |9.2—y|>2|y—yol

< Z/ |TacP2j<—y) - TxPQJ(_y0)|de<J})
jez Y mingeg |g-x—y[>2ly—yol
= Li(y,%) + L(y, %),

where
L(y. o) = Z / |70 Poi (=) — 7o Pas (—yo) | dpx (),
2> |y—yo| Y MiNgec lg-z—y|>2]y—yol
and
I (y, yo) = Z / (’Txpzj(_y)‘ + ‘Tmpm(_y())’)d/ﬁk(f)-
2 <[y—yo| ¥ Mingec 19-2=y|>2ly—yol

We claim that I(y,yo) and I5(y,yo) are uniformly bounded.
Writing yo = yo + 0(y — vo), 0 € [0,1], by mean value theorem and (2)), we get

|T$P21(_y) - TacPZj(_yOH
N
< |y — ol Z/

1 o — |
< coty-ul [ / R )

< (Cly — . dv,(n)do
< Cly y"’/o / (22J+A2(x,—ye,n))m’“ va(11)

1
< C277y — yol / 7o (Pas ) (—yo)db.
0

1 aTxPQj

—yp)| dO

Thus in view of and , we obtain

Ly, ) < Cly—wol > 2j// Ty (P ) () dpuy, () dt

ly—yo|<27

< Cly-wl ¥ 2]/ Pos()djuy ()
ly—yo|<29

= Cly—wl Y 2J/ z)duy(z) < C.
ly—go| <27 RY

Now, to estimate I5(y,yo), we can assume that y # yo, since if y = yo the estimate
is obvious. Let z € RY with,

inlg.z —y| > 2y — ol 15
Ignelg\g:v yl > 2|y — yol (15)
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In view of and ,

T Py(—y)| = a2 éN( dva(n)

22j + AQ(£> -Y, 77)>mk

: dvy(n)
< akQJ/
ry (A2(z, —y,m))m™
; dv,(n)
ry ([y — yol? + A2(z, —y, n))™
ak2j+mk
= mﬂply—yol(—y)-

Observe that from ([15]), we have
in|g.z — yo| > min|g.x —y| — |y — vo| > |y —
min |g.o —yo| 2 min|g.x —y| — |y — ol > |y —vol.

as above in the same way, we obtain

7o Poi (—90)| <
’ |y - yo|

7_wply—yo\ (—=v0)-

By and it follows that

[2(y’y0> < C Z |y Ejy0| /RN(TyP|y—y0|(x)+Ty0P|y—y0|(x))d:“k(x)

27 <Jy—yol

C Z L P(x)dug(x) < C.

27 <|y—yol [y = vl Jr~

This achieves the proof of ([14]).

Now, since K(y,x) = K(—z, —y), the condition ({8]) is also satisfied. There-
fore, from Theoremthe operator T is bounded from LY (RY B,) to LE (RN, B,),
for all 1 < p < oo and Theorem is concluded by Corollary [3.2 |

4.2. Dunkl- Littlewood-Paley g-function. It is well known that Littlewood-
Paley g-functions are of great interest in harmonic analysis and have been widely
studied (see [15],[16], [12]). In recent years, there are several different generaliza-
tions of g-functions in many other settings ( [1], [3], [17]). In our context we define
the Littlewood-Paley g-function by

o)) = ([ 1B i)’

where
2 N

+ Y IT(Box ()],

J=1

O (P, w )()

ViPox @) = |5

and g;, j =0,...,N by,

2

tdt>

-

2

whw = ([ |5 r @)
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and
(@ = ([ n@Pa)’ . =1

Throughout, we consider the Banach spaces, B; = C and B, = L*([0, +oo[, tdt).

Theorem 4.2.  For each 1 < p < oo there exists a constant C' > 0 such that
for all f € LV(RN B,),
g pe < C Nl (16)

As in the proof of Theorem 1 of ( [I5], Ch:IV), the L?*-boundedness is easily
obtained by means of Plancherel’s theorem for the Dunkl transform. In addition,
we have

1
g llo = 5 1 F 1l - (17)

According to the inequality g(f) < go(f) + Zjvzl g;(f), Theorem [4.2is an imme-
diate consequence of the following lemmas.

Lemma 4.3. For each 1 < p < oo there exists constant C > 0 such that for
all f € Li(RN, %1),
190y < C N fllpe -

Proof.  Let Gy : LY (RN, B;) — LY (RN, 9B,) be the operator given by

0

Go(f)(@) +t = = (P f)(2).

It admits the following integral representation

Go(f)() = / Kol 9) f (0)dpn(y),

RN

where KCo(x,y) is the linear bounded operator from B; to B,, given by

0
’C()(flf,y) a— IC()(l',y)((l) it aTth(_y)a'

Applying Theorem[3.1]we show that Gy is bounded from L} (RY,%B;) to L} (RY,B,).
First, from this is true for p = 2. However, as Ky(y,z) = Ko(—z, —y), we
need only to show that Ky satisfies condition (7). Indeed, let z,y,y, € RY, such
that y # yo and mingeq 9.2 — y| > 2|y — yo|. Put

Yo :y0+9(y_y0)a NS [07 1]7and A9 :A(Ia _y9777)a ne CO(G.ZL‘).

Observe that for all g € G, we have |g.x — yg| > |g.x — y| — |y — yo| > |y — vol,
which implies by that

[y — ol < As. (18)
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The mean value theorem and yield

B, 0
athPt( y) — En%(—yo)
B yOZ 772)
= 2mya / /RNZ — Yo,i ( t2+A2)mk+1
2(my, + 1) (yo,i — mi)t?
T Tt Ay )dyx(”)de ’

< Cli-ul [ [ ot

here, we used the following obvious inequality |ys; — n:| < |yo — 1| < As.
Hence, by Minkowski’s inequality for integrals and ,

1o (2, y) — Ko(z, yo)|

< C +o0 AG
>~ |y yO’ RN t2+A2)m k+1
< Cly—yol / / dez(n)cm

0 RN Ay

1 omy
< Cly— dv,(n)db
< Clul [ [
1
< ¢ [ nPy(-wdb.
0

Therefore from and , we get

tdt> vy ()df

/ 1Koz, y) — Kole, o) | dus ()
mingeg |9.2—y|>2|y—yol

1
< ¢ [ muPhw@du)ds
0 RN
< [ Prw@dn) = [ P - c.
RN RN
Which proves for the kernel Cy. [ ]

Lemma 4.4. For each 1 < p < oo there exists constant C' > 0 such that for
all f € LY(RY,B,),

ng(f)Hp,k <C ||f||p,ka 7=1,..,N.

Proof. We use exactly the same approach as in the proof of the previous
lemma. We consider the operator

Gi(f)x)= [ Kilz,y)f(y)du(y), j=1,...,N,

RN
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where /C;(z,y) is the linear bounded operator from B, to B, given by,
,Cj(l',y) ca— ]Cj(xvy)<a) tl= Txﬁpt(_y)a = 7;7—:1:Pt(_y)a'
Obviously, the LP-boundedness of g; is equivalent to the boundedness of the

operator G; from LF(RY 9B;) into LE(RY,9B,). It remains only to verify the
condition . Indeed, it follows from that

TimePi(—y) = K\ (z,y,t) + K (2, y,1),

where

and

KP(x,y,1)

4 th(a)a 1 B 1 )
= ay Z <y, a> /[RN <(t2 + Az, —y,n)2)™  (t* 4+ A(x, —UQ-y,n)Z)mk)d 2(1)-

aER

We then split the kernel K; into
K=K+ k2

where K§1)(x,y) and ICJ(-Z) (x,y) are the linear bounded operators from B; to B,
given by,
(1) . (1) : (1)
’Cj (may> ta— ’Cj (:L‘,y)(a) b Kj (:C7y7t)a7

and
(2 . (2 ) (2)
K7 (2, y) ra— K7 (2, y)(a) 1t K7 (2, y,t)a.
As we deal with the kernel Ky, the mean value theorem and Minkowski’s inequality

yield

1
HICJ('I)(:E?y)_IC;l)(:U?yO) SC /0 Txply*y0|<_y9)d9>

for mingeq |g.¢ — y| > 2|y — yo|. Hence

/mingec lg-z—y|>2]y—yo]

To show that IC§»2) satisfies , we denote by

KD (@, y) — KD (z, yo)H dp(z) < C.

Bt(%yﬂ?) = t2 + A2<J}, _y777>7

and
Ua,)\<y) =Y + /\(Ua'y - y) =Y — >‘<y7 a>a, (OBS R+7 A€ [07 1]
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Then by mean value theorem we can write

K (2,y,1) = K2 (2, y0,1)
_ 0o B (2, ua(),n)
—— 3 ko ozj// — Bmk T )>(y9)d0d>\.

T, O
ac€RL ( an "

It remains to estimate the integrand. Clearly, the following hold

o0B"* N
‘ a?j (x,y,n)' < CB," *(x,y,m)
p
62Bmk .
ay aty (%?J;U)' < CBt . 1($,y,77), p,q = 1,...,N.
p q

Hence, we get

o — L
10y—yo B (x,y,m)] < C'ly —wol B, *(x,9,m),
me— L
|0y—yo B (x ooy, Ml < Cly—wolB " *(x,00.9,7m).
However, using the fact that
ua(y) — nl < max(|ly —nl, |oa-y —nl),
we obtain
0B (@, uar()n)| < C (B (g + B @,009,m)))

10y 4000 B™ (2, uan(y),n)| < Cly— yo!(Bl”’“_l(:v,y,n) - B?’“_l(x,oa-y,n))-

IN

Then, a straightforward calculation leads to the following estimate

onlie i ian) )

<O |< ! n ! >
= Y~ % - poe .
Bt k+1(xay97n) Bt k+1(x70-04-y07n)

From this it follows that
2 2
K (. t) = K @ 50.)

1 t t
| 0| Z ( )| J| 0 RN{Bt Hl(%ya,n) B, k+1(1‘70'a.y9,77)} ( )

aERy

and when mingeq |g.2 — y| > 2|y — yo|, we obtain

|2 @.y) = K2 (@, w0)|

1
<C k(a dv,(n).
v — ol > Iaﬂ/ / Az, yo. ) + A(L%ye,n)gmﬂ V(1)

a€ERT
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9.2 — 00-ys| = |0ag.® — yo| > |00g.-z =yl — |y —yo| = [y — ol

which in view of imply that,

A(I‘7 O Yo, T’) > |y - ?J0|

Then proceeding as above we get that

KD (,y) = K (@, 90) | duel) < €

J

/mingec lg-z—y|>2|y—yol

This, completes the proof Lemma [4.4] [ |

As a consequence of Theorem , the converse of holds by duality.

The proof is very similar to the proof of the classical setting ( Theorem 1 of [15],
Chapter IV) and so is omitted.

Corollary 4.5. For each 1 < p < oo, there exists constant C > 0 such that
for all f € LE(RN By),

C 1l < N9CH) e
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