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VECTOR MEASURES ON TOPOLOGICAL SPACES

SURJIT SINGH KHURANA

Abstract. Let X be a completely regular Hausdorff space, F a quasi-com-
plete locally convex space, C(X) (resp. Cy(X)) the space of all (resp. all,
bounded), scalar-valued continuous functions on X, and B(X) and By(X) be
the classes of Borel and Baire subsets of X. We study the spaces M;(X, E),
M. (X,E), My(X,E) of tight, 7-smooth, c-smooth, FE-valued Borel and
Baire measures on X. Using strict topologies, we prove some measure repre-
sentation theorems of linear operators between Cy(X) and E and then prove
some convergence theorems about integrable functions. Also, the Alexan-
drov’s theorem is extended to the vector case and a representation theorem
about the order-bounded, scalar-valued, linear maps from C'(X) is general-
ized to the vector-valued linear maps.
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1. INTRODUCTION AND NOTATION

In this paper R stands for the set of real numbers, K denotes the field of real or
complex numbers (we call them scalars) and X a completely regular Hausdorff
space and E a quasi-complete locally convex space space over K with topology
generated by an increasing family of semi-norms ||.||,, p € P; E’ denotes the
topological dual of E. Forap e P, V, ={x € E : ||z|, < 1}; polars are taken
in the duality (E, E’). We denote by C(X) the space of all K-valued continuous
functions on X, and by C,(X) the space of all bounded elements of C'(X). The
zero-sets of X are the elements of {f71(0) : f € Cy(X)}; the positive-sets of X
are sets of the form X \ Z where Z is a zero-set. For locally convex spaces, the
notation and results of [9] will be used. For a vector space F', F* will denote
its algebraic dual. N will denote the set of natural numbers. For topological
measure theory the notation and results of ([10], [11], [5], [12]) will be used. All
locally convex spaces are assumed to be Hausdorff and over K. The elements
of the smallest o-algebra, on X, relative to which all functions in Cy(X) are
measurable, are called Baire sets and the elements of the o-algebra generated
by open sets are called Borel sets. B(X) and By(X) are the classes of Borel and
Baire subsets of X. X will denote the Stone-Cech compactification of X and
vX the real-compactification. M,(X), M.(X), M;(X) denote the spaces of o-
additive, 7-smooth and tight Baire measures on X ([12], [11]), respectively. The
elements of M,(X) are scalar-valued, countably additive measures on By(X).
An element p € M,(X) is called 7-smooth if for any decreasing net {f,} C
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Cy(X), fo | 0, we have u(f,) — 0. Every 7-smooth measure has a unique
extension to a Borel measure which is inner regular by closed subsets and outer
regular by open subsets of X; an element p € M,(X) is called tight if for
any uniformly bounded net {f,} C Cy(X), fo — 0, uniformly on the compact
subsets of X, we have pu(f,) — 0. Every tight measure has a unique extension to
a Borel measure which is inner regular by compact subsets and outer regular by
open subsets of X ([12], [11]). Also, the so-called strict topologies 3., z = o, 7,t
are defined on Cy(X), with the result that (Cy(X), 5.) = M,(X) (see [11])
(notation like 1, 3, By is also used for these topologies in [10]). The topology
B; is the finest locally convex one on Cy(X), agreeing with the topology of
uniform convergence on the compact subsets of X, on the norm bounded subsets
of Cy(X). To define the topology f3,, take a zero-set in X, Z € X \ X. The
topology f3; on Cy(X\ Z) is denoted by 3. Evidently, Cy(X\ Z) can be identified
with Cy(X) (there is a natural one-to-one, onto, norm-preserving mapping) and
80 (37 can be considered a locally convex topology on Cp(X). The topology [,
is defined as A{Bz : Z a zero-set in X, Z C X\ X}. Similarly, 3, is defined as
A{Bc : C a compact set in X, C' c X\ X}.

With norm topology on C,(X), the dual of C,(X) is denoted by M (X); M (X)
can also be interpreted as the space of bounded finitely additive measures on
the algebra generated by zero-sets of X, which are inner regular by zero-sets
and outer regular by the positive-sets of X (Alexandrov Theorem [12], [11]).

For a function f € Cy(X), f denotes its unique continuous extension to X .
It can be easily verified that B(X)N X = B(X) and By(X) N X = By(X).

Now we come to vector-valued measures; the integrability of scalar-valued
functions is taken in the sense of ([7]). If A is a o-algebra of subsets of a set
Y, u: A — FE a countably additive vector measure and p € P, we denote
the p-semi-variation of p by fi,, fi,(A) = sup{|g o ul(A) : g € VJ} (here V)
is the polar of V}, in the duality (£, E’)) [7]; we also consider the submeasure
fp o A — RY, [1,(A) = sup{||w(B)|, : B € A, B C A} ([5], [3]). It is easy
to verify that fi, is countably sub-additive [3] and g, < i, < 4f1,. Also, there
is a control measure for fi, to be denoted by A,; this control measure can be
chosen in the closed convex hull of {|gopu| : g € Vpo}, with norm topology
on measures ([7], p. 20, the proof of Theorem 1). This control measure also
has the following properties: (i) |f o pu| < A, for every f € E' with ||f], <1
(note that [|f]l, — sup{|/(x)| : & € Vy}); (i) if Ap(4) = 0, then i,(4) — 0;
(iii) limy,(a)—o fp(A) = 0; (iv) A, < fi,. We also establish that if f:Y — K is
a measurable function, B € A and |f| < c on B, then || [, fdull, < cfip(B).

L'(n) denotes the space of p-integrable functions ([7]). For any f € L'(u),
we take i,(f) = sup{|g o ul(|f]) : g € VO} (7], Lemma 2, p. 23)

If F is an algebra of subsets of a set Y and p : F — FE a finitely additive
measure, then p is called exhaustive if for any disjoint sequence {4, } C F, we
have u(A,) — 0; exhaustive measures are called strongly bounded measures in
2]; for quasi-complete E, a finitely additive u is exhaustive if and only if p(F)
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is relatively weakly compact in E (for Banach spaces, it is proved in [2] and can
be easily extended to quasi-complete locally convex spaces).

If X is a compact Hausdorff space then there is a one-to-one correspondence
between regular Borel F-valued measures p and linear weakly compact opera-
tors T : C(X) — E such that T(f) = [ fdu, Vf € C(X) ([8], Theorem 3.1, p.
163); regularity means that for any Borel B C X, p € P, and ¢ > 0, there exist
a compact C' and an open V, C' C B C V such that ji,(V'\ C') < c. In that case,
for p € P, the control measure )\, is a positive regular Borel measure in X.

In this paper, by taking the strict topologies on C,(X) we get similar repre-
sentation theorems for weakly compact and continuous linear maps from Cy(X)
into E. Some convergence type theorems having relevance to topology are also
proved. With a norm topology on Cy,(X), the celebrated Alexandrov’s theorem
says that the dual of Cy(X) is M(X); we extend this result to weakly compact
and continuous linear p : Cy(X) — E. Another very well-known result in the
scalar case is that a linear p : C'(X) — R, which maps order bounded subsets
into bounded sets, comes from a countably additive u € M,(X), whose support
is in v.X; this result is also extended to linear maps p : C(X) — E.

First we consider X to be a compact Hausdorff space and prove some proper-
ties of E-valued regular Borel measures on it; then we extend these properties
to completely regular Hausdorff spaces.

2. REPRESENTATION THEOREMS

Theorem 1. Let X be a compact Hausdorff space and p an E-valued reqular
Borel measure on X.

(1) Suppose {fa} is an increasing net of non-negative, lower semi-continuous
functions in L' (), converging to f € L'(u), pointwise on X. Then lim fi,(f —
fo) = 0; in particular lim [ fodu = [ fdp.

(ii) Given ap € P, there exists the largest open set U, C X such that fi,(U,) =
0; this X \ U, is called the support of [, and has the property that for any
feCy(X), f>0, and f not identically 0 on X \ Uy, one has fi,(f) > 0.

Proof. (i) Fix ap € P and let \, be the corresponding control measure. Since A,
is in the norm-closed, absolutely convex hull of {|gopu|: g € E', ||g||, <1}, it
follows that f is \,-integrable. As )\, is a regular Borel measure, lim [ f,d\, =
[ fdX,. This means there are an increasing sequence { fo(n)} and a Borel B C X
such that \,(X \ B) = 0 and fon — [ pointwise on B. Using the fact
fam) < f, Vn, by ([7], Theorem 1, p. 20), fi,(f — fam)) — 0. This proves this
result.

(ii) Fixap € Pandlet V ={U C X : U open and fi,(U) = 0}. By the sub-
additivity of fi,, for any finite collection {U; (1 <i < n)} C V, i,(UU;) = 0.
From (i) f1,(U{U : U € V}) = 0. The other statement is easy to prove. O

Now assume that X is a completely regular Hausdorff space and B(X) and
By(X) be the classes of Borel and Baire subsets of X ([11]). If it is not necessary
to specify the space X, we will also denote them by B and By. Let M, (X, E) =
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{(p: By — FE):gop e M,(X), Vg € E'}. This implies that every pu €
M, (X, E) is countably additive in the original topology of F.

Theorem 2. Suppose X is a completely regular Hausdorff space and p €
M, (X, E) is a countably additive Baire measure. Then

(i) p is inner reqular by zero-sets and outer regqular by positive sets;

(ii) the linear mapping p = (Cy(X), B,) — E is continuous and bounded sets
are mapped into relatively weakly compact sets.

Conversely, if a linear mapping p = (Cy(X),8,) — E is continuous and

maps bounded sets into relatively weakly compact sets, then there exists a unique
countably additive Baire measure v : By — E such that [ fdv = u(f), Vf €
Cy(X).
Proof. (i) Note By(X)NX = By(X). Define ji : Bo(X) — E, i B) = n(BN X).
This means i(B) = 0 when BN X = @. Take a p € P, ¢ > 0 and a Baire set
B C X. Select a Baire B C X such that BN X = B. Since a Baire measure
on a compact Hausdorff space is regular ([5]), there exists a zero-set Z and a
positive set V in X such that Z ¢ B ¢ V and /i,(V \ Z) < ¢. From this it
follows that f,(V N X\ ZN X) < c. This proves the regularity of p.

(ii) Since the range of a countably additive E-valued measure is a relatively
weakly compact subset of F, the unit ball of C,(X) is mapped into a relatively
weakly compact subset of F under the mapping u : (Cy(X),5,) — E. Also
By-bounded sets are norm-bounded ([11]) and so the bounded sets are mapped
into a relatively weakly compact subset of F.

Now for every g € E', go u € M,(X) and so, with weak topology on E, the
mapping p : (Cy(X),[,) — E is continuous. Since [, is Mackey ([11]), the
mapping is also continuous with the original topology on E ([9], 7.4, p. 149).

Conversely, suppose that p : (Cy(X),8,) — FE is a linear and continuous
mapping and the bounded sets are mapped into a relatively weakly compact
subset of E. With sup-norm topology on C'(X), the mapping fi : C(X) — E,
a(f) = pn(fix), vf € C(X X), is linear and weakly compact and so /i can be
considered a regular Baire measure on X. If ZC X\ X is a zero-set, there
exists a sequence {f,} € C(X) such that f, | xz. This means, in (Cy(X), 5,),
fax — 0. Thus for every zero-set Z C X \ X, a(Z) = 0, and so, for every
p € P i,(B) = 0, for all Baire sets B C X \ X. For any Baire set A C X,
define v(A) = ji(B), B being any Baire subset of X, with BN X = A. It is
a routine verification that v is well-defined, is countably additive and for the
integration of any f € Cy(X), [ fdv = [ fd,u Also if there is another Baire
measure vy, on X, such that f fdv = [ fdu for every f € Cy(X), then we have
v(Z) = 11(Z) for every zero-set Z C X ; by regularity, this will imply v = v;.
So the uniqueness is established. O

A Baire measure p : By — FE is called 7-smooth if for every g € E', gou €
M, (X). The set of all E-valued 7-smooth measures is denoted by M, (X, F).

Theorem 3. Suppose X 1is a completely reqular Hausdorff space and p :
By — E is a T-smooth measure. Then
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(i) p can be extended to a Borel measure which is inner reqular by closed sets
and outer reqular by open sets (we call this extension a reqular Borel Measure);

(ii) the linear mapping p : (Co(X), Br) — E is continuous and bounded sets
are mapped into relatively weakly compact sets;

(iii) considering p a Borel measure, suppose {f,} is an increasing net of non-
negative, lower semi-continuous functions in L'(u), converging pointwise to an
f € L*(p). Then limfi,(f — fo) = 0; in particular lim [ fodp = [ fdp.

(iv) Given a p € P, there exists the largest open set U, C X such that
A, (Up) = 0; this X \ U, is called the support of [, and has the property that for
any f € Cp(X), f >0, and f not identically 0 on X \ Uy, one has fi,(f) > 0.

(v) The Borel regular extension of u, satisfying the condition that, for an
increasing net {V,} of open subsets of X with UV, =V, we have lim u(V,) =
w(V), is unique.

Conversely, if a linear mapping p = (Cyo(X), ;) — E is continuous and maps
bounded sets into relatively weakly compact sets, then there exists a unique T-

smooth measure v : By — E such that [ fdv = p(f), Vf € Cp(X).

Proof. (i). We have B(X)N X = B(X). As Cy(X) C L'(p), we get a linear
continuous fi : C(X) — E, a(f) = u(fix), ¥Vf € C(X). Thus ji can be
considered as a regular Borel measure on X. Take a closed set C ¢ X \ X;
there exists a net {f,} € C(X) such that f, | x¢. This means, in (Cy(X), 3,),
foyx — 0. Thus for every closed set C' C )N(\X, f(C) = 0, and so, by regularity,
for every p € P, ji,(B) = 0, for all Borel sets B C X \ X. For any Borel set
A C X, define v(A) = ji(B), B being any Borel subset of X, with BNX = A. Tt
is a routine verification that v is well-defined, is countably additive and for the
integration of any f € Cy(X) we have [ fdv = [ fdu. Also by the regularity
of fi it can be easily verified that p is inner regular by closed sets and outer
regular by open sets.

(ii) To prove the continuity of y : (Cy(X), 8;) — E, we get ji : C(X) — E as
done above. Fix ap € P, put M = ﬁp(f(), and fix an n € N. Take a compact
C € X\ X. Now the topology (¢ is identical with the topology £; on Cy( X\ C),
if we identify C,(X) with Cy(X \ C) ([11]). Thus it is enough to prove that
fi: (Cy(X \ C),3) — E is continuous. We will use the fact that (3, is the finest
locally convex topology agreeing with the compact-open topology on norm-
bounded sets. Take a compact K C X\ C such that fi,((X\C)\K) < 4. Since
fi,(C) = 0, we have fi,(X \ K) < 3. Take an f € Cy(X), |f| < n, 1f| < ot
on K. Now [ fdji = [ fdi + fX\K fdji. Taking the ||.||,-norm on both sides,
we get [|u(f)|lp < 5557 M + 55n < 1. This proves the continuity of 4.

(iii) Since go p € M,(X), Vg € E', we get that the control measure A\, €
M.(X). As in Theorem 1, this means lim [ fod\, = [ fdA,. So we get an
increasing sequence fu(,) and a Borel B C X such that A\,(X \ B) = 0 and
fam) — [ pointwise on B. Using the fact fon)y < f, Vn, by ([7], Theorem 1, p.
20), fip(f = famy) — 0. This proves the result.

(iv) The proof is identical to the one given in Theorem 1 (ii).
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(v) Suppose vy and v, are two regular Borel extensions of v, satisfying the
given condition. Fix an open set V' C X and take an increasing net {U,}
of positive-sets in X such that U, T V. By (iii) v1(V) = (V) and so, by
regularity, v; = v,.

Conversely, suppose that p : (Cy(X), ;) — FE is a linear and continuous
mapping and the bounded sets are mapped into relatively weakly compact sub-
set of K. Proceeding as in Theorem 2, we get a unique countably additive Baire
measure v on X such that [ fdv = u(f), for every f € Cy(X). Now for every
geFE, gou:(Cy(X),B;) — K is a linear and continuous and g o € M, (X).
This means v is 7-smooth. 0

A countably additive Baire measure p : By — FE is called tight if for every
g€ E' gopue M(X). The set of all E-valued tight measures will be denoted
by M;(X, F). It is a trivial verification that a tight measure p : By — E is also
T-smooth.

Theorem 4. Suppose X 1is a completely reqular Hausdorff space and p :
By — E s a tight measure. Then

(i) p can be extended to a Borel measure which is inner regular by compact
sets and outer reqular by open sets;

(ii) the linear mapping p : (Co(X), B;) — E is continuous and bounded sets
are mapped into relatively weakly compact sets;

(iii) considering . a Borel measure, suppose {f,} is an increasing net of non-
negative, lower semi-continuous functions in L' (i), converging pointwise to an
f € LYp), pointwise on X. Then lim i,(f — fo) = 0, Vp € P; in particular
lim [ fodp = [ fdu;

(iv) the regular Borel extension of u, satisfying condition (i), is unique.

Conversely, if a linear mapping pu : (Cy(X), B;) — E is continuous and maps
bounded sets into relatively weakly compact sets, then there exists a unique tight
measure v : By — E such that [ fdv = u(f), Vf € Cy(X).

Proof. (i). Since the measure is 7-smooth, using Theorem 3, it can be uniquely
extended to a Borel measure, satisfying condition (iii) of Theorem 3. Now
considering this a Borel measure and using the fact for every g € E', go u €
M, (X), we get that u is regular in the weak topology on E. By ([8], Theorem
1.6, p. 159), p is inner regular by compact subsets of X; it is a simple verification
that this implies that p is outer regular by open subsets of X.

(ii) To prove the continuity of p : (Cy(X), 5;) — E, we will use the fact that
0, is the finest locally convex topology agreeing with the compact-open topology
on norm-bounded sets. Fixap € P,ann € N and ac > 0. Take an M > 0 such
that fi,(X) < M. Take a compact C' C X such that f1,(X \ C') < 5. Now for
any f € Cy(X), [|[f|| < nand |f| < 53 on C we have p(f) = fcfdp—I—fX\cfd,u.
Taking the | -|,-norm on both sides, we et [1(F)ly < || fo faull + 1 feyc- <
ﬁM + n% < 1.

Since [, is the finest locally convex topology, agreeing with the compact-
open topology on bounded sets, we prove that p is continuous. Also, since
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1 is countably additive, the bounded sets are mapped into relatively weakly
compact subsets of E.

(iii) Since the measure y is T-smooth, this follows from (iii) of Theorem 3.

(iv) Let p; (i=1, 2) be two Borel extensions of y, satisfying (i). Take an open
V and a compact C' in X. There is a zero-set Z in X, C C Z C V. Since
f1 = po on zero-sets, we get p1 (V) = po(V). By regularity, pq = puo.

Conversely, suppose that p : (Cy(X), 5;) — E is a linear and continuous map-
ping and the bounded sets are mapped into relatively weakly compact subsets
of E. Proceeding as in Theorem 2, we get a unique countably additive Baire
measure v on X such that [ fdv = u(f) for every f € Cy(X). Now for every
g€ FE gop: (Cy(X), ) — K is alinear and continuous and so gopu € M;(X).
This means v is tight. 0

3. ALEXANDROV’S THEOREM

In this section, we extend the celebrated Alexandrov representation theorem
to the vector-valued measures. In the scalar case, in a simple form, this theorem
says:

Suppose X is a completely regular Hausdorff space, F the algebra generated
by zero-sets and u : Cp(X) — K a continuous linear mapping. Then there
exists a unique, finitely additive measure v : F — R such that

(i) v is inner regular by zero-sets and outer regular by positive-sets;

(ii) [ fdv = u(f), Vf € Cp(X). ([12], Theorem 6, p. 163; [11], ). Note C(X)
is contained in the uniform closure of F-simple functions on X in the space of
all bounded functions on X and so each f € Cy(X) is v-integrable.

We state and prove the following extension. Our proof is obtained by the
regularity properties of the corresponding regular Borel measure on X and is
very different from that given in [11]. We start with a lemma.

Lemma 5. If Z; and Z, are zero-sets in XL then Z1 N Zy = Z1 N Zy (for a
subset A C X, A denotes the closure of A in X). Hence if Z1 N Zy = @, then
ZiNZy=@.

Proof. Suppose this is not true. Take a point a € ZHZ\ZLH Zs (note Z1NZy
can be empty). Take an f € Cp(X), 0 < f <1, such that f(a) =1and f =0
on ZyNZy. Fori = 1,2, take h; € Cp(X) such that 0 < h; <1 and Z; = h;l(O).

Define f;(x) = f(a:)%, for x ¢ Z1NZ,, and 0 otherwise. These functions

are continuous and f = fi + fo. Thus f=f+ fg Since f; =0on Z;, f; =0
on Z; and so f1+ fo = 0 on Z; N Z5. This means f(a) = 0, a contradiction. O

Now we come to the main theorem.

Theorem 6. Suppose X 1is a completely reqular Hausdorff space and p :
Co(X) — E a weakly compact linear mapping. Then there ezists a unique
finitely additive, exhaustive measure v : F — E such that

(i) v is inner reqular by zero-sets and outer reqular by positive-sets;

(ii) [ fdv = u(f), Vf € Cy(X).



694 S. S. KHURANA

Proof. Considering fi : C (X' ) — E, we get an E-valued regular Borel measure
fi : B(X) — E. If Ais a subset of X or X, A will denote the closure of A in
X. We prove this theorem in several steps.

I. Let Z = {A: A a zero-set in X}. Then for every Q € Z and ¢ > 0, there
exists W € Z such that W € X \ Q and /1,((X \ Q) \ W) < c.

Proof. Using the inner regularity of ji, and Urysohn’s lemma, we can take a
positive set V' C X \ Q having the property that fi,((X \ Q) \ V) < 5. Take a
geC(X),0<g<1,suchthat V =¢7%0,1]. Put V,, = {z € X : g(z) > > 1}
and Z, = {z € X : g(z) > 1}, Now, using the fact that X is dense in X, we
have V,, € (V,NX) C (Z,NX) C Z, C V41 By choosing n sufficiently large
we can assume fi,(V \ V;,) < £. Taking W = (Z,41 N X), we get the result.

II. Let A be the algebra, in X, generated by Z and denote by Ay the elements
of A which have the property that these elements and their complements are
inner regular by the elements of Z. Then A, = A.

Proof. We use I to prove. By I, Ay D Z. By definition, A is closed under
complements. Also, using Lemma 5, it is a routine verification that if A and B
are in Ag, then AU B and AN B are also in Ag. This proves the result.

III. Let F be the algebra, in X, generated by zero-sets in X. Then it is a
simple verification that A N X D f Also if A € A and AN X = &, then
/LP(A) = 0. To prove this, take any Z € Z, Z being a zero-set in X, such
that Z C A. This means Z is empty and so ji,(A) = 0. Now we can define

v:F — E v(B) = i(A), A being any element in A with B = AN X; it
is a trivial verification that v is well-defined, is finitely additive and it is inner
regular by zero-sets in X and outer regular by positive-sets in X. We also have
v(Z) = ji(Z) for any zero-set Z C X. Since v(F) is relatively weakly compact
in F, v is exhaustive (=strongly additive) ([2], Corollary 3, p. 28; this is proved
for Banach space FE, but easily extends to the quasi-complete locally convex
space E). Also, for any B € F, i,(B) < fi,(A), where A is any element in A
such that B= AN X.

IV. For any f € Cy(X), u(f) = [ fdv.

Proof. Assume [i,(X) < 1. Fix a ¢ > 0 and take an f € Cy(X), 0 < f < 1.
Then there is a non-negative, F-simple function ) ., a;xp, such that B;’s are
mutually disjoint, their union is X and |[f — > a;xs| < ¢ on X. Take
mutually disjoint {A;} C A such that B; = A; N X for every i. Also take
mutually disjoint zero-sets {Z;} C X such that fi,(4;\ Z;) < <, for each i. Now

H/fdv—Zaz Hp<H/fdv—Zaz o+ 1S aw(BA 20,

<c+ 1Y) ai Ai\z,-)npgcmE:Qc.

Also, |f — 3" a;x,| < ¢ implies that |f — 31", aiX7zyl < con U(Z;) (note Z;
are also mutually disjoint by Lemma 5). So || [ fdji — Za v(Z)lp = [ fdji—
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S aii(Zi)|lp, < ¢+ | X aifi(Ai \ Zi)||p, < ¢+ n.£ = 2c. This prove that u(f) =
vip).

V. Uniqueness.

Proof. Let v : F — FE be a finitely additive regular (inner regular by zero-
sets in X and outer regular by positive-sets in X)) measure, having a relatively
weakly compact range, such that [ fdv = 0, Vf € Cy(X). This means v is
exhaustive and so 7,(X) < oo, Vp € P. If v # 0, then there is p € P, a
zero-set Z C X, and a ¢ > 0 such that ||v(Z)||, = 2¢c. Take a a positive-set
U D Z such that 7,(U \ Z) < ¢. Then take an f € (3(X), 0 < f < 1,
f(Z) = {1}, f(X\U) = {0}. Weget 0= [ fdv = [, fdv+ [, fdv. This
means v(Z) = — [, fdv and so 2¢ < 1.5,(U \ Z) < c. This contradiction
proves the uniqueness. ([l

We denote by M (X, E) the set of all exhaustive, finitely additive v : F — FE
which are inner regular by zero-sets in X and outer regular by positive-sets
in X; they are the collection of all weakly compact, continuous linear maps
v:Cy(X) — E.

4. REPRESENTATION THEOREM FOR C(X) WITH A COMPLETELY
REGULAR X

In this section we assume that K = R. A subset B C C(X) will be called
order-bounded if there are elements f and g in C'(X) such that f <b < g, Vb€
B. Tt is well-known that a linear map p : C(X) — R, which maps order-
bounded sets into bounded sets, gives a unique v € M,(X) such that C(X) C
LY(v) and pu(f) = [ fdv ([12], Theorem 23; [4] ).

We will extend this fact to the vector case.

Theorem 7. Let p : C(X) — E be a linear map such that order-bounded
subsets are mapped into relatively weakly compact subsets of E. Then

(i) There is a unique v € M,(X,E) such that C(X) C L'(v) and u(f) =
 fav;

(ii) for every p € P there is compact C C vX (the real-compactification of
X), depending on p, such that b,(X \ C) =0 ([4]).

Proof. (i) We will use the fact that, when F = R, the result is known. First
restrict u to Cp(X); this means p is a weakly compact linear operator and
Vh € E', hopu € M,(X) (here we are using the fact that, for £ = R, the result
is known). So there exists a v € M, (X, E) such that u(f) = [ fdv,Vf € Cy(X)
and C(X) C L*(Jhov]) for every h € E' and ho u(f) = [ fd(hov), for every
feldX).

Now we will prove that C'(X) C L'(v). Let S be the closed unit ball of
Cp(X). Fixan f € C(X), f >0, and A € By. Take a net {g,} C S such that
[ 190 = xald|A| — 0, for every A € M,(X). Now {gof} is order-bounded in
C(X) and so {u(gaf)} in relatively weakly compact in E. By taking subsets,
if necessary, assume u(g.f) — = € FE weakly. Fix an h € E’. We have
ho (gaf) — h(z) and so [(gaf)d(h ov) — h(z). Now since f is integrable
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with respect to |hov|, we get [(gaf)d(hov) — [, fd(hov). From this we get
that [, fd(hov) = h(x), Yh € E'. This implies that f € L'(v). Now, from
[ fd(hov)=hou(f), Vh € E', it follows that [ fdv = p(f). We denote v by
78

(ii). Fix a p € P. By the mapping x — {f(2)}sec(x), X can be imbedded
in R with product topology. Denoting [—00, 0] by R, we get that X is
embedded in the compact Hausdorff space R°™X) (with product topology). The
closure of X, in R“X)| is the real-compactification of X and will be denoted
by vX; the closure of X, in RX) is the Stone-Cech compactification and
will be denote by X. Every f € C(X) extends continuously to vX (it will be
real-valued; just the component-wise values); it also extends continuously to X
(can have values +o00; just the component-wise values).

We will complete the proof (ii) in several steps:

I. For an f € C(X), there is a ¢ > 0 such that if U = {z € X : |f(x)| > ¢}
then f1,(U) = 0.

Proof. The result will be proved if we prove under the assumption that f > 0.
Suppose fi,(W,) > 0, ¥n € N, where W,, = {x € X : |f(xz) > n}. Then there
are sequences {a,} and {b,} of positive real numbers such that, for every n,
an < by < apy1, lima, — oo and fi,(U,) = ¢, > 0, where U, = f~'(ay,b,).
Take a sequence {h,} C E’ such that |h,(V,)| < 1 and |h,, o p|(U,) > c,, Vn.
Choose {g,} € Cp(X), 0 < g, < xp, such that |h, o u(g,)| > cn, Yn. Let
fo = X 2g.f- Then fy € C(X) and [hn o pl(fo) = 2|h o plgn)] > n, Vn.
Since fo € L'(v), this is a contradiction. The smallest such ¢ (which will exist
because of countable additivity) will be denoted by cy.

II. Let i be the regular Borel measure on X associated with p € M, (X, E).
For an f € C(X), let Af = {x € X : |f(z)] < ¢} ( ¢f is defined in I). Then
ﬂp(X \ Af) =0.

Proof. Suppose this is not true. Then there is an h € E" with |h(V,| < 1,
and a g € C(X) such that |g| < Xy and [(h o fi)(g)] > 0. This means

l9llx < xx\a,; and [(h o u)(g)| > 0 which is a contradiction by I.

IIL. For an f € C(X) let f be its extension to vX. Let Af = {z € vX :
|f(z)| < ¢;}. Then fi,(X\Af) = 0. Consequently, 1,(X\N{4;: f € C(X)}) =
0

Proof. Since A_f D Ay, the result follows by II.

IV.N{A;: fe C(X)} =n{4;: f e C(X)}.

Proof. To prove this, take a y € N{A; : f € C(X)}. Fix an f € C(X).
Suppose y ¢ Af; then y ¢ vX. Take a g € C(X) such that g(y) = oo. This
means y ¢ MNAg. This contradiction proves the result.

V. If C =n{A7: f € C(X), then C is a compact subset of vX and
(X, C)=0. -

Proof. It follows from IV that C'is compact in v.X. Now, from III, f1,(X\C)=
0. This proves the result. 0
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In the following corollary we take E to be an order complete locally convex
vector lattice such that if a bounded net {z,} order converges to = then z, — x
in F; these assumptions imply that E is an ideal in £ and order intervals in F
are o(E, E')-compact ([1], Theorem 11.13, p. 170). By ([9], 7.5, Corollary 1),
if F is an order complete vector lattice whose order is regular and of minimal
type, then E with order topology (][9], Sec. 6, p. 230) has the above property
(examples of these spaces are given in [9], p. 240).

Corollary 8. Let E be an order complete locally convex vector lattice with
the property if a bounded net {x,} order converges to x then x, — x in E. Let
p: C(X) — E be a positive linear map. Then

(i) There is a unique v € M, (X, E) such that C(X) C L*(v), v > 0 (this
means f € C(X), f >0 implies v(f) > 0) and u(f) = [ fdv, Vf € C(X);

(i) for every p € P there is compact C C vX (the real-compactification of
X), depending on p, such that b,(X \ C) = 0.

Proof. The assumptions on p and E imply that order bounded sets are mapped
into relatively o(FE, E')-compact subsets E. The result follows from Theo-
rem 7. 0]

Let M.(X,E) ={u € M(X,E) : supp(fi,) C vX, Vp € P}. It is easy to see
that M.(X,E) C M,(X,FE): Take a p € M.(X,F) and a bounded sequence
{fn} C Cy(X), fn — 0, pointwise to 0 in X; this means f,, — 0, pointwise on
vX (well-known result). Now su(f,) = ji (f,) — 0 implies that p € M, (X, E).

The following corollary is somewhat converse to Theorem 7; it says that mea-
sures in M.(X, E) map order-bounded subsets of C'(X) into relatively weakly
compact subsets of E.

Corollary 9. Let p € M.(X,E). Then C(X) C L'(u) and in the linear
map 2 C(X) — E, order-bounded subsets are mapped into relatively weakly
compact subsets of E.

Proof. Take an f € C(X), f > 0. Fixap € P and let C = supp(fi,. Put
M =sup f(C). U= {zx e X : f(x) > M} is an open Baire set in X and is
disjoint from C'so that j1,(U) = 0. From this it easily follows that fi,(UNX) = 0
(note U N X is a Baire set in X). Also, f < M a.e.[\,]. Since the constant
functions are in L'(u), by ([7], Theorem 2, p. 30), f € L'(u).

Putting h = inf(f, M), we have f = h a.e.[\,]. Let K be an absolutely
convex, weakly compact subset of E such that u(S) C K (S being the closed
unit ball of Cy(X)). This means p(h) € MK. Since f = h a.e.[\,], we have
u(f) € MK. This proves that order-bounded sets are mapped into relatively
weakly compact sets. 0
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