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Abstract. A multiobjective nonlinear programming problem is con-
sidered. Sufficiency theorems are derived for efficient and properly ef-
ficient solutions under generalized (F, p)-convexity assumptions. Weak,
strong and strict converse duality theorems are established for a general
Mond—-Weir type dual relating properly efficient solutions of the primal
and dual problems.

1. Introduction and preliminaries

The problem to be considered here is the following multiobjective non-
linear programming problem:

(VP) Minimize f(2) = [f1(2), fo(a), .., fu(2)]
subject tox € X = {x € S:gi(z) =0,i € M},
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where S is a non-empty open convex subset of R” and f : S — RF and
g: S — R™ are differentiable functions.

Mathematical programs involving several conflicting objectives have been
the subject of extensive study in the recent literature. By defining a re-
stricted form of efficiency, called proper efficiency. Geoffrion [2] estab-
lished an equivalence between a convex multiobjetive nonlinear program-
ming problem and a related parametric single objective program. Using
parametric equivalence, Weir [9] formulated Wolfe and Mond-Weir type
dual problems and established various duality results for properly efficient
solution under the convexity and generalized convexity assumptions. The
problems of [9] serve as the multiobjective version of the problems of Bector
and Klassen [1], Mahajan and Vartak [5] and Mond and Weir [6].

Hanson and Mond [4] proved the Kuhn-Tucker sufficient optimality con-
ditions and Wolfe duality theorems for a scalar nonlinear program under
generalized F-convexity. Gulati and Islam [3] derived sufficiency theorems
for efficient and properly efficient solutions of (VP) under the Hanson and
Mond [4] assumptions. Preda [7] introduced the concept of generalized
(F, p)-convexity, an extension of F-convexity defined by Hanson and Mond
[4] and generalized p-convexity defined by Vial [8], and he used the concept
to obtain duality results for efficient solutions.

In the present paper, we derive a fairly large number of sufficiency the-
orems for efficient and properly efficient solutions of (VP) under various
generalized (F, p)-convexity assumptions. A generalized Mond—Weir type
dual is also formulated for (VP) and duality relations are established for
properly efficient solutions of the primal and the dual problems.

Throughout this paper, we use the following notations. The index sets
K={1,2,... k}, L={1,2,... [} and M ={1,2,... ,m}. For z € X, the
index sets [ ={i € M :g;(x) =0} and J={ie M :¢9;(x) <0} =M —1I.
Let gr denotes the vector of active constraints at z. For r € K, the set
K, = K — {r}. Lower case letters are used to denote vectors or vector
functions. Subscripts denote components of vectors or vector functions and
superscripts indicate the specific vectors. No notational distinction is made
between row and column vectors. For a vector valued function g : R* — R™,
the symbol Vg(Z) denotes an m x n Jacobian matrix of g at z. If z and
yeER", thenz 2y x; 2y, i=1,2,... , n; x>y < x>y and x # y;
rT>yYS T >y, t=1,2,...,n.

The following definitions are from Geoffrion [2]

Definition 1.1. A point Z € X is said to be an efficient solution of (VP)
if there exists no x € X such that f(z) < f(z).

Definition 1.2. An efficient solution z of (VP) is said to be properly effi-
cient if there exists a scalar M > 0 such that for each r € K and z € X
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satisfying f,(x) < fr(Z), we have

fr(@) = fr(2) = M [f;(2) — f;(@)]
for at least one j satisfying f;(z) < f;(x).

For readers convenience, we write the following definitions of the gener-
alized (F, p) convexity from [7]:

Definition 1.3. A functional F': S x S x R" — R is sublinear if for any
r,TES,

(i) F(x,z; a+b) < F(x,z; a)+ F(x,z; b) for any a,b € R",
and

(i)  F(z,z; aa) = aF(z,z; a) forany o € R, a >0, and a € R™.
From (ii) it follows that F'(x,z; 0) = 0.

Let F' be sublinear functional and the numerical function ¢ : S — R be
differentiable at z € X and p € R. Let d(-,-) : S x S — R.

Definition 1.4. The function ¢ is said to be (F, p)-convex at & € S, if for
allz e S,

¢(z) — ¢(%) Z F(x,7; V() + pd°(x, T).
Definition 1.5. The function ¢ is said to be strictly (F, p)-convex at = € S,
if forall x € S, ¢ # Z,

¢(x) — §(%) > F(x,7;VH(Z)) + pd*(z, 7).
Definition 1.6. The function ¢ is said to be (F, p)-quasiconvex at & € S,
if for all x € S,

¢(z) £ ¢(x) = F(2,7,V)(Z)) £ —pd* (2, ),

or equivalently,

F(z, %, Vo(Z)) > —pd*(z,2) = ¢(z) > ¢(Z).

Definition 1.7. The function ¢ is said to (F, p)-pseudoconvex at z € S, if
for all x € S,

F(z,;, V(7)) Z —pd*(x, ) = ¢(x) Z ¢(Z).
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Definition 1.8. The function ¢ is said to be strictly (F, p)-pseudoconvex
at z € S, ifforallx € S, x # Z,

F(z,5,V$(Z)) 2 —pd’(2,7) = ¢(x) > ¢(T),
or equivalently,
b(x) € 8(F) = F(a, V() < —pd*(z, 7).
A differentiable numerical function ¢ defined on a set S C R", is said to
be (F, p)-convex if ¢ is (F, p)-convex at every point of S. An m-dimensional
vector function g = (g1,92,...,9m) is said to be (F, p)-convex if each g;,

i=1,2,...,mis (F, p;)-convex for the same sublinear functional F. Other
definitions follow similarly.

Note that, the above definitions are slightly different from those in [7]
since we do not assume d(-,-) to be a pseudometric.

2. Sufficiency

Theorem 2.1. Let f;, for all j € K be (F, pj)-convex and let g; be (F,o7)-
quasiconvex at T € X. If there exist i € R¥ and v € R™ satisfying

aVf(z) + vVg(z) =0, (2.1)
b9(@) =0, 22)
20,020 and (aj,vg) >0, foralljeK, (2.3)

where QQ = {i € I : g; is strictly (F,o0;)-convex at T}, then T is an efficient
solution of (VP) provided Y~ u;p; + Y. vio; = 0.
jeK ieM

Proof. Let there exist & € R¥ and o € R™ satisfying (2.1) to (2.3). Suppose
to the contrary that Z is not an efficient solution of the problem (VP). Then
there exist an 2° € X and r € K such that

fr(xo) < [+(2)

and

fi(z%) £ fi(z) for all j € K.
Since for each j € K, f; is (F, pj)-convex at T,

F(20,3 V(7)) < —prd®(2°, 7) (2.4)
and

F(2",7; V(7)) £ —p;d*(z°,7) for all j € K,. (2.5)

Let @ =1 -Q={i:icl,i¢Q}. Since2’c X,

90(2%) £ 0 = go(a).
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Using strict (F, og)-convexity of gg at Z, we get
F(2°,7;Vgq(2)) < —oqd?(2°, 7). (2.6)
Similarly, the (F, 0¢gr)-quasiconvexity of go/ at T gives
F(2°,7;Vgq (7)) £ —oqd* (2, 7). (2.7)
Now relations (2.3) to (2.7) and sublinearity of F' imply
F(a°, &;aV f(2) + 01V gr(2)) SF(2°,2;,aV f(2)) + F(2°, 209V gq(z))
+ F(2°, 7; 99 Vg (7))
<= (D uyp; + vgoq + vog)d* (2", T)

JjEK
== (X wipj+ Yy vioi)d*(a°, 7).
JEK el

Since v 2 0, g(Z) < 0 and vg(Z) = 0 imply v; =0, we obtain

F(2%zuvf(z) + 0Vg(x) < —()_ p;+ »_ v03)d* (", z) £ 0.

jEK €M
Therefore,
AV £(7) + 599(z) £ 0,
a contradiction to (2.1). Hence 7 is an efficient solution of (VP). O

Evidently, the above theorem has a number of important special cases
which can readily be identified by the suitable algebraic properties of the
(F, p)-convex functions. We shall state some of these as corollaries.

Corollary 2.1. Let ajf;, for all j € K be (F,p;)-conver and let g; be
(F,o1)-quasiconvex at T € X. If there exist u € RF and v € R™ satisfying
(2.1) to (2.3), then T is an efficient solution of (VP) provided ) ;e pj +

> ien Uioi 2 0.

Corollary 2.2. Let u;f;, for all j € K be (F,pj)-convex and let rgr be
(F,o1)-quasiconvex at T € X. If there exist & € RF and v € R™ satisfying
(2.1) to (2.3) with

Q ={i €1:7v;g; is strictly (F,o;)-convex at T},
then  is an efficient solution of (VP) provided ;e pj + > iens 0i 2 0.
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Theorem 2.2. Let f;, for all j € K be (F, p;)-convex and let g; be (F,or)-
quasiconver at & € X. If there exist u € R* and © € R™ satisfying (2.1) to
(2.3) with
Q =1{iel:g; is strictly (F,o0;)-pseudoconvex at T},
then T is an efficient solution of (VP) provided ) u;p; + Y vjo; 2 0.
JjeEK ieEM

Proof. Suppose to the contrary that  is not an efficient solution of (VP).
Then as in the proof of Theorem 2.1,

F(2° 2;V f,(2)) < —prd?(2°, Z) (2.8)
and
F(z°,7;Vf;(2)) £ —p;jd*(2°,7) for all j € K. (2.9)
As2¥ e X,  go(a®) £0=go(2).
The strict (F, 0g)-pseudoconvexity of gg at Z gives
F(2°,7;Vgq(2)) < —ogd?(2°, 7). (2.10)
Since (u;,vq) > 0 for all j € K and F' is sublinear, relations (2.8) to (2.10)
imply that
F(z°, z;aV f(z)) + F(2°, ;99 Vgo(T))
<=0 ujp; +0qoQ)d*(z°, 7). (2.11)
JEK
Now the (F, 0¢gr)-quasiconvexity of gg at T and sublinearity of F', we get
F(QJO, z; @Q/VQQ/(.@)) < —T)Q/UQ/CZQ (370, i‘) (2.12)
where Q@' =1 —-Q={i:i€l,i¢Q}.
Relations (2.11) and (2.12), and sublinearity of F' yield
F(2°, z;aVf(z) + ©;Vg1(z)) < —(Z ujpj + Zﬂidi)dZ(l'O,i').
jeK iel
Also, vy = 0, where J = {i : g;(Z) < 0}. Therefore
P 50V (7) + 09(®) < (X w0y + 3 w2, 7).
jeK ieM
Since Z]EK wjpj + Y icnr Vi0i 2 0, the above inequality implies
F(2°, z;aVf(z) + oVg(z)) < 0.
Therefore,
uv f(z) +vVg(z) # 0,
a contradiction to (2.1). Hence 7 is an efficient solution of (VP). O
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Now we state the sufficiency theorems as corollaries without proof for
efficient solution of (VP).

Corollary 2.3. Let ajf;, for all j € K be (F,p;)-convex and let gr be
(F,o1)-quasiconvex at T € X. If there exist u € RF and v € R™ satisfying
(2.1) to (2.3), then T is an efficient solution of (VP) provided 3 ;. pj +

> iem Vioi 2 0.

Corollary 2.4. Let f;, for all j € K be (F,pj)-convex and let vrgr be

(F,o7)-quasiconvex at & € X. If there exist i € R* and v € R™ satisfying
(2.1) to (2.3) with

Q = {i € 1:v;g is strictly (F,o0;)-pseudoconvez at T},
then T is an efficient solution of (VP) provided Y _;c e wjpj + 3 icps 0i = 0.

In the above theorems we established the efficiency of T by exhibiting
a contradiction. If ) is empty i.e., none of the components of gj is strictly
(F, 0)-convex (or strictly (F, o)-pseudoconvex) at Z, then in (2.3) the vector
4 > 0. We consider this case in the next theorem, which gives a stronger
result.

Theorem 2.3. Let uf be (F,p)-pseudoconvexr and vrgr be (F,o0)-
quasiconver at & € X. If there exist u € R¥ and © € R™ satisfying

aVf(z)+ovVg(z) =0 (2.13)
vg(z) =0 (2.14)
>0, 020, (2.15)

then T is a properly efficient solution of (VP) provided p+ o = 0.

Proof. Let J = {i: g;(Z) < 0}. Therefore IUJ = {1,2--- ,m}.
Also v 20, g(z) < 0 and vg(Z) =0 = vy = 0. Now let x € X. Then
vrgr(z) = 0= vrg1(2).
The (F, o)-quasiconvexity of vrgr at T gives
F(x,%;0/Vg(%)) £ —od*(x,z) for all z € X,
or
F(z,7;0Vg(7)) £ —od*(z,7) for all z € X (2.16)

By the sublinearity of F,

F(z,z;uV f(T)) + F(z, 7;0Vy(z)) 2 F(z,z;uV f(T)) + 7Vy(T))

0 (using (2.13)).
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That is,
F(z,z;uaV f(2)) 2 —F(z,2;0Vg(2))
> od?(z, T) (using(2.16)). (2.17)
Since p+ o = 0 and from (2.17), we have
F(z,z;aV f(z)) = —pd*(z,Z).
Now the (F, p)-pseudoconvexity of uf at T gives
uf(x) 2 uf(z) forallxe X.

Hence by Theorem 1 in Geoffrion [2], Z is a properly efficient solution of
(VP). 0

Theorem 2.4. Let there exist T € X, u € RF and v € R™ satisfying (2.13)
to (2.15). If
(i) uf + vrgr is (F, p)-pseudoconvex at T with p = 0, or
(1) fj, for all j € K is (F,pj)-convex and gy is(F,o)-quasiconvex at T
with Y u;p; +0 20,
JjeK
then T is a properly efficient solution of (VP).

Proof. Let the assumption (i) hold. Since v; = 0 and F' is a sublinear
functional, for each x € X, equation (2.13) gives

F(z,z;uV f(z) +0/Vgr(z)) = 0. (2.18)
Since p = 0, we have
F(z,z;uV f(z) + /Vg1()) + pd*(z,7) 2 0.
By (F, p)-pseudoconvexity of uf + vrgr at z,
uf(z) + vrgr(z) 2 uf(z) + vrgr(z)
or

uf(z) 2 uf(T) — vrgr(x).
Also x € X and 97 2 0 imply v7g7(x) < 0. Therefore

uf(x) 2 uf(z) forall x e X. (2.19)
We now prove (2.19) under the assumption (ii). For z € X,
gr(z) =0 =gr(2).
The (F, o)-quasiconvexity of gr at T gives
F(z,7;Vg;(Z)) £ —o1d*(z,z) for all z € X.
Since v 2 0, v7 = 0 and sublinearity of F', we get
F(x,7;0/Vg1(Z)) £ —ord?(z, ),
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or

F(x,%;0Vg(z)) £ —od*(z, T). (2.20)
Relations (2.13), (2.20), >_ ;¢ ujp; +0 = 0 and sublinearity of F' imply

F(z,2av f(2)) 2 = Y ujp;d* (v, 7).
JEK
Since fj, for all j € K is (F, pj)-convex and @ > 0. Therefore
af(v) — af(z) 2 Fz,2,aV f(z)) + Y ujp;d*(z,2) 2 0,
JEK

or

uf(z) 2 uf(z) forall ze X.

Hence by Theorem 1 in Geoffrion [2], Z is a properly efficient solution of
(VP). O

Below we state a theorem without proof which includes all possible com-
binations of f and ¢ following Mond and Weir [6]. Let I, C M,a =
0,1,2,...,pwith I, NIz =¢, a# B and | J)_, o = M.

Theorem 2.5. Let there exist 7 € X, 4 € R* and © € R™ satisfying
(2.13) to (2.15). If uf + D cp, Vigi is (F, p)-pseudoconver and ), ; Vigi,
a=1,2,...,p is (F,04)-quasiconvex with p+ > ;.1 04 2 0, then T is a
properly efficient solution of (VP).

3. Generalized Mond—Weir type duality

We shall use the following result to establish duality results for properly
efficient solution of (VP).

Theorem 3.1 ([2]). Let T be a properly efficient solution of (VP) and let
g satisfies the Kuhn—Tucker constraint qualification at T € X. Then there
exist u € R* and v € R™ such that

aVf(z)+oVg(z) =0,
vg(z) =0,
u>0,ue=1, 120,
where e is a k-tuple of 1’s.
We now prove weak, strong and converse duality theorems between the

primal problem (VP) and its following general Mond—Weir [6] type dual
problem:
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(MD) Maximize f(y) + >_ vigi(y)e

i€lp
subject to
uVf(y) +vVg(y) =0, (3.1)
i€ly
u>0,ue=1v=20, yeb. (3.3)

Let Z be the set of all feasible solutions of the dual problem (MD).

Theorem 3.2 (Weak Duality). Let + € X and (y,u,v) € Z. Let
uf + 3 ieq, vigi be (F, p)-pseudoconver and ) ;c; vigi, « = 1,2,...,p, be
(F, 04)-quasiconvez at y over X with p+>.2 _ 04 = 0. Then

uf(x) Z uf(y)+ Y vigiy),
i€lp
and therefore

f@) £ f)+ > vigi(y)e.

i€lp

Proof. Since g(z) £ 0 and v = 0,
Z vigi(x) =0 = Z vigi(y), a=1,2,...,p.
1€1, i€ly

(F, 0)-quasiconvexity of > wv;g; at y implies
i€y

F(x7ya Z szgz(y)) é —Uad2(l’,y), a=12...,p (34)
1€1,
By (3.1) and sublinearity of F,
0= F(z,y;uV f(y) + vVy(y))

F(z,y;uVf(y) + Y viVai(y) + > Flw,y; Y viVa(y)
a=1

i€lp 1€l

A

A

F(z,y;uVf(y) + Z viVgi(y)) — Z ood?(z,y) (using (3.4)).
a=1

i€lp
Since p+ Y2 _, 04 = 0, we have
F(z,y;uVf(y) + Y viVaily)) 2 —pd*(z,y).

i€ly
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The (F, p)-pseudoconvexity of uf + ., vigi at y over X, implies

)+ Y vigi(x) Z uf(y) + Y vigi(y)

i€ly 1€ly

Also z € X and v = 0. The above inequality yields

f( +szgz

i€lp

y) + Z vigi(y)e

i€l

and therefore

O]

The assumption that » ;. ; vigi, « =1,2,... ,pis (F}, 04)-quasiconvex is
very important, as we see in the previous Theorem 3.2. Of course to get the
desired result without this condition, other conditions should be enforced,
which leads to the following theorem.

Theorem 3.3 (Weak Duality). Let z € X and (y,u,v) € Z. Let uf + vg
be (F, p)-pseudoconver at y over X with p =2 0. Then

uf(@) Z uf(y) + Y vigi(y)

i€l

y) + Z vigi(y)e

i€lp

and therefore

Proof. By using F(z,y;0) = 0 in Definition 1.3 and the equality constraint
(3.1) about gradients in (MD), we get

F(z,y;uV f(y) +vVg(y)) = 0. (3.5)
Since p = 0, we have
F(z,y;uV f(y) +vVg(y)) Z —pd®(z,y).
By the (F, p)-pseudoconvexity of uf + vg at y over X,

uf(x) +vg(r) Z uf(y) +vg(y).
Using equations (3.2), (3.3) and feasibility of = for (VP), we get

uf(@) Z uf(y) + > vigi(y)

i€lp

y) + Z vigi(y)e

i€y

and therefore
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O

Theorem 3.4. Let a weak duality hold between (VP) and (MD). If z € X
and (y,u,v) € Z such that

uf(z) )+ vigi(y (3.6)
i€1lp

Then T is a properly efficient solution of the problem (VP).

Proof. Let = be any feasible solution for (VP). From the weak duality
theorem and equation (3.6),

ﬂf( Eﬂ +Zvlgz

i€l
=uf(x).
Hence by Theorem 1 in Geoffrion [2], Z is a properly efficient solution for
(VP). 0

Theorem 3.5. Let a weak duality hold between (VP) and (MD). If z € X
and (y,u,v) € Z such that

f@) =@+ vigi(m)el. (3.7)
i€lp

Then T and (y,u,v) are properly efficient solutions for problems (VP) and
(MD) respectively.

Proof. Proper efficiency of z follows from Theorem 3.4. We first prove
that (y,u,v) is an efficient solution of (MD). Suppose to the contrary that
(y,u,v) is not efficient for (MD), then there exists (y*, u*,v*) € Z such that

+ZU gz e>f +szgz
i€lp 1€y
Using (3.7), we obtain
(y") + D _vigiy*)e = f(2),
i€l
a contradiction to the weak duality theorems. Hence (¥, u,v) is an efficient

solution of (MD). Assume now it is not a properly efficient solution of (MD).
Then there exist (y* u*,v*) and a j € K such that

+ngz >f] +ZU’Lg’L

i€lp i€l
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and

W)+ Y vialy") — fi(m) = Y vigi(y)

i€lp i€l

> M | fr (@) + D 0igi(0) — fr(y*) = > vigiy”)

i€lp i€lp

for all M > 0 and for all r € K; satisfying

—i-z:wgz > fr(y —i—Zv 9i(y

ST i€lp
This means that
No=FH)+ > vialy) - @) - > tigi(®)
i€lp i€l

can be made arbitrary large whereas

)‘ *fr +szgz fT(y*)_ZU;gi(y )

i€lp i€l
is finite for all r € K;. Therefore

uzj > Z Uy Ar,

TEK]‘
or

wt | FT) + Y vigiye| >t | F@) + Y vigi(@)e]

i€lp 1€lg

or using (3.7)
+ZU gi(y*) > u* f(z).

i€l
Again a contradiction to the weak duality theorems. Hence (y,u,v) is a
properly efficient solution of (MD). O

Theorem 3.6 (Strong Duality). Let £ € X be a properly efficient solution
of the primal problem (VP) and let g satisfy the Kuhn—Tucker constraint
qualification at T. For for each v € X and (y,u,v) € Z, let there exist
a sublinear functional F' such that uf + Zz’elo vig; is (F, p)-pseudoconvex
and Y 7 vigi, « = 1,2,... ,p is (F,04)-quasiconvez at y over x with p +
S _10a = 0. Then there exists (u,v) such that (Z,u,v) is a properly
efficient solution of the dual problem (MD), and the corresponding objective
values of (VP) and (MD) are equal.
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Proof. Since = is a properly efficient solution of (VP) and g satisfy the
Kuhn-Tucker constraint qualification, by Theorem 3.1, there exist @ € R*
and v € R™ such that

uV f(z) +Vg(z) =0
vg(z) =0
u>0,720, ue=1.
Since vg(Z) =0, g(z) £ 0 and v 2 0, it follows that
0;,9;() =0 for all i € M,

and

Z@gi(:@) =0, a=0,1,2,...,p.

€1y
Therefore (Z, u, v) is a feasible solution of (MD) and the objective values of
(VP) and (MD) are equal. Hence by Theorem 3.5, (z,u,v) is a properly
efficient solution of the dual problem (MD). O

Theorem 3.7 (Strict Converse Duality). Let € X and (y,u,v) € Z be
properly efficient solutions for problems (VP) and (MD) respectively such
that

uf(z) =af(@) + Y vigi(y)- (3.8)
i€lp
If af + ) ieq, Vigi is strictly (F, p)-pseudoconver and ) ;c; vigi, o =
1,2,--+,p is (F,04)-quasiconver at § with p+ >0 _ 104 = 0, then y = Z,
that is, y is a properly efficient solution for (VP).

Proof. Suppose that  # y. Since uf + Y ,c; vigi is strictly (F)p)-

pseudoconvex and )., ¥ig;, o = 1,2,...,p is (F,0)-quasiconvex with
p+ > _ 04 =0, following the proof of Theorem 3.2, we get
wf(@) > af(m) + Y i),
i€lp
a contradiction to (3.8). Hence = = ¥. O
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