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Abstract. We study properties of self-iterating Lie algebras in positive
characteristic. Let R = KJt;|i € N]/(t¥]i € N) be the truncated polynomial
ring. Let 0; = aitiv i € N, denote the respective derivations. Consider the
operators

v1 =01 + to(ag + t1(63 + t2(64 + t3((95 + t4((96 + - )))))7
vy = 02 +11(03 +t2(04 + t3(05 +t4(F6 + - - -))))-

Let L = Liey(vi,v2) C Der R be the restricted Lie algebra generated by these
derivations.

We establish the following properties of this algebra in case p = 2,3. a) L
has a polynomial growth with Gelfand-Kirillov dimension Inp/In((1++/5)/2).
b) the associative envelope A = Alg(vy,v2) of L has Gelfand-Kirillov dimension
2Inp/In((14+v/5)/2). c) L has a nil-p-mapping. d) L, A and the augmentation
ideal of the restricted enveloping algebra u = ug(L) are direct sums of two locally
nilpotent subalgebras. The question whether u is a nil-algebra remains open.
e) the restricted enveloping algebra u(L) is of intermediate growth.

These properties resemble those of Grigorchuk and Gupta-Sidki groups.
Mathematics Subject Classification 2000: 17B05, 17B50, 17B66, 16P90, 11B39.
Key Words and Phrases: Restricted Lie algebras, growth, Grigorchuk group,
Gupta-Sidki group.

1. Introduction: Fibonacci Lie algebras

In this paper we continue the study of self-iterating Lie algebras introduced by the
first author in [16], see also further developments in [21], [14]. In this section we
give main definitions.

Let K be the ground field of arbitrary characteristic. Let I = {0,1,2,...}.
Denote also Ng = {0,1,2,...}. Consider functions a : I — Ny, which values
we denote by «;, i € I. Denote by NJ the set of functions with finitely many
nonzero values «;. Let |a] = >, ;a; for a € N{. Consider the polynomial ring
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R=K[T1) = K[t; | i =0,1,2,...]. Let o € N, then we denote t* = [, ;.
We have the basis R = (t® | a € Nl). Consider also the ideal of codimension
one R>RT = (t*|a e NL |a| > 0)k.

Denote by 7 : R — R the endomorphism given by 7(t;) = t;4q for ¢ € I.
Let 0; = 6%, i € I, be the partial derivatives of this ring. Denote by v(t) the
action of v € Der R onto t € R. We define the following two derivations of R:

v1 = 01 +to(02 + 11(05 + t2(0s + 13(05 + t4(F6 + -+ +))));
vy = 0o +t1(05 + t2(0s + t3(05 + ta(06 + - +))))-
The action on R and products of such operators are well-defined; these operators

are so called special derivations, see e.g. [19], [20]. Remark that we can write
these derivations recursively:

v = (91 + to’T(Ul);
vy = T(v1).

Let L = Lie(vy, v9) be the Lie subalgebra of Der R generated by v; and vy. We also
consider the associative algebra generated by these derivations A = Alg(vy, vs).
Similarly, define

vi =7 Nv) = 0+t 1 (01 + ti(Oiga +tis1(Oing +-++)), i=1,2,.... (1)
We also can write
Vi :8i+ti_1vi+1, 1= 1,2,.... (2)
Lemma 1.1.  The following commutation relations hold in L = Lie(vy, vs)

1. [Uiavi—l—l] =i fori=1,2,...;
2. [Uiavi+2] =ti 13 fori=1,2,...;
3. in general, for all 1 < 7 we have

[vi, v;] = ( H tk) Vj+1

i—1<k<j—3
4. for all m>1, 7 >0 we have the action

tn—ltn"'tj—27 n <.]7
un(tj) = 4 1, n=j;
0, n > j.

5. forall k,n>1

bpo1lp tn1Unyo, kK <n+1;
[On, k] = { Vpyo, k=n+1;
0, k>n+1.
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Proof. We have

[Ul,’UQ] = [81 + toT(Ul),T(Ul)] = [81,7'(1)1)] = [81, 82 + tsz(Ul)] = 7'2(’01) = V3.
Consider the third claim. Let ¢ < j, then
[vi, v3] = [0; + tic1 (01 + 4i(- - +15-5(0j-1 + j-205) -+ +)), V)]
= [&“i‘fi 1( Z+1+t( +tj_38j_1)...),vj]
= [0 + tic1 (g1 + 1 -+ £5-30;-1) .. ), 05 + £j-10j11]
= [82 + ti 1( i+1 —l—t ( -+ tj_gaj_l) Ce ), tj—lvj-i-l] = tz’—lti cee tj_3Uj+1.
The second claim is a partial case of the third. We consider the first relation as a
partial case as well.

Consider the forth claim. Remark that v,(¢;) is nonzero only in the case
n < 7 and

’Un( ) (8 +t,_ 1(8n+1+-~-+tj_2(8j+-~-)...))(tj):tn_ltn~-~tj_2, ’n,<j
The last claim is proved similarly. [ |

Let us make some comments on our derivations and possible gradations
on them. Recall that NJ is the set of functions o : I — Ny = {0,1,2,...} with
finitely many nonzero values «;. (we may take the set I to be arbitrary). Consider
the formal power series ring that consists of formal sums

R=K[[Ty)] = {Zuata

aGNI

uaeK}

where the multiplication extends the rule t*t° = t**° «, 3 € Nl. Let (i) € N}
be such that €(i); = 0;;, Kronecker’s delta, where 7,7 € I. We get elements

ti=tWeRforaliel and t*=[[, ., t&, a € N{.

Consider so called Lie algebra of special derivations [19], [20], [15]. It
consists of formal sums

W(T;, K {Ztaz)‘“f{% ' Aayi; € K, z'jel}.

a€eN] j=1

It is essential that sums are finite at each t*, o € NJ. One checks that the Lie
bracket of such operators is well-defined and that W (77, K') acts by derivations
on K[[T7]]. Observe that our Fibonacci Lie algebra consists of special derivations.

Lemma 1.2.  Assign arbitrary weights wt(t;) = a; € C, for all i € I. Then
this weight function is extended to an additive function on monomials of R and
W(T;, K).

Proof.  The statement is evident for the ring R. We set Wt(a%) = —wt(t;) =
—a; for all i € I. Consider a monomial a = t* = € W(1},K), a € NJ. Then

we set wt(a) = Y,y ya; — a;. Let also b = t7-- 6 W(T;, K). A formal check
shows that wt([a,b]) = wt(a ) —|— wt(b). u
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Let L be a Lie algebra over a field K of characteristic p > 0 and let
adx: L — L, adz(y) = [z,y], for z,y € L, be the adjoint map. Recall that L is
called a restricted Lie algebra or Lie p-algebra [10, 22], if additionally L affords a
unary operation x — xP!, z € L, satisfying

i) (\z)P = \rglPl forall A€ K, z € L;
i) ad(zP)) = (ad2)?, for all x € L;
iii) for all z,y € L one has

p—1

(@4 )P =2l + P 1> " si(a, y), (3)

i=1

where is;(z,y) is the coefficient of Z*~! in the following polynomial:
(ad(Zz +y))P~Y(x) € L[Z], where Z is an indeterminate.

Also, s;(z,y) is a Lie polynomial in z,y of degrees i and p — i, respectively.

Suppose that L is a restricted Lie algebra and X C L. Then by Lie,(X)
we denote the restricted subalgebra generated by X . Suppose that H C L is a Lie
subalgebra, i.e. H is a vector subspace that is closed under the Lie bracket. Then
by H, we denote the restricted subalgebra generated by H. Let u(L) denote the
restricted enveloping algebra of L and ug(L) the augmentation ideal of u(L).

We recall the notion of growth. Let A be an associative (or Lie) algebra
generated by a finite set X . Denote by A the subspace of A spanned by all
monomials in X of length not exceeding n. If A is a restricted Lie algebra, then
we define [13] AN = ([zy,..., 2" | 2; € X, sp* < n)g. In either situation,
one considers the growth function defined by

Ya(n) = y4(X,n) = dimg A,

The growth function clearly depends on the choice of the generating set X.
Furthermore, it is easy to see that the exponential growth is the highest possible
growth for Lie and associative algebras. The growth function y4(n) is compared
with the polynomial functions n*, & € R* by computing the upper and lower
Gelfand-Kirillov dimensions [12], namely

T Inya(n)

I

GKdimA =

n—oo Inn

GKdim A — lim 204

oo Inn

This setting assumes that all elements of X have the same weight equal to 1.
We shall mainly use a little bit different growth function. Namely, we consider
the weight function wtv, v € A and the growth with respect to it Fa(r) =
dimg(y | v € A,wty < r), r € R, where the elements of the generating set
X = {v1, vy} have different weights. The standard arguments [12] prove that this
growth function yields the same Gelfand-Kirillov dimensions.
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2. Main results: Properties of Fibonacci Lie algebras

The goal of the paper is to study properties of Fibonacci restricted Lie algebras in
small characteristics p = 2,3, 5.

We modify the example above for the case of positive characteristic. Sup-
pose that char K = p > 0. Denote I = {0,1,2,...} and N, = {0,1,...,p — 1}.
Let NI = {a : I — N,} be the set of functions with finitely many nonzero values.
Now, we consider the truncated polynomial ring

R=K[t;|i=0,1,2...]/(t |i=0,1,2,...).

Let a € N[, then denote t* = [[,., t;". We have the basis R = (t* | o € NJ ).
Also, consider the ideal RT = (t* |a e N/ |a| > 0)x < R.

Let v; € DerR, i« = 1,2,... be the derivations as above. Now, let
L = Lie,(v1,v2) C Der R denote the restricted subalgebra generated by vy, vs,
it will also be referred to as the Fibonacci restricted Lie algebra.

Our goal is to study the restricted Lie algebra L = Lie,(vy,v2). We are
also interested in properties of the associative envelope A = Alg(vy,vy) of the
operators vy, vo. We study this Lie algebra for small characteristics. The main
results of the paper are as follows.

Theorem 2.1.  Let char K = p € {2,3}. Consider the Fibonacci restricted Lie
algebra L = Lie,(vy,va) and its associative envelope A = Alg(vy,vs). Denote

)\:1+T\/5_ Then

~

. GKdimL = GKdimL =1Inp/In \;

2. GKdim A = GKdim A =2Inp/InA;
3. L has a nil-p-mapping.
4

. L, A, and the augmentation ideal of the restricted enveloping algebra u =
uo(Li) are direct sums of two locally nilpotent subalgebras

L:L+EBL_, A:A+®A_, uIU+@u_.

These results will be proved in Sections 4, 5, 6, and 7. In Section 8 we
establish also the first claim for p = 5. It seems that it is a rather technical
problem to prove claims 2,3 for p = 5. We start our arguments by introduction of
a Z & Z-gradation by weights on our algebras in Section 3.

The first construction of examples of non-nil rings which are the sum of two
locally nilpotent subrings has been carried out by Kelarev [11], thus answering the
question of Kegel. Nowadays, there are several other families of such rings. But to
the authors knowledge, all previous examples use contracted semigroup algebras
or words technique, see [4] and references in it. In our case, A is of polynomial
growth whereas u is of subexponential growth (see below). The question whether
u is a nil-algebra remains open.

There are analogies between groups and Lie algebras, but these analogies
are mainly between properties of the respective Hopf algebras, i.e. (modular) group
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rings and (restricted) enveloping algebras. Recall that the Grigorchuk group (and
its group ring!) has an intermediate growth, more precisely, its growth function
can be put between two functions exp(n®) and exp(n?), where 1/2 < a < 3 < 1.
We show that u(L) has a similar growth function.

To specify the subexponential growth of u(L) let us give some more defini-
tions. Consider two series of functions ®4(n), ¢ = 2,3 of natural argument with
the parameter o € RT:

(I><2x (TL) =n?,

@, (n) ).

exp(n®/(

We compare functions f: N — R by means of the partial order: f(n) % g(n) iff
there exists N > 0, such that f(n) < g(n), n > N. Suppose that A is a finitely
generated algebra and 7y4(n) is its growth function. We define the dimension of
level q, q € {2,3}, and the lower dimension of level q by

Dim? A = inf{a € R* | y4(n) < &7 (n)},
Dim? A = sup{a € R* | 74(n) > &% (n)}.

The ¢g-dimensions for arbitrary level ¢ € N were introduced by the first
author in order to specify the subexponential growth of universal enveloping alge-
bras [18]. The condition Dim? A = Dim? A = « means that the growth function
va(n) behaves like ®7(n). Dimensions of level 2 are exactly the upper and lower
Gelfand-Kirillov dimensions [5], [12]. Dimensions of level 3 correspond to the su-
perdimensions of [3] up to normalization (see [17]). We prefer to describe the
growth of u(L) in terms of Dim® A.

Corollary 2.2. Let char K = p € {2,3,5} and L = Liey(v1,v9). Denote
A= (1++5)/2 and § = Inp/In\. Then the growth of the restricted enveloping
algebra w(L) is intermediate and

6 —1 < Dim®u(L) < 6.

Proof. By Theorem 2.1 (Theorem 8.1 if p = 5), we have Dim? L = GKdim L. =
0. The claim follows from (the proof) of Proposition 1 in [17]. That proposition
deals with the growth of the universal enveloping algebra, some minor changes are
needed to adopt the proof for the restricted enveloping algebra. |

Remark 2.3. In order to get the equality Dim®u(L) = @ it is sufficient to
have the asymptotic v (n) — y.(n — 1) ~ Cn?~1, C a constant, n — oo [17,
Proposition 1]; but we do not have such a statement.

We remark that L is a self-similar Lie algebra. Namely, consider subalge-
bras L; = Lie(v;, vi41), i = 1,2, ... Then, we have the isomorphisms 77! : L & [
for all i =1,2,3,.... On the other hand, we have the embedding

L— (O)k @ Klt)] ® La, Ly =L,
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where the semidirect product is defined via the action 0;(vs) = v3 and 0;(v;) =0
for j > 3. These properties resemble those of the Grigorchuk group, Gupta-
Sidki group, etc. [8, 7, 6, 9]. Examples of self-similar associative algebras are also
introduced in [2].

3. Gradation by weights

In this section we introduce a Z & Z-gradation by weights on our algebras. First,
suppose that K is arbitrary and we consider L = Lie(vq, v3).

Lemma 3.1.  Let L = Lie(vy,v3) C Der R be a Lie subalgebra. We introduce
the weight and superweight functions

1+V5,
5
1-5
5

1. We have a Z®Z-gradation L = @, p>0Lap, where Ly, s spanned by products
with a factors vy and b factors vy.

wtov, = —wtt, = A", n=12..., A=

swt v, = —swtt, = A2, n=12,..., \ =

2. Both functions are additive on products of homogeneous elements of L.

3. Let v € Ly, where a,b > 0. Then
wtv = a\ + bA\?, swtv = —a\ + b.

Proof.  Let usintroduce a grading on L such that v; are homogeneous. Suppose
that we have a weight function wtv; = —wtt; = a; € R, where i = 1,2... (see
Lemma 1.2). Since it is natural to have homogeneous summands in (2), we assume
that

a; =wtv; =wt0; = wtt,_1 + wtuj1 = —a;_1 + ai41-

Hence, we get the Fibonacci recurrence relation a;11 = a; + a;_1. It is well-known
that all solutions are expressed via two functions introduced above: a; = wtv; =
X, i €N, and a; =swtv; = A2, i € N,

Since the weights wtv; = A and wtwvy, = A? are linearly independent over
Z, we conclude that L has the claimed Z @ Z-gradation L = @, >0L,5, where
L., is spanned by products with a factors v; and b factors vs,.

Let v € Ly, where a,b > 0. We get wtv = awtv; +bwtvy = a) + bA?
and swtov = aswtv; + bswtvg = aX\~ ! +b = —a\+b. ]

We introduce a new coordinate system on plane. Let A = (z,y) € R?, we
define new coordinates (£,7n) of A that we also refer to as weight and superweight

E =wt(z,y) = zA+y\

2

Consider a homogeneous element v € L,;, then we denote Wt(v) = (a,b) € R?
and draw v on plane. By Lemma 3.1, the new coordinates (£,7) coincide with
the weight and superweight functions introduced above. Since the superweight is
an additive function, we obtain a ”triangular” decomposition as follows.
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Corollary 3.2.  For L = Lie(vy,vy) and its universal enveloping algebra U =
U(L) we have decompositions into direct sums of two subalgebras as follows

L=L.oL., U=U,aU_,

where Ly = (v € L | swtv > 0)g, L. = (v € L | swtv < 0)g, Uy = (v € U |
swtv > 0)g, U- = (ve U |swtv <0)g.

Recall that A\, A are the roots of the equation 2> — # — 1 = 0. The next
relations will be used below without special mention:

- 1-+5 1

A\ = =~ =1-X\
2 A A
PSS La i Lar iy (!
1 = )\2 = )\—2 = )\2'
I—1/A A=) 1 7
1 \2 A2
= =\

1—1/x% X—1 A

Let us draw v;s.

0 i 2 3 4 5

Let F,,, n > 0 be the Fibonacci numbers. We have Fy, = 0, F; = 1 and
Foio=F,i1+ F,, n € Z. The following is known as Binet’s formula:

e (- (59)- e e

Lemma 3.3.  Let v, € L be as above. Then Wt(v,) = (F_2, Fj,_1) for n > 1.
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Proof. = We have Wt(vy) = (1,0) = (F_1, Fo) and Wt(vy) = (0,1) = (Fp, F1).
The statement follows by induction, let n > 0, then

Wt(vnr2) = Wt([Un, vnga]) = Wt(v,) + Wt(vn41)
= (Fooo, 1) + (Fooy, F) = (B, o). u

The following lemma is a version of Liouville’s theorem on approximation
of algebraic integers by rational numbers.

Lemma 3.4.  For the points of lattice (a,b) € Z*> C R* we have the inequality
| wt(a, b) - swt(a, b)| > A%

Proof.  Since ty = b/a is not a root of the polynomial h(t) = > —¢—1 we have
h(b/a) # 0. Moreover,

b> —ab — a® 1
h/a)] = |55 > .
We write this inequality in other way
b b 1
h(b/a)| = |= = A - |= = A\ > =;
iojl =2 - |2 - 5 = 4
1
|b—aA| - 'b+xa > 1;
|b—a| - [bA* + a)| > N
|swt(a, b) - wt(a, b)| > A2 n

Remark 3.5. This bound is exact. Consider vectors v,,. Recall that wtov,, = A"
and swt = \"72 = (=1/\)""2. We get wt(v,) swt(v,) = (—=1)"A? for all n € N.

It is convenient to embed L into a bigger Lie subalgebra of Der R.
Lemma 3.6.  Let
H = (v1,v9,v3, 115" -t v [ n > 4,0 > 0) ¢ (4)
1. H s a Lie subalgebra of Der R and L C H;
2. denote by H the span of elements (4) such that o,y < 1 and a,_5 < 2,
(which we impose provided that the respective indices are nonnegative). Then

H is also a Lie subalgebra of Der R and L C H .

Proof. Let us prove that H is a Lie subalgebra. We apply Lemma 1.1 to
check that the product of two monomials of type (4) is again expressed via these
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monomials. Let n < m, then

[H60 -t U gt ] = G0 gt ( 11 ti) U1
n—1<i<m—3
(5)

SR “Z( Il tﬁl)ﬂjtﬁf 00

BiA0 N i=0,i]
(6)

where we used that, by claim 4 of Lemma 1.1, v, acts on all ;s trivially because
m>mn>n—4>1i. Also, v,(t;) is nonzero only for n < j, namely

tn—ltn"'t'—2> n<]a
on(ti) = {1 ] n=j

In thiscase, n<j<m—-4andn—1<---<j—2<m—6. We again obtain
monomials of type (4). Hence, H C Der R is a Lie subalgebra.

Consider the second claim. We assume that the monomials satisfy the
conditions on the last two indices and check that the resulting monomials satisfy
these conditions as well. Let ¢)°---t)"Jv,,.1 be a resulting monomial of the
first type (5). Then 7,3 = 1 for n < m —1 and 7,3 = 0 for n = m —

1. We consider the row 7 as the sum of two rows (0o,...,0n_4,0,...) and
(g -y y—4,0,0,1,...,1,0,...), where the 1’s are on places n — 1 <i <m —3
and they appear in case n < m — 1. Thus, we obtain v, < 3 + max{as, 1} for all
s=0,...,m—3. By inductive assumption, the last possible nonzero «; is «a,,_4,
since n < m, we have a,,_4 =0. We get v,y < Bpg + max{0,1} <1+1=2.

Consider monomials of the second type (6) - --t" " 'v,,. By arguments

above, they appear only in the case that n < m—4 and the derivation can increase
a power only for ¢, such that £ < m — 6. We conclude that ~,, 4 < §,,_4 <1
and V-5 < Bnos < 2. u

Corollary 3.7.  Let fu,, gv, be monomials (4) such that m —3 < n < m,
and f,g € R. Then [fvn, gum] = fglvn, vm].

Proof. Indeed, by computations above, the term (6) appears only in case
n<m-—4. ]

Now suppose that char K’ = p > 0. Let Lie(vy,v9) be the Lie subalgebra
generated by brackets only. In this case we introduce the subalgebra H similar to
that of Lemma 3.6 as follows

Lie(vi,ve) C H = {vy,v9,v3, t%5 - 10" v, [ n > 4,0, € {0,1,...,p— 1}k

(7)
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4. Fibonacci restricted Lie algebra, char K = 2

In this section we consider the case char K = 2. Let A be an associative K-
algebra, then
(a+b)?*=a’+b"+[a,b, abeA (8)
We get v = () + tove)? = to[01, va] = to[O1, Do + t1vs] = tovz. We apply 7 and
obtain
v? = t;_ 1040, 1=1,2,.... 9)

Let H, be the restricted subalgebra generated by H. It is sufficient to add pth
powers of the basis of H [10], moreover only the powers (9) are nonzero. These
are linearly independent with (7) and we obtain

LCHPZH@<tn_3’l}n|7’L:3,4,...>K. (]_0)

Theorem 4.1.  Let char K =2 and L = Lie,(vq,v2), A = Alg(vy,v2). Denote
A= 1+T\/5 Then

1. GKdimL = GKdimL =1n2/In\ ~ 1.44;
2. GKdim A = GKdim A =2In2/In A\ =~ 2.88.

Proof. = We use the embedding (10). Fix a number m. Consider a homogeneous
element g € H, of weight not exceeding m. Then it is a sum of monomials (7)
and (9), which we write in the form w = t§°¢{* - - - 7" 3% v,,, where «; € {0,1}. Let

n > 4, then we have

n—3 n—3 n—3
m > wt(g) = wt(w) = wt(v,,) + Zai wtt; = A" — Z A\ > A" — Z N
i=0 =0 i=0

An—3

> A S 1-1/A

= XTI - \2) = AP = AR (11)

We obtain \"™? < m. Hence, n <ng =2+ [Inm/InA]. Remark that L has only
4 monomials with n < 3, they are {v, vy, v3,tov3}. We consider the number of
monomials w of weight not exceeding m and obtain the bound

ng—2

no
~ < 4 2n_2 < 4 < 4 2TLO—1 < 4 21+1nm/1n)\
r(m) < +; S4tiTyp sS4t <4+
<4+ 2mln2/1n)\ ~ Comln2/1n)\‘
This estimate yields the upper bound on the growth of L.
Let us prove the lower bound. We define sets V,, = {v,,t,_sv,} for all

n > 3. From Lemma 1.1 and (9) it follows that V,, C L for all n > 3. We also
consider another series of sets. Let W, = {vy} and

W, ={tg° - -t:" v, | a; €{0,1}}, n >5. (12)

Let us prove by induction on n that W,, C L. The base of induction W, C L
is clear. Fix m > 5 and assume that W,y C L. By inductive assumption,
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W,_1 = {tgo" an GUn 1 | o € {O 1}} C L, also V,,_y = {Un 2, by 5Up— 2} C L.
We observe that the pairwise products of these sets yield the whole of the set W, ,
thus W,, C L.

Fix a number m. Consider numbers n such that 5 <n <n; = [Inm/InA].
Then wt(W,,) < wt(v,) = A" < m. We count the number of elements (12)

ni
~ n— ni— nm/InA— 1 n n
n=>
Hence, GKdimL = GKdimL =1n2/In \.

Let us evaluate the growth of A. By our arguments and PBW-theorem, A
is contained in the span of all products of the elements t5°¢5" - - -5 v,, where
a; € {0,1}. We move all ¢;’s to the left (see Claim 4 of Lemma 1.1), and reorder
v;’s using the commutation relation and (9). We observe that the appearing
products keep the following property at each step, namely, that for each t, there
exists v, such that b > a + 3. We obtain

A C (8019 oSl P

n

O‘iaﬁj S {O> 1}aﬁn = 1,71 € N>K> (13)

where n is maximal such that 3, > 0. Consider such a monomial of weight not
exceeding m. Assume that n > 4, then

A
m> — ZalAZ+Zﬂ]>\J>)\" ZX>)\" 1_1/)\):)\"‘2,

see (11). Similarly, n <ng =2+ [Inm/InA]. Let N be the number of monomi-
als (13) with n < 3. We use the following bound on the number of monomials (13)
of weight not exceeding m

22n0—3 21+2lnm/ In\

no
~ 2n—3
’VA(m>§N+;2 §N+1_71/4§N+1_71/4

< N + gmﬂn?/lnk ~ Cym?2n?/InA

This estimate yields the upper bound on the growth of A.
Since all elements (12) are contained in L, we get the monomials

AD{tgo Sy |y, 3 € {0,1), By =1}, n>5. (14)
Indeed, the initial segment ¢5° - - - 5" v, belongs to L and the subsequent multi-
plication by v;s (in the reverse order!) yields an element in A. Denote the mono-
mial above by t*v?, where o, § € N]. Introduce the degree deg(t*v?) = |a|—|3],
where |a| = Y. ;. Let us prove that all monomials (14) are linearly indepen-
dent. Let v € NJ, and t” = [],., )" € R, then set deg(t?) = |7|. Recall that
v; = 0;+1t;_ 10,01 +t;_1t;0; +. .., let us call 9; by the leading derivation. Consider
the action (vf - .- vf")(t7). Observe that only the leading derivations can decrease
degree of the polynomial, while the other terms yield summands of higher degree.
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As a result, we get 1) a monomial of degree |y| — |3] (which can be zero), and 2)
polynomials of higher degree. Since we get the monomial of the lowest degree by
applying only the leading derivations, we conclude that this monomial does not
depend on the order of v;s in the action. Suppose that there exists a linear relation
of monomials (14). We write it in the form

ST dast™VE YT AtV Y AtV =0, (15)

|| —18]>N la|—|B|=N, [B|>b la—|B|=N, |8]=b

where A\, 3 € K, N is the minimal degree deg(t®v?) = |a| — |3] of all terms (N
may be negative), and b the minimal value of || of the terms of degree N; let
a = N +b. We consider the action of (15) onto t” € R such that |y| = b. The
lowest possible degree of the result is a. The first sum yields polynomials of higher
degree. The second sum cannot yield polynomials of degree a as well, because to
get such a degree we must use the leading derivations for all v;s, but the number
|3| of these derivations is bigger than b = degt?. Hence, the degree a can be
achieved only by using the leading derivations of the third sum. We obtain

Z )‘aﬂ(th e 'tiaajl o '8jb)(tk1 T tkb) =0.
la]=a,|B]=b

Let Ay g0 # 0 for some a?, 8° € NII, in this sum. Then we take {kq,...,ky} to be
the set of nonzero indices of 3°. Then > A, t* = 0, a contradiction. Hence,
monomials (14) are linearly independent.

We evaluate weight of a monomial (14) as follows

wi(tov?) = Zazmz@wzw vt

Fix a number m, assume that A"*? < m; then all monomials (14) have weights
less than m. This is the case for all numbers n < ny = [Inm/In | — 2. Finally,
the number of monomials (14) yields the lower bound for the growth of A

5 . n— na— 1 nm/InA— 1 n2/1n
’VA(m)ZZQ2 5 > 92na 52§221 /In A 11:ﬁm21 2/Inx -

n=>5
Corollary 4.2.  There exist positive constants C,Cy,Co, mqg such that

Clm21n2/ln)\ < :)/A(m) . ,?A(m/cj < 612,rn21n2/1n)\7 m > mo.

Proof. It remains to prove existence of the lower bound. Let ny = [Inm/In \]—
2 be as above. We evaluate weight of a monomial (14)

n—>o
) >\n—5
wt(tv7) > A" =) AT > A Ty AP —1) > A2

Assume that A" > m/C, it is sufficient to take n > n3 = 3+[In(m/C)/In \]. Let
C' be sufficiently large that ns < ng, and consider monomials (14) for ng < n < n,.
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Such monomials have weights between m/C' and m, we evaluate their number

n2

1 1
22n—5 > 22n2 -3 22n3 5y > Z 22lnm/ln)\—11 o 221n(m/C)/ln)\+1
$eers Limoemn ) >
1 m 2Iln2/In A\
> g <2—11m21n2/1n)\ <5> ) > Clm2ln2/ln)\’
provided that C' is sufficiently large. [ |

Lemma 4.3. Let char K = 2 and L = Lie,(vy,v2). Then L has a nil-p-
mapping.

Proof. We prove that the bigger subalgebra H, D L has a nil-p-mapping.
Consider v € H,. Let s be the maximal number such that vy appears in the
decomposition of v. From (10) and (7) we have

s—1

v="> gilto, ... tis)vi + h(to, ..., ts_3)vs, (16)

i=1

where g; = g;(to,...,ti_3),i=1,...,s—1,and h = h(tq,...,ts_3) are polynomials
from R. We assume that h € RT. (Otherwise we take the number s+ 1 and
consider the decomposition v = -+ + hvs 1, where h = 0). We apply the p-
mapping to (16) and use (8). Consider v;s with the highest value of ¢ that might
appear. The commutators yield (similar to (5) and (6))

[givi, hug] = hgiti—1 -+ - ts_3v541 + i vi(h) Vs, 1<i<s—1;

gzvzagjvj kavka fr € R, 1<i<yi<s—1

Since h € RT the term with vy, in the first case goes to h of a presentation similar
o (16). Consider the squares. We have (hvs)? = h?v? = 0 and the squares arising
from the sum yield at most (gs_1vs_1)* = g2 ;ts_2Vss1, this term also belongs to

h. Thus, we obtain the same presentation as (16):

v —Zgl t(],... i— 3)Ul+h(t0,...,ts_2)’03+1.

We iterate the process

s+m—1

v = Z Gito - tioa)vi + hlto, .. term3)Vssm. (17)
i—1

The weight of any homogeneous monomial of v is at least A. Hence, weights of
monomials of v2" are at least A2™. Since polynomials only reduce the weight,
weights of monomials in (17) are at most wt(verm,) = AT If A2 > A5F™,

then v*" = 0. Therefore, it is sufficient to take m > (s — 1)% (where

In\
AL & 2.27.). .



PETROGRADSKY AND SHESTAKOV 711

Remark that the nil-index of the p-mapping is unbounded. It is sufficient
to consider the powers (vy + vy + -+ +v,)%".

By virtue of Lemma 3.1, we can consider the Hilbert series in two variables

H(L, z,y) Z dlmLaba:“yb.

a,b>0

Lemma 4.4. Let char K = 2 and L = Liey(vy,v2). Then the Hilbert series
satisfies the functional relation

H(L, z,y) = H(L,y, zy) (1 + g) — y.

Proof. Denote hg, = dim L, for all a,b > 0. Recall that L is generated by
X = {vy,v}. Let B C L be the restricted ideal generated by vy and v?. Then
L = (v1)x ® B and it is well-known [1] that the algebra B is generated by the set

Y = {vy, [v1,v9], 07} = {v3, 03, tovs}.
Consider homogeneous elements in Y. Remark that we can use tgv3 at most once.
We have wt(vy) = A, wt(vy) = A2 =1+ A\, wt(vs) = 1+ 2\, and wt(tovz) = 2.
Fix numbers a,b > 0. Let P,;( denote the space of homogeneous elements
in Y \ {tovs} of degrees a, b with respect to vy, and wvs, respectively. Then
wt Popo = awt(vy) +bwt(vg) = a(l +A) +b(1+2X) = bA+ (a+b)(1+ \) =
bwt(vy) + (@ + b) wt(ve). Hence,
Papo C Lpats (18)
Similarly, let P,;; denote the space of homogeneous elements in Y = {vq, v, tovs}
of degrees a, b, and 1, respectively. We get wt P, 1 = a(1+ ) +b(1+2X)+2X =
(b+2) A+ (a+b)(1+ X)) = (b+2)wt(v1) + (a+ b) wt(vz). Thus,
Pa,b,l - Lb+2,a+b- (19)

Recall that we have the embedding 7 : L < L given by 7(v;) = v;4 for i > 1.
We have
Pobvo=T7(Lap), Pop1 =toT(Lap+1)- (20)

Consider monomials in X that depend on v; only, these are {v;,v?} that yield
H(L,z,0) = Y heoz® =z + 2% From (18), (19), and (20) we get

a>0,b=0

H(L,z,y) =2+ H(B,z,y) =2 + Z dim P, 0 29" + Z dim P, 5, 2"y +°

a,b>0 a,b>0
=x+ Z ha b ?/ Zlﬁ"y Z h’a b+1 Y (zy)b+l
a,b>0 a,b>0
_x+zhaby Z’y Z h’aby l’y
a,b>0 a>0 ,b>1

ot H(Ly.ay) + g(m(L, o) -2 =), )
y=xy

=H(L,y, zy) (1 + g) — xy. n
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Corollary 4.5.  Set Hy(z,y) = x +y and define recursively
Hivi(z,y) = Hi(y,zy) (1 + z/y) —zy,  1>2.

Then the sequence H;(z,y), i =1,2,... converges to H(L,z,y) componentwise.

Proof.  Let H(L,z,y) = >, 4oy hapz®y” and Hi(z,y) = >, 1m0 hg},x“yb. Let
us prove by indiction on j = 1,2,... that H(L,z,y) and Hs;_i(z,y) have the
same coefficients hy, ., = h,(f,fn_l) for n4+m < j. Let j =1 then by Lemma 3.1 we
have H(L,x,y) = = +y + ... and the base of induction is true.

Let j > 1. By Lemma and the recursive relation we have

hn,m - h’m—n,n + hm—n+2,n—1 - 5n,15m,17
Rty — @

n,m m—n,n + h;?—n-‘,-zn—l - 57%157”717 P> 1,

for all n,m > 0. Here hqy, h((;)b are zero if either of indices a,b is negative. We
compare sums of indices in the relations above. We have n+m > (m —n) +n
ifn>0andn+m>m-n+2)+(n—1)ifn>1. Incase n=0or n=1
we apply this relations again and see that sums of indices definitely decrease. Fix

numbers n,m such that n +m < j and consider coefficients h,,,, and hg?{ v

We apply two iterations and conclude that they are expressed in the same way via
hqp and hgg_g), respectively, the latter coincide by inductive assumption. Hence

Py = h,(fﬁn_ Y The induction step is proved. [ |

We apply the corollary and obtain dimensions of homogeneous components
of L, a more detailed explanation will be given in the next section.

E=wt

A
12
11
10

7 =swt

W = ot O N 0o ©

. > T
O 1 2 3 4 5 6 7 8 9 10 11 12
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Also, the first terms of the Hilbert series are as follows

H(L,z,y) =z +y+ 2>+ 2y +9° + 2y + 29 + 2y + 22%y° + 23°
+ 23y? 4+ 22797 + oyt + 203 4 227yt + oty + 227yt + 2?0
2ty 2%y 2Pyt 4 a4 203 + 2070 + Baty + 2y
+ 25y 4 20y 4+ 2% + 327y + 20%F + 205y + 325y° + ay°
+ 32%° + 327y + 227y + 425 + 259" 4 327y + 325y
+ 2By 4 327y 4 205y + 20510 4 3aTyl) 4 48y12
+ 328" + 327y + 22%9 M + 428y + 227y" + 32y 4+ 32y 4 L.

5. Weight structure in characteristic 2

The goal of this section is to show that weights of L, A and the restricted
enveloping algebra u = wug(L) are situated in specific regions on plane. This
observation implies that all these three algebras are direct sums of two locally
nilpotent subalgebras.

Theorem 5.1.  Let char K = 2 and L = Lie,(vy,v2), A = Alg(vy,v9), and
u = ug(L). Then we have the following regions for weights.

1. weights of L lie in the strip Az — X3 <y < A\x + \%;
2. weights of A lie in the strip \x — \* <y < Az + \3;

3. set 0 =1In2/In\, Kk = 0/(1+60) = 0.59. There exists C > 0 such that
weights of u lie in the region |n| < C&~;

4. weight of all three algebras satisfy |n| > N\?/€.

Proof. Let [ be the line on plane given by y = Az. Recall that we have
the linear function swt(z,y) = y — Az on vectors (x,y) € R*. Geometrically,
swt(x,y) is equal to (oriented) length of the vertical segment joining (z,y) with
I. By Lemma 3.1 we have swt(t,) = —swt(v,) = —A""2 for all n > 0.

By the previous section, all elements of L are expressed via monomials of
type w = tg°tSt - "5 v, where «; € {0,1}. Then

n—3 n—3
swt(w) = swt(vy,) + Z i sw(t;) = A" — N2,
=0 i=0

Since A < 0, we get bounds as follows

. i - : A A3
t <X n—2 b i—2 )\1—2] — — _ )\2_
i) S AP Y AT < eyt
1<i<n—3 =
_ o > : A2
n—2 i—2 2-2j _ _ 3
D

0<i<n—3
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We obtain —\® < swt(w) < A%, which is equivalent to the first claim.

Recall that by proof of Theorem 41 A is contained in span of mono-
mials (13) of type w = t§°$" - - t0 %0 vy - - vf | where a;,8; € {0,1}, and
B, = 1. We proceed as above

swt(w Zﬁ] swt(v;) +Zazswt Zﬁj)\] 2 Za,)\’ 2
swt(w) < Z|)\|k 2 < 1/)\ =\

)\2
swt(w Z INF2 > —1h =

We obtain that weights of A lie in the claimed strip —\* < swt(w) < A3,

Let us study weights of u = ug(L). Let L = (wq,wq, ws,...)x be a basis
the order of which obeys to the weight function. Consider a basis monomial
U = W;, W, -+ -w;, € U, where 13 < iy < .-+ < 1y, and k is a fixed large number.
Let us find relation between new coordinates (§,7), where & = wtu, n = swtu.
From the first claim we have the estimate

k
E swt w;

j=1

In| = < kX3 (21)

Now, let us evaluate the weight of u. Denote § = In2/InA. By the proof
of Theorem 4.1 we have the upper bound 7y,(m) < Com?, m € N, where Cj is
some constant. Set

m = m(k) = [(k/Co)""]. (22)
By this setting, j1,(m) < Com? < k. We observe that the total weight of k distinct
vectors w;, is bigger than weight of k first vectors, which, by our construction,

contain all basis vectors of weight at most m, by proof of Theorem 4.1, the latter
contain the set W,, = {t;°---t," > v, | oy € {0 1}} (see (12)):

—WtU—ZWth >Zwtw]2 Z wtw; > Z wtw. (23)

wtw;<m weWn

Recall that wtW,, < A" and to get wtW, < m we just set n = n(m) =
[Inm/InA]. Let v =t3°-- -t v, € W, then

n—>5
] )\n—5
wto > A" =Y N >\ = A= AT s T A = A
o 1—1/X

We continue the estimate (23)

1
> t >)\n—1 Wn:)\n—12n—4:_2>\n
23 whw = W, 52

’LUEWn

(2>\)lnm/ In\—2

OO|H

1 1 1
_ 32>\2m1n(2)\)/1n)\ _ 32)\2m1+9 > ﬁm1+9' (24)
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Finally, (21), (22), and (24) yield the desired region
[n] < kA < CoX*(m +1)" < CoX*((100) /) +1)" < Ce1+),

The last claim follows from Lemma 3.4. m
y 3
A
/ /
/, /
/ /
/

/// (%5}

(0]

Corollary 5.2.  Let char K =2 and L, A, and u = uo(L) be as above. Then
these three algebras are direct sums of two locally nilpotent subalgebras

L:L+@L_, A:A+®A_, u:u_;,_@u_,

where the decomposition is given by the function of superweight.

Proof. Consider, for example u. Let u,, u_ consist of homogeneous mono-
mials with positive, respectively negative superweights, i.e. those that lie above
or below the line y = Ax. Let uq,...,u; € u_ be homogeneous monomials and

A = Alg(uy,...,u;) be the subalgebra generated by these elements. Let N € N
and consider u = Zj; nsN Qg - ug,, o € K. Then it is geometrically clear
that the sums of at least N respective vectors will go out of the shaded region
In| < C¢" provided that N is sufficiently large (see the picture above). Hence,
AN =0. m

We can give some bounds on degrees of nilpotence of subalgebras of A.

Corollary 5.3.  Let char K = 2, A be as above. Consider a subalgebra A =
Alg(uy,...,ux) C A, where uy,...,up € Ay (or uy,...,up € A_). Let C =
max{wtu; | 1 <i < k}. Then AN =0, where N = [C\| + 1 (or, respectively,
N =[CN]+1).

Proof. Consider the case uq,...,u, € A,. We apply Lemma 3.4

A2 A2
i) 22— 2 = I1<i<k.
swi(u)| > s > 5 i<k
Consider a homogeneous element w € AV, then
swtw > NA?/C = ([CA\]+1)A\?/C > A\3. By the second statement of the Theorem,

0 < swtw < A3. Hence w = 0. We proved that AV = 0. |
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6. Fibonacci restricted Lie algebra, char K = 3

In this Section, we show that the Fibonacci restricted Lie algebra has the same
properties in case char K = 3. Let A be an associative algebra over a field K
with char K = 3, then one has the identity

(a+b)®=d®+0b°+[a,[a,b]] + [b, b, a]l, a,b e A. (25)

We get U% = (81 + t(ﬂ)g)g = tg[al, [81,’02” + t%[w, [’02, 81]] = tg[al,vg] - t%[w, Ug] =
—t2vy. We apply 7 and obtain

VP = 12 U3, i=1,2,.... (26)

2

Let Lie(vi,vs) C Der R be the Lie subalgebra generated by v; and vs. By
Lemma 3.6 we get the Lie subalgebra H that contains Lie(v;, vy). Moreover,

L = Lie(vy,v2), C H = (v1,v9,v3, t5°15" -+ t0" vy | n > 4,0 € {0,1,2}) k.
(27)
Indeed, from (26) it follows that H C Der R is a restricted subalgebra. In notations
of Lemma 3.6, we also have the restricted subalgebra H, = H & (t7_4v; | i > 4),
but we are not using it. We shall use only embedding (27).

Theorem 6.1.  Let char K = 3 and L = Lie,(vy,v2), A = Alg(vy,v2). Denote
A= 1+T\/5 Then

1. GKdimL = GKdimL = In3/In\ ~ 2.28;
2. GKdim A = GKdim A = 2In3/In A = 4.56.

Proof.  Consider a monomial w = t°t{" - - -t."," v, € H of weight not exceed-

ing m. Assume that n > 4, then

n—4 n—4 n—4
m > wt(w) = wt(v,) + Zaiwtti =\ - Zai)\i >\ — QZAi
i=0 i=0 i=0

2\

.
ST IS

= AT = 2X%) = AN 4+ A7) = 20%) = A0

We obtain A"™% < m. Hence, n < ng = 3+ [lnm/In}A]. The number of such
monomials w of weight not exceeding m yields the bound

’?L(m) < 3 + ign—i} < 3 + no—3 < 3 ‘l— §3lnm/ln)\ < 3 + émlng/hﬂ)\‘
n=4 1 - 1/3 2 2

The upper bound on the growth of L is proved.
Let us prove the lower bound. Consider the sets V,, = {v,, t,_4Un, t2_ 00}
for n > 4. The relations v2_; = —t2_,v, and [v,_3,v,_1] = t,_4v, prove that

V, C L for all n > 4. Set also W5 = {vs} and

W, ={t5° - t." vy | ; €{0,1,2}}, n>6.
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We prove by induction on n that W,, C L. The base of induction is W5 C L.
Now consider n > 6. By inductive assumption, W, 1 = {t{° - t,""v,_1 | ; €
{0,1,2}} € L. Also, Vo = {vn_9,tn_6Un_2,t2 uno} C L. The pairwise
products yield W,, and we get W,, C L.

Fix a number m. Consider all numbers n such that 6 < n < n; =
[lnm/InA]. Then wt(W,) < wt(v,) = A" < m. We count the number of elements

in such W,

~ S n— ny— nm/InA— 1 n n
VL(m)ZZB 52315231 /1)\6:§m13/1>\.
n=>6
Hence, GKdimL = GKdimL =1n3/In \.
Let us evaluate the growth of A. Similar to Theorem 4.1, we rearrange
products of elements (27) and get
A C (8045 oty

n

aiabj € {07 172}7 ﬁn > O>K (28)

Consider such a monomial of weight not exceeding m. Assume that n > 4, then

n—4 n n—4
. . . 2\
> — A DU L ) D LS |
m > ;a —1—2@ > ZZ:; > A1/
= AT = 20%) = AP 4 A%) = 2X%) = AP

We obtain \"™* < m. Hence, n <ng =3+ [lnm/In\]. Let N be the number of
monomials (28) with n < 3. We compute the number of monomials (28) of weight
not exceeding m and obtain

32no—3 35+21n m/In X\ RE

[ e A A R

ng
a(m) SN +) 3" <N+

n=4

The claimed upper bound on the growth of A is proved. To get the lower bound,
we consider the analogue of the set (14)

AD{tgo S ulm o oy, 3, €{0,1,2), Bu=1}, n>6.  (29)

Indeed, since W,, C L for n > 6 we see that these monomials belong to A. The
proof of Theorem 4.1 shows that this set is linearly independent. Weight of a
monomial (29) is bounded from above as

n—1

n—6 n n—1
, _ . 2\
- E DY § N < § 2N 4 A" A= 2\ o\ = A3,
i:oa +j:1ﬂj _jzl - <1—1/)\+ *

Fix a number m, assume that A"*3 < m; then all monomials (29) have weights
less than m. This is the case for all numbers n < ny = [Inm/In | — 3. Finally,
the number of monomials (29) yields the lower bound on the growth of A

n2

1
~ n— no— Inm/In \— In3/In A
Aa(m) > g 3216 > 32n2=6 > g2lnm/ 14— —314m2 3/InA

n=>6

This estimate proves the upper bound on the growth of A. ]
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Lemma 6.2. Let char K = 3 and L = Liey(vy,v2). Then L has a nil-p-
mapping.

Proof. Consider v € L. Let s be the maximal number such that v, appears
in the decomposition of v. We have

v = Zgl to,... i— 4)Ul+h(t0,...,ts_4)’(]s, (30)
where g; = g;(to,...,t;i—4) and h = h(tg,...,ts_4) are polynomials from R. As
above, we assume that h € R*. (Otherwise we take the number s + 1 and
consider the decomposition v = -+ 4 hvs 1, where h = 0). We apply the p-

mapping to (30) and use (25) and (26). We observe v;s with the highest value of
¢ that might appear. We have three cases.

a) We consider the commutators [g;,vi,, [gi,Viys §isVis]] Without the factor
hv,. For example, the extreme case is as follows

[gs—lvs—lu [93—2?13—27 gs—lvs—l]] - 93_193—2%4—17

where extra summands of type f;v;, with f; € R for j < s+ 1 do not appear
by Corollary 3.7. In general case, let j = max{iy,is, i3}, then j < s — 1. The
multiplication rule (see Lemma 1.1) implies that we can at most twice increase j
by one and obtain v;is, where j +2 < s+ 1. Thus, we obtain at most vy,
where g € R.

b) Next, consider 3-fold commutators that contain hv,. We obtain for
example

[hUS, [gs—lvs—lu hvs]] = h2gs—lvs+2-

In general, we obtain at most v, o with the factor h € R*. Indeed, if we try
to kill A by some v; then vy remains and we obtain at most vy,;. Thus, all the
terms with v,y g0 to hv,s, h € RT, of a presentation similar to (30).

c¢) Consider the cubes. We have (hvg)?® = h3v3 = 0 and the cubes arising
from the sum (30) yield at most (g,_1vs_1)> = —g2 12 ,vs,2, this term belongs
to fw5+2.

Thus, we obtain a presentation of type (30):

s+1
’U = Zgl t(],... i— 4)Ul+h(t0,...,ts_2)’03+2.

We iterate the process

s+2m—1

Ugm = Z éi(to, . 7ti—4)vi + }Nl(to, Ce 7ts+2m—4)vs+2m- (31)
=1

The weight of any homogeneous monomial of v is at least A. Hence, weights of
monomials of v3" are at least A3™. Since polynomials only reduce the weight,
weights of monomials in (31) are at most wt(vgig,) = A2, If A3™ > \sT2m,

then v3" = 0. Therefore, it is sufficient to take m > (s — 1)%, where

In ) ~
A~ 3.53. .
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7. Weight structure in characteristic 3

In this section we extend the results on weights (Theorem 5.1) to characteristic 3.

Theorem 7.1. Let char K = 3 and L = Lie,(vy,v2), A = Alg(vy,v2), and
u = ug(L). Then we have the following regions for weights.

1. weights of L lie in the strip Az — 23 <y < \x + 2)\?;
2. weights of A lie in the strip A\x — 2\* < y < Az + 2\%;

3. set @ =In3/In\, Kk =60/(1+0) =~ 0.695. There exists C > 0 such that
weights of u lie in the region |n| < C&~;

4. weight of all three algebras satisfy |n| > N\?/€.

Proof.  All elements of L are expressed via monomials w = ¢5°t{" - - - 0" 3% vy,
where «; € {0,1,2}. We proceed as above
swt(w) = swt(vy,) Z a; swt(t;) = A" Z A2
i=0
2X 2X\3
t(w) < A" 42 A22<2 )\12J = = 2X\%
1<Zzgn 3
swh(w) > P2 —2 3 A s 22)\2 TR L ¥
— 1—1/)2
Oéz(gfzn3 7=

We obtain the strip —2A3 < swt(w) < 2A2.

By proof of Theorem 6.1, A is contained in the span of monomials (13) of
type w = t°t{" - - tz"ggvlﬁlvgz- v where oy, 3; € {0,1,2}, and 3, = 1. We
proceed as above

swt (w Z B swt(v;) + Z a; swt (1 Z BJA] 2 Z N2

swt(w) < 22 N2 < = 2)\%;

1—1/>\

k2 2)‘2 4
swt(w) > 2Zw T = —2\%

Hence, the weights of A lie in the claimed strip —2A\* < swt(w) < 2A3.

Let us study the weights of u = ug(L). Let L = (wy, ws,ws,...)x be a
basis the order of which obeys to the weight function. Consider a basis monomial

u = wiltw?--w!* € u, where i < iy < oo < i, v € {1,2}, and k is a
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fixed large number. Let us find a relation between new coordinates (£,7), where
¢ =wtu, n=swtu. From the first claim we have the estimate

In| = < 4kX3. (32)

k
Z Vi SWt w;

j=1

Now, let us evaluate the weight of u. Denote § = In3/InA. By the proof
of Theorem 6.1 we have the upper bound 1,(m) < Com?, m € N, where Cj is
some constant. Set

m = mik) = [(k/Co)""). (33)

By this setting, j1.(m) < Com? < k. We observe that the total weight of k distinct
vectors w;, is bigger than weight of k first vectors, which, by our construction,

contain all basis vectors of Weight at most m, by proof of Theorem 6.1, the latter
contain the set W, = {t;°---t," v, | oy € {0 2}

£ = wtu-Z%wth >Zwtw]2 Z wtw; > Z wtw. (34)

wtw; <m weWn

Recall that wtWW,, < A" and to get wtW, < m we just set n = n(m) =
Inm/InA]. Let v =t5° -t " v, € W, then

wtv>A"—2nZ_6x>A"— 2N n _gynea
= 2" = —1/x

>\ — )\n—3 _ )\n—4 = \" — \" 2 =\ 1

We continue the estimate (34)

1 1
> tw > )\n—l | = )\n—l n—>5 __ Y —(3\ Inm/In A—2
g_w%;ww_ W 377 = (BN = (3
1 In(3)\)/In A 1 140 1 1+6
362 e Z o0 39

Finally, (32), (33), and (35) yield the desired region

| < 4kA? < ACoMN3(m + 1)? < 4CA?((20006)/0+0) 4 1) < Cgb/0+0), .

Corollary 7.2.  Let char K =3 and L, A, and u = uo(L) be as above. Then
these three algebras are direct sums of two locally nilpotent subalgebras

L:L+EBL_, A:A+®A_, uIU+@u_,

where the decomposition is given by the function of superweight.
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8. Fibonacci restricted Lie algebra, char K =5

In this Section char K = 5. We compute the pth power of v; = 0; + tovs using
the third property of the p-mapping (3). Recall that 0;(ve) = v3 and 0;(v;) = 0
for ¢ > 2.

ad(Zal + t0U2)4(81) = — ad(Zal + t0U2)3(t081 (’02)) = — ad(Zal + t0U2)3(t0U3)
= —tg ad(Z@l + t0U2>2(U4> = —tg ad(Z81 + tovg)(t11}5)
= —t3(Zvs + totitavs).

We get two nonzero terms, namely s;(0;, tove) and s,(01, tove). Hence,

1
'Uir’ = (01 + tOU2)5 = —tg (5@5 + tot%tgvﬁ) .

Thus, in case char K =5 we have
UZ-S = Qt?_l Vijtq — t?_lt?tﬂ_l Vi+5, 1= 1, 2, e (36)

By Lemma 3.6 we have the Lie subalgebra H C Der R as follows

H = <Ul>’U2>'U3> tgot(fl o tzsz Un | n 2 4,0(2' S {07 1727374}7 Qp—4 S ]-aan—S S 2>K

Also Lie(vy,v5) € H. Since the first term in (36) does not satisfy the condition
ap_s < 2 we have

Hy=H® @ |i=0,1,2,...)k.
Now we use the embedding L = Lie,(vy,v5) C H,.

Theorem 8.1.  Let char K =5 and L = Lie,(vq,v2). Denote A = 1+_2\/5 Then
GKdimL = GKdimL =In5/In A ~ 3.34.

Proof. Denote by N the number of basis monomials of H such that n < 6.

Let w = tg°t{* ---t."," v, € H be a monomial of weight not exceeding m and
n > 6. Then

n—4 n—4 n—~6
mzwthwtvn+2a,~wtti:)\"—Zai)\i 2)\"—)\"_4—2)\"_5—42)\i
i=0 i=0 i=0
4
ATO NG — A2 — 2\ — = N5\ —5A2 —2)\) = \" 0.
- ) RO

(the reader can check that the expression in brackets above is indeed equal to \).
We obtain A"™® < m. Hence, n < ng=>5+[Inm/In\]. Then the number of such
monomials w of weight not exceeding m is bounded by

6-5m05 15 15
< N _51nm/1n)\:N - ln5/ln)\.
=15 -0 T3 T

no
N+2~3Z5"—5§N+

n=6
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Consider also elements v> € flp of weight not exceeding m. We have 5wtuv, =
5A" < 'm. The number of such elements is bounded by C}Inm and we obtain the
claimed upper estimate on the growth of L.

Let us prove the lower bound. We have [vq, v3] = tovs € L. We subsequently
multiply tovy by w3, v4,vs,... and conclude that {tgv, | n > 4} C L. Next,
[tovs, tovs] = t2vs € L, we multiply the last element by vs, v, ... and obtain that
{tdv, | n > 6} C L. Also [tovs,tavs] = tovr € L and [t3vg, tavs] = tius € L.
Similarly, we multiply by v;s and conclude that

{tvn |0 <a<4,n>8} CL. (37)

Consider the sets
Vo =A{to_qv, | 0<a <4}, n>8.

We apply 7 to (37) and obtain that V,, C L for all n > 8. Next we set Wy = {vg}
and
W, ={tg% - -t:" 1 va | 0 <y <4}, n > 10.

We prove by induction on n that W, C L for all n > 9. The base of induction is
Wy C L. Consider n > 10. By inductive assumption, W,y = {t{° -+ t7" 1 vp_1 |
0<a <4} C L. Also, V,,_o = {t%_1gvn—2 | 0 < o < 4} C L. The pairwise
products yield that W, C L.

Fix a number m. Consider all numbers n such that 9 < n < n; =
[Inm/InA]. Then wt(W,) < wt(v,) = A" < m. We count the number of elements
in such W,, and obtain

ni
~ n— ni— nm/IlnA— 1 n5/1In
’YL(m)ZZ5 9 > g9 > gl /1A10:mm15/1A'

n=9

Hence, GKdimL = GKdimL = In5/In \. u
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